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Introduction 

This paper represents a mathematical supplement to the paper /I/. It deals with the pro

perties of the matrix-algebra .used in the paper /I/ for a unifie_d description of the isobaric 

structure of the system of elementary particles and also gives a generalisation of this algebra 

for the case of a four-dimensional space. 

In Section A, starting with the fundamental relations (Al~4) which define the algebra in 

isospace, a deduction is given of other relations, especially of (A7 1 8 1 I4,I6 1 J4 1 J5). On the 

basis- of these auxiliary relations, some of which have been mentioned in /I/ without general 

proof, all irreducible representations of the algebra can easily be enumerated. 

In Section Ba similar algebra is defined in a fourdimensional space by a straightforward 

generalisation of the fundamental relations of Section A. Again further relations can be deduced 

from the fundamental ones by a suitable '·generalisation of the procedure used in Section A. 

These relations, from which the irreducible representations admitted by this "fourdimansional" 

algebra can be seen di~ectly, are collected at the end of Section B. 

A physical application of the fourdimensional algebra (to a unified description of the 

space-time properties of elementary particles) will be given elsewhere. 

A. The algebra in isospace. 

Let us have seven satisfying the relations 

= i ljl<t tvL 

~· t.J1,: r A~ ")· = ~·4 {/ 

) 

(AI) 

(A2) 

~AJ) 

(A4) 

where LI' denotes the sum over all six permutations of the indices /~ k
1 

,{ · and 7.k( 
is· the antisymmetrical unit. tensor (E.1 z.

3 
= f-1) • 

First of all let us notice that the product C?'l(t. E. ''/4'L' can be expressed as follows 
I ' l 

S·l<t E.j 1kL 1 = ¼' 1 ( {"R 1 e!;L/ ~fL1 
{~, )-t-

f f ~/ ({L/ ~// - ~/1·~~1) f 
(A5) 

.;.J;~, ({ •I J;K, -J;~ 1 ~ .i) ; 1 -; 
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.1 • • 
Then, putting J =1 · (and summing over I ) we obtain 

~/At t./AL; = {~, {e/ -{,,~k/ 
\ . . ' 

and putting fur"ther J':f< (and s\.Ullming over k ) we obtain 

t!;~t s~,(/ = 2 &/ 
, Multiplying (A2) by 7k..f / and using (A5") we get 

t:J~t )· )..(- = ". A,e 

(which is only an alternative, equivalent way of writting (A2) ). 

From (AJ) we have 

~· Ak 

1 A· 
' ; 

= ¾ ~- r -1,' s·~ t ~ 
;; ' 

A. tJ. - ,i G • ,~( W;e 
l k l~ 

so that also 

u1, A ,1. tJ ). • -= '>-.,· wk .-1- X4 w. = £J.k lf . ;I< k; , .l 
Putting k =j (and sumr~-7ng over 1• ) we obtain from (A-4-a) immediately 

l/ = f ">i.1• w. = f tJi A/ , ; . 

Using (A6,2) and (AJ) we can write 

, 7,. 1., . '\ .!, \ . ' ,t-r.. ).. 
). · v = J Af tt.k 41/4 ==y- "/4 1

'/ 4JA- + T 7'/4t -e 41~ = l . . • ~,2 • . . 

:: lJ) .. i +-f £j4e ()..~ 41t f. ·\~ '1) = "[/ )../ 1 

i.e.-

[A· ll]=tJ 
1 I 

,Using (A6) and (A-4-a) we have 

41.f ff~; 1· ).k "'k ~ f [I 41f - :; '1 )'j 4/k 

and similarly 
- ,/, ,t, ,2 \ lf 4). = - I.Ji ,\ 41 • = - Id• /f - - t.J/_ I\ • ld1 
; 3 IC ~ I .3 ; 3 ~ 1 ~ 

(A5') 

(A5") 

(A2a) 

(Ua) 

(A6) 

(A7) 
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Subtracting these two equations we obtain 

and then also 

¾- \· ~ : - f ~- {/ = -1 (/ 4)/ 
Multiplying (A2) by A;• we obtain easily 

[~, >../4] = l f)l<t /~· )..✓ f A~ \· ) - (} 

Similarly, multiplying (AJ) by tJl• we obtain 

[ tv/" I >..1c ] = l E-/k e ( ~· w,e f ""t 1.J == I/ . 

