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ITpH noMomH llHCnepCHOHHblX COOTHOllleHHI! IToMepaH'IYK /I/ noxaaan acHMilTOTH'lecxoe 

paaeHCTBO nonHblX C8'18HHI! B3allMOllei!CTBIIlI '18CTIIU II aHTH'laCTHU, PaanlI'IHble o6o6me

HlllI ll YTO'IH8HlllI TeopeMbl IToMepauqyKa 6bmH naHbl B plille pa6oT, ITpHM0HlilI TeopeMy 
/3-5/ 

~parMena-nHuneneq,a, noryuoa n np. noxaaann acnMnTOTH'leCKIIe paaeHCTBa nH¢q,epeu-

unanhHhIX ceqeunl! nepexpecTHblX npoueccoa paccelIHHlI n q,oTopo)K)leHHlI, PaaeHcTBo llH<p

q,epeuunanbHhIX ce'leHni! pacceSIHHlI '18CTllllbl ll 8HTll'18CTHUbl T8K)K0 6bmO )l0K838HO B pa-
/8/ 

6oTe. Bau Xoaa 0606mem10M MeTo/la IToMepauqyxa, B uacTOSill!ei! pa6oTe, npHMeHSilI Me-
/3-5/ 

TOll pa6oT ' Mb! JlOK8)K0M acHMilTOTH'leCKoe paBeHCTBO JlH<p<pepeHUHanbHblX C0'18HHI! npo-

ueccoB 

V + p -+ f 
(I.) 

+ + 1T + p 

H 

+ p • 

r)le = e • IL 06o3H8'1HM qepe3 kl H k2 4-HMnynbc Hei!TpHHO (aHTHHei!TpH

HO) H aapg)K8HHOro nenTOHa f- ( e+ ) • k = k I - k 2 ' qepea p I H p 2 - 4-HMnynb
+ 

Chl uaqan&uoro n xouequoro npoTouoa n qepea q - 4-nMnyn&c 11 - -Meaoua, a qe-

pea m ll M -MaCCbl 1T -M830H8 II npoTOHa, nnlI npOCTOTbl Macey 3aplI)K8HHOrO 

nenToHa nono=M paauoll uymo, Bae)leM nuaap1IaHTHb1e nepeMeHHhie: 
2 

S=-(pl+kl) 

t = - ( p I - p 2 )2 • 

2 
U=-(pl- q) 

2 
s=-(p

2
+q) 

k2=(k1-k2) 

( I) 

B yunaepcan&Holl 

neccoa ( I) n (II) 

/7/ 
V - A - Teopnn cna6b!X B381IM01l8,~CTBHI! MaTpH'IHb18 aneMeHTbl npo-

/8-10/ 
HM8IOT BH)l 

rile 
(3) 

(4) 

I 
a KOBapnaHTHbl8 MaTpHUbl r µ MO)KHO Bb16paTb cne)lyJOll!HM o6pa3oM: 

3 



• [' = y [' µ = i(p I+ p 2) µ 
ll ll 

2 
[' 6 = q k [' ll = iy/!t µ µ 

(5) 

a 
f'µ= iqll 

6 
I'µ= (p,+p2)µk 

Cne11yeT OTMeTHTh, qTo B cuny nOKMbHOCTH nenTOHHblX TOKOB cna6b!X B3aHMO/lelt-
J 2 J 2 

CTBHi! nuaapuaHTHbre aMnnHTYllbI V1 (s,t,k ) H A 1 (s,t,k ) npu qlHKCHpOBaHHOM 

k 2 
3SBHCHT TOnbKO OT llBYX cpe11'u Tpex HHBapnaHTHblX nepeMeHHblX S t H U 

b( 1) , KSK n aMnnnTy/lbl 6HHapHblX nponeccoa. 

