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U 1. Bse.aeHKe 

HacTOHlllBSI pa6oTa SIBnSieTCSI npo.aonlKeHHeM pa6oT
1 l-3/, r.ae paccMaTpHsanac b penHTH

BKCTCKaa aa.aaqa Tpex Ten, B 3THX pa6oTax H3 TpexqacTH'<Horo ypasHeHHH .anH rpKHoeoA 

<j:lyHKUHH TJma EeTe-connHTepa " cnyqae napHbJ X B3BHM o .aeAc TBHA 6bma nonyqe Ha c Hc Te Ma 

ypBBHBHHA, Bblp8>K810lllBH TpBX'<BCTH'<HYIO rpHHOBYIO cpyHKUHIO TOllbKO '19p93 ABYX'< BCTII'!Hbl e 

aMnnHTy.aw pac ceRHHH BHe MaccosoA nosepXHOCTH, B HepenHTHBHCTCKOM npe.aene 3TH ypasHe· 

. /4/ 
HKH c :eo.aRTCH K yp8BH9HH$1M clla.a..neesa • 

Ewn yKasaH MeTOA nony"<eHKH MaTpK'<HWX aneMeHT OB S -MaTpHUbl .an11 I> CeB 03MOlK l!bJX 

TpexqacTH'<HhiX npouecc os. B qacTHOCTH, a pa6oTe
131 

yxasaHa e oaM OlKHOC T b eee.aeHHH H e -

KOTOpbiX onepaT Op O B nepeXOl;l8 1 qepe3 M8Tp11'1Hbl9 3llBMBHTbl K OTOpWX Bb!p8 lK 8IOTC !I M B TpH'<Hbl€ 

::tneMeKTbi S -MaTpHUbJ, 5hlnH IIOllY'<BHbl yp8BH9HHH AllH 3THX o nepaTOpOB H C BR3 b M BlKAy 

HHMH . 

B HaCTOHllleA pa6oTe, Hc nonb3yR ypliBHBHHR .anR onepaTop o s nepexo.aa , Mhl n o ny'<HM 

CHC T e My ypa sHeHHA .a.nR MBTpHl.fHhtX aneMeHTOB aMnnHTyJ..t pac ceHHHst. B qac THOCTR, paccM oT

peHhi npH6nH>K9HHSI .O.nSI TpexqaCTK'l{Hb!X 8MflnHTy.O p8CC8HHKH, KOTOpbte, no-BKJJ.HMOMy, co

OTB9TCTB9HHO npHr'O.O.Hbi .a,ng cnyqaee C HnbHOA H cna6ol CB.R3 H BHyTpH .ll.BYXt.t8CTH'IHbiX C B R-

3 8HHbi X C OC T O HHHA:. 

B §2 paCCMOTpeHa KHH9M8TKK8 Tp9X'l8CTH'IHOI 3B.QB'<H H I1pHB9 Ll9Hbl OCH08Hbl9 pesy nbTB

T bl H9KOTOpbi X npeAbiLlYlllHX pa60T, 

B § 3 pac cMBTpHBBBTCR npH6nHlKBHHe (HMnynhcHoe ) , KOTopoe npHMBHHMO .an11 cny'IBH 

cna6oA C8R3H BHyTpH A8YX'l8CTH'<Hb!X CBR38HHhiX COCTOliHHA, 

B § 4 nony'<BHO BblpBlK9HHe Llll>l Ll8YX'<BCTH'<HOA <j:lyHKUHH rpHH B , y.a o 6Hoe AllR 8biBO.a a 

OCHOBHbiX ypa BH9HHA, KOTOpbte nonyqeHbi B § 5. TaM >Ke p8CC M0Tp9HO noniOC HOe npH6nH)K 9 HHe. 

§ 2 , nocT8H08 K8 38A8'<H H KHH9MBTIIK8 

Kax H B npe.ahiAylllHX pa6oTax, 6y.aeM paccMaTpH88Tb TPK penHTH8KCTCKHe '<BCTKUbi c 

p83HblMR M8CC8MH m
1 

, m J "\o KOO p AKHBT bl KOTOpbiX 8 KOOpAHH8THOM H HMnynbCH OM 

npe.UCTBBneHHSIX COOTB9TCTB 9HHO 0603H 8qHM 

M9>K.llY 't18C THU8MH CYil19CTByeT JlHWb fl8pH09 B38HMO.Q.eACTBH e , l.J:TO ri03BOJlHT H8M ll01lb3 0 -

88TbCR pe3yllbT8TBMH Hp9AbiLlYllli!X pa6oT , 

HaM 6y.ae T y.ao6Ho n o nb30 BBTbC!I x o op.aKHBTBMK .Hxo611 8 x -npe.acTaaneHJIH 11 co· 

HpH>KeHHbiMH C HHMH HMllY1lbC8MH. 8bJ6epeM ~ K8l.J:9CTB 9 i -A .UBYXli8 C TH1.{H O A: IlO.Q.C H C T eMbl 

l.J: BC THUbl H k • Tor.na, aso.nsr o6o3HaqeHHR 

3 



( I\ 

ILk 
m k 

Ml 

M =m+m; M=m+ 
I i k I 

JL(I) 
I 

m t m 
I k 

__.!!:.L 

M, 

M O>K HO a anHCBTb CHB'IBna KOOpll.RHBThT HKo6H i -l! .llBYX'I8CTH'lHOl! llOJ:lCHC T eMbl 

X
1 

= JL(~J xk + JL <
1
Il x 

xl = xf-xk 

x 1 = Xi 

K COOTBQTCT89HHO COflpst>K9HHbl 9 HMllyJibChi: 

PI = PI t pk 

- (I) (C 
PI = JLkpi-JLIPk 

(2.1) 

(2.2) 

(2 .3 ) 

J3aeneM TeHepb 

o6paaoM: 

PI = pI 
- to Tpex'IBCTH'!Hy to c HCTeMy KoopnHHB T HK06H, on peneneHHy lo cnenytoLUHM 

R, C118 .llOB8T81lbH0 1 

X=(M
1

X
1

tm
1 

XI = XI -Xi 

XI 

P . P
1

+p
1 

X ) 1 
II.\ 

p = (m P -Mp)_l_ 
I I I I I M 

P
1 

= P
1 

VIMnynbCbl (2 .3 ) Bbtpa>KaiQT CSI qep ea KMnynbcLr ( 2 .5) c nenytoWHM o6pa30M: 

P =-~P+p 
I ~~ ' 

P
1 

= P
1 

p = ~P-p 
I \1 I 

(2.4) 

(2.5) 

( 2.6 ) 

B cpopMyn a x (2 .2 ) - ( 2.6 ) HHne KChl j ' p 83Jl l.PiHbl H npHHHl\t81C T 3 1l lP.J9HHH 1,2,3 . 

KoHKpeTHbii\ Bbt6op Tpe xqacTH'IHOl! c u cTeMht KOOpJ:lHH a T 6yneT onpe.nenRTbCR ee y.no6c THOM 

.ll.IUI .ll8HH O R: 38Jl8t.Uif T 8K , 9CJIH B Tp9Xtf:8C TH1.fH O f:t C H C T8M8 HM88TCSI i - e C BH 38HH Oe .a.ayx-

'18CTH'IHOe COCTOSIHHe, TO H8H6onee yno6HO Bb16p8Tb T BKyto CHCTeMy K OO pJ:lHH BT, B KOTOpOl! 

Bhi.neneua i -R .UBYX'li8CTR'IH8H flO.O.CHCT8M8. 

