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§ I. B B e A e H II e 

Y cneXH TeOpHB YHBTapHOli CIIMMeTpHH SU (3) 

rpynnbl CHMMeTpHH 3JieMeHTapHbiX qaCTHllo 

aaMeTHO ycHnnnn nHTepec K noiiCKaM 

EcTecTaenHo, 'ITO• Ha oqepenb nan BCTan aonpoc oo yqeTe cnnHa qaeTnn. TeopHH 

SU(3) OCTaBJIHJia oea BHBMaHHll CJIHHOByiO 3aBIICHMOCTb llAepHbiX B3aHMOAeliCTBHll; a 

noToMy Morna ooHapy~nTb aaKOHoMepHocTn nnmb BHyTpn MYJibTHnneTOB c aanaHHbiM cnn
/I/ 

HOMo 0AHBK0 eme B 1937 I'OAY B TeOpHB sinepHblX CHJI BnrHepOM obiJI npeAJIO~eH BapBaHT 

Knaec.n<jlnKallHH TepMOB1 HCXOAHBlllHI! H3 npnonn~eHHll1 B KOTOpOM CHnbi C'IBTaJIHCb He3aBHCH-

MbiMH KaK OT cnnHa, TaK H OT aapnAa qacTnn (enMMeTpnn su ( 4)). 3Ta Teopnn He 

yseH'Ianacb ycnexoM, TaK KaK B RApe cnnH-op6nTBJibHoe aaanMoAellcTBne OKaaanocb HaCTOJ!b

KO aennKo, 'ITO AaiKe B ,caMbiX ·nerKnx HApax OTAenenne cnnna aT op6nTbi ( cxeMa LS -

.csnan) Db!JIO neAonycTnMoll onepannell, Ha nepBbill BarnnA, B Teopnn aneMenTapHbiX qacTnn 

nMenocb eme Menbme ocnosaHnll nbiTaTbCll ncnonb3cBaTb npni5nn~enne, nrnopnpyromee CBll3b 

cnnHa c op6nTol!, Ho Heo~nllaHHO Mana noHnTnan nrpa paann'IHhiX <jlaKTopoB npnaena It To

My, 'ITO OCHO!>Hbie COCTOllHHll (MaCChi) Me30HOB H 6apHOHOB .yJIO~BnBCb B llp0CTyiO CXeMy 

AByx MynbTnnneToB rpynnbi 

cnn11a nOAOOHO TOMy, KaK 

SU ( 6), oo'heliiiHlliOmell cnMMeTpiiiO cnnHa 11 yn11Tapnoro 

SU (4) o6'beJliiHnna cnnn n naoTonnqecKIIIl cn11n. Mo~eT 

DbiTb, aAecb IIMeeT CMb!Cn i!:paTKo nanoMHHTb ocnoBHbie 9Tanbr pa3BIITHll Teopnn. 

I STan, H 30TO nH'Ie CKall B H B a p n a HT'HO C T b llA e pH bl X C BJI 

Ha 9TOM 9Tane BCXOAHOe npn6nn~eHne COCTOllJIO .B TOM, 'ITO B OTCyTCTBBe aneKTpo

Ma!'HBTHOI'O (n CJia6oro )B3aHMOl(ei!CTBHll HeT cnoco6a OTJIH'IBTb Hel!TpOH OT npOTOHa HJIH 

OT nponaBOJibHOll nnnellnoll KOM6nnannn neliTpona n npoTona. KsaHTOBan MexaHnKa npn STOM 

Tpe6yeT, 'ITODb! CyllleCTBOBaJIO nsa COCTOllHHll1 KOTOpbie DblnB Obi OpTOI'OHanbHbl H HOpMH

posaHbl, 3To Tpe6oBaHne npnaonnT K naoTonnqecKoll rpynne cnMMeTpnn - rpynne SU ( 2), 

3BBIIClllll9H OT Tpex napaMeTpOB (nang npoTOHHOI'O COCTOllHHll 1 liOnll nel!TpoHHOI'O COCTOll

HHll II <jlaaa Me~ny HHMH), 

2 STan, H 30 TO nn q e C KaB n H Ba pn a liT HOC T b C H Jib Hbl X B3 an MOlle li(;T.BHU 

0TKpb!Tne 11 -M930Ha C TpeMH B03MO~Hb!MH 3apnAOBbiMH COCTOllHHHMH 
,• + 
" 

; 1T 0 

x/ 
06aopbr Teopiin SU (3) n 6n6nnorpa<jlnn naHbi B pa6oTax: Sl.A. CMopollnHCKnll, 

Y<I>H ( 1964); n~. ne CsapT, Y<I>H. ( I964); B. H. OrneBGilKHH ( C6opHHK neKnnl! 3HMH911 
lllKOJibl no Teope;n'I, <jln3nKe, n:YoHa; I964); B.E. EepecTellKHll, Y<I>H ( I965). " 
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H , 
TpH 

nocTanuno nonpoc o rpynnonwx cnollcTnax. B npunnune Morno oKa3aThCH, qTo nee 

rt -M930HHb!X COCTOHHHH TOJKe H91lh3H paan&qHTh M&JK.tly cofiofi, H Mbl llpHWIIB fihl 

K YHHTapHofi rpynne B TpexMepHOM llpOCTpaHCTBe - rpynne SU (3}, 8 Jl&fiCTBIIT&.!J.hHOCTH, 

C06b!THH pa3BHBan!ICh IIHaqe, flHOHbl npO!IBnilnH cef)g KaK TeH30phl B rpynne SU ( 2) 
1 

T,e, 

HX COCTO!II!H5I ( B OTCYTCTBHe Cllafiwx II :91leKTpOMari!BTI!biX 
naauMoneficTnna) 5binH onpene

SU ( 3), a c ToqnoCThro no Tpex napa-
neHbl He C TOqHOCThiO JlO 8 napaMeTpOB rpynnbi 

MeTpOB rpynnbl SU ( 2), 

Taxoe yMen&meune neonpeneneHHOCTH, oqeBHJlHo, 

JlOnOIIHHTellhHOfi HH<jlopManneii, Bb!TeKaiOillefi H3 TeOpHB, 

nonoJKeHH5I0 qTo B3aHMOJlefiCTBHe 

JlOilJKHO fihlTh CB!I3aHo C KaKofi-To 

3Ta HH<jlopManii5t cnenonana II3 npen

niioHon c HYKilOHaMII onucbmaeTcg .PopMynofi TIIna IOxanw, 

T,e, JliiarpaMMofi, B KOTOpoil HYKIIOH II aHTHHYKIIOH CB>I3ai!bi C lliiOHOM, I1HBapHaHTHOCTh B3a

HMOJlei!cTBH5I JOKaBbl BneqeT 3a C060JI TpefioBaHne, qT06b! BOIIHOBag <jlyHKilH>I (HilH aMlllliiTY

Jla po>~(JleHnR) n11oua npeo6pa30BbiBanac& Kax npon3neneHue BOilHOBbiX <jlynxn11fi (unu onepa-

TOpon polK.Qenng) HYKIIOHa H AHTHIIYKIIOHa, T,e, KaK Teuaop B CXeMe SU (2), .JlpyrHM 