Now multiply (U) by Ai Ak : 
2. 

A/ "'k Ai 41k + Ai )...k {Ji ;:,. 
Using (A2,2a,I0,6) and (A7) we get 

.1, 

A. ll 
l 

From (AI) we have 

(AB) 

(A9) 

(AIO) 

(AII) 

(AI2) 

.t. ,/, J 
~• 4/k -/-- ~• ~/4 ~• r ~ ~• = 4)4 (AI') 

Multiplying (AI') by )./4 and using (A4a,6) and (AB) gives 

'1•.t. {f = lf ~;' =- J lJ · - . _ (AIJ) 

Now multiply (AI) by A,t from the right. Then using (A6,4a,II,I') and (AIJ) we find after some 

rearrangements the relation _ J. _ ' _ 
( 1• '1 -1- ¾ ~• ,t jk ) {f - (} ; • (AI4) 

Multiplying (AI4) from the left by Ak and ·using (A4,6,IJ,B) we obtain 

- {j), ).,i /j • f Wi (AI5) 

Multiplying finally (AI5) by A;• and using (A6) and (AI2) we find that 

[/ 3 = ij" , (AI6) 

Now let us return to the equation (A9), Using (AJ) we can rewrite (A9) in the form 

(A9a) 
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Multiplying (A9a) by tJJ• from the right and using (A6,IJ) we obtain 

7k c "-p· i ~ = t ,i 1/ (AI7) 

Multiplying this equation by C.j'/.:'-t" and using (A5) yields the relation 

4 ~- ¾ uJ.t - ~ ~- ~ 41k = (b4,' c:J'kt {,i (AI7a) 

where Le means the sum over the three cyclic permutations of the factors. 

The equation (AI) can be written in the form 

z:, "f ~ w~ -1-Z,, ~· ~ ~ =.l(~ 41<' "{e ~ -., J;<' j·) . cmi 

Adding (AI7) and (Aia) yields the relation 

L /~. 41 ~ _f. tJ ) = 3 ,i, C./frt [/ 
C ( ,J ~ t J/.: ',{ / · 

(AI8) 

Now, multiply (AI8) from the right by A.t A~. Using (A2a,J,4a,6,7) and (AI5) we obtain 

~ ~tt' 14;· 1' ,\ +-t'5·.t.t' ~ ~ t«:t' A,4 = .t ~- !7~ ,_ (AI9) 

The first term of this equation can further be performed using (AJ,4a 18 15',7,I7 1 I6 12a 1 I5) into 

( ~- tJ~ .z. - 3 ~ ~- 1 - S°l4Jj l/,!,) 
Similarly, using (AJ 15',6,I6,I5 17), the second term is easily performed into 

( 1~tJi -1 wi 1 - 3 ~- ll.t) . 
Hence the equation (AI9) takes the form 

~ . L 
Iv;. le). - 4 tJ; t.J. w,. 1- t,J, tJ,_ 
~ ? 'C-; l'f· ; I< 

This can be combined with (AI') giving. 

= 1/J41. {/.z, 
l 

.e 
~/ '11. '41,. = (.). -,t (J, 0-

l'C 7 If ? 7 
Now let U.

1 
t, 11' be three indices for which 

u~t t;:.-v- v-:t:~ r I / 

is valid (and over which no summations can be performed). 

The equation (A20) can then be written as follows: 

J Tr~ 
~fl. ~ tJU, + ~ + ~'V" '{ '1J ti" = 1 - ~ ~ V 

(AI9a) 

(A20) 

(A20a) 
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Pu~ting j =k = L == t in (AI8) we obtain 
' 3 

~ = tJt ) 

whereas with/ =k = 2t, , L = 't we have 

/J: ~ -I- tJIL tJi 41u -I- 1 h '/1.2, = t./t 

and finally with / =- v; k = U-1 -C "'t 

Le ( t.Jv- 411(. 4Jt - i. c v-u.t [/) == () • 

From (A2) we have 

Using (AI5,8 1 I6) and (AI4) this equation can be performed into 
' ' 

.t, 

v t,) l1 -= -t' e t Q.L [f 
ti, 1T 11.tr ~ • 

(AIB') 

(AIB") 

(Arn"~ 
I I 

(A2I) 

Multiplying (A2I) by ~ from the right and using (AB) and (AI4) (with/ :=:k = t ) yields 

(A2Ia.) 

