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noHSITHe BbiCWel\ (UJIH CKpblTOil) CHMMeTpKH B KBBHTOBOll MeXBHHKe 6bl1l0 BnepBhJe 

p&CCMOTpeHO B CBSI3H CO ' c nyqailHhiM' Bblp0lKU9HHeM BTOMB BOUOpOJlB no op6HT81IbHOMY 

KBBHTOBOMY 'IHCJIY 
11

•
2

•
3
/, 6hi1l0 nOK838HO, 'ITO rpynnol! CHMM9TpHH 3TOI\ 38Jl8'1H SIB1l!19T-

CSI '19TbipexMepHaH rpynna spaweHHil (unH cny'IBSI uncxpeTHoro cnex,Tpa), a He T01lbKO Tpex

MepnaH, KBK 111111 06Wero U9HTp81lbHOrO CHMMeTpii'IHOrO noTeHUH81l8, J13B9CTHO, 'ITO nono6-

HOil BbiCWeli CHMMeTpHeil o6nanaeT rapMOHH'I9CKHil OCU111l1lSITOp, KBK 1130TpOnHhi il , TBK H 

8HH30TpOnHhlil C p8UHOH81lb HhiM OTHOW9HH9M 'IBCTOT/ 
4

•
51

, rpynnol\ CIIMMeTpHH 3TIIX 38Jl8'1 

SIB JIHeTc 11 rpynna SU(n) ( B n MepaoM npocTpaHCTBe). 

Bonpoc o noTeHuHanax, o6nanaJOwHx 

CKOil, TSK II B peliSITHBHCTCKOil KBBHTOBOH 

MOryT llrpaTb BBlKHy!O p01lb B pa31lll'lllbiX 

BbiCWel\ CHMMeTpllel\) IiHTepeCeH KBK B pe11SITIIBHCT

M9XBHHK9/G/• KpoMe Toro, TaKHe noTeHUI!S1lbi 

MonenSIX aToMnoro S!Jlpa
17 1 

n 6biTh none3HhiMH 

B K8'19CTBe JlHH8MII'I9CKHX M0Jl91lail 111111 TeOpHII <l1l e MaHT8pHhiX 'IBCTHU 
/8,9,10 / 

J1HTepeCHO 6bl1l0 6bl OTB9THTb HB . BOnpOC 0 TOM, KBKH9 BOo6me MOryT CyWeCT BOBBTb 

noTeHUH81lhi, 061l8JlB!OWHe BbiCilleil (T,e. He TOJlbKO SIBHO reOMeTpl!'leCKOil) CUMMeTpHeil 

B HepenSITHBHCTcxoll xnacCH'IeCKOll H KBBHTOsol! MexaHHKe , B 3TOli pa6oTe Mhi noxa orpaHH

'IHBaeMCSI nsyXM9pHblM (nnOCKUM) CJIY'I89M, 6 yneM pa60T8Tb npeHMYW9CTB9HHO anre6paH

'19CKHM M9TOJlOM, T,e. 6yneM HCKBTb B KBSHTOBOM CJlyqae I!HqlliHHTe3HM81lbHbie onepaTOpbl 

rpynnhi, xax aa6op onepaTopos, KOMMYTIIPYIDWHX c raMH1lbTOHHSHOM 3anaqn (x xnaccHqecxo-

MY C1ly'la!O n epellneM no npHHUitny COOTB9TCTBHll) • 

TaKHM o6pa30M, Mhi nweM n o TeHUI!an V ( x, y ), nn11 KOToporo cymecTsyeT Ha6op one

paTopos L i , ynosneTBOpS!!OWHX ypasHeHHIO 

H,L = 0. (1) 

rne H = -IS 1"1 + V ( x, y ) • 

OnuospeMeHHO Mbl HBXOJlHM H onepaTOpbl L i H 113 HHX o6pa3yeM anre6py nu. B 3 TOil 

pa6oTe Mbi paccMaTpnsaeM L i KBK UH¢~ epeH!lH81IbHbl9 on epa TOphi He BbiWe BTOporO 

nopSIJlKB, OrpaHH'IeHHe nepBbiM nopSIJlKOM npasonnT K 'IHCTO reoMe Tpn'leCKHM cnMMeTpnSIM 

( THna COXp8H9HHSI MOM9HTB KOJl!l'leCTBB JlBHlK9HHll B ll9HTpa1IbHO CHMMeTpH'IHOM none), 

11Tax, HIUeM onepaTop L B BHJl9 

L = 

rna P =_a_ 
I a X 

p = • 
a 

ay' 

(2) 