/11/ 
ITpu noMomn M8Tona pa60Tbl MOJKHO ycTaHOBHTb cne11yromue COOTHOW8HHH nepe-

KpeCTHO!t CHMM8Tpnn M8JK.tlY HHBapHaHTHblMH aMnnHTynaMH nponeccoB (I) H (II): 

V 
1 
(u,t) = (-1)

1 
V :

1 
(s,t)* , ( 6) 

I 

..,, .. ,,-[~ 
II 

A
1 

(s, t)* 

II ( * A I s, I) 

i =· 1,2,4,5 

i = 3,6 

(7) 

3TH COOTHOW8HHH 6bmll nonyqeHbl B pa6oTe
181 

Ha OCHOBe H8KOTOporo npe11nonoJKeHHH 

06 H30TOnHq8cKOH CTpyKType cna6wx TOKOB cnnbHO B38HMO/leficTBYIOWHX qacTnn. B 11ei!

CTBHTenbHOCTH OHH MoryT 6b1Th nonyqeHbl 6e3 BCHKoro npennonoJKeHHH TaKoro nma 

(cM. TaKJKe
151

, r11e paccMaTpnaaeTcn aHanornqHan cnTyanun 11nn ¢0TopoJK11eHnn). 

rne 

CeqeHnn nponeccoa (I) u (II) paBHbr: 

HJ 

u 

I.ii_- P 1 12
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(211/p
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k 
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k ~ p~ I I 
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f~HJ 
ko 

2 

4 3 3 ,, 

fa (k ➔ p - q-p
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).!.s... ·~Sp (y (l+y )ik y (1+ y
6

)ik 2 lx 
t qO p~ µ 6 l I' 

X Sp ( T J (i; -M) y T J+y ,;;, 2 - M ) } 
µ 1 • " • 
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(9) 
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HHTerpan (9) pennTHBHCTCKH HHBapHaHTeH. IToSTOMy ero MOJKH6 BblqucnHTb B CHC

T8Me, B KoTopo!t p + ii • p + k = 0 • Mb1 HMeeM : 
2 I 

• d aq d ap 
fo (k + P - q - P •) ---:-0 __ 2_ 

l q po 
2 

!..f d¢.dt 

s V 1-2 M2-k 2 (M'-k")
2 

--+ s -s-

(IO) 

.... 

rne ¢ - a3HMyTanhHblH yron HMnynhca Q B CHCTeMe KOopnnHaT, B KOTopo!t oz . -
HanpaaneHa no k 

KaK 6bmO OTMeqeHo, H8H3B8CTHb18 ¢yBKHHH 

a 3SBHCHMOCTb nonbIHTerpanhHOro BbrpaJKeHHlI OT 

J J 
VI ( s, I) H Al (s,t') ue 38BHCHT OT cp q 

¢ q MOJKHO HanncaTb B lIBHOM anne 

nocne BhrqucneHHn cnena MaTpun. IToSToMy B (9) MOJKHO nponHTerpupoaaTb no ¢ 
• B peaynhTaTe Mbt nonyqnM: 

HJ 2~ f dt 

s V 1 - 2 M "-k 2 + (M "+ k lp 

s s 2 

,'l 

GJ(S,s,t,k
2 

), (11) 

J 2 2 
rne ¢yBKHH!I G ( S, S, I, k ) aaBHCHT TOnhKO OT qeTblpex nepeM8HHblX: S , s , I , k 

J J 
H Bb!paJKaeTCH qepe3 HHBapnaHTHb!e aMnnnTy.tlbl vi (s,t) H Al (s,t). 

Tenepb aoaapamaeMcn K ¢opMyne (8), Mbl 6yneM paccMaTpuaaTb naa cnyqan 

I) ,meprnn HeltTpnHo aanaHa, T,e, nepeMeHHalI S aanaHa,H s MeHneTcn OT MHHHMY-

Ma no MaKCIIMyMa; 2) nepeMeHHa!I s aana.Ha ( B n_aMepeHnn), HO 3Heprmr Hel!Tpnuo ne

JKHT B H8KOTOpOM Henpepb!BHOM cneKTpe. 