/3/ 
HanoMHHM Tenepb HeKOTOpble peaynbTBTbi pa6oTbl • H a MH 6hrna nony'!eHa cnenytowall 

¢opMyll8 J:lllll M8TpH'1HbiX 31leMeHTOB BMilllHTy.ll p8CCel!HHll: 

T11 = (;OJ (K.,-K 1 ) x ~ll), (2.7) 

4 

rne K
1 

-napHbte l!J:lpa ypasHeHH 

TH'!Horo ypaBH8HHll EeTe-ConnHT· 

HOl! 
+ 

'IBCTHUbl, B )((I) 

VIa pa6oTh/
31 

o6paaoM: 

- peweuHe ~ 

BH.ll.H0 1 lfTO 

sll 

6biJIO ITOK838H0 1 'ITO, ¢opM81lbHO 

(2.7), nony'IHM 

rne 

3necb 

Mil = }; 
a f, 1 

-r.l 

-nonHBR Tpexqac 

paCCMOTpeHHeM TOilbKO Mil 
/3/ t 

B qepea M 11 
I llOCKOJlhKy I 

H8M ITOK8 HHq e r o npHHURllH81lbH O 

Vlcnonb3yll ypasHeHHll nnt 

nnll M ( y p. 2.9 B pa6oT/
3 

II 

Mil 
a • 

K a K 6htno H B MH OTMeqeHo 

nocpeJ:lCTBOM C/leJ:ly tolllHX COOTH 

gl M II g 

VI a (2.12 ) sunHo, 'ITO 

TaKHM o6paaoM onpenene HHbie 

yK83hiBBeT Ha He K o Topy to CBll3b 

'ITO ypBBHeHHe ( 2.11) MO)!{ HO IT 

Mil 

TaK KBK nesal! 'IBCTb a T oro y p 

pOB8Tb (3 npOK3BOilbHbiM o6pc 



.L 

(2.1) 

::THqHoA: llO.llCHCT9Mbl 

(2.2) 

( 2.3) 

HK o6H, on pelleneHHylo c n e.uyJOil.lHM 

( 2.4) 

( 2.5) 

{ fOUUf. M 06p83 0M: 

( 2.6) 

:,t H 11 pH HH M8 1C T 3 H EP i 9 H IH I 1,2 ,3 . 

9T on pe.nen HT bCH ee y.ao5CTBOM 

M99TCH i - e CBH 38 HH 09 .ll.Byx-

OHCTeMy KOOp.UKH BT, B KOTOpOlt 

-i aMH 6bma nony'leHa cne.uyJOil.la!l 

( 2.7 ) 

/ 2/ .. 
r.ue Kl -napHble !I.Upa ypaBHeHK!I EeTe- CoJtnHTe pa • K ~ 2 K I • )(0 

- peweHHe .uayxqac-
1 = I (j) 

TH'!Horo ypaaHeHK!I EeTe-ConnnTe pa .um• j -A .UIIYX'IIICTK'IKOA no.ucncTeMbl K j -a cao6o.u-

Holl + _- peweHHe ypaaHeHKA (3.24) pa6oTb/
11 

'IIICTKUbl, a )((I ) 

i-'13 pa6oTb/
31 

BH.UHO, 'ITO :meMeHTbi S -MaTpHUbl Bblpa>KBJOTC!I qepes T 
11 

cne.uyJOil.lHM 

o6pasoM: 

[j 
(f )(J) 

(2.8) 

+ 
13bmo noKasaHo, 'ITO, ¢opManhHO pema11 ypaaHeHHe .un11 )( H no.ucTaan!l!l 3To peweHne B 

(2.7), nony'IHM 

r.ue 

= I 
a f, t 

K 
a + I 

a# t 

(3 "J 

(!l 

(2 .9) 

K a g K f3 • (2 .10 ) 

3.uecb g - nonHII!I TpeX'IIICTH'IHII!I cpyHKUK!I rpKHII, 8 3TOlt p a60Te Mbf OI'piiHH'IHMC!I 

piiCCMOTpeHHe M T On bKO , onpe.ueneHHbiX q,opMynoll (2. 10), KOTOpble 6 hlnH o6osnaqeHhl 
/3/ -1 

a qepes M 11 • nocKon hKY acnonb3088HHe onepaTopoa BToporo an.u a He .u aeT 

H 8M llOKB H H'-Ier o npHHU R lll!81lbHO HOBOI" O. 

YJcnonb3y!l ypaBHe HK!I .Un!l qJyHKUHH rpHHB g , MO>KHO c pasy n ony'IKTb ypaBHeHH!I 

.un11 M 
11 

( yp, 2.9 B pa6oTe131 ) 

M = I 11 a.f 1 
(2 .11 ) 

KaK 6blno HIIMH OTMa'!eHo paHbwe, one paTopbl M 11 MO>KH O onpe.uenHTb TBK>Ke 

n ocpe,UCTBOM cnelly!Oil.lHX COOTHOW9HHlt : 

g 1 M II g J = g 1 ( K - K 1 ) g = g ( K - K 
1

) g 1 
( 2,12 ) 

(2 . 13) 

Y! s ( 2,12) BH.UHO, 'ITO 

(2 .1 4) 

TaKHM o6paaoM onpeneneHHhre M IJ He 3BBH C HT ¢aKTHl.JeCKH OT BTopo r o HH.aeKc a, GTO . 
yKB.3biBB9T HB H9 KOTopy!O CB!I3b M9 >K.Uy M

11 
, .Un!l p113HbiX , Y!s ( 2.14) cne.uyeT, 

'ITO ypaBH9HH9 (2,11) MO>KHO nepenKCIITb B BK.Ue; 

(2.15) 

TaK KBK neaa11 'IBCTh 3Tor o ypaaHeHH!I He saaHCHT OT f3 , B n paa o ll 'IBCTH MO>KHO <PKK cH-

poaaTb {3 nponsaon hHbi M o6pasoM , TaK , nonara11 f3 = j , nony'IHM 
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M 11 = K - K 1 + M 
11 

g l ( K - K l ) (2 . 16) 

T aKHM o 6paaoM, M bl c M o rnH nony'IHTb c Hc T e M y Hec BH38HHbi X ypasHeHHlt LlllH s c ex M
11 

, 

<l>HKC !tpy>l {3 H9KOT Opb!M npyrHM Cll 0C060M , MO>K H O llOllY'IHT b COOTH OI.lleHH>I, B KOTOpb! X 

s ee M 
lj 

Bbrpa>KBJO T C H q e p ea HeKOTOp bre H 3 HHX, T aK , Han pH Me p, nonar a >1 {3 = 0 1 n o n y 'IH M 

Sbtpa>t<eHH: e .nnH a cex M tJ qepea M 
10 

• YI Ta K, Mbi noKaaanH, qTo H3 on e paT op oa M1, 

MO>K H O TeM H/lH H HblM o6p830M B bl6pBTb He3BBH CHM YJO CH C T e M y onep 8 T Op OB, qepea K OT Opble 

Bbipa>t<BJO T C st oc T BITbHbi e onepaT o p hi. T e ne pb rroKa)f( eM, tiT O 3 THX a eaaBHC KM bi X onepaTopo s 

.UOCTBT Ol.fH O .anH nocTpoeHHII MBTpH Y. HhiX ane MeHTOB aMnnHTy.ll .nnR s ce x n poueccoa. T eM • 

CBMb!M Mbl K OH K p 9 TH 3H pye M C H CTSM y H9 3 BBH CHMbi X. Oll e p B T Op OB , nepenH I.ll9M y paBHe HH e 

( 2,1 4 ) II BH Lie : 

R, M tl g l = g t M,o go (2. 17 ) 