BbipaJKeHneM Toro >Ke <PaKTa cnyJKnT onncanne nuoHa n Monenu <l>epMH- .Hura xax CB5t3aHnoro 

COCTOHIIII5I. nyxnona II AnTIIHYKIIOHa, XoTg JliiHaMHqecxne CBOfiCTBa :9TOfi MOJlellii He MoryT 

npeTeunonaT& na xaxoe-nii6o cpanHeHIIe c On&ITOM, ee cnoficTne 

Jl8IOT COOTHOWeHII5I MelK.Qy CHMMeTpllefi HYKIIOHOB II nHOHOB, 

3 aT a n, 

CHMM&'I'piiH llepe-

0TKpb!THe CTpaHnOCTH npHBeno K TeOpiiH1 HCXOJll!lllefi H3 npllfillii>Kenii>J, B KOTOpOM 5a-

pHOHb! I!epaanHqHMhl, flocne Heynaqu nepnoro BapHSHTa, B KOTOpOM Bepa31lllqHMOCTh npoTo-

H8 H Hei!TpoJ!a pacnpocTpaagnac& H na A -r11nepoH (MOll en& CaxaTbi.}, ycnex Bbman Ha 

JlOIIIO CXeMbi1 rne HepaanHqHMblMH CqHTallHCI;> 

Hl!Ta He SU (8} - CHMMeTpHH
1 

a IIHWh 
nee 8 riinepouon, Onnaxo npll)aToM 6bma npu

SU (3) - CHMMeTpHH, B KOTopofi qacTnnaM 
llpHnHChlBAIIHCh CBOfiCTBa TeH30pa BTopora·paHra, 

4 a T a n, o KOTopoM 5yneT paccxaaauo B uacTOHilleM 

/3-5/ B CHMMeTpHIO CnHHa H nepeXOJlOM K rpynne SU(6) 
063ope, CBH3aH C BKIIIOqeHIIeM 

5 a 'r a n - pacmupeHue rpynnbi SU(6) 
, Bbi3Banuoe Tpe6onaHH5tMH pen5tTHBIICT-

SU (6) HBilHeTcg cymecTneuHo Hepen>JTHBHCTCKofi Teopllefi, 

nocxon&Ky n Hefi nonHOCThro npeHe6peraeTcs cniiH-op6uTanhHoll CB5t3&IO, Ecnu nonbiTaThC5t 

llpOCTO nepefiTH H3 CHCT&Mbl noK05I B JlBIIJKYillYIOCH CHCT&My KOOpJlHHaT, TO ClliiH qaCTHilhl 

cxofi HHBapuaHTHOCTH, CxeMa 

( HallpiiMep, B 38Jlaqe 0 CTOilKHOBeHIIHX) nepecTaeT 6b!Th KBaHTOBb!M qiiCIIOM - ero 3aMe

H>IeT nOIIHblfi yrnOBOI1 MOMenT - H BCH CHMMeTpHH 

pymaeTcs.floaToMy npocToe o6~enuHeHue 
MeJK)ly CHHHOM H YHHTapHblM CHHHOM Ha

SU(J) - CHMMeTpHH C rpynnofi nopenna He llpH

HeTpHBHall&Hb!e cnoco5bi o5o6meuns rpynnbi cel!qac H3yqa

HaMeTunuch nepBbie ycnexlf, Bonee nonpo5Ho Mbi ronopiiM 

BOAHT K llOile3Hb!M pe3yllhTaTaM, 

IOTCH, npuqeM Ha aToM llYTH yJKe 

o pensTBBHCTCKHx o6o6mennsx 
SU (6)-cxeMbi B 3aKJJroqeHun. 
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ConpeMeuuoe nonoJKeuue Teopuu Tpe5yeT pemeHHH <jlyunaMeHTan&uol! npo6neMbl xnap-

KOBo floCKOilhKY B CXeMe SU (3) :91l&MeHTApHbie qacTHilbl BbiCTynaroT KaK TeH30pbl; TO 

B03HHKaeT BOnpoc 0 cymeCTBOBaHHH 6onee npOCTblX o6pa3oBaHHJ! - TpeXKOMnoHeHTnhiX qac;_ 

THll-KBapKoB, KnapKH nomKHbi HMeTh ueo6wqHbie cnol!cTna: 3ap5tllbi H runep3apHJlbi ux·xoM-. 

noneuT· npiiHHMaiOT auaqennH ;: 1/3 lWII + 2/3. OnbiTbi no o6uapyJKeHHIO TaKIIX qacTIIU noKa 

nanu oTpiiuaTen&nwl! peayn&TaT, 

MolKHO, KoHeqHo, npeAnonoJKIITh, qTo KnapK npencTannReT co6oll npocTo MaTeMaTHqec-

Kill! ciiMBOil
1 

cnyJKallliii! nns onucaHII>I npencTanneHIII! rpynnbi SU (3), Taxag B03MOlK 

HOCTb npeAyCMOTpeua H B MaTeMaTIIKe: B aToM cnyqae cnenyeT ronopnT&, qTo n np11pone 
x) 

pe811H3YIOTC5I TOilhKO 0JlH03HaqHble npeJlCTaBneHHH rpynnbl SU (3)/ Z 8 
0

, 

JlonyCTHM8 H JlpyraH B03MOJKHOCTh , a HMeHHO, 'ITO Jlp06H03apH>KeHHbie KBapKH He 

MOryT cymeCTBOBaTh B CB060JlHOM COCTOHHIIH B .CHIIY KaKHX-TO 3aKOHOB CHMMeTpHH, Tpe6y

IOilliiX, 'IT06bl aapHn cno6onHol! qacTIIIlbi 6bm xpaTeH 3apHny npoToHa. Taxoll aaxoH, Hanpii_. 

Mep, B03HHKaeT B TeOpHII MOHOnOilH JlnpaKa, H3 KOTOpOfi cnenyeT, 'ITO eCIIII MOHOnOilh cy

meCTByeT (xoTH 6bi OJliiH Ha nero nceneHHyro! ) , TO npH 'o6xone' noKpyr nero aapHJKeHHOi! 

4rtem 
qaCTHUhl <jla3a ee BOIIHOBOJ! <jlynKilHII YMHOJKIITCH Ha , r.ne m - Bellii'IIIna 

c 
MOHOIIOIIHo JlnH OJlH03Ha'IHOCTH BOilnOBOJ! <jlyHKUHH Heo6XOJlHM0 0 'IT06b! :9Ta nenii'IHHa 6bma 

KpaTHa 2rt , T.e, '1T06bt em _ n -- -y· 
ftC 

0TCIOJla BbiTeKaeT, B qaCTnOCTII 0 'ITO 3ApHJlbl ncex 'laCTIIIl B Mllpe JlOillKHbl 6b!Th KpaT-

nbl Jlpyr Jlpyry - IIHA'Ie :9TO COOTHOWeHBe He MOI'IIO 6b! (npH 3aJlaHHOM . m ) BbinOIIHHTb-

CH JlllH nro6biX 'laCTIIJl, Cxa3anuoe, oqeBIIJlHO, crrpanennuno JlllH cno6onHbiX 'laCTHil, a ue 

JlllH BllpTyanhHbiX, TAK KaK BHpTyanhHYIO 'laCTHilY Hellh3H o6HOCHTh 110 peanhHOMY KOHTypy 