3 



Y C110BB9 ( 1) npHBOJlHT X 10 JlH<jxpepeHIIHBJlhHbiM ypaBH9HBS!M Jl1lSI 1 <jlyHKIIHA U H V , 

J.ia YC110BB H COBM9CTHMOCTB STOll CBCTeMbl nony'IAeM JlB<jxpep9HIIBBJlhB09 ypaBH9RJI9 BTOpOrO 

nopHJlKa nnH V( %,y). B peayJihTaTe peweRHH sceA cacTeMbl ypaaueHHA n<my'laeM, 'ITO 

XOTSI 5hl OJlHH onepaTOp TUna (2) cymeCTByeT TOrna H TOJlhKO Torna, Korna H MOlKBO 

38llHC8Tb B BK,ae 

H = 1 ·1 - IS ~ + V ( q ~ -IS ~+ V ( q ,) l , 
a

1
(q

1
)+aJq,) aq~ I aq 2

2 

2 (3) 

r.ue a
1 

• V 
1 

npOH3BOJlbHhle <jlyHKIIHH H q 
1 

, q 
2

- OJlHa H3 CHCT9M KOOpJlBHaT, B KOTOpbiX 

pa3)l 911HIOTCSI nepeMeHRbl9 B ypaBHeHHB Jlannaca Ha nJIOCKOCTH ( T,e, Jl9KapTOBCKH9, nOJISip

Hble, napa5omP!eCKHe una s nnanTH'<ecKHe). OnepaTop L TOrna aanacblaaeTCSI B BHJle 

L = -
1--1 a 2 (q~ 

a 1(a ~+a~q 2 ) 
[-IS L + V ( q ) ] -a ( q )[-IS~+ V (q )]!. ( 4) a q 2 I I I { a q2 2 1 

faMHIJLTOHHaH (3) COOTB9TCTByeT 
I 2 /11 I 

JlHHaMH'I9CKOII CBCTeMe TUna JlHyBH111lSI (KOTOpaH 

peruaeTCH B KB8Jlp8Typax), l.J:eTblpeM B03MOlKHblM CHCT9MBM KOOpUHHBT COOTB9TCTBy!OT '19Tblp e 

Tana noTennuanos H onepaTopoa L ('ITO CBSJ3auo c TeM, 'ITO cymecTayeT scero '19Tbtpe 

THI18 CHMMeTpH'lHbiX KB8JlpBTH'IRbiX nOJlHHOMOB OT reuepaTOpOB rpynnhl JlBHlK9HHH 9BK1lHJlOBOII 

nJlOCKOCTH/]
2

/ ), CnenyeT ll0Jl'19pK uyTL, 'ITO B OT11H'IH9 OT , uanpHMep/ 
131 

3Jl9CL HHKaKHX 

npennono>~<eHiu1 o paaneneuau nepeMeHubiX a ypaaueuau faMHJILTORHaua - 51Ko6a (anu lllpe

nuurepa) u e nenaeTC H , a , uao6opoT ,noKa3bmaeTcH, 'ITo KaanpaTH'IHhi i! HHTerpan nsulKeHHSI 

Li M OlK9T cymeCTBOBaTL TOJlbi<O B TOM CJly'lae, eCJlH nepeM9HHbl9 paaneJIHIOTCH B OUHOA 

H3 BbJW9YK838HHLIX CHCTeM KOOpllHH8T. 

Ha Bbllll9H3110lKeuuoro cnenyeT , 'ITO nsa (ueaasacuMbte) onepaTopa Tana (2), KOMMyTH-

p ytolltHe c H cyrueCTBYIOT B TOM CJlyqae, e CJlH nOT9HIIHa11 V nonycKaeT paaneneaae 

nepeMeHHblX B JlBYX CHCTeMBX KOOpJlHHBT (R11H pa3HOrO THna, HJlH OJlHHaKOBOrO, HO CJlBHHy

TblX Hllll llOBepayTbiX OTHOCHTeJlLHO apyr npyra).KoM6HHHpyB 4 THna KOOPJlRHaTHbiX CHCTeM, 

llOJIY'IaeM 10 B03M0)KHOCT9li, HO TOJlbKO 4 llOTeHIIHana OK83hiBa!OTCH cymeCTBeHHO pa3/lH'IHhl-

MH 1 8 HMeHHO: 

V ( x, y ) = a ( x 2+ y 2) + .JL + __:L 
X 2 y 2 

(nepeMe auhle paane/IHIOTCH B nexapTOBhiX, n<mspHhiX H snnnnTH'lecxnx KoopnaaaTax), 