Y c TpOMnH H H81.fBllbHhl9 H K OH91iHbi9 BpeMeHHble a pryMeHTbl g
1 

H g j COOTB9 T C TB 9 HH O K -oo 

H +60 H Yl.fflT bi&8SI 1 'liTO B H8'18 n h H OM COC T OSIHHH y H8C HM910T C H TpH C B 0 6 0 .U Hbl9 1.{ 8C THUhlt 

nony 'IHM : 

;o M 
(I) lj 

+ 
X~!l = ~~ ) MIO X~;) (2.18) 

rna x00 
-sonHOB B >I ¢ywtcUH >I Tpex cso60LIHbi X 'IBCT HU, C p a iiHHIIB>I (2.18 ) c ( 2,9 ) Llll >l j = 0, 

(I) 

n ony'IRM 

T 
10 

+o M oo + o M n 
X( I) 10 XOJ = X ( I) II X (I) (2.19) 

TaKHM o6paaoM , a H a HH R orrepaTop os M
11 

(j ,fO) n o cTaT O'IH O Llll>l rroc Tpo eHH >I ~O , ll 0 3TOMY 

v llepaTOp bl M 
10 

OK83biB 810TC H H3nHWHHMHe 

P accMaTpHB a >l aHanorR'IHbiM o6paa o M onep aTop br M 
fl 1 BB 9.lleHHhiC B 

/3/ 
MO>K HO 

HCKJilOltH Tb H 3 p8CCMOTpe HH SI T8K>K9 H' onepaTOp bi MOl. nocK OIT bKY II H 8C T O>I l.llell p a 6 o T e 

+ 
M bl orpaHH 'IR/lK C b paccMoTpe HHeM TO/l b KO onepaT o p o a M 

11 1 B H a W H X y p a BH e HHHX He 6 y a yT 

flOSIB11RT .bC SI aenH'IHHbi T 
01 

, a no3TOMY Mbl He 6yneM o6c y>KnaTb H C Kll JO'IeHH e M 
01 

B .n an bHe l weM OK83 biB8eTC H 1 ttT O M O>K H O n onyqHTb .nB a c e sra aHH biX y paB HeHHH .anH T 
II 

" TI O 
, HC X OLl>l T O/lbKO H 3 ypllBHQHH>I ( 2,1 5) Ll/l>l {3 = i= j n ocK O/l bKy B p aM KaX HBWHX 

p BCCM OTpe HHI 3 TH .LI.Be B911H'I.HHhi ll 011 H OC TbKl OllK CbiB 8lOT C H C TeM y H 3 Tpex TO >K,ll 9 C T89HHhiX 

q ac TH U , Mbi orpaHHl.fHM CH 3THM cnyqaeM. HaM noHa.ao6HTCSI Bbtpa)f{e HHe .nnH g 
1
.axo.o suuero 

B y p a sH e HRe (2.15), K a K 6hln o rr o KaaaHo paHbw e ; 

A 

&,(x, xk x•ylyk y_l-SI(x, - yl g. 1 (x•x •yky•) • (2.20 ) 

r n e gf ( x k X• Yk Y
0 
'r ¢YHKUH>I rpHHa i - A LlBYX 'Ia CTH'IHOJI IIOL1 CRCT9Mbl , y LlOB /leTB OpH!Ol.ll8>1 

LlBYX'IBCTH'IH OMY ypllBH9 HH JO 6eTe-C onllRTe pa , sf ( • r- Yr )- rpHHOB 8 R ¢Y HKUR >I 'ronoll' '!aCTH-

Ubi . 3H81.f 0 K "'. 6y,neT 0603H 8 q8Tb, 1.fT O .ll 8 KH8R B811H't{H H 8 S1811SI9TC H .lJ.ByxqacTll1.fH OA . 

6 

,. 
l 

t 

.J....b 

B n p eLibi LlYI.lleM n a p arp a¢e 

Mep, Llll >l o n e paT o p a ne p e x ona 

M II = K ~ + K 

Pac cMoTpH M n pH 6nH>Ke HH e K 3TO' 

6pe>KeM B 3 8HMOLleltC TBH eM BHyTpl 

( 1) Ll11 >1 H8lll 9 r O llpH 6/lH>KeHH>I H ' 

M 
II 

8hlpa>K eHH>I THrr a ( 1 + A ) • 
1
cne, 

-I 
( I + A ) = 1-A + AA -

Yl.fHTbiB BSI, "'TO 

K
1

= T
1

( 1 + 

S
1
"

1 < x- z 

n o n y 'IHM Llll>l M 11 

M it ~ ~ 
n= 

I .fk = 
B yneM o()oa Ha '!aTb LIB y x qacTH 'IH: 

Torna M O>KH O r pa¢H'I9CKH nepe m 

~=1-II 
II 

3 __ _ +=t 
T auM o6paaoM , pa31Io>KeHHe ( 3.1 

H OCTH B38HMOL19liCTIIR>I ( a He B 

'1119H8 C OOTBeTC T BY JOT OLlHOKpBTHC 

06p a3yJOI.llRX . CB>I3 8HROe C OCTO>IHH • 

Ha OLl H OI H 38T9M Ha npyroll 'IE 

O co6hl ll H HTe p ec rr p eLICTBB/lS 

C9HHHRMH, 3TOT c nyqa JI, H&rr p HM e 

aHeprH >Ix HYKJIOHa n o pxnKa > 



(2.16) 

paaHBHHl! J:Inll acex M
11 

• 

IYl.JHTb COOTH OW8HHR 1 8 KOTOpblX 

p, nonaral! fj = 0 1 nony'IHM 

! , qTo H3 oneoaTopos MIJ 

onepaTop o a, q epea KOTOpbie 

X H838BRC HM bi X one p8TOpOB 

.anH ecex npoueccoa. TeM 

nepenHWBM y p 8 BHeHH 9 

(2.17) 

H g I COOTBeTCTBeHHO K 

TCSI TpH CB060LtHbl9 'i8CTHUhl , 

(2.18 ) 

18!1 (2 .18 ) c (2.9 ) Llllll j ~ o, 

(2.19) 

noc TpoeHHH ~O , ll03TOMy 

/ 3/ 
l 9,lleHHble B 1 MO)f{HQ 

llbKY !I H8CTOS!ll!Bli pa6oTe 

H8WHX y p BBHBHHllX He 6y LtY T 

IBTb KCKnJO':IeHH e M 
01 

~5138HHbiX ypaBH9HH R .OnSI T 
It 

OCK01lhKY B p8MK8X H8 W HX 

y K3 Tpex TO>KLtBCTBeHHbl X 

IB>KeHHe .nnH g 1.sxo.osuuero 

(2.20) 

)JlCHCT9Mbl I y Jl 08119TBOpHIOLU8st 

HOBBS! <jJyHKUHSI 'ronoll' 'i8CTH-

T CSI LlBYX'18CTil'iHOII. 

j 

' 

, 

B npe.ahiLlYillBM naparpa¢e 6binH B blnHcaHhl ypaeHeHHll .anll onepaT opoe M,, ' HallpH-

Mep, .anH onepaTopa nepexo.aa M 11 ypaeHeHHe HMeeT BH.a: 

( 3 .1 ) 

PaccMOTpH M npH6nH>KeHHe K 3 T OMy ypaeHeHHIO, nono>KHB g
1
= g

0 
• TeM c a MbiM Mhl npeHe-

6pe>t<eM B38HMOJl8l!CTBHBM BHyTpH C!IH38HH OrO COCTOSIHHll . ¢OpMBllbHOe p ew e HHe ypaaHeHKSI 

( I ) .anSI Hawero npH6nH>KeHHH HMeeT as.a: 

Bbi pa>t< eHHll THn a ( I + A ) •
1
cne.ayeT noHHMBTb e cne.ay10weM CMhicne 

-I 
( I+ A ) 