PaccMoTpnM cHaqana nepBhli! cnyqafi. Tor11a (8) MOJKHO nepenncaTh B anne: 

TaKnM o6paaoM, 

J u 1 
(S,r/ 

du J 

dk 
2 

ds dt 

2 2 
_1 __ f dk ds dt G J ( S, s, t, k ) • 

(S-M2f s.j1-2M2-k2+(M2+ff 
s s 

G
3 

(S , s , t , k 
2 

) 

(811/(S-M2)2s yl-2 M 2_1c2 
s 

5 

+ <M 2+k2)2 
s 2 

( 12) 

(13) 



Bo BTopoM cnyqae, Karna s 

Mb! HMeeM 

J 
du 

dk 
2 

dS di 

1 

(811 >3 

¢nKcnpoBaHa, a S M8HSl8TCSl 1 BMeCT0 ( 13) 

y..S.. 
J 2 

G ( S, s·, I, k ) 
(14) 

s (S-M2)2 s V 1-2 M2-k2 + M2+k2 
s s2 

Mb1 ae 6yueM paccMaTpHBaTb npoueccb1 (I) n (II) B o6nacTH 6onblllHX S n s 

npn ¢nKcnpoaaaabIX H k 2 , Karna nepeMeHHbie s II s nponopnnoaanbHbl, 

J 2 
Torna H3 Bb!palKeHH>I G ( s, s, I, k ) qepea HHBapnaHTHbl8 aMnnnTyllbl H C00TH0-

/3--0/ 
lll8HH>I nepeKpecTaol! CHMMeTpHH (6) H (7) MQ;>l{HQ noKaaaTb npn noMomn MeTona pa6oT 

·acnMnToTn'fecKoe paaeacTB0 un¢¢epeannanbHbIX ceqeanl! npoueccoa (I) n ( II) npn s, s ➔ oo 

H ¢nKCHpOBaHHb!X I, k 
2 

• 

du 1 II 
k_ 

dk 2 ds di 

du
1 

du
11 

dk 
2 

ds di dk 2 dS di dk 2 dS di 
( 15) 

Mb! nony'IHITH acnMnT0TH'feCK0e paBeHcTB0 nn¢¢epeannanbHblX ceqeanl! ( 15). noc-

K0nbKY ( 15) HMeeT MeCT0 nn>I K0He'IHblX ¢HKCHpOBaHHblX I H k 
2 

' TO o6e 'laCTH 

3Toro paaeacTBa M0;>KH0 HHTerpHp0B8Tb no K0He'IHblM HHTepaanaM nepeMeHHblX 
2 

n k 

'ho KacaeTc>I HHTerpnpoaaan,1 no s nnn no S , TO B nepaoM cnyqae, npn aanaaaol! 

( 6onbmol!) s s M0;>KeT MeH>ITbC>I OT ( m + M ) 
2 

no s • Ho paBeHCTB0 ( 15) 

BbIIT0nH>IeTC>I T0nbK0 npn 6onblllHX s 

HHe no s OT aS no S , r.o,e 

• ITo3TOMy Mb! 6yneM HHTerpnpoBaTb era C00Taollle

a - K0He'IHoe 'IHCno M8Hblll8 ennHHllbl, HanpnMep, 

½<a<l. 

TaKHM o6paaoM, Mb! nMeeM 

2 
8 t2 x I 

f ds f di f dk 
2 ~ 

as t I O dk ds di 

2 
s •2 X d II 

f ds f di f dk
2
--

0
--

as •1 o dk 2 ds di 
( 16) 

AaanorH'fHO BO BT0p0M cnyqae Mb! HMeeM 

/3• •2 x 2 

f p(S)dS fdl fdk 2 ~ 
'1 o dk

2
dSdl 

/3• •2 x2 II 

- f P ( S) d S f di f dk 
2 ~ 

o dk 2 d S • di •1 
( 17) 

6 

r ·~, 

b 

::--,c '/ 

rue /3 > 1 • a p(S) -cneJtTpbl nel!Tpnao H aHTHHel!TpHH0. 
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