V ( x, y ) =a ( 4 % 
2+ y 2) + f3 x + _Y_ 

y 2 

(nexapTOBCKH9 H napa60ilH'leCKH9 KOOpJlHHBTbl)> 

1 p 
V(%,y) = ~+- (+ 

r r2 cos 2+ 

( DQ.IISipHbl9 H napa601lll'ieCKI!e KOOpJlHHaTbl) 

____L_+). 
sin 2 

x=r cos¢ 

y=rsin </; 

V(ll,y)- ...!!...+ 1 ({3 cos.!.+ysin.±)= 2a+v2ff3(+y'l) 
t Tr 2 2 ( ~ '1. 

rae 
x-)S ((: '1.) 

y ~ f'l 

4 

(5) 

(6) 

(7) 

(8) 

l 

f 

(nae aaaHMBo nepneunaKyn 

5011bHbie llOC"rOSIHHbiQ. 

HeTpynuo suneTL, 'ITI 

llOT9HIIHan, H30TpOnHbll! raJ 

HH9M 'laCTO'P ~=IS • M~ w. 
( m ,. o - nenble), paccMa1 

HuTepecuo accnenosa 

nax. 3To 6hi110 nponenauo 

TOJlhKO pe3yJILTaTbl Jl11H 110 

PewaH xnaCCH'19CKHe 

x 2= E 1 

~ 

2 E 2 

y =--' 
2a 

Mw BHUHM, 'ITO npa a> 0 

KRYTOCTb BCeX <jlHHHTHbiX •T 

110T9HUH8Jla H rapMOHH'I9CK 

q e TBepToro 110pHJlKB, KOTO~ 

Perueuae ypaaueHHll l 

I+ 

1/J ( x, y ) = y D ll D 2! (4z) 
D I D2 r(o I+ 1 +I' I 

rae 

v 
rne Ln (z) - nonaHOMbi Jl, 

E = 2y2a ( n 

Mbl BHJlHM, 'ITO OCHOBHOMY 

MY - nae, BTOpOMy - Tpll 

COOTB9TCTBY9T pa3MepHOCT 

Ha ae/lli'IJIH, axonHIUn 

rpynnbl su. B nanbH 

paTop ua onepaTop, HCKBT~ 

113B OJl HTCSI uaa n aarouaJlbHI 

BaeneM onepaTopbt • 



nnB 1 <jlyBKUHA U H V , 

i UB8UbBoe ypaBB9BR9 BTOporo 

yp4BB9HHA nony'I89M 0 'ITO 

:o Torus, Korns H MOlKBO 

(3) 

CHCT9M KOOpnBBBT, B ltOTOpbiX 

II ( T,e, U9K8pTOBCIOI9, nonap-

(8 38llHCbl389TCSI B BII.Jl9 

a ( q )[-l'l~+ V {q )) I. {4) 
I r a q2 2 2 

2 
/ 11 I 

r Hn8 nayBBHUB (KOTOp8H 

l0pUHH8T COOTBeTCTByiOT '19Tblpe 

J cy!lleCTayeT acero q e Tbipe 

rpy UUbl .UBBlKeBBH 9BKHBnOBOA 

/ 13/ 
H8UpBM e p , 3U eCb HHK8KHX 

>TOHH8 H8 - 5JK OOH (HUH llipe-

T H'IHbi li HBTerpan .U BH lKeHBB 

ible paa.ueH >IIOTCB B On HOA 

OU9 p8TOp 8 THU8 ( 2) 1 KOM M yTH

U V nonycKaeT paaneneHue 

HnH OOHH8KOBOT'O, BO Cll. BHHy-

THll8 KOOp,O,HHS.THbi X CHCT9M 1 

OTCB CylU9CTBeHHO p83UH'IHbl-

:n'l e CKHX KOOPUHH8T8X), 

X=rcos¢ 

Y=rsin </; 

(+nl 

(5) 

(6) 

(7) 

(8) 

(nae B34BMBO nepneunuKyn<IJ>Bhle napaooJm:'lacue CHCTeMhl), Beane a , fJ , y - npoH3-

BOJlbHbl9 IlOCTOSIHHbl8. 

HeTpynuo aBneT&, 'ITO B Jta'ie CTae 'IBCTHhiX cny'laea auecb cou eplKHTCB KynoHOBCKH A 

UOT9HUH8n, H30TpOUHbili rapMORB'19CKHA OCUBUJISITOp H 8BH3HTpOOHblli OCUHHUBTOp C OT IIO!lle-

KHeM 'iaCTO'P ~= Y, M bt nony'ln iUI obi ocnunnaTop c OTHOllleHHeM '!BCTOT 
w 2 

( m ,. o - nenbia), paccMBTpHaaa o n epaTophl L i He BToporo nopBAKB , a 

~=2!_ 
w 2 n 

nopBAK8 m + o- 1. 

HHTepecHo uccnenoaaTb xnaccuqecxoe H KB8HToeoe JlBH)KeHHe a HaAneHHblX noTeun.ua-

nax. 3To obtno n p o u enau o nou poouo u na acex 'leTbipex nOTeKuHanoa, 3 u eCb Mbi n p u aeueM 

TOUbKO p e ayn&T8Tbl UUH UOT9 11UH8U 8 

V ( X, y ) = a ( x 2+ y ~ + _f3_ + Y 
x 2 ---y-o· 

PelllaB KnacCH'IeCKRe ypaaHeHHB UBH lKeHHB, n onyqaeM 

2 E E P. -
x = - - ' +v ~-~ sin (../ 8a t+C 1) 

2a 4a a 

2 . E2 E y -
Y = - - +V -=-.a - - cos( ../Sa t + C 2) . 

2a 4 a 2 a 

Tp89KTOpBB B BHUe: 

E = E+ E 
I 

(9) 

Mb! B H.UHM , 'iTO np11 a > O , p>O , ·y> O BCe Tp89KTOp1111 <jlHHHTH bl9 II 38MK HYTb!e, 3aM-

K BY1'0 CTb B CeX <jli!UIITHb iX ' Tpae KTOpHl\ OObi'IHO C'IBT8e T CB THU H'IHOA T OIIbK O .UU>! KyUOII OBCKOro 

UOTeHUH8U8 H rap M OHR'ieCKOrO OCUHUUBTOpa/
13 1

• 8 OOIUeM c nyqae n o ny 'IBIOTC!! KplfDL! e 

'ieTBepToro U0p !IAK8, K OTOpbl e npH f3 ~ }' .,() BblpO>KJl 8 lOTC R B BnnHilCbl . 

Pe!lleHB e y p a aHeHBH Wpenuu repa a anHChtaa e Tcs< a aa.ue : 

v 
r u e L. (z) 

r a e v = 
I 

UOUHHOMbi nareppa H 3HeprHB p8BH8 

v2= Y,~ 

( 10) 

(1 1) 

Mbl BHU HM, 'iTO OCHOBIIOMY COCTOHHBIO COOTBeTCTByeT O.UH8 <jlyHKUHB, n epBOMY B030YlK.UeHHQ

My - .use, BTopoMy - TPH H TBK uanee. TaKHM oopaaoM, B b ipOlKU9HHe ypoaueA B TO'iHOCTB 

COOTBeTCTByeT p83MepHOCTS!M BC9X HenpHBOURMb!X npeUCT8BU9HHli rpyUUbl S U 
2 

Ha aenH'iHH, BXO.UBIUHX B aauaqy, MO JKHO nocTpoRTb BH<jlHHHTe3HM8nbHble onepaTOpbl 

rpynnhl B uanbueAllleM uaM npuu eTcn He coaceM CTporHM o o paaoM u enuTb one-

paTop ua onepaTop, HCK8Tb KopeHb H3 onepaTopa, HO nocKOnbKy 3TH onepaUHH ace r u a npo-

H3B Oll,RTCSI H8Jl ,QH8T'OH81IbHbJMH onep8TOp8MH 1 TO STO BOOnHe OCMbiCneHHO. 

BneneM onepaTopbr "po>Kn euusl"" u 'yHH'iTO>KeHBH• xsaaTa: 

5 



rue i ~ 1,2; 

Torua 

X • X 
I 

+ • 
b a-\.:0 [-2x,-a-+ -ri= -b+v'iil x 2 -1-2 _b_ 

I ax
1 

y2a ax
1 

I ..('i4 

a • -
b-·-\<0[-2x 1-a-+~~+v~ x 2 +1-LJ~l.~) 1 

I a X I y <a a X I I y 2a X I 

x,= y f3,- f3 fJ, ~ y • 

b
1 

o/1 =v n
1
(it+v

1
n) 

Dl D~ t r/J n ,-I, "• 
"• = ~..; 1+8{3, 

b+ r/J = y(n 
1
+ 1 )( n + v

1 
+ 1 ) o/1 

1 n n 1 n + 1. n 
1 2 1 2 

( aaanorH'IHbte q,opMynht nony'laiOTC II nn11 b ~ , b: ) • 

B seneM eme nuar oaam.Hhte onepaTopbt 
• I ~ +1 -- I n 1 = ~ [b,.b

1 
-Y.../1+ 8{3 1 -1 = 

= - _1_ I ~ - 2a x 2 - __1/l.i._+ .J2a y 1 + 8,cl 1 
4y 2a a X 2 I X 2 I 

I I 
HeTpyuao y6enHTbCSI, 'ITO onepaTopbt 

_L 
X 2 

I 

- + 1 
n 2 - n •· L = b b • • 1) 

L = --- ' + I •-'(n +v\(n~v2+ 
3 2 V 1 r' 2 

+ 
L. = b I b 2 .,..- 1 • 

y( n 
1
+vt1Xn 

2
+v 2) 

neliCTByiOT HB COOCTB9HHbl9 !jlyHKUIIH raMIIIlbTOHHBHB cnenyiOnt.HM 00p830M 

L3r/J","o 

L +r/J"t"2 

= ~' "' 2 n In 2 
----

=-J n(n+1 )r/J 
1 2 D l -1, n +I 

2 

L .p ~ v(n +l) n 2 o/1 +' _, 
- ntn2 1 nl ·" ~ 

(12) 

(13) . 

{14) 

(15) 

(1 6) 

o n+n n-nt flpH <,: ~ m = ~ 3TO KBK pa3 If 9CTb KBHOHH'I9CKBH <jJOpMB llllH HH<jJHHHT93H-

MBilbHbi X onepaTopos rpy nnbt SU 2 • OTciOna yJKe sauao, 'ITO L 8 , L+, L _ KOMMYTHPYIOT 

C raMIInbTCHKBHOM SU 2 aei!CTBYH HB COOCTB9HHbt9 <jJyHKUKK, Yll0Bil9TBOpHIOT KOMMYTBUIIOH-

HbtM cooTaoweHKHM anH SU 2 • CnenoaaTenbHO, rpy nnol\ CHMM9Tp111I UOT9HUHBl18 

• • fJ y 
V(x,y)=a( x +y )+~+yo SIBnHeTCH rpynna 

OUHliM JJ3 H8A1l8HHblX HHTerpanOB JlDH>KeHtHI T lf08 

SU 
2 

• rlpa :aTOM onepaTop L & HBl1119TCII 

( 4) anH naanoro noTeauaana H onepaTopbt 

L L TBK JKe TCCHO CBH38Hbl C HB(IJl9HHbi MH HHTerpanBMII , 
+ ' -

llnll UOTCHUIIBilOD (6 ), (7) H (8) nony'<BIOTC il K8 'ICCTB9HHO 8II8l10rH'IHbiC pe3yllbT8Tbl , 

B KnaccJPtecKOM cnyqae see cfmHH THbie TpaeKTopuH nonyqatoTC51 38MKHYT hrMH, a KBBHTOBOM 

- uMeeTCH Bbtpo>KJlenae n nonpo6noe accneuosanlfe npiiDOJlHT K rpynne SU
2 

ana, no Kpall-

Heil Mepe, K rpynne 0 3 
, IIOKBIIbHO 1130MOp<jJHoil SU 2 ) , BnpO'ICM 3TO THUli'IHO KMSHHO 

.011Sl ABYXMepnoro Cnyttafl H CB5l3BH01 no-BH,IlliMOMY, C TeM , l.ITO SU 2 
HDIIS19TCH (o no-

KBilbHOM CMbiCne ) 9JlHHCTD9HHOfl KOMITBKTHOli nonynpoCTOH TpexnapaMeTpii'I9CKOfl rpynnoil na, 

6 

.~; 
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1 
.-~ 

I 

(12) 

(13) 

8/J, l . (14) 

~b~ 1 (15) 
y( ;r:v +IX; +v J 

1 1 2 • 

o6paaoM 

(16) 

<j>OpMa liTIS! HH<jJHHHT93H -

L 3' L+' L- KOMMYTHpylOT 

mneTnopHIOT KOMMYTBUHOH-

~TpHH nOT€HUH8na 

>M onepaTop 

ro noTeHUHana H onepaTOpbi 

) 81-IBROf'Hl.{Hbie pe3yflbT8Tbl. 

38MKHYTbJMH 1 B K88HTOBOM 

rpynne SU
2 

lWil, no Kpafi-

poLJeM 9TO THllJI~.jHQ HM9HHO 

SU 
2 

SIBTI SJ9TCSJ ( B no-

:ap&M9TpH'I9CKOJl rpynnol\ nlf, 

PeayllbTATbt B TpexMepaoM cnyqae llOn>KHbl 6b!Tb 3H8'1HT91lbHO 6onee 6oraTbiMH. 

Bee nonpo6aocTH H BblBOilht aanoJKeaabtX peayllbTaTOB 6ynyT ony6naxoBaHbr B npyroM 

MeCTe. 
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