Yl}HTbiBB SI, 1.{ TO 

nony'iHM .anll M 
11 

I - A + A A - -·-· + ( - I ) D A A + 

D p83 

5
1
" I ( X - Z ) S I ( Z- y ) dz = S ( X - y ) • 

6y.aeM opoaHB'iBTb .aByX'iBCTH«HyiO aMnnHTYLlY pacce!IHHSI 

I 
Tor .a a MO>KHO rpa<jJH'lQCKH nepenHC8Tb <jJOpMyny (3.5) 

-l! K 

(3 .2 ) 

(3.3 ) 

(3.4) 

(3.5) 

-l! '18CTHU K8K 

.. 
II 

;=r- +±+~+E+~+ ... (3.6 ) 
3 ___ _ 

TaxaM o6paaoM, paano>K eHHe (3.6) npe.acTBBnlleT co6oll <jJaKTH'ieCKH paano>KeHHe no xpaT

HOCTK 838HMOLtBliCT!IHll ( a He B pHLt TeOpHH 803MyweHHll). Tax, H8llpHMep, nepBble LtB8 

Vl9H8 COOTB9TC TBYIOT OJ:lHOKp8THOMY p8CC9 HHHIO Hane TBIO LUe A 1.f8CTHUb: HB KB>K.llOA H3 'IBCTHU, 

o6p83~1011.1HX . CBli38HHOB COCTOliHHB, !ITOpblB Jl88 - nocne.aOB8TenbHOMy p .!l:cce !IHKIO C H8 '!8ll8 

Ha OLIHOI H 38TBM H8 .apyroll 'i8CTHUB H T.Lt . 

Oco6blll HHTepec npe.acTB11nHBT cnyqal, xor.aa MO>KHO npeHe6pe'lb MHoroxpaTHhlMH p ac-

CBIIHHliMH . 3TOT cnyqaJ, HanpHMBp, IIMBBT MBCTO JlJ'UI paCCBliHHll HyxnOH8 H8 Lt9lTpOHB llpH 

aueprHHx HyxnoHa nopH.axa > 100 M3B " CHCTeMe ueHTpa Mace .aeliTpo Ha. Tor.aa 

M c T + T 
11 2 a (3 .7 ) 
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0TCJO,ll8 MO>KH O nonyl.fHTb Bbipa>KeHHSI .nnH 8MllnHTY.Ut OllH CbiB8l01UHX npOU9CCbl p8CC9 SIHHSI H8 

CBl!3aHH OM CI)CTOSIHHH C pacna.oaMH H 6e3 HKX, a TaK>Ke pacceSIKHH C 06pa30BaHK8M H 6e3 

06p 830B8HHSI CBH38HHOrO C OC TOHHHH. 

3 aMeTKM, "'TO p8CCMOTpeHHOe npH6nH>K9HH9 HBnHeTC H H9ll0Cpe.QCTB9HHbiM 8H8norOM HM

nyl!bCHO!'O npH6l!H>K8HHH/B/ • 

Hawe HCXO.!l H oe ypa8HeHHe ( 3.1) MO>KHO MO.!lH<PHUHposaTb, 3aMe'l&H, 'ITO 

g, Q go+ go Tlg o • (3.8) 

no.ocTa8nllll (3,8) s (3.1) nony'IHM: 

M11 - K 
2

+ K
3

+ M
11

g
0

(K
2

+ K
3

) + M 11 g
0 

T 1 R 
0

(K
2

+ K
3

) (3.9) 

oy.oeM HTe pHp08aTb 3TO yp88H8KB9, nO.!lCTaBl!llll 8 Ka>K.!lOM nopll.!lKe HTepaUHH Bblp8>K8HIIe 

(3 .9 ) 8MeC TO M 
11 

TOnbKo s Te '!n8Hbl npasoll q:acTH, KOTOpble He conep>KaT T 
1 

• YIMeeM : 

M
1
j K 2 + K 

3 
+(K

2
+ K 

3
) g

0
(K

2
+K

3
)+ + 

+ MgT g [IK +. K) +(K+K)g(K +K)+ .... 
tt o 1 o ~ a 2 a o 2 a 

Bso.oH o6o3K&'leHHll 

V
11

= K
2

+ K
3
+ (K

2
+ K

3
)g

0
( K

2
+K

3
) + 

Mb1 MO>KeM BblllHC8Tb Cli8.£lytoll.lH8 ypa&B9HHll .!lllll 

v 
II 

Mtt VII+ M llgOTigoVtt 

K 2 + K 3 + V II R o ( K 2 + K 3) 

M H V 
11 11 

K
2

+K
8 

+(K
2
iK

8
)g

0
V

11 

(3.10) 

(3.11) 

(3.12) 

(3.13) 

Yl3 ypa8He HHH ( 3.13) BH.!lHO, 'ITO V
1 1 

cosna.oaeT c &btpa>KeHHeM .!lli.H M 
11 

, onpe.oeneHHhtM 

cpopMynoll (3.2) , T.e. c M
11 

6e3 y'le Ta 838l!MO.!leAcT&HH Me>K.!ly 'IBC TIIUBMH 2 H 3, H 8br

pa>Kae T c ll pR.!lOM (3 ,5) . To!'.oa ypasHeHHe (3.12) MO>KeT 6htTb Hcnonb3088Ho .!lllll nonyq:eHHH 

nonpSBOK K HaWeMy npH6l!H>KeHHto, KOTOpbte Y'IHTbl&atoT 83aHMO.!lel!CTBH9 '!aCTHU 2 H 3. 

BH.nHo, HanpHMep, lJTO ecnH nono>KHM T
1
= 0 , T O nony"'HM Hynesoe npu6nH>KeHHe, T.e. V 

11 

}\t\ o >KHO, .a.anee, n o nyl.fHTb nepsoe npu6nH>K9HH9, KOTOpbiM M.bl 3.ll 9 C b H orpBHHlJHM CH . 

M11 = v11+ "'I RoT I go vII (3.14) 

TaKHM o6pa30M, no.ocTa&nliH B (3.14) pll.!l (3.5) .!lllll V1 1 , nony'IHM HeKOTOpblll pll.!l, 

ll8ll!UOlllHl!C H pa3l!O>K9HH8M no KpaTHOC TH &3aHMO.!l9l!CTBHll M9>K.!ly '!aCTHUaMI! 1,2 H 1,3 • 

E c nH Mbl cHosa o!'paHH'IKMCH nep&biM nopll.!lKOM no KpaTHOC TH saaHMO.!leAcTBHll, TO nony'IHM 

cjJopMyny (3.7). Cne.nosaTel!bHO, 8 Hawell HHTe pnpeTauHH KpBTHOCTH B3aliMO.!leAcTBHll, o.nHo

KpaTHOe 8 3aHM O.!le l!CTBHe H C Kllto'!ae T 8 03MO>KHOCTb y'leTa B 3aHMO.!l9A C TBHH '!aCTHU 2 H 3. 