Now let us return to the equation (A20a). Combining it with (AIB') gives 

or 

(A22) 

if we introduce the operator 

(A2J) 

If we insert for"~~ "-'u from (A2J) into (AIB"), this relation can be put in the, form 

L ' ~ 4 I 

~ 1 -1- 1 tvu.. = - .z"'t r "'t -1- ~ !f · (A24) 

Using (A2J,B) and (A24) we can now write 
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and with regard to (A18') and (AI4) 

a'ld /4/Zl- -= - 4J~ Clzc,t (A25) 

Changing U. into V- gives 

q,, t tel -z,- 1r 
=-41 CZ.t . v- 1,,,-

and using (A22) yields 

Cl'k.t 41 v- = - tv v- tl11, t (A26) 

//1 . ) ( Now using (A2J,8 118 ,I8',I4,2Ia and AI6) we can write 
~ ,l; 

0 C?,tlt) = t.J l.v tvt Iv -1-t.; I.J 41 [f' = tr: 'l(. 'li-. ,zr 'U.. '1(.. 'Ir t 'Z<. 

l ~ .z . -2-

= - ~ ~ W -W /Jt Iv 4J +3iz. t V (7-1-0 41 ~ 1/= 
(., tr 'U. "I<. v- 1{.. ,V((, 'k. v- t u 

== -IJ t.J /,J - /,J tJt: Ii) 4J z f 3 -i e t t7 -I- -t: £ .,, 17 . t -ir 'll,.. 'J<.. ,zr ,u,.. ,Z,-lt,, V-t. u.. 

This can be further improved by the help of (AI8") (with -r;- instead of t) 

tJ1r ez_ ,,,,t 1,i1 == -~ 4J u1 - ~- ~ &J + t.J ~ 1v /4; 1v -f.4J &J )-1-.t<.: e t 0-. 
. ... 1r.. "' v- 'k,, ~ r:- ..,,... u r:- u. I"'«, ir v- u -v-u 

~ 
Using again (A1a·,2J) and (AI4) we obtain 

~ t:l. t 4J = ~. w w.t - -e,' c t. tr -f- ct t /41 4J -1- 4J tv.) 
-e,, 1<, u.., p- u v -tr-t<. I( I • u v- tr u., 

and with regard to (A26) finally 

~ /4) 4).L - -c,' £ t 0-= - ct, t /tv t.1 -1-24' rv ) 
i~ 1t. 1, vu · -t{ I • it tr v- ~ 

(A27) 

The expr·ession IJ tl. t t.J can be performed also using (A22) instead of (A2J). Thus we obtain 1r 1' u., 
. ' 

l',,,_ 4-_,,,,t t(/ = t,J (- 41 ~ t,} - ult 0-2,) 4J = 
,.. u.. v- ,C,-i;-1,t- .. /fl-

= -412..y_ w /,J /,Jt - 4) w, 4) + 3 -c: £ 17) - 4./ I,/ t,J 17 2;_ 
11" ,v- -1(. 1<, z:: -v- t Z,-F<,. / 11- i ~ 

.t, 

=tJtv 0 1-t.11v ~(,} -3-c.'c to---t,.·£t C7.= 
1'- -i(. t ,v- 1G. i:.; v- V--1(, - u. 