BOKpyr MOHOIIOIIHo flo9TOMY OTCYTCTBHe CB060JlHbiX KBapKOB ne IICKIIIO'laeT HaiiH'IIIH IIX 

'nHyTpn' qacTunxx 1• B cxeMe SU ( 6) xnapK cTauon~TCH mecTIIKOMnoueHTHbiM ua-aa 

BKIIIO'leHIIli ClliiHOBbiX nepeMeHHhiX ( CIIIIH KBapxa· paneH 1/2) B 'IHCIIO nepeMeHHbiX, npeo6-

pa3yiOWIIXC5I B rpynne, flpH COCTaBneHHII qacTHU II3 KBApKOB B CXeMe SU ( 6) B03HIIKA-

eT IIHTepeCHbli! BOilpOC 0 TOM, KaKOJ! CTaTHCTHKe JlOillKHbl YllOBIIeTBOpHTh KBapKHo 06b!'IHAH 

TeopeMa 0 CB5I31I CllHH8 II CTaTHCTIIKH He MOlKeT ..ibiTh, llO-BIIJlHMOMy, npHMeHeHa K KBap

KAM, eCIIII OHII He 6&IB810T B CB060JlHOM COCT05IHHII ( nepuee, eCIIH JlHpaKOBCKHll BaKyyM 

COCTOHT II3 HyKIIOHOB, a He II3 KBapKOB), floaTOMY o6pa30BBHHe 6apBOHOB II3 Tpex KB8pKOB 

B S - COCT05IHIIH C napannenhnbiMH CllHH8MH 0 110-BIIJlHMOMy, He llpHBOJlHT K HBHOMY 

npoTIIBOpe'lnro, KaJKymeecg npoTunope'IIIe B03HIIKaeT npH nollb!TKe CB5t38Th CTATIICTHKY 

Knapxon co cTaTIICTHKOI! 6ap1IOHOB, HO H OHO oKS3biBaeTc5t Hecep&e3Hb!M, Mbi o6cyJliiM 

aToT.nonpoc n § 6. 

X/ 8 cnyqae rpyllllbl SU ( .::) :9TOMy COOTBeTCTBOBAII 6bl MHp 6e3 HYKIIOHOB, COCTOH-

IllHJ! TOilhKO 113 qacTHn co cnHHOM~ pannbiM nenoMy 'IHcny;' Taxol! Mnp 6bm 6bi o'leHh 6e

Aea.· 
XX/ flpl!MeH5tli 5I3b!K JlllarpaMM, MOJKHO CK83aTh 0 qTo KB8pKH ll05IBIIHIOTC5I lliiW•h Ha 

BHyTpeHHHX IIHHHliX II He MoryT 6b!Th BHeWHHMII KOHil8MII JlllarpaMM, AHAIIOI'II'IHbie CBOJ!CT-

Ba IIMeiOT qacTIIIlbi n Monemi lllnunrepa. 
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nm1 TOro, 'IT06bl He OTCbinaTb 'IBT.aTemi K npyrBM CTaTbBM, o6aop Ha'IBHaeTCB C KpaT

KOii CBOnKII peayn&T8TOB SU(3) • 

HeKoTopbie MaTeMaTuqecx!Ie nonpo6HoCTII-cxeMbl !Oura II paaMepHOCTII npencTaene-

HIIR SU (3) H SU ( 6) - BbiHeCeHbl B npHHOlK9HHe. 

06acp orpaHB'IHBaeTCB pa6oT8MII 0 OnB6HBKOBaHHb!MB nO 1 <)leBpanB 1965 rona; OH 6bin 

nono:>KeH Ha CoeemaHIIII no Teopun CBMMeTpBn B <)leBpane 1965 rona. 

§ 2. npencTaBH9HBB rpyniibl su (3) 

EaancaMn npencTaeneHnli rpyniihi 

B9pXHHMB ( KOHTpaBapHaHTHbiMII) B q 

SU (3) liBHBIOTCB HenpHBOnHMbie TeH30pbi C p 

HBlKHBMH (KOBapB~HTHbiMJI:) HHn9KCaMHo no onpe-

neneHHI0 1 HenpHBOnHMblli TeH30p CHMM9TpH'I9H B CBOHX BepXHHX B HHlKHBX 3Ha'IKax, a era 

cnenhi paBHbi HYHIO. TeHaop c onHBM BepxnnM B onHHM HBlKHBM aHa'IKOM npeo6paayeTcB no 

npuc;oennHeHHoMy ( adjoint ) npencTaBneHniO rpynnhi. 

C HOMOIIIbiO nonHOCTbiO aHTBCBMMeTpB'IHOro T9H30pa TpeT&ero paHra 

ABC_ f 1 
£ - -1 

0 

( '19THbi9 nepecTaHOBKH) 

( He'I9THbl9 nepecTaHOBKH) 

( nBa HHneP.:ca paBHbi) 
(2.1) 

MOlKHO nonHBTb Bee HHn&KCbl HaBepx ( npeBpaTHTb TeH30p B HOHHOCTbiO KOHTpaBapBaHTHblli ). 

Torna. cHMMeTpiiB TeHaopa onncbiBaeTcB cAeMoll IOHra c nnnHoli cTpoK p + q II q 
· · xl 

COOTBeTCTBeHHO : 

p + q 

(2.2) 

IOHra paBHO p + 2 q YeennqeHue aToro qncna no cpaB-_:nonHOe 'IHCHO KHeTOK B 

HeHJIIO C 'IIICHOM HHneKCOB p + q HCXOnHoro TeH30pa CBB3aHO C TeM, 'ITO TeH30p (2.1) 
npeepamaeT KalKnhiii HIIlKHHii HHneKc B nBa BepxHIIXo 

BMeCTO ( 2.1) MOlKIIO. BB9CTH KOBapnaHTHOit T9H30p £ABO i TOrna T9H30p MOlKHO 

cnenaTb nonHoCTbiO KoaapnaHTHhiM n cxeMa IOHra 6yneT IIMeTb p + q H p KneTQK B 

CTpoKaX. nonHOe '!HCHO KH9TOK B 9TOM cnyqae paBHO 2p + q • feHepaTOpbl rpyHnbi (nx 

BOC9Mb) yno6Ho paCHOHOlKHTb B BHne M8TpHHbi: 

K-) 
L-

-Y . 

(2.3) A:= (~+ 
K+ 

1-

Y-Q 

L+ 

x/ HanoMHHM, 'ITO aariHc& B <)lopMe cxeMbl IOHra o6bi'IHo oanaqaeT, 'ITo BOHHoBaH 

<)lyHKHHB BB8'18H9 CHMMeTpH30B8H8 HO p + q IIHn9KC8M
1 

a nOTOM aHTIICIIMM9TpH30B8B8 
no q napaMII IIBnexcos. 