8 

nnH y'le T a 3TO!'O 83aHMO.!l8ll< 

Hoe 8 3aHM O.!l eJ!c T8He. T o !'.oa 

M = T + T 
t t ~ I 

Pa8eHCT8 0 (3.15) H8l!HeTc H 1 

1'0 n o pll .!lK8 n o B38HM O.!l e liCTE 

E c nH >K e T1 He npe ..c: 

HH 9 M n o Kp8TH OC TH B 3 8HMOa E 

c o B 3 aHM o.oe J!c T8HHMH I, 3 " 

Xp8THOC TK B38HM O.a.eac TBHSI : 

Mil~ T , + Ts+To goT a +Ta 

P accM OTpi!M T e n e pb c ny 

HH 9 1 T.e . g = g 
I 0 

I T O B 

.!l8yX. n e l!C T81!T8 l!bKO, M b1 11~ 

) 2 M bl t B C Hn y T 0)f{.Q9C' 

.oep >KawHe T I ( K 8K 3 T O H: 

nopH.£lK8 . n 03T OMy , npeHe6pe 

110p ll.£l K 8 ( n > 2 ) , 

M bl 6yneM p a 3nH'!BT b , 

COC TOH HHR p acceHHHSI K C SR 36 

Bblt~ H3 HH X o6n aJJ.8JOT Hert pc~ 

B n p o H380libH Ol! C HC T eMe K oo 

v p2 + m2 + v' p2 i m 2 
l l k k 

E" ~J( p +~11 1 2 
I J k n 

eT H 9 p889H C TB O 

TO OlJ9BH .O.HO, lJTO .nnH O..c:I.HH 8 

MO>KHO HBflHCSTb 

3TOT ¢ aliT n0380liii8T I!Oll) 



hiBBJOLUHX npouecchi pacce srHHH aa 

iCC9HHHH C o6p830B8HHBM H 693 

:enoc p e.ncTBeHHhiM aHanoroM HM-

(3.8) 

K 2 + K a) (3.9) 

nOp!!LlKB HT9p8UHH Bblp8>KBHH9 

:)pb!e He co.D;e p>KaT T 
1 

• VfMBBM : 

+ 

(3.10) 
) + .... 

+ (3. 11) 

(3.12 ) 

(3.13 ) 

eHHeM .an.Sl M 
11 

, onpe.aeneHH biM 

<B >KL!Y 'IBCTHUBMH 2 H 3, H Bbi-

dTb HCfl01lb3088HO .O.nH nonyqeHHSI 

HM O):lB ftC TBH e 'IBCTHU 2 H 3 . 

Hynesoe n pH6nH )K9 HHe, T. e . V 
11 

Ihl 3.ll.9C b H orpaHH'lH MCR. 

(3 .1 4) 

, n o ny'!HNI HB K OTOpb!A pHJ:l, 

I B>KL!y '18CTHUBMH 1,2 H 1,3 , 

TH B3BHMOLteAcTBHH, TO nony'IHM 

p8THOCTH B 38KMOll.9IC TBHSl, O.OHo-

38H M OL!BliC TBH!I 'IBCTBU 2 H 3, 

.[l1111 Y'I9T8 9 TOrO B 38HMOJ:l9 liCTBHH H900XOL!HMO no M9HbW9ll M9p9 paCCM8TpHB8Tb H L!ByKp8T" 

Hoe B3BHMO.a.eAcTBH e . Tor.lla HMeeM 

(3 . 15) 

P a s eHCTBO (3 .1 5) HBnHeTC!I HMnynbCHhiM npH6nH>Ke HH eM nn11 M 
11 

c y'leToM nonpaBKH n e pso

ro nopHnKa no B38HMonellcTBH!O 2,3. 

EcnH >Ke He npe.anonaraeTCR M8.JlbiM 1 T O MO)I{ H Q CHOB8 BOCfl01lb30B8TbCSI p a3nO>t<e-

HH9M no Kp8THOCTH B38HMOJ:l9liCTBH!! ( Y'IHTb!B8!1 H B38HM OL!9 A CTBH9 2,3 H8 pllBHbiX npBB8X 

co eaaHMoneAcTBH!IMH 1, 3 H 1, 2). Torna yqTSTCSI nHWb B Tp9Tb9M nopSI.O.Ke no 

Kp8THOCTH B38KMOJ:l9liCTBII!I: 

Mil = T2 + Ta+ T2goT a+ Ta goT2+ T2goTa goT2+ TagoT2 goTa + 
(3.16) 

+(T2+ T,)goTrgo(T2+ Ta) • 

PaccMOTpHM Tenepb cnyqa A TO>Knec TeeHHb!X 'IBCTH!l. EcnH 6epeM HMnynbcHoe npH6nH>Ke-

HH 9 1 T.e. g = g 
I 0 

, TO B p!!J:l9 ( 3,5) Mbl Ll01I>KHbl OT6pOCHTb Bee 'lll 9 Hbl nop!!L!KB 601IbW9 

L!ByX • .[leACTBHT91IbHO, Mbl npeHe6peraeM B91111'1IfHOl! T 1 • Ho so acex t.tne aax psr.na nopR.llKB 

> 2 Mhl 1 B CHny TO)f{.ll8C TB8HHOCTH '"l8CTHU, .OOn)I{Hbl C qHT8Th ttnCHbl -ro nopR.O.Ka ,co-

Lt9p>K8WHO T 1 ( KBK 3 T O HMeeT MecTo a T 0 4.HOM peweHuK J H He co.ae p>KB W He T 
2
,- o.nHoro . 

nop!IL!KB. n 09TOMY, npeHe6pera !l 

nOp>!.UKB ( n > 2 ) , 

T 
I 

t M bl .llOlDKHhl npeHe6p8'-I b BCeMU 4neH8MH n -ro 

]V\hl 6ya.eM p831lH\l8Tb .0.88 THUS B03M0)KHbiX COCTOSJHHA .O.BYX'-IBCTU"'HO A: CHCT8Mb1 -

COCTORHHR pacceSIHHSI H CBSI38HHbl9 COCTOSIHHR . 8 .UBYX'-IBCTJ.P!HOA CHCTeMe U9HTp8 M8CC nep

Bbl6 H3 HHX o6na.ll810T H enpepbiBHbJM cneKTpOM nonnoA 3 Hepf'HH , a BTOpb18 - .D.HCKp8THbiM. 

B npouaaonbnoA CHCTeMe KOOp.D.HHaT noJIHB.Q aHeprHSI COCTORHHA pacce HHHSI p8BHR9TCR -.. -- -.. ---
\ 1 p

1
2 + mf + v p~ + m ~ B TO Bp9MSI KBK 3HeprRSI CBSI38H H0f'O C OCTOSlHHSI 

E"=.j(p +p )2 + IJ.nl2 
I l k 

rne IL n MBCCB CBSI38HHOPO COCTOSIHHSI. noCKOnhKy CyLUeCTBy· 

eT HepaBSH CTBO 

(4 .1 ) 

T O 0 '19BH .D.HO , 'ITO LI.nR O,llHH8KOBhiX HMflY1lbCOB 1 BXO.D.SllllKX B B bl p B)I{eHHH .O.nR E 
I 

MO>KHO H 8 UHC 8 Tb 

(4 .2) 

3TOT cj:>BKT n03B 0 11!19T ll01Iy'IHTb y LlOOHOe Bb!p8>KBHH9 Ll11!1 CB 0 60L!HOA LlBYX'18CTH'IH OA rpHHO-

9 



B ol cpy H)(UIIH go ( xk x .Y ky • ) 3 Ty cpy HKUK IO B K OO p ,llHH8T 8X (2,2 ) H (2,3 ) npe.llCTa-

BBM B B H.lle: 

go (X I - VI 

r.lle 

g ( p 
0 I 

+ 
X I ' yl ) ( rpp P ( X I ) gO ( pi p I <f> -(yl )e· IPI(XI-YI ) dPI d p~ (4 .3) 

p p I I 

+ 

¢p p 

I I 

(XI ) : ( ¢ -( ;I)) 
pI Pi 

+ 

I I 

-I pi xI 
e 

p) -
I 1 - 2 2 (I) 2 2 

[(JL~ > P
1 

+ p 
1

) - m
1 

+id ][(Jlk P 1 -p1 ) -mk + i< I 

(4,4) 