= ~ ~ "-'6 -I-(- IJ t<, /J <-- tJ t.J tv +- t.J )·. 4J 41 - ,2 -t..; c {,i ::. 
tr ,,,. -t< v- 1G. t v- -v-,, 't 
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= -t,J IJ 4J -(w t,J rt.J tv )4J '41 41 + ,i, E TJ" = 
t v- '2(... 'k.. - ,z,.- '1<.. - ,z,- -l ~ ~~t 

or, with regard to (A26), 

Adding (A27) and (A28) and using (AI8ll~ we obtain finally 

U1(. ~ ~-v- :::. -~ E-u. t v- lf 
z 

Multiplying (A29) by /7 and using (AI6) gives 

·and subtracting this equation from (A29) yields 

Using (A2J,8,29,2I) and (AI6) we can no'N write 
-2, 

~t tJ =I.J tJ bl t.J -l-4J tu /7- = u -fr -1t..i:-11.-u- iv-

=--il:. IJ-lr-1---r:t..L. V l7=-~ 
-C'k v- 1(, C,1/'-'Z(,. 1(.. 

From (AJI,22,I8' ,a) and (AI4) we have further 
.2. . ~ 

d=e:t tv =-(tJ ~ l,) +tJt {/ )u,~-= 
kf;,u- -V-c; 'V" ,fr 

.2. 
= - tJ v ~ - I.I V -= -=- ~~t ~i:-rr '-t v-

- tJ -

or 
:z,. 

(/ 11' ~i 4/1r =: - ~6 zr 
.z . 

Multiplying (AJ2) by V and using (AI6) yields 

tJ 7r"' 7ru · I.J IJ l/ =-t.J V -V-t; ,z,- t 
and subtracting this equation from (AJ2) gives 

4) I,) t..) (-1- l7 j = tJ . 
~ -6 1r 

(A28) 

(A29) 

(AJO) 

(AJI) 

(AJ2) 

(AJJ) 



- IO -

The equations (AJO) and (AJJ) can be collected into 

t.J. bl tJ (1-[f-z I =-tJ (~it,- /4 k :J:- -t) 
Jk£ /·1 (II. 

(AJ4) _ 

The equations (AJO) and (AJJ) together with the equations (AIB') and (AIB")(which can be 

multiplied by ( 1- tJ2..) ) are also sufficient to guarantee the equations 

( ;· t.Jk lc)-l f- t.J,e tJic tvj - ~¼ tJ-l - ¾ tJi) ( 1 ... Tf 2.) = O · 

Thus we have deduced from (AI - 4) the following most important equations 

[ >... z;-7 = (J 
; I J . I 

[ (.J. {;-7::,J 
}I _/ I 

v-3 =- (/ 
I 

{w1 w" -1--t,\ LJI -£~·-<-)Ii= f\ 

{~· 1 lJt f a,e 4Jk uJ. - ~k tJt - & w.) //-~ / =-tJ ) l . I 

~- ~ w-? (1-v; ;.~ (;' tk
1 
~ r ~) 

(AJ5) 

(A7) 

}.AB) 

(AI6) 

(AI4) 

(AJ5) 

(AJ4) 

From (A7) and (AB) it. follows that in each irreducible represe~tation of our algebra the 

matrix ff is a multiple of the unit matrix. From (AI6) we see that its eigenvalues are only 0 
and,±/. In representations in which 77-= -f1 or -1 the 41:,. fulfil the relations 

~- ~ "-1 ~- ~ ~ ~~ (AI) 

In representations with [/::O the t/J -fulfil the relations 

~- &J-t w-t -1- ~ ~ 4J. -== °;'h /J✓ -1- '¼ 1v , 
l - l 

and (AII) 

'j' 1 41t =- ~ fl I I(/ k t: L) . 

For the sake of the generalization of the algebra to four dimensions it is convenient to 

have the fundamental.relations in terms of the dual antisymmetrical_quantities ~)-~ and 1~( 
which are connected with)' and (/ by the formulas 

• 
)..j ::: t t..jld Al< t ) ff-= f c1~~ {'.fc (AJ6a) 

or conversely 

5'. )/4 ... s~e-:\-l _ .I 

• 
V'I. t ::: E. tr L 1T l .l 

(AJ6b) 
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The equation (AI) remains the same 

(AI) s (A 1) . 