6 

( 

l:ia 9TOit M8TpHilbl BHJlH0 0 'ITO rpynna SU ( 3) COJl9plKIIT Tpii (lie Be38BIICHMbiX>" noJlrpyn-

nhi 
SU (2). Ta6nnllbi IIX reuepaTopoB nony'laiOTCB na (2.3) Bb1'19pKnBanneM A -oa 

cTpOKll II 
A-ro cTon6na II o6pameHneM B Hyn& cnena nony'leHnoa MaTpii!lbl. TaxiiM o6-

paaoM nonyqaeM Tpn Ha6opa reuepaTopoB: 

(Q -*Y 1- ) 1- CniiH 

I + -Q + *Y 

(2.4) 

L - CHHB . (- y + * Q L- ) 
L+ y- *Q 

. (2.6) 

(*Q+*Y K- ) K- CHHH 

K+ -*Q- *Y 

(2.6) 

Ecnn oTolKJleCTBHTb Q c aapunoM, a Y c rnnepaapunoM, TO -cnnB CTaHOBIIT-

CH 
II30TonnqecKnM cnnHoM. Cnell xBanpaTa MaTpHilbi (2.3) nnn, 'ITO TO :>Ke caMoe,- cyMMa 

KB8Jl~8TOB MOJlyllelt ee 

(onepaTop nannaca)x/ 

aneMeHTOB, HOCHT HaaBaHIIe onepaTopa KaanMHpa BToporo nopunxa 

A 2 (3) A B 

C 2 ~ Sp AA = ~ A B A A ~ I A B I 
A,B 

(3) 

nns npenCT8Bil9HIIH (p, q ) onepaTOp C 2 paBeH 'IHCily: 

(3) 

c 2 ( p, q > = f [ P < P + 3 > + q < q + 3 > + p q I , = 

2 2 
2[l(l+l)+K(K+l)+L(L+l)-*(Q +Y -QY)). 

(2.7) 

(2.8) 

Knaccii<)lnxanHH qacTIIIl B TepMHHaX ynnTapHbiX Myn&TIInneToB o6bi'IBO IICXOiliiT lf3 II30TOnii

qecxoro Jly6neTa, onHCbiB8101119rO HYKHOHbl: 

'I' a (~:) (:) (2,9) 

ll COOTB9TCTB9HHO JlllH KOB8pH8HTBbiX. KOMnoHeBT 

'I' 
a 

b 

( 'I' 1 ' II' 2 ) = • ab 'I' = ( n ' - p ) " 
( 2.10) 

Torna ocROBHO!t TpnnneT SU ( 3) 
1 

KOTOpbilt B83b!B8IOT KB8pKOM 0 38niiCbiB8eTCH B BHne: 

x/ 
3aMeTIIM, 'ITO xBanpaTH'IHbli! onepaTop KaanMIIpa rpynnbl SU(3) 

'IBCTO onpenellB9TCB C JlOHOHHHT91lbHbiM MBOlKIITei:JeM * : .f 
2 

= *c<r • 
f 

7 



A 
'I' 

rae KOMIIOHeHTbl HMeiOT 3apHllbl 2 e. 
3 

(n. 
-..!. e • 3 

nenHroT Bbioop HII3Wero npencTaanenlln onepaTopa Q 

(~ 
0 

_J Q= -t 
0 

n onepaTopa v; 

(: 0 0 ) Ye _l 0 3 
0 -1 

3 

(2. I I) 

-j-e • 3Ha'leHHH 3apHAOB onpe-

( 2. 12) 

( 2. 13) 

CooTBeTCTBHe Me~y KOMIIOHeHTSMH 1IpOR3BOIIhHOrO TeHaopa SU(3) n anaqeniiHMII 

.aapHAS II rnnepaapHAa ycTaHaBJIIIBaeTCH TaK, 0003HS'IIIM '19pe3 

p "(3) n cooTBeT=aenno qepea q (I), q (2) II 

(nmr<HIIx) HI!AeKcoa, paBHbiX 1,2 n 3. Tor1111 MOJKHo naecTn Tpii 

qncna: 

m a p(l) -q(l) 
I 

m 2 = p (2) - q (2 ) 

m = p (3) - q(3). a 

QqeBIIAHO, 'ITO 

Ill m
1

+m
2

+ ma p -q 

·npn'leM 

aapnA m 
3 m I-

rnnepaapHA •- m
3 

+ m 
3 

P(I), P(2) 

q (3) 'IHCIIO aepxnnx 

"MarHHTHhiX" KB8HTOBbiX 

(2. 14) 

(2.15) 

( 2. 16) 

<hcroAa npn m -

11-enax oT p no 

AO -~ 

nonyqaeM <f>opMyiibi (2.12), (2.13). TaK KaK m I II3MeHHeTCH B npe

MYIIhTHIIIIeTe HaMenHeTcH B npeAenax oT 2P
3

+ q -q , TO 3apHA B 

3- x/ 
u runepaapHA • 

, IIpiiHIIMSH p + q + 1 anaqennll. Te JKe npeAenbi H3MenennH nMeeT 

npHHHTOe paCIIOIIOJKeHIIe Me30HOB B OKTeTBX TaKoe: 

Xt 4>opMyna (2.16) onpeAemieT anaronan&Hbie .aneMeHTbl MaTpii!l 
--5oM npeAcTaanennn. · 

Q H y B nro-

8 

I 

/ 

p =· 

v =· 

(~: 
..!]_ 
...;6 

c:.i ...;2 ..;o 

p-

K*-

,.+ 

-L+..!!_ 
.['[,(6 

i"" 

+ p 

-L+L 
...;T /6 

K"•" 

K aeKTopnoMy OKTeTy npHMbtKaeT YHIITapHbiii cnnrneT 

s = w. 

+ 
K 

0 
K 

_.1__, 
vo 
K*+ 

K*" 

_ _2_"' 
.[6 

(2.17) 

(2.18) 

Myn&TnnneTbi p H V 3pMHTOBbl! OHH nepeXOII<IT C8MI! B ce6H rrpll TpaHCIIOHI!pOBSHHH 

II aaMeHe '18CTIIIl Hll aiiTII'ISCTHllbl ( t -conpH:>Kenne). BapnonnLre MYJibTnnneTbi aToll 

CIIMMeTpiielf ne o6nanaroT, T.e. aHTII6apHOHhl o6paayroT ueaamrcliMbie uynbTI!IIJieTbl. 

Ecnn paccMaTpiiBSTh Me30HHble MYIIhTlinii9Tbl K8K CHCT9Mbi, COCTOHilllle II3 KBapKa I! 

A- . 
aHTIIKBSpKa ( e B , TO SI!THKBSpKy 1!8110 1Ip1Ii!llCSTh 6api!OI!Hb!l\ 3ap5!11, paBHbifi IIO Be-

IIII'IHH9 II IIpOTI!BOIIOIIO:>KHblll IIO 3HSKY 6api!OHHOMY 3apHAY ItaapKa, 

Bapnon~>I onl!cbiBaroTCH K8K CliCTeMa H3 Tpex KBapKOB: f ( D ( BDC 
C( A .llnH OKTeTB -II 

CliMMeTpH30B8.HHbifi TBH30p e Be c e D !11tH l]eKynneTa. OKTeT 6apHOHOB MO)I{HO TBIOKe 38-

mlcaT& a mwe e A[B 

en 

KoaapllaHTHbifi KBapK .(A npeo6paayeTcH n rpynne SU ( 3) 

KllK llHTIIKBilpK , ot:ulaKo, OapnoHHbiii 3apSin eA 

KBapKa COCTSBIIHIOT 6ap110H, TO f)apl!OHilblii 3apHA KBilpKa 

nono,.mTenen. T aK K11K Tpll 

(KOHTpaBapllaHTHOro) 

paaen +1/3, a 6apHoHHbiir aapHA aHTHKBapKe KoaapnanTnoro panen - 1/3. 

B HBIIOM BI!Ite 6apHOHHbiii oiCTeT Bbirnlllli!T cneny"-oGII!M o6paaoM: 

b =· ( 
BbtnnmeM TaK/Ke .ueKynneT 

"i." 

y2 
+ 

"i. 

E 
ABC 

d 

A 

·./ 6 

"i.+ 

"£" A --+-vr ..;-r; 
So 

:2 A~ 
y6 ) 

6api!OHHLIX 
+ 

peaonancoa 3/2: 

A 

(2.20) 



222 - 22 2 1 0 112 1 + Ill ++ 
d -t. 13 , d =-t. 13 , d =-t.

13
, d =t.

13 Vl VT 
223 - 128 1 0 113 + 

d M 1 l:s , d • -==- :t s ' d = _1_ :t s 
1/3 ..; 6 J3 

au 1 ~- t aa 1 0 d =- t::.~ d = -.;r UJ J3 -s 

333 
d = 0 

-§ 3. Maccoahte <!>opMynht SU (3) 

Ecnn yHIITapHaa cnMMeTpna 8unonHaeTca cTporo, To Macchi y acex KOMnoHeHT Mynb

TnnneTa OAHH n Te JKe. CqnTaeTca, 'ITO aoaMymeHne
1

Hapywaromee 
B 

o6naaaeT TSH30pHhiMII CBOi!CTBBMH OKTSTB M A 
SU (3)-cnMMeTpmo, 

(3,3) 
, npn'!eM pacmenneHne Mace onnchiBeeT 

- KOMilOHSHTa OKTeTa1 He IIMeiOII!BII HH H30TOilll'ISCKOI'O CUHHB, HH CTpaHHOCTH, HH 3a-

paaa. 

B B 
TeHaopHhll1 onepaTop M Bceraa Moxmo CKOHCTpynponaTb na renepaTopon A 

_ A B , A 
(eM.-- 2.3). Han6onee oomee BhlpaJKeHn_e ana M A 6yaeT nMeTb ana: 

rae a {3 

B B B c C B 
MA=aAA+{3(A 0 AA -AAAC )+ 

(3.1) 

B C C B 
+y(AcAA+AAAC-

2 B C D 
38AAnAc)• 

y -npOII3B01IbHhie 1IOCTOIIHHhle, ITonb3Y51Cb KOMMyTallHOHHhlMII COOTHO
B 

rrwunaMu Ami onopaTopon A A 
B C B C C B 

[AA,Anl=8 0 AA 13 A AD > 

Tenaop ( 3.1) neTpynno npeo6paaonaTb K cneayromell <!>opMe : 

B 

MA = 
B B C 0 B 2 B (3) 

aAA+ b[A 0 AA+AAA 0 -J/3AC
2

J 

Cornacuo CKa3aHHOMy Bh!We, 1101!Hh!U MBCCOBhlil onepaTop M aaniiCbiaaeTca TaK. 

rne 

a 
M= M

0
+M

3 

3 M0 - 'uenoaMymeuubiil' MaccoaMI1 onepaTop, M 
3 

10 

(3.2) 

-KOMUOHSHTa TSH30pa (3.2). C 

IIOMOI!lb!O (2.3) llSI'XO ycTaHOBHTb, 'ITO llHaroHanbHble 31ISM6HThl T6H30pa 

B B C 0 B 2 a·c D 
DA• ~(A 0 AA + AAA 0 -

3
8AA 0 A 0 

liP61lCTaBniiiOTCII B BUlla: 

o 3 = ..1. Y 2 
-1(1 + 1) + .Lc~•> , 

a 4 6 

02= \4(Q-Y)2 
2 

K(K + 1) + ..1. c<
3
> 

6 2 

ol 
I 

1 ( 3) 
1 Q 2 --L(L + 1) + o C a 
4 

(3.3) 

B nTore c y'IeToMpanencTBa A a=- y 
a H nepBOro COOTHOWSHBH B3 (3.3) ~llH OllapeTOpe 

(3.2) nonyqaeTcH onenyromee BblpeJKenne: 

2 

M• M
0

+M
1
Y+M

2
[1(1+1)-! 

c<3> 
...:..a.. 
6 (3.4) 

n1IH OXTeTa MS30HOB, y XOTOpoi'O llpll 38M&He Y -+-Y CTpOKH H CTOn6rtbl MSHHIOTCH MSC-
- - x/ 

TBMB
1 

nnnel!:Hblft 'IllSH OTCYTCTBYBT1 H 1103TOMY 

M = 111' + 
0 

, y 
M (1(1 +1)--

I 4 

2 

Maccoable .popMynhi, Kax 6wno noxa3ano B o6aope 

(I) 

c 2 ) • 

6 

SU( 3) 

(3.5) 

, MoryT 6htTb nonyqenw 

B UpallllOIIOlKSHHH, 'ITO B3aHMOAel!:CTBHS MYIIbTHUIIeTa C BaXyyMOM OllHCh!BaSTCH HSKOTOphlM 
A 

aclxl>eXTHBHbiM OKTeTHhiM ll01!6M H B 1 y KOTOporo TOllbKO JlHai'OHBIIbHhl6 31I6M6HThl 

(c Q =-Y•-0) OTIIH'IHI>I OT Hyiiii. 3TO B3aHMOA6itCTBne, cnenyH fnawoy H KoyiiM9Hy, MO:JKJIO 

Hai'nHJlHO npenCTaBnHTb KaK H31Iy'ISHH6 'rOIIOBaCTHKa' C 4-BMIIYllbCOM 1paBHhiM Hynro, • II 

npyrnMn KBaBTOBblMH 'IHCII&MH aaKyyMa. TaxaH.Monenh 6yneT noneana·n nnH noHBMaHBH 

<!>opMyn B cxeMe SU(6) 

Ha (3.4) H (3.5) Bb!TSKBIOT COOTHOWeHHH, CBII3b!Barowne MaCChi BHYTPH SU(3)-MYIIb-

Tnnneron. TaB:, nnH oxTeTa 6apnonon N A :t • E (3.4) l!MSSM: 

N + E ~( :t + 3 A ) (3.6). 