( 4-5) 

llerxo rrposepHTb, 'ITO B CH11Y ( 4.2) ll011JOCa rro.o;biHTeroanbHoro Bblpa>KeHHII ( 4 .3) He cosna.o;a

iOT C 3HeprHeA CBSI38HHbiX COCTOSIHHA. no3TOMy BblpB>K9HHe : 
r 

_., El + TJ 
A + -I p (X 1 -Y1 ) 

r d p r < <f, - g < p PI) <?p ,<~1) dp-1 ) e 
I 

dpiO -+ 0 
I P p 0 I 

Eln _ 1J I I I I 

(4,6) 

!l:or.o;a 1) -+ 0-
A 

8bi'UiT8!1 (4,6) !13 Bblp8)1{el!HI1 ,[(11!1 g ' (4,3), no11y'IHM: 

+ 
A 

g
0
\X 1 -Y1 ' XI ' y I ) : plo ( En 

I 

_ -tP
1

(X
1
-Yi) 

( ¢ Pp ( xl) g o( Piip ¢Po (yl)e d p dp' 
i I 

I I f. I 

n (4.7) 
f'.ae P

10 
( E

1 
03H81.f.88T, \ITO HHT e rpan ItO P10 6epeTCH B CMhlCJie rn8BHOrO 3HaqeHHSI BO 

tiC PX •'0'<K8X, OTBe'18JOUIHX 3HeprHHM CBH38HHbiX COCTO!IHHJI, 81101111 '18CTHbll! . cpypbe-o6pa3 

g
0 

( p 
1 

X 
1 

y 
1 

) 8 ( P
1 

- P
1
') ~ f g

0 
( X 

1 
- Y

1 
, X 

1 

tP 1 x 1 •fP.' Y
1 

y
1 

) e e dX 1 dY1 ,(4,8) 

nony J89M , 1.JTO 

go ( ~' ;I'~) 
{ JO rppl 

/xl)go(Jtpl 
I 

Y prumeHHe 6eTe-Co11nHTepa aanHweM B !IH11e: 

¢p -(yl) dp 
l Pi I 

piO f, E I 

p = En 
10 I 

(4.9) 

g ( PI 'XI' y I 
1 - -

:g
0
(P

1 
,x1 ,y 1 )+~ f g 0 (P1 x 1,u 1 )K 1 

( P , ;; v-()4. 10) 
l I' I X ( 2 7T ) 

X ; ( pI ;I y
1 

) d;;-
1 

dv I 

8 CH11Y (4 ,9) 3TO yplitiHBHHe SIB1111eTC!I HBO.IlHOpO.z:t HbiM T011bKO !I C11Y'l89 Pl o f. ( 

rlo<>TOMY paccM o T p HM cHaqan a 3 T OT cnyqaJI, A H8110rH'IHO (4 , 9) 1111 11 g ( PI XI yl ) ll0110)1{HM: 

g ( pI ' X I ' y I ) = p ( E In ) ( { p P-( X I ) R 0 ( ~ 
I I 

fl011 CTBB11SIH (4, 11) B (4.10) 0 nony'laeM ypaaHeHHB 111111 

- 1 -
f p ;; ( x;- ) = rp p _ (X 1 ) + -_, ( g O ( P 1 X I U 1 ) K 1 

I 1 PI (277 ) 

10 

+ 
p I ) rp p - { y I ) d pi 

I P I 

fp ;<;I) 

(4.11) 

I I 

(P
1 
u-".v~l fP .-<V,ldu~ dv- (4,12) 

I I I 

II D03TOMy r,. j >\l••11•eTCII BeTe-C 

.llByx 'lo!ICTKJ, 
1 
TauM o6paaoM, (4 

HIIK (4,10). Mw. K 3TOMy peweHK. 

ypo!laHeHIIII, KOTOpOOt cywecTayeT 

qaeM 

,; ( P1 ;
1 

y-
1 

) = P ( E ~ 

+ ~ ..,· ( 
• PI 

0 ( P
10 

) 10Wp8)!{&eT TOT cpo!IKT, 'ITO 

g(xlxoyl y•) I. x >Y ~Y < 0 
to ::KJ to ~o 

BXO.ll.HT fiOnKAK CKCT8M4 B8ITOpoa 

COC TOHHHJI I a> y}f{e He c o.nep.>K. . 
OTHOWeKJIII Bp&Mell, W p ( X

1 
) 

I 
cpyHKUIIK Caii3&HHOro COCTOIIHIIII: 

oJ
0 

( x~) a - 1-
8 

( R
0

( 
'i (h) 

+. -
a w ( y1 )y.o;oa11eTBOJIIIIeT cooTaeTc 

"I 

3.1lecb C.lle11 &eM C11e.llyJOu"ee 

ypaeweHIIOtM BeTe-ComuTepa .ll11I 

pacceiiB&JOUIIIXCII 'I&CTIIII, Ek = V P
1 

tpiiKCilpo•••Hoe OliO 1IIIWJ. Jl.Oll>KH 

KAK 0 cpyYKUIIH p8CC9KHHII Bile M8C 

Ha H H8 :>T•x IIOBB,PXHOCTHX), 

3TOrO H811b3!1 CK838Tb 06 
n 

TK Caii3AIIHOro COCTOHHHK E
1 

II3MeHsteTCR npa npOH3BOnbHOM npo,. 

TI E: • 0Ho T&K>Ke we K3M:eHKe 

.ae pXHOCTH, noaTOMy Mlol 6y11eM C'l 

aa.a:aww acJO.z:ty, 

B a o.QK o6oaft&'!ew•• 

00 

X P;; 
I 

_ (X x
1 

PI 

X; 0 0 
(X x

1 
I I 

. 
X -P,. 

(X, X I' 

I 



a T ax (2,2) H (2.3) npe .ucTa-

:_m 2
tifl 

k 

(4,4) 

( 4. 5) 

, BbiPa>KeHH H (4.3) He cosn a .ua-

(4,6) 

d p l dP, ' 
(4.7 ) 

!MhlCne rn88HOrO 3H8t{8HHSI B O 

O.UH '!8CTHbiA. ¢ypbe-o6paa 

(4.9) 

;,, ;, )K, (P, U I ' 
;()4 .JOl 

I 

II cny q ae Plo f. < 
.UnJI g (PI 

-
yl) nono>KHM : XI 

II II03TOMy f,. ; V 118U JI8TCH 6 QTe-ConniiTepOBCKOA IIOUHOBOI cPYKKIUI"I, OUHCbi118101UeA p&C CeHHI!e 

.UByx '18CTII~.
1 

TauM o6paaoM, (4 , 11) ,,.nii.,TCI! 'IAC TilhJM peweHIUtM Heo.uHopo.uHoro ypasHe

""" (4.10), Mw K 3TOMy peweHI! IO np116asxM 11 pewewH" cooTaaTCTBYJOlllero O.UHopo.uworo 

A yp&8H8HIIII, KOTOpoe cymecTayeT TOJibKO II cnyqae plo El • Tor.ua .UUH g n ony-
qaeM 

+ 
R ( P, ;JI ) ~ p ( E: ) r fp -( X I ) &o (PI PI ) ¢ p ·~ (y~ ) dp- + 

I PI 
I I 

(4.13) 

(} ( P10 ) 11Wp8>KAeT TOT cP&KT, 'ITO 8 8blp8>K&HIIH 

g(.x x y y) I ~I< OI T.P (x )op (x l l a >< aiT.P (y lY, (y )1 0 > 
t ~ t ~ x 

10 
xXJ > y 1 ~ y ~0 t 1 2 2 t t 2 2 

axo.a.HT noJur a tl CllCTf!Ma aexTopoa COC TOJJPIJUI I a> c HeoTpKuaTenbH bJMH aHeprKHMH, npft
1
1QM 