Inserting for Ai and 0- into (A2,J,4,6) 'and removing the £-t~nsors by the help of the 

formulas (A·5 - 511 ) we obtain the relations 

l \1c , \ ... J ~ 4f:e l,.,., "{,. ~~ -J;,. t-t ~-,._ ) , (Ai) 

[ A;'/4 J 4)~] = ~.( 1;~ -~ --~t j') I (Aj) 

rr.d i + r ~ d f- r. ~-L · J &) ,_ + Jc- 'In,?!,, Jm ihc. / 'h. mi, I{ . • 

I , • , . , ) £ TJ; 
+- c ~t >-.'"'m. + ~ll)f, ).-n..t: + fi111.. A,t~ /Ji ~ jk z,,,,,~ J 

.2 • • • • < 

:r (x 'L (Jt + >...l.t IJ • + A.t • (J*) = ll}kt 
J~ .4 l I ,. 

(A6) 

The same equation (A6) is obtained by contracting the equation (A4) in the indices 1
1 k . The 

. " 
equation (A4) can of course be_ contracted also in other ways (e.g. by putting/=,(_. and 

similarly). T_he expressions for ~ke resulting from all suchcont:ractions are equivalent. 

We see that the equations (A2,j,4,6) appear more cqmplicated than (A2,J,4,6), However the 

equations (Ai;2,j,6,) can be us_edwithout any change.also in fourdimensional' s:pace. Only the 

equation (A4) will need S?me completion. 

B, The algebra in space-time. 

In four dimensions the elements "• are substituted by~ (;1t-.ift,3,J} and the elements 
• 1 • . ,-

A/A, Vi-ht by the antisymmetrical· quantities ~v , '¼..,1 respectively. 
• • • • 

The relations (AI,2,J,6) are substituted by relations of exactly the same form 

(BI) 3 (ct) 

(B2) 

. . 
(BJ) 

(B6) 
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. . , . . . . . 
The relations (AI,2,J,6) represent simply the space-part of .(BI,2,J,6). On the other hand a . 
correct generalization of (A4) to four dimensions is as follows : 

· (¾~ ~-r +S,A<,A t-z:, + ~f'-t" t$ >-. )°"v -I-_ 

( \ . . \' . ~ . ) --+ OvS G'>,. 'r -1-1>. G"-r~ -I- 11t:" c.,'$ ,\ ~. -

~ r /V_ - _d_. (c. £ -f- £. f.. • ) Ai 
~...., f>..1: 12... r>..~;tv «/JtlJ ~>.~v <(!71v _ iv°"f$1 

• 
(B4) 

Here t:.,U,1'.f't' is antisymmetrical unit· tensor (t;u" =+-1) • . 
We can see that the relations of the form (A4) are again obtained from (B4) if we restrict 

the values of the indices only to I,2,J, because in this case the additional terms on the right 

hand side of (B4) vanish. These additional terms are however necessary in the 11 fourdimensional 

case" because otherwise (B6) could not be obtained by contraction of (B4). 

Notice the following formulas for the tensor£ ,,.. 
. l"-VS... . 

~\ . c:. , ,, = t., (r , r , -Jv'"' ~p_,,)+. 
1\,.1(.,V) '),.~,, f ,-Iv .,,, f S' J ) V 

+~,wv' ( ~r:' br~- ~ i..,,;, s~ ~I) -1-

-1- b,u,~' ( Ovj ff~' - ~~ ./ ~~) 1 

(B5) 

E\ E.. , , =2(£,./~r-.' -~eo' ~v1 )/ 
r-fv....,) Af--V<; >> J ~ 

(B5') 

[. £.. I::: b~ I 

A l""V ) Aµ. -v ~ rs (B511 ) 

/;, . . . . ) 
As in the 11 threedimensional case" a rela:ively sipmler form of the relations ,B2,J,f,6/ can be 

obtained 1f. we use instead of t;"/vV and '¾,"f the dual quantities ~,, and ~ which are 

defined by the relations 

;;, = .Lt:. c:. 
,.WV :b ,A,,V ~ ) A, s .,I 

;ti · = e N 
~VA ,A,V;\S' ~ 

or conversely • 

~ = ,d_E. <;' # .=d..£ 11( 
}. ~ .Z. AJ ,.wv ,A,,-., 1 S' ~ ;:A,Y i\ S' :,tuv ;\ 

In ;aot, in terms of these quantities the equations {B2,j,4,~ take the simpler form 