HnH, SCJIB OTC'IHTbiBaTb MBCCbi OT :t , 

x/ 
> B <!>opMyne (3.5), cornacno ycTanoanaweftcn Tpannnnn, onepaTop Ill nnTepnpeTn-

pyeTCn B:ax xaanpaT MaccoBOro onepaTopa 6oaonoa. B nanbnellmeM MaCChi 6apnonoa n KBan
paTLI MBCC 6030HOB 6ynyT 0603Ha'I&TbC51 CHMBOUBMH COOTBeTCTBYIOIIlHX 'IaCTllllo 

'"--

11 

--



(N-I)+(E-I ) = .l.(A - I). 2 . 
(3. 7} 

·TO'JHOCTb 9TOil ljlopMy/Ibi (OTHOl'JBHlle pa3HOCTH np·anoil H /IBBot! 'laCTet! K npanoil 'laCTll) ~OC-
TaD/ISleT npn6nn3UT91ibHO 10%. 

nnSI-_IleKynneTa B cuny paBSHCTlla 
y = 2 1-2 B <jlopMy/Ie ( 3.4) OCTaeTCH nne HOCTOSIH

Hb!X0 no3TO_l.rj. B03HIIK89T cnenyromee CQOTHOillBJIIIe: 

n - Es Es-Ia=Is-1\s 
(3.8) 

( TO'JIIOCTb IIY'II~e 1%) o 

11a (3,5) nerKo nony'IHTb Maccosyro </JopMyny nnH ncesnocKangpnoro OKTeTa Meaouos: 

K- " 

Bb!TlO/IHliiOlllYIOCSI c OUIIIOKOti -3% • 

.1.(1) -rr), 
4 (3.9) 

Onumw s paMI<ax 
SU ( 3)-cxeMhi He naxonHT o61>HCHeimsr cnenyromne <Pai<Thi: 

1. npa!<TII'JBCI<Oe COBnaneune Mace 

"'- p "' 

p- II w - MB30HOB: 
2 

0,03( Bev) 

2. HecnpasenminocTb :<l'opMyllbi,ananornqnol! (3.9),nnH neKTOpHhiX 6oaonon: 

K* - P =1 2.c"' - P > • 
4 

TaM; 
3. CyruecTsonanue •npasnna. IIUTepnanon", OTHOCH!11erocg K paanhiM MeaoHHbiM OKTe-

K~- p = K* - 1T 

·. ( Otnl!6Ka Meii!,UJe 'IBM S~d • 

4: np,;"lBHHMOCTb QOpMy/Ib! (3.4) C OllHIIMII II TBMII )KB Ko3<jl~liiUlleHT8MH M I 
M ' . ( (3) ) .. 2. OllllOBpeMeHitO II K OKTeTy, ll K neKynneTy C 

2 
= 6 II 12 COOTDSTCTBBH!!O • TnK, 

ecnn· D~Ip831ITb-n:OCTOSIIIHb!B D. ( 3.4) 'lepe3 MaCChi OKTSTa, TO nilS! llHTepnana B llBKyll/IBTe 

nonyqaeTcn aliaqeHne ..t3o Mas (nMacTo 145 Msn). 

II 

nocnemme nna .<f>aKTa· yKa3biBaroT, 

¥eTpun Mo>KEiT_,~_BIIThcst Tal{aSI cxeMa, B 

TnnneT, a GapnOl!b! (OKTeT ll neKynneT) - B llpyroil. npu 3TOM B KB'JBCTBe IICXOnl!Oi! ru

BCTBCTDBHIIO HpiiH!ITb npenUO/IOll<BHI!e 0 He3aBI!CHMOCTU ·Mace 'JBCTIIU OT Clllll!Oo 

'ITo paayMHbiM o6o6meuneM Teopnn YHHTapnon cm.I

KoTopoil o6a Tuna Meaonon BXOil!!T n onnH Mynh-

flOTe3bl 

12 

OnHaKo npe)Kne '!eM nepei!TH K nocTpoennro nosoil cxeMbi (ocHonaHHoll, KaK y"'e ro-

sopnnocb Bblllle, Ha rpynne SU ( 6)), Mbl HOCBSITHM onnH naparpa<jl MBTOJlaM Bhi'JHC/IeHHH 

MarHUTHbiX MOMBHTOB H 3/IBKTpoMarHHTHbiX llOUpaBoK K MaccaM 'laCTim B <jlopMa/Ill3Me 

SU ( 3), nMen n suny, 'iTO c aHanorn'IHbiMH aonpocaMn HaM npnneTcn nMeTb neno n n 

SU (6) - Teopnn. 

§ 4. MarHHTHhie MoMeHTbt n 3/IeKTpoMarHHTHoe pacmenneHne Mace 

B SU (3) 

SneKTpnqecKnl! aap11n n, cnenonaTe/IbHO, 3naKTpoMarmtTHbtll TOK, o6nanaiOT TpaHc<jlop-
1 

MaunoHHbtMB csollcTBaMn T
1 

- KoMnoHeHTbt 6ecmnyposoro TeHaopnoro onepaTopa 

TA 
B 

• no3TOMY o6mee BbtpalKenne nun onepaTopa 3UeKTpoMarnnTHoro TOKa nMeeT snn: 

I I C 
J = a' A 

1 
+· b' {A c A 1 (4.1) 1 <AA>), 

3 

(3) 

rne 
A 

As 3neMeHT MaTpHUht ( 2.3), < AA > C 2 - KBanpaTH'IHbll! onepaTop KaanMnpa 

rpyllllbl SU (3). MarnBTllblil MOMBHT '16CTHUbi a , npnnannelKamel! nponasonbHOMY 
x/ 

SU (3)- MynbTllll/IBTY, onpeJlB/IIIeTCll TaK : 

ll(a) < a I Jliz > 1 
(4.2)-

nonb3yncb nocnennnM TolKJleCTBOM na ( 3.3), neTpynno ycTanosnTh, 'ITo nnaronanbHbie no 

L -cnnny MarnllTHbie MOMBHTbi OllllCbiBSIOTCSI <jlopMynoil 

(8) 2 

ll(a) = aQ+ b[! C 2 + \4 Q - L(L+l)J (4.3) 

Knaccn<jlnKannn 6apnonon no L -cnuuy npnsenena s TaonHue: 

L C 0 C T 0 Sl H ll Sl 

-
1/2 I , E 

0 - 0 
n, l'z(-!. +y3 A), E 

0 - 0 
Y,(y3!. +A) 

+ 
1/2 p • !. 

C llOMOtnbiO STOll TaonBUbl ll3 (4.3) HSXOnllM: 

x/ 
c:>opMyna (4.2) nepenaeT~paayMeeTCn numb Tpanc<jlopMaunoHnhte cnol!cTsa MarnnT-

noro MoMenTa, a nonce ne xapaKTepHayeT er~ senH'inHy. 

13 



It (:S - It ( s) It (n ) • It ( S 0 
) , ~t(P)= ~t(:S+), 

(3,3) 

~t(:S )=- (~t(p)+~t(n)). 

fimi IIOJiy'leHIHI COOTHOWSHH!I MSJKt:IY MarHHTHbiMH MOM9HT8MH ~t(A), •U (:S 0
) II ~(:SO ... A), 

!JBJigjOillHMHCli MaTpH'lHbiMH 3JI9M9HT8MU onepaTopa It Me)!{t:ly COCTOHHHHMH H9t:IHBrOHa~-

HblMH ITO L -ciiHHy0 BOCII01!b3Y9MCR COOTHOW9HUHMB:: 

<AJL(L + l)JA > = 3 
2' 

<:SJL(L+1)J:S> = ~. 

<A!L(L+ 1)!I>=-v3 
2 

not:tCT8Bl!Rli cpet:tHHe B (4,2) H HCKJIID'laH IIOCT?HHHbie
1

6yt:teM HM9Th: 

~t(A) =-It (I
0

) = ~~t(n), 

0 + 
2~t (I ) = 1t (I ) + 1t ( :S ) , 

6~t(A) = "(p) + ~t(I-.) + 4~t (n) , 

2vJ~t(I 0 
... A)= 3u(A) +~t(I 0 )- 2u(n) -2u.(S 0

). 

( 4.5) 

(4.6) 

3al!MeMcn Terreph Bhl'lHCJienneM sneKTpoMarHRTHbiX rrorrpaaoK K MaccaM 6apuonoB, B 

HB:3W9M IIpB:6JIB:JK9HliB: T90pHB: B03MYII19HHII OHH HMeroT BHt:l: 

rAe 

Bm(a) = <a I T 11 la > 
II 

II 
Til - KOMIIOHeHTa T9H3opa 

AB 
T CD , B o6meM cny'lae 

II I 1 B I I 
T

11 
= a' + b' A 

1 
+ C' A 

8 
A 

1 
~ d' A 

1 
A 

1 
+ 

I I B 
+ e' A 1 (ABA 

1 
) + f'(A 1 A

8
)(A 1 Ac) 

B 1 C 1 ' 

14 . 

(4.7) 

(4,8) 

OTKyt:la t:IJIH t:tHaroHaJihHblX ITO L -crruny cocTonnull nony'laeTcn cnet:tyroman ¢opMyna:
111 

1 2 2 
Bm(a)• a+bQ + c(

4
Q -L(L+l))+dQ + 

2 2 , 
+eQ(l'Q L(L + 1)) + f(% Q - L (L + 1)) 

!13 ( 4.9) Bb!T9KaeT COOTHO!If9Hile KoynMena- rnemoy: 

Bm (S ) - Bm ( S 
0

) = Bm (I ) - 8 m (I+) + 

+ Bm(p) -om (n) 

C IIOMOinhiD (4,5) H8XOt:IHM 6e3 Tpyt:ta: 

2/l Bm (:S 
0 

... A) = 38M(A) +8 M(:S 
0 

) - 2BM(n)- 28M(E 
0

) • 

(4.9) 

(4.10) 

( 4.11) 

Ha orrncannn aneKTpoMarHHTHoro pacmennenun anyTpn t:tpyrnx 

ceil'l8C OCT8H8B1!HB8ThCll He 6yt:teM, 

SU ( 3) MYIIhTRIIII9TOB Mbl 

<l>opMyiihl t:trrn pacmenrreHHR (3.4) n (4,9) BhiBet:teHbi ne3asncnMo. MoJKno t:tonorrnu

Terrhno npet:tiiOIIOJKHTb 0 'ITO IIOCTOHHHbl9 B HHX IIpOIIOpUHOH8IIbHbl t:lpyr t:lpyry. 3TO OTBS'laeT 

orrncanuro pacmenneHHR c rroMombro et:tunoro B03Mymaromero rrom1, nrrn •rorroaacTHKa•. 

norrOJKllM 

~ --~. 
b c 

TOr~a B03HHK89T eme Ot:IHO COOTHOIIl9HH9: 

:S--I+ 

-o 
1:. - n 

4 
3 

0 + 
P- n + I -~ 

:So- A 

-2 ) -2 nesan 'l8CTb paaHa ( 2,0 :!:_ 0,1) ,10 , npaBall - ( 2, 7 ,:!: 0,5 ,10 

( 4.12) 

(4.13) 

Ecrru Teneph t:torrorrnnTerrbHO rrpet:trrorroJKHTh, 'ITO CBR3h c rrorreM H y rrcest:tocKanup

HhiX M930HOB TaKSH JKe0 K8K y 6apUOHOB, TO B pe3yrrhTaTe IIOIIy'laSTCH erne Ot:IHO p8B911CTBO: 

xl 
HeTpyt:tno Bnt:teTh, 'ITO ¢opMynhr t:tnn pacmerrrrenun Mace, BbrBelleHHbre Bbrme, H ¢op

Mynhr Ann aneKTpoMarnnTnoro pacmerrrrenun s npene6pe>Kennn 'lrrenaMn 3-ll n 4-ll cTerrenell 
c

1
'"

38""' Me>K.Qy co6oll rrpeo6paaosanueM I ... L , Q ... - Y • ·3aMeTHM, 'ITO a (4,9) 
Bhmncanbi ace 'liieHhi, cymecTBeHHbre t:tml 6apnonos, Eorree BhrcoKne cTenenu H3M9HRIDT 
nnwb n~CTORHHhie. 

15. 



I 
+ 

-I 

a o- n 

4 
3 

+ 0 + 
K -K ~IT 0 -IT 

IT 0- '1 ( 4.14) 

npaaasr '!aCT:& (.IUI!I KBaApaTOB Mace) paBHa (2,4: 0,8).10-
2

, Cornacn:o ~PMJ'Ilbl (4,14) c 

OHbiTOM npeACTaB/l!ISTC!I yAHBHT8JlbHbiM1 nOCKOil:&Ky O!la CBH3b!BB9T MACCbl 'lDCTJIIl 113 pa3-

Hb!X MYil:&TnnneTOB, npn'leM npaaas H neaan 'laCTH aTOro paaen~aa conep~aT uaccbl B 

paaHbiX cTenensrx. 

§ 5, SU ( 6) -CHMMeTpH!I B HpOCTpaHCTBO CIIHH-YHHTapHblli CHHH 

llorryCTHM1 'ITO !laM HH'Iero He H3BSCTHO 0 rpynne SU ( 6) 1 H Mbl TO/lhKO npHCTy-

naeM K nocTpoerrniO rpynnhi cnMMeTpHn 1 o6'heAHH!IIOrneli B ce6e rpynny SU (3) c rpyn-

noli o6bi'IBOro cnBHa SU ( 2) J' nyCTb FIt (It= 1, ,.,, 8) 11 J k ( k =· 1, 2, 3) 

6aal!CHhiS sneueHTbi anre6p JIB STHX BCXOAHhiX rpynn. npocTelimni! cnoco6 o6'beunnerrHsr 

F -· II J - anre6p-o5pa3oBaBHe HX npRMOI! cyMMbl. npn 3TOM B03HHKaeT rpynna, RBilRIO-

maRCH Rp!IMblM npOH3BSA9BHSM nepBOHa'laJlbllbiX rpynn SU (3) H su (2) J 

SU(3) x SU(2) J ,(5.1) 

Rc11o, 'ITO B rpynne ( 5.1) yBHTapBo-cniiHOBBH 11 cnHHOBa!I nnaapHaHTHOCTH ne ca>raanbi npyr 

C upyroM, llpyrnMH C/IOBDMH 1 IISCMOTpH !18 TO, 'ITO B AAHHOM CllY'{BS H81lb3>1 onpeuellHTb 

38/IH'IHHbl KOMHOHSBT 060HX CIIHHOB (¢113H'l8CKH9 CBOliCTBD 'laCTRn He 3aBHCRT OT nanpaBilS• 

HHR F -cnnna B ynnTapnoM npocTpancTBe 11 J - cn11na B o5bi'IHOM npocTpancTse), 

TSM He Menee _MO~HO ycTaHOBIITb pa31lll~e Me~y KOMHOHSHTaMH F ,. II r k ~ 

T,e, yKa3aTb
1 

KBKIIS KOMHOHSHTbl KaKOMy CIIHHy HpHHaAne~aT, noaTOMY Mbl nepeliueM K 

11ccneuoaaBIIIO upyroli aoaMo~aocTH o6'heAIIHOHHR anre6p JI11 aanaHHhiX rpynn, a IIMeHHo • 

paCCMOTpiiM !IX np>IMOO RpO!I3BSASH118 1 COCTaBil9HHOe K3 31l9MSHTOB TliRa 

Jk x F,. (5.2) 

nocTpoeHHhie no cnoco6y (5,2) onepaTOpbi 5yuyT o6paaoBbiMTb anre6py JIB KaKoli-nll6o 

rpynnbl llllllib B TOM Clly'lae, 8Cilll IIX KOMMyTaTOpbl ll!IHSliHO Bbipa~aiOTC>I 'l8pe3 3TH ~e 

BSilii'IIIHbl, nocKOilbKY B RpaBOli 'laCTH paBeHCTBB 

[jk X F .,.. Jf x ·F 
v I= %[JkJflx IF 1, Fv 

+ % I J k J f l X [·F,.. F v I 

,!:,_ 
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+ (5,3) 

¢nrypnpyroT aHTHKOMMyTaTopbi I F,.., F v l 11 

p>r, a anre6pax JIB rpynn SU (3) H 

I J l J f l 
su (2)J 

, ne conep~amnecH, soo6rue roso

' TO B03HHKaeT He05XOAHMOCTb 

8 npeuaapnTenbHOM pacmnpennn &Tnx ncxounhiX anre6p. B HH3UIHX npencTasneaHsrx, rne 

J k = % O'j, II F,. = %A,. ( 0 k -MaTpHUbl naynll, a A.,. - MaTpHUbl 

fenn-MaaHa), STO paCUIHpSHHS RpOH3BOAHTC>I HaH50nee SKOIIOMHb!M o5pa30M, llellcTBHTSilb

HO, 'HOBb!MH' SllSMSIITaMH B a!ITIIKOMMyTaTopaX 

l .. k , <7"f l = 

2 I A,_. , A v l ·= 2y3 li,..v 

10 
( 0 I ) IIBilRIOTC>I SAHHII'IHB>I MaTpHUB 00 = 

2,li~'e • oo , 

A 0 + diLVP A p 

---· '-:--""":"--·· ~ 
~~ "·'""'-'"' 

H KpBTHaR SAliHH'IHOli MaTpnna 

(6.4) 

A =vT(~·~: , nosToMy TOilhKO ST!I 31l8M811Tbl H Hy~HO uo6aBHTb K nepeMHO-
O 3 0 0 I 

~aeMbiM anre5paM, nocnennee ¢aKT!I'ISCKH 03Ha'IBST, 'ITO BMSCTO rpynn su ( 2) J n 

SU (3, neo6XOI\HMO B3>1Tb rpyRRbl U (2) II U (3) , a 3aTeM !I3 l!H3UIHX npeA-

CT8Bil811Hll anre6p Jin aTnx rpynn cTponTb. nponaaeuenH>r anna ( 5,2), B p~aynbTaTe nonyqa." 

STCR anre6pa MaTpHU, 3BMKHY.T8>1 OTHOCHTSilbHO onepaUHH o6b!'IHOJ:'O MaTpH'IliOJ:'O yMHO~e-

HH>I H OTBS'Iaroma>r, K8K 6yneT IICHO H3 JlBilbHelimero, rpynne U(6). 

Han6onee yuo6no npoueuypy yMno~enn>r (6.2) npoaoAHTb B ToM cnyqae, Korua rene
x/ 

paTOpbi rpynn aanarrbi B TenaopnoM anne. B caMoM uene, ecn11 o6paaoBaTb TeHaopbi 

J X 0 
0 0 

3 

+ I J x ok 
k=· I k 

F
0 

x 
8 

A+IFxA 
0 f.1=·1 ,.. ,. 

% + la 

J+ 

(

1/3 + Q 

I+ 

K+ 

J_ 

% - J 3 (6.4) 

I K ) 
1/3+Y-Q L_ 

L+ 1/3-Y 

(5,5) 

To nponaaenenHIO (5.2) 6yueT oTae'laTb Tenaop: 

( ) (

1/B + Q 
% + J3 L X I+ 

J+ % -1-a K+ 

x/ no onpenenennro, lo = % 0 o II 

. 17 

I_ 
1 3 +Y -Q /v} (5,6) 

L + 

Fo % A 0 a HnameM npencTaaneHnn. 



~ PacKpbiBaR aTo npRMoe nponane.r~enne n Bhl'IHTaR cne.r~ na nonyqennol! B x B - MaTpn-

Ilhi, Mhl npnxoJ<nM K Tenaopy •cnnna• rpynnbi SU (B): 

%Q +-_!_J +LI (%+ J )I (%+Ja)K_ J_CJ + Q) - J- I - J- K -<• 3 3 3 a -

<t + J a )I+ 
-%Q+~Y+ 4-Ja 

(~ + Ja)L_ J- I+ uj--Q+ v> J_L_ 
-JaQ+:JaY 

01-J 8 )K+ (%+Ja)L+ -%Y + C-J-Y)J 1 1_ K+ J_ L+ L<t -Y) ( 5,7) 

J c.J..+ Q) J+I_ J+ K-
~ Q-_lJ-

(%- J 3)I_ (%- Ja )K_ 3 3 + 3 
- JaQ 

J+ I+ J (1-Q+Y) J+L- (~-J 3)1-t -llQ+~Y-
(%- Ja)L_ 3 3 

·jJtJaQ-JaY 

J+(!-Y) (% -J a)K+ (ll-J
3 

)L+ 
-~Y-

J+K+ J+L+ 
-(1-Y)Ja 

lleliCTBHT9nbH0 1 - HeTpyAHO yoeAHTbCR 1 'ITO AnR BenH'IHH 

x/ 

All 
v Bb!DOnHRIOTCR COOTHOW9HHR

1 

onpe.r~enRIOm'ne anr'l6py nn rpynnbi SU (B) : 

a) 
IL 

(AIL)=O, 

IL + v 
6) (A v ) =· AIL 

I A~ ] = 
p IJ.· IJ. p n) [AP 15 A - 15 A (1 v (1 (1 v 

(5.8) 

r> ( All ) = 15 15 
V II Ul VI 

_!_ 15 15 
6 IJ.V II 

Ha namnx nocTpoennl! nn.r~no, 'ITO rnnoTeaa SU ( 6)-CHMM9TpHH <jlaKTH'I9CKH npeA-

nonaraeT BMecTo AByx neaanncHMbiX npocTpancTB (cnnnonoro n ynnTapnoro) paccMoTpenne 
a 

9AHHOro 6- Mepnoro DpOCTpaHCTBa KOMIIIl9KCHblX B9KTOpoB 'I' (a a 1, ••• 
1 

6 ) B KOTO-

paM aaTeM BBOARTCR ynnTapHbie npeo6paaonannR, Bennqnny 'P a , O'lenn.r~no, 
cne.r~yeT nn-

TepnpeTHpOBaTb KaK BOilHOByiO tPYHKilHIO KBapKa B CX9Me SU (6)xx: 

Y.r~o6no BMecTo o.r~noro HHAeKca a nnecTn napHbill nn.r~eKc ( a, A , 38Ll