COCTOliHHII I a > y>Ke "" c o.uep>KaTcll a &H an o rK'IHOM a•rpa>KeHIIK a cnyqae o6p&THoro co-
n 

OTHOW .. IIII ll 11p8M8JI, W p ( X
1 

) 
I 

cPYHKUIIII C 8 1!3AHHOrO COCTOliHKII: 

y.uoaneT80pH8T ypA!!IleHI!~ 6eTe-ConnHTepa .UnH IIOUHOBOI 

• - 1 -- - - • 
wP (x 1)=--8 ( R 0 (P1 x1 u 1 )K

1
( P

1 
u

1
v

1
)w P

1 

(v~ du; dv
1

, 
I ( 2" ) 

a z • ( y~ )y.uoaneT80Jili8T C OOT8eTC TBYJ01UeMy c onpli>KeHHOMy ypABH&HHIO, PI 

(4.14) 

3.u e cb c.uenaeM cne.uy10u1ee 3AM&'i.OHKe, ~KTII'I&CKII ypaBH&HHe (4.12) c oana.uaeT c 

ypaBH .. HK&M 6eT .. -COniiKTI!pa .UUJI <PYHJ<UHI! p8CC eliHKII TOUbKO K8 M8CCO!Sb!X JlOB8pXHOCTHX 

pACC81!BAIOlUIIXCll 'IACTIIII, Ek =vpk' + .... k •• EJ =v~· + mJ2 • TaK K8I< II (4 .12) P IO Ke 

<PIIKcipoaa wwoe owo Ul!llllio .uon>KHO we pOKJITbCJI E: ), Mhl 6y.ueM roaopHTb o f P .- ( ;

1

) 

K.OK o cPYKKUIIH paccei!HRII awe Maccoahrx noaepxHOCTel E H E 
1 

( XOTH OH a o~pehene
Ha H H8 3TIIX IIOBe,pXHOCTHX), 

3Toro KeUh3H CK838Tb 06 
, onpe.uenei!HOI Ulllllb H8 MBCCOB OI IIOB8p XIlOC-

TK CaX3 4 HHOro COCTOHHH B 
MO>KHO _3 AMeTRTb, +'ITO 8blp8>KeHH6 ( 4,13) H& 

K3M8HH8TC JI np11 n p OK3BOUbHOM n p O.UOU>KSHHII 
w ~ ( x 1 ) 11 w ; ( y-

1 
) a He noaepxHoc-

1 I 
0HO T8K>K8 He H3M eHH 8TCJI np11 npOII38 0UbHOM 8bi60pa f p .- ( X- ) H8 3TOJI no-

! I I 

Til 

8 8 pXIIOCTII, D03TOMy Mbl 6y.U " M C'III T B T!io, 'ITO 

aa.a:aaw ac10.ny. 

)( -
P, . 

I 

= e 

. 
w 

p 
l 

·I P X ·I p x
1 ( X x, X. ) =" I 

(X , _ ) = e· t PX.tp 1 x·1 
X I 

II 

¢~p 
M 

( Y, ) H 

(4 ,1 5) 

(4 .16 ) 

(4 .1 7) 



BOA 

BH>.( 

r.oe 

nen 

lO T C 

Jt:ora 

.. 
( 

go ' 

r.ae 

BCPX 

nony 

Y prus 

B CH 

lloa T 

no.a< 

MO>K HO &b!UHC 8Tb y>Ke H&HbiA BK.ll cP)'HI<IlHH g I ( X - Y, x
1 

x
1

, Y. , y 
1 

) , 38.ll 8 HHOII pase HC TBOM 

(2.20 ), C K Cfi011b308 8 HH 9 M qJOpMy n (4 .8) H (4.13 ) 

g ( X - Y , x x y- y- ) = f X 0
P _ _ 

I i I I I PI Pt 
( X, i lxl ) SI (T P - pi) X 

X ~ ( _2L p + p • p ) ~00 
- -( y y yl) d p- d p + 

0 M I I p P I pi I I I (4 .18 ) 

+ ~ {X n 
n' . p ~ 

(X x
1

x-
1

)S
1

(__!!!JP-p- ) 5 ([~P +p] 
M 1 M 1 

2 
p. :, ) X 

x 8 ( ..fuP
0 

+p
10

) X n' _ ( Y y
1 M P •I 

y I ) dp~ 

r.o e S (p ) 5 ( p- p ' ) = _L J S ( x - y) e l (px -P 'y) 
I ( 2n) " I 

d X d Y (4. 19 ) 

B s e .oeH Hbl e cf>opMyn a MK (4 .! 5) - (4.17 ) X C OBll8.0.8JO T H8 C OOTBe T CTB y lO W.HX M8C C0B bi X 

n o aepXH JC THX C X • B XO.ll l llUKMH B cf>opMyny ( 2.9 ). n 03T OMY MaTpH'lH ble aneM e HT bl M I j 

n ony'le HH b l e C fiOMO Ui b iO cf>opMyfibl (2.9), H O C )( , onp e.oene HHbiMH y p a s HeHH RMll (4 .15 ) -

( 4 . 17), 6y J:!YT .ll8B8Tb MBTpH'lHbl e 3 119M9HTbl IIMfi llHTy ):lbl p 8CC9 RH K R BH9 MBC COB biX fi OB e p x H o 

C T e A • .Un11 3 TH X s e n H 'lHH Mbl coxpaHKM o6oaHa'leHH e (2.9) . Cny'l a ll ne p exo .o a HB MSCCOBbie 

noaepxH oc TK 6 y .aeM o r o sapHBB Tb oco6 o . 

§ 5 & Yp BBH9HHH ,ll!l ll T ll H Tilt 

T ene p b Mhl ~ofKeM uony 1..fHT b y paaHeHHH ttn H Ma. T p H l!H hiX aneMeH T OB paccenHHR 1.f BC THUht 

Hd CB R3aHH OM COCTOHH HH 

C lHI38HH Of' O C OC T OSUIH R 

Til 

T,o 

H p aCC9 RHHS1 Tpex 1.{8C TH!l C 06p830B8HH8M .llBYX1..f8C T H 1.f H Or O 

3TH 3 n e M € HTbi on pe,n en sUOT CSI pa a eHCTBDMH : 

Tl~m (P il, il: )=Jx~,;-<x xlxi) Mii( X-Y ,x,xlyiyl) X 

I 

X ; m ( y y i. ) dX dY dx dy- dx- dy 
p -' I 1 I I I I 

v I 

T no ( P p p' p' ) = r X n _ ( X x x . ) M ( X - Y , 
10 I i I p P I I l li 

x
1 

Xi y
1 

y I ) X 

+ 0 - -
X X p P, p' ( Y y 1 y 1 ) d X d Y dx

1 
dy~ dx 

1 
dy i 

(5. 1 ) 

Tenep b s oaM e M ypa~ne1HK e ( 2. 15 ) .an11 c ny'la ll {:3 = i = j • .UoMH O>K H M cnpas a H c n e s a 

COOTB 9 TCTB 9 HH O HB ¢ yHKUHH + n -
X P - (Xx 1 x 1 P I 

H Am _ , ( Y Y Y- ) 
p p I I 

p y eM n o s eeM X K y ; nocne Tor o ,K BK non cTaaHnK 1
g 1 ( x-v, x,xJ

1 

uony l.IKM : 

K npOHHTe rpH

y1) H 3 (4 . ! 8 ), 

_ _ om _ ~ 1 p 
T "m (P p p') =< K - K

1
> ( P ,p

1 
P

1
) + --:-r

2
. 