. 
fa J ,t,, 

G' (;'_ =-e e £ ~ 
)«, v ' A J' . Z ,A-v "'/3 . ).. '> P( 1 (51 G' 'C' ,; V: I 

(B2) 

re;- o< J = ,;r; c er 
L ~'\I I A /WY,\ f ) .,/ (BJ) 
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(B4) 

(B6) 

The equation (B6) can be. obtained by contracting (B4) in any way. The equations (BI,2,J,4) are 

the appropriate fundamental relations· defining the algebra] in_ space~time. -If we introduce the 

operator 

I 
(B7) 

it is possible (by .similar procedures as in the "threedimensio:r~.al case" ) ,to deduce from 

(BI,2,J,4) the following-relations 

L~,,NJ=-11 
[ ~ N]·-=I ;4,v,- / 

[ IV NJ=- o 
;tc, I / 

!V.t ~~--

_,t[ }Al= tJ 
~v / 

~ o( °' t- o( o( C( , - F o(, - { o( )(1-k') :::: tJ C:-;c, )I A .,\ ~ "'" .A,')I A . " ,, jk,, / 

o( Cf'. q' (1- lt/J =.'/) ~ f. V "V :fa ~) i"- ,., A '/ I ., . 

(BB) 

(B9) 

(BIO)' 

(BII) 

(BI2) 

(BI4) 

From (BB,9,IO) it follows that in each irreducible represertation of our algebra the matrix# 

:i.s a multiple of the unit matrix. From (BII) we see t_hat its eigenvalues are only I and o. 
In the representation in which A/=,/ · the «'s fulfil the relations 

~ '\""' f-o(v ~ = ~ ¼v 
In representations with N = O the tX'S fulfil the relations 

and 

From above relations the irreducible representations of our a;tgebra ca.n easily be determined. 

In the course of'the dh-ivation of the relations (B,8~14) one obtains also other useful· 

relations, e.g. 

061.e;:uw·;.~~~'ii-;1,i:, .. :· .. ~ I 
SUlepmu 11ccJJe.1.1on,•. - j 

6k.6nJ10TEKA . ' . 
..-..........._., 

(BI5) 

(BI6) 
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r~ #, J-;t; E ~ L 'i't--v I . ). - ,u,·,>.. f s I 

( ~ o( y r"' )' q'A, - ~ [V) ~ ~ (} ✓ 
;V/4, q" V f- C\",A, ;VV .::i. 0 I -

· ,t_ q-JI f. ~ ~ = j ~v ~ o/A 1 . 

( A{ tV,, f-A/,, ~ - 2, ~ V ) ~ = t) ,1 

( ,h." ,f f C ' O(i\· 0( ) tV..... = ~ 
/- . T _A,i, I\ ) / \° c, j 

_Le { ~ ~v o<>. - ¾v °">..) = 3 ~ ~vA$ 'Y, J 

o< cy· 0( ;s ~ . ( 1- .3 N ) 
Y;w, V ,4v / 

;V~ ~ f ~v h'v 
From (B2I) we obtain (in addition to (BIO) and (BII)) also the formulas 

IV' : Ill.IV = IV ./V 
~ ~ 4 ) 

/V 3 
.= ;V {M Sl(,m.1,,1.tt..fi.Dn) 

i"- . ti<-

and from (B2J) 

Al,, = ..1... e_. "" C\' ~ f 6-t ,µ.v,\~ t'v -., ..\ 

Define 

· o< = .L e. C\' C( C( 0< I= .i. Al 0( =- =-:!:.. c( N ) 
.r -lf ~VAf ,4,· V >. s \ If ~ S' ~ s ~ 

Then we easily find that"!~ can •be written also in the .form 

o(.r = '½ ~ '\'3 ~~ 

and that o<: -= ;11 
IV'. = ,l, c( o< ~ = - ,t.. "( r "(,.,_ 

,4, ;-4.,. ~ r-

(BI7) 

(BIS) 

(BI9) 

(B20) 

(B2I) 

(B22) 

(B2J) 

(B24) 

(B25) 

(B2o) 

(B26') 

I am grateful to Professor v. Votruba for valuable discussions about related topicsand 
some refinements of the given proofs. 
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