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Introduction

This paper represents a mathematical Sunplement to thefpaoer /I/g It deals withithe pro-
’perties of the matrix—algebra usedlin.the naper /1/ for a'nnified description'of the isobaric
structure of the system of elementary particles and also gives a generalisation of this algebra
for the case of a fonr—dimensional space. i . ' '

In Section A, starting with the fundamental relations (Al—4) which define the algebra in
isospace, a deduction is given of other relations, especially of (A7,8,14,16, 34 35) On the
basis. of these auxiliary relations, some of which have been mentioned in /1/ without general
proof, all irreducible representations of the algebra can easily be enumérated.

In Section B a similar algebra is defined in a fourdimensional space by‘a straightforward
generalisation of the fundameéntal relations of Section A. Again further relations can.be dednced
from the fundamental ones by a suitable\generalisation of the procedure used in Section A. )
These relations, from which the irreducible representations admitted by this “fourdimansional"'
‘algebra can be seen directly, are collected at the end of Section B.

A physical application of the fourdimensional algebra (to a unified description of the

. space=time properties of elementary particles) will be given else\vhere.

A. The algebra in isospace.

iZ 3/ and ” , satisfying the relations

U(/’”,f @D
[/\.',l/(]%da”/}( /\( ,  w
[4} A,/ = z &5 S A/ | (43).

)\;' Ué + Aé lfj/ = 57"4 4 ;‘ | as)

Let us have seven operators 60 ‘J(/

Z;/aé.z‘) I

-

where Z denotes the sum over all six permutations of the 1ndices /, A’ Z and /,(‘(
is- the antisymmetrical unit. tensor / 123 = 1‘7)
First of all let us notice that the product 5}%‘ "A'll can be expressed as follcws

5;'4: Sue’ =, 3 (%’ % ‘);z 2‘4’)"
7‘%’/ % )2,-/ =i 900 )

: +§J,/J4;., T ;);é,);/) |

(

(a5)



o4 -

‘ ’ l/ * . ’ .
Then, putting / =; “(and su.mming over/ ) we obtain

Gheiur ke Sety e

and putting further ,4 A (and ‘summing overé ) we obtain

<27,

ke Ghe N (asm)

. Multiplying (A2) by é}%{’and using (AS") we get

/4( A7 )\ R /\’Z  (A2a)
(which 1s only an alternative, equivalent way of writting a2) ).
From (AJ) we have
Gy N F L
. o= . T~ & | &
) so that also - .
A#UA >\ 47‘&'&{;;‘5}4”. : (ada)
Putting A’=7 (and sumn?.ng over / ) we obtain fr-bm (A4a) immediately |
2z e L
1/ 3 X)..a:’. 3 Y %; . o (‘A6)‘
’Using (A6,2) and (A7) we can write _ .
. z . o ‘
>7.U ,\; )% 4;4 5z AAA W, 3 5]-4{ /\( 2
. s D' .
i.e ‘ .
| U/ =Y
) [)\7 / ] (A7)

_Usiné (A6) and (A4a) we have

2 v =27
4‘;7. U 3 a} AA- le 3
and similarly '

, =Z ., V=
Uaj. -34)4/\ W



Subtracting these ‘two equations we obtain ' S T s ' ‘
! v )
[ 7 ' S ' (48) ‘

and then also

4 __Z - ‘
Multiplying (A2) by )\;' we obtain easily ‘ . .
ny g v o .
[,{./,\A]= '&57%(/'1;"\17"1( >\;.)j-ﬂ . (AI0)
Similarly, multiplying (A3) vy U7‘ we obtain |
[“’7' ; ’\4] = ‘E]'A-Z /I‘; & ld ) ” . | (AII)

Now multiply (44) by 13' )‘/( :
% 2z
k . A . U + . A lJ * = X . U
7 —)‘k ]k )‘7 k") 7
Using (A2,2a,10,6) and (A7) we get ‘
2 ‘ 2 _ 3 B
N U =UX =30 . (A1)
7 7 | |
From (AI) we have

p3 . 2
O by Yy Y W W = Jw

) 7 %G %Y ‘o o
Multiplying (AI') by >\/< and using (A42,6) and (A8) gives ’ ‘ '
U 4 4;'7 =30 . - (AD)

Now multiply (AI) by >\z from the right. Then using (A6,42,11,I') and (AI3) we find after some

rearrangements the relation X N o
W, 40, W =20, YU =0 . | '
( 7% Ty T4 ) | , (A14)
Multiplying (AI4) from the left by l“ and using (A4,6,1I3,8) we obtain
- 2' : ' )
N = F w0
/ 7/ .
Multiplying finally (AI5) by >‘3 and using (A6) and (AI2) we find that ;
Uvi=U .. | (A16)

Now let us return to the equation (A9). Using (A3) we can rewrite (A9) in the form

LT w. . _ (A%)
z Y% o

(AI5)



Multiplying (A9a) by ﬁéf from the right and using (A6;IJ)'we obtaiﬁ
746 %% é =6V - (A17)
Multiplying this equation by ;;%,( and using (A5) ylelds the relation
> W, - W = e O | ‘
2, 7 Y %y 2, b by 4 23 24l (A17a)

where 22% means the sum over the three cyclic permutations'of the factors.

The equation (AI) can be written in the form
Z-c 7 /<LJ +7 0}4)4)—-3/ 4 )2(427) (A;a)

Adding (AI7) and (AIa) ylelds the relation

N ~3s&,, 0 . | | (a18)
2 (49 9 G )~ 3 e o
Now multiply (AIB) from the right by )ﬂf‘ké . Using (A2a,3,4a,6,7) and (AI5) we obtain
. 2 - ,
va ; . ='Zﬁ-0- . . -
“Cu % 4 ’\ 1?/1 VY A Y, (419

The first term of this equation can further be performed using (A3,4a,8,5',7,17,16,2a,I5) into
(G0, -3 w w -Sw, T°)
7 4 k77 4k 7 |

Similarly, using (A3,5',6,16,15,7), the second term is easily performed into ’

(4 ey -0, 4 =34 77)

Hence thevéquation (AX9) takes the form

;

- = w.
OA Y 4‘4)4 A}' o, +a} , 7 4;7 ﬂ. . (AI%)
This can be combined with (AI') giving -
. L
4)4 417. U/‘ = U’ —'Zéé- g, ' (420)

Now let chtl? be three 1nd1¢es for which
wpl, T4+ v vER

1s valid (and over which no summations can be performed).

The equation (A20) can then be written as follows:

' 3 . : 2 .
Ug‘a?uuf-(é_ +4;v_4é4)¢—&2—'34é(7 . (a20a)



n (A18) we obtain

/Put.ting j=4 =Z=Z i

4{53 = 4y ‘) (a18%)
whereas with )'=/f =2, £=C we nave
U: v, * % 4, Uu + 4 b; = 4/5 ‘(AIB")
and finally with 7' = 7 k=u, -Z=Z‘
Z (44,9 =% Sy 0) 0. (a18%)
From (A2) we have _
'{)‘u)‘v-_kfl;ku)([:'éaézrt /\,i- U
Using (A15,8,16) and (AI4) this quation can be performefd into
| - (221)

, ‘ 2
Uu&?p,”ftc’ﬂﬂ‘d}éﬁ .

Multiplying (A2I) by Uﬁ i’ro—m‘the right and using (A8) and (AI4) (with ]'—'?4 =7 ) yields

. ‘ . ' 2 . !
'bu Uv"{df 'U-‘-;tcfzﬂ‘ a- . | o (A21a)

Now let us return to the equation (A20a). Combining it with (AI8') gives

) 2 ‘: PA
w J = - W
%fldu +Z‘é /yﬂ'&i‘é}v-féy.‘)

or : , ]
, L =T %t . (A22)

if we introduce the operator
r* as
R Y% T (a23)

If we insert for UIL % U;L
. z h z i
' = —~a & R

from (A23) into (AIB"); this relation can be put in the form

2
v & A (A24)
Using (A23,8) and (AZ{,) we can now write
) vowiiho U
XL =
w n x ¢ u ’L 2



and with regard to (AI8') and (AI4) o .
= — : (A25)
47{2‘ 4}% 4.)7(_ Q%Z .
Changing % into 7 gives
W o=—-4& g
q%rt r 7. Lpzl
and using (A22) yields ‘
- - q ‘ (A26)
Q’m‘ [‘}'zr &)ﬂ_ . %t :

Now using (423,8,18”,18',14,21a) and (AI6) we can write

& O ww we | o
v Tt YT GG Y Yy -
3 . .2z . 2 . 2
= - 175 /5 B * - =
42)«‘ r o« w%Uz‘ m'v-Uz‘. 7"31,20“:‘4)% 0'71-4)?_4_244(—?

W o~ W . . T+ & 4
—“Utwv' % % furbu%3¢fw-/pz‘ Tt .

further improved by the help of (AI8") (with 1~ instead of Z‘) :

= - - & é} .
U?f,eﬁt wn [‘zjﬁ 44»—%, % f 4}1»-+4¢}«./‘{,4 Y /4{«,4/#'7447; ”u)*gtéf;ftd‘ v.

This can be

Using again (AIB"',ZJ) and (AI4) we obtain

v -2 Ute, (4,4 +0, 4, )

Q2 =4 &
%t . =Y 2 ¢
and with regard to (A26) finally . . '
(a27)

- U= —~a @ &
G g =<t Uy i2g s )
The expression (%_Zut'é/ can be performed also using (A22) instead of (A23). Thus we obtain

w
C o= —_' ‘ | — < .—.-" 3
Gt Gt (LY, 8T )y |
-y _ o 2
R e A S AT e
SWW Y YW Y ~3E i (-
7~ ¢ v x £ v -5 T L ol

W ot~y Uz'-. o e 9. -
s (79, v Y T, )G G 2CE, =



- 0 -

=W W b~ (W : : _
2 Y Y /,‘wv_fu%vk)%%% ,c,bg;_kty_

=

"“Z 4¢F aiu.7L ut (/éii Y *-Qir Qicr) s E;F&‘z!lzsr

or, with regard to (A26),
- = : 4)‘) :
ké Uw— U’k_ t’zz‘zr-z(. 0— d"tct /%Uv-+zuf’ * / (a28)
Adding (A27) and (A28) and using (AI8") we obtain finally
G4 e =<E, 4 (a29)
- 2 .
Multiplying (A29) by /4 and using (AI6) gives -
2 ;
o ww U =<¢ U
i % ¢t v wtv
“and subtracting this equation from (A29) yields
2
- = SO (A30)
%44 (0] =0 |
Using (A23,8,29,2I) and (AI6) we can now write
, ' ‘ 2
a L =W LY W O+ Y L .=
“r w ¢t n g £ v—p. D)
A3l
=L& W U+<E Y U =10 :
é’(?f’ é‘lf’k %

,8) and (AI4) we have further

-

From (A3I,22,18'
2’ W 0w tw T w®
o J —'4%ké Y ==( v ¢ v ¢ /)aﬂr

aé’ z iﬁ” AQ 4 ’ 4$’£

i.e.
- =0
ot Tt
or ’ -
2
9,9, ¥ == /4 (432
Multiplying (A32) by Lr.and using (AI6) yields
Z 2.
: Ww U =-0 U
v ¢t ¢
and subtracting this equatlon from (A32) gives
(A33)

2
yuw (1-07)=0.
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The equations (AJO) and (AJJ) can’ be collected 1nto

b 4, (1-07) =0, (4, k;E{’)  ww

The equations (AJO) and (A33) together with the equations (AI8') and (AI8")(which can be
multiplied by (’l-'UL) ) are also sufficient to guarantee the eq{xations

2 -
(o599, #, LGy T WG T) 0 e
Thus we have deduced f_rom (AT - 4) the following most important equations : -
['\;',y]=.”; . (A7)
[4;7./ 0'] =0, : : YA8)
= 0; o (A16)
(a) W, +6, (.) Z(f/‘é)D' o - (A14)

i

(a34)

) W, (1-U /;0/ (7#4 Ltl) .

From (A7) and (A8) 1t follows that in each irreducible representation of our a.lgebra. the
matrix F 1s a multiple of the unit matrix. From (AIé) we see tha.t 1ts eigenvalues are only J
and £/ . In representations in which /=77 or =7 the &' fulfil the relations

G4+ G = 2% (D)
In representations with 27=0 the U'J " fulfil the relations
" ' L, £ 4, .
TS G G kY T % Y,
and ' ‘ , (A;I)
e = { F4k kEL) .
4,’] “% % =Y (7%% %7 /

For the sake of the generalization of the algedbra to fou.r'dimensions it is 'convenient to

have the fundamental relations in terms of the dual antisymmetrical quantities }". and g‘,(

which are connected with )\ and U by ‘the formulas

)
-4 =L - -. a
xj-z ‘C‘;‘HAAZ , T=E e 0/'% (A36a)
o; conversely ' R
S~ uthe o GG



=11 -
The equation (AI) remains the same ‘ ‘
;Zp (:";' “"4 Ye "% Uf) g2 - S - GD=@A1)

Inserting for /\ and ” into (AZ 3, 4 ,6) and removing the E-—tensors by the help of the
formulas (A 5 - 5") we obtain the relations

[ ],{ﬁ/ Zm]:}{'/ éfm, /t'm, / 5;1_ /l [J;l .}ve; )/ T2
[/1;' 04_7 / y w ' . (a3)
AT

‘ / .
o emct o)y =Bl
o (48)
z()\ W, +,\ U}.+l(2. vk)_~. Ure - e

The same equation (A6) is obtained by contracting the equation (a4) 1in the indice.,;' & . The

equation (A4) can of course be contracted also in other ways (e.g. by puttin:,/ =L and

similarly)., The expressions for yé( resulting from all such contractions are equivalent.
We see that the equations (AZ 3 4 6) appear more complicated than (AZ 3,4,6). However the

"~ equations (AI 2 3 6 ;) can be used without any change, also in fourdimensional space. Only the
‘equation (A4) will need some completion.

B. The algebra in space-time.

In i‘our dimensions the elements 07 are substituted by °‘;a, [/" /3 34) and the elements
*
%7)6 y/éd by the antisymmetrica.l quantities G’ , A//“Vj' respectively.
The relations (AI 2 3 6) are substituted by relations of exactly the same form :

T (e a -4 q/)aa}» | :

p U e 7 v N ()= f&1)
[,a,v,G:\;] //al vg 6;&& J;o;' VA ‘5;:16;"-5".)/ - (82)
T hn), e
3[5’ O(‘Lé,quf'ﬂa(v)a . (26)
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. .
The relations (AI 2, 3 6) represent simply the space-part of (BI 2, 3 6) On the other ‘hand a

. correct generalization of (A4) to four dimensions is as follows :

(/ug m—*“y +,§h‘r ng)“v *
(e )\,+56 +3‘ch§/\)m=
S Af“*'f ( f’~°/~ '*/’7” ’ £S’>\‘L'v */*7,») W’ SR
Here E/WS,,: 1s antisymmetrical unit- tensor (,z” "'“"O. |

We can see that the relations of the form (A4) are again obtained from (Bd:) if we restrict
the values of the indices only to I,2,3, because in thils case fhe additional terms on the right
hand side‘ of (BI;) vanish. These additicnal terms are however necessary in the "fou.rdimensionai
case" because otherwiseb (Bé) could not be obtained by contraction of (Bi).

Notice the following formulas for the tensor E

AvgT
N .
‘ | +S:“’V/ ((5-;( Sf[u gl $’§ )+ (B5)
"'&g’ (Xy,,f e»’ T~ S{v’ §,tol) y

= Y A : (B5*)
ZA/«\’; E'A,u,v _Z[J‘ §’S" vo' v/, '

é . - ; = 6'§;§S/

Moy E'A,a_vg (B5")

As in the "threedimenslonal case" a relatively sipmler form of the relations (BZ 4;’,6) can be
obtained 1f we use 1nstead of G/uv and v the dual quantif:ies c:/‘UV and Y. wWhich ére
defined by the relations

- = ,{ / = £ A/
d/w 2 éx‘WAS GJ?Lg J A//ovA AVAG S

or conversely ) .
= 4 2 =4 g A
G, & G .
Ae 2 TAgpv vy 5" T6 THvAg A
In faot in terms of these quantities the equations ﬁ32 3 4 6) take the simpler form

£,

;-
v, 62\;"7 2 v </ g/‘\;,(?« ByeT 6;9: , (B2)

[g"*'/.qi\]

- é:uvzf qs’ J (83)



o G S LKL R), o

(36)

The equation (B6) can be, obtained by contracting (B4) inlany way. The equations'(Bl,2,3,4) are

the appropriate fundamental relations’ defining the algebra in space-time. (1t we introduce the

i

operatorf - ‘ _
o 2 : ; . o
/V:;LA({& , : o (=7
it 1s possible‘(by.siﬁilarlprocedures as in the."threedimensionelicase"-);to deduce from
(B1,2, 3 '4) the following relations ' e _.ﬁ 7 ',f :
| Lo, V]=0, . e
' [/V wNi=0, | | (B10)
3 W /V B (81D)
- J B
/0( q’ 7La( a’ :Z; )/V . (B12)
/“"""‘A "q’/\o( ‘—X v it /‘U)///—/V) 0 - (1)
v( N /4 /V/ b, (##Y, l’?”) - (1)

From (B8,9,10) it follows that in each 1rreducible representation of our algebra the matrix/V
is a multiple of the unit matrix. From (BII) we see that its eigenvalues are only I and 0.
In the representation in which /VL' - the «'s fulfil the relations

Hcy +,0, = Ly

In representations with N = 0 the ¢('s. fulfil»the relations

“/’m’vf’f,\""";q’v?.,‘&v‘*,\ 7LJ:\th"" ) T B

and

A

From above relations the irreducible representations of our algebra can easily be determined.

o(o(or =0 («tV V#?\)

In the course of "the d€rivation of the relations (B, 8—14) one obtains also other useful®

.[6',2,,, ?:\S]‘”.,_ \ .> o (B‘I5)‘
[«;, G,%-v]:o/ |

-

relations, e.g.

(o16)

; 061:;(«1:«:‘1;1;;1;1.“ ;m( ceit
SHEPRHX Recnenop- .
EMSHHGTEHA : T

-
e

.




[%v/ A -7='f‘;‘,€m,\¢ Aé’ / o (BI7)
R R A VU
N %, +ax, N, =0, - - (319)
N a, N, e, =4 z;w /KA”\ , . (B20)
(Wl 4, H, =2y Mg = 0 (220
(g““’-:*f.— ‘E/WA A/)\qs )A/f = 01 ' 2
Zo (57, - Sy ) = 34 a4 R
o(y'c;;c(v - O(Ak(’lj‘jN)/ | kl o (m20)
_ /V"fa, —-—:.f? Gy /Vv - | (B25)
From (B2I) we obtain (in addition to (BIO) and (BII) ) also the formulas
MW =
/1,{“-/1,{; (no summation)
and from (B23) :
| | V’%'”é_ﬁ 6,'¢ch§ T Xy Ta
_,,(: =3§- iw‘f 0%, %)% (=47‘“/1§o(§ 27::. x, Aé ) -
Then we éasn& i’ind‘ that Of can be written also in the form
X =GN, - (B26")

and that s o

0(3' :‘/1/
= £ L = —Ay_a,

o M=t 2= |

I am grateful to Professor V. Votruba for valuable discussions about related toﬁicsand

‘some refinements of the given proofs. : ' '
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