II I I II (2rr ) I 
Tn o ( p p p" p" ] x 

IO I 

x S(~P - p" 
I M I 

+ ~ 
~ r T "" 
( 2 rr ) i II 

" <--~ P + - ,_ --- ) < K - K > oo,m (P - -- •. , " )d" go M P 1 .P 1 111 P
1

P,P
1 

P
1 

( p p p" ) s (~I p 
I I I M 

+ p" ) 5 [ (~1 P +p" 
I M I 
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- llln2] X 

12 

dP' 
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X ( 5 .3) 
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X (') (~ p + p" 
M o 10 

E c nH c n e a a yM HO>KKTb y p a B HE 
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T no ( p 
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pI p: p: ) = < 

+ I ~) . p J T no ( p p I p ~ 
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00, 0 
x < K-K > 

I II 
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10 
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< K - K I >OO , m ( p p p' 
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COOTB9TC T BH K C cf>opM y11 8MK ( 5 ,5 

a n e M e HTOB K 1 • O .aH a x o H e Tpy 

y p a sneHHliX ( 5.3) - ( 5.4) .n o Hll 

B ( 5.3) H8 '18 11bHb19 K KOH 9 'iH bi 9 i 

( 5 ,4) Y C TpS MHTb H8 M8CC OB yiO n 

H ill! ( 5 .3 ) H ( 5,4 ) 6y.o:yT B XO.llH 



3aaaHHOA paeeHCTBOM 

S 1<--tf-1P -pi) X 

y-1 l dpl dpl + (4.18) 

+p l 2 I 2 ) 
X 

I I' n' 

y I ) dp- , 

i(px-p'y) 
d X dy 

(4.19) 

C08ll8.0.810 T H8 COOT89TCTBylOWHX M8CCOBbiX 

!.9 ). no3TOMY M8TpH'IHble :meMe HTbl Mil 

x , on peaene HHhiMH ypaeHeHH!!Mil (4 .15) -

IHTY .Ubi pac c esrHHSt sHe MBCCOBhiX noaepxHo

:ue (2.9 ). Cny'lall ne pexoaa ua M8CCOBbie 

M8TpH!iH biX 3 ll e M e HTOB p 8CCe SIHHSI l.f8CTHUbl 

~X 48C THU C o6 p 830B8 HH 8M .UB YXY 8C TH'l.JH0r'O 

p8,a e n sHOT C SI paae HC TB 3MH: 

~ ' ; i X I yi y I ) X 

(5 .1 ) 

( X - y • 

dx
1 

dy, 

f3 = i = j • .(t OMHO)f{HM cnpaa a K c neea 

H A m 
p 

_ , ( y Y. y
1 

) H npOHHTe rpH-
P 

; T 8 BHnH 
1

g
1
(X-Y, x

1
xJ

1
r

1
l H3 (4. 18), 

1 Tno -
" " l ) + p (P pI p p X 

(:;;)!\ IO 

0 0 ,m P" P"' p")dp" dP' ( p X (5 .3 ) 
ii I I I I I 

[(~l p --- 2 
-I• I: l +PI X 
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> 

1,1 
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1
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0
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(2.15) 
m xo _,p cneea yMHO>KHTb ypaeueuue BMeCTO X P;, Ha 
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),TO nony'IHM: y y 
I I 

-, 
) X p 

(5.4) 

) X 

(5 .5) 

I. 

<l>HrypHble CK06KH 03Ha'{aiOT HHTerpHp088HH!l no BCeM COOTBeTCTBYIOlllHM nepeMe HHblM , 8 

npeahiayweM naparpacjJe Mhl o6cy aHnK npoH3BOn B Bbi6ope eenH'IHH w P H f P 0- H3 

ypaeHeHH!l (4,13) , 3TOT npOH380fi CK83biB8eTCSI H H8 ypaeueHHSIX (5,3) -( 5~4), T8K K~K I B 

COOTBeTCTBHH C cjJOpMynaMH ( 5 ,5) BenH'IHHbl W H BXOaHT B onpeaeneHHe M8TpH'1HbiX 

a neM:eHTOB K 1 • OauaKo HeTpyauo 3aMeTHTb, 'ITO npoH3Bon MO>KHO ycTpaHHTb ewe B caMhiX 

y pasHeHHSIX (5.3) - (5.4) ao HX p eweHH!l, B caMoM aen e ,anSI 3Toro aocTaTO'IHO ycTpeMHTh 

8 {5,3) Ha'lafibHbl9 H KOHe'IHb!e HMnynbChl Ha COOTBeTCTBYIOWHe MaCCOBble fiOBepXHOCTH, a B 

(5,4) y c Tpe MHTb Ha MaCCOBYIO noeepXHOCTb TOfibKO KOH9'1Hblft HMnynbC, npH 3TOM B ypaeue

Hil!l {5,3) H (5,4) 6yayT BXOaHTb OaHHaKOBble BenH'IHHbl, a HMeHHO - 8MfinHTyaa pacCeSIHH!l 



T
11 

Ha M8CCOI!IOA noaepXHOCTJI R H8'18nloHOrO COCTOHHRll H &MnnHTy.tta o6p83088HRH T
10

, 8311"" 

T 8 H Ha M8CCOBOJl llOB9pXHOCTH XOH9'1HOro COCTOHHHH ( nepBblll RH.ll9KC), Mo>KHO 6blnO 6hl C 

C 8 MOrO H8'18n8 .ttnH nony'I9HRH yp&BHQHRH (5,3) orpaHH'IHTbCH TOll '18CT~ rpHHOBOJl ¢yHI(UHR, 

K OTOp8H COOTB9TCTBye T pacnpOCTp8H9HRK> TOnbKO CBH38HHbiX COCTOSIH&ll; HM9HHO, I!IMQCTO 

(4 ,13) 6y.tteM HM9Tb: 

g (P x y ) = .:I w n (x) 
l I 1 1 p I 

I 

+ 
w n 

P I 

- + 
( y I ) lJ ( p 10 -yp~ +f! I~ 

I 

Tor.aa BNecTo ( 5 .3 ) nony'IHN 

- Dm - >- .I D ' 

T nm ( P p p' ) = < K - K > ( P p p ' ) + ' f T n ( P p ·p" ) x 
II I I I II I I 2 fT (2fT ) I~ II I I 

S(yP +p") < K-KI > n'm (P P" p; 
I II I dp" X 

Mlp - v[-} + P" I' +pi" P+ J,lt."J + if 
I 

lf 0 10 

(5.6) 

(5,7) 

3TO ypaaH9HH 9 C 0Bil8.tt89T C MHOrOK8H8nbHbiM .ttByX'18CTH'IHbiN ypai!IH9HH9M nannMa&a- illBHH

r epa, r.ae o.aHa H3 'I&CTRII Hl!litHeTCK .aayx'laCTH'IHbiM CI!IH38HHhiM COCTORHHeM, YpaaHeH&e 

(4.4) B STON npH6nH>K9HHH OCT89TCJI H9H3M9HHbiM; H8.tt0 nRWb llO.ttCTaBHTb 8 Hero 

B3HT08 R3 (5, 7), 
T II ' 

TaKRN o6paaoM, Mhl nony'IJ!nR npocThle np&6nH>K9HHble ypaaHeRHH .ttnR T H 
II 

T 
10 

I<OTOpble, llQ-I!IH.ttHNOMy, MO)I{HO 6y.tteT 11pHM9HHTb .ttnH cny'laH CRnbHOJl CBH3H BHYTPR CBH38ll"' 

HbiX COCTOSIRRJl, 

B aaxnK>'I9HHe Mhl xoTRN ablpaaHTb 6naro.aapHOCTb H.H.EoronK>6oay, A.A.noryHoay, 

A . H,Taaxe n&.aae R H.T.To.aopoay aa HHTepec K pa6oTe a ueHHble o6cy>K.tteHRH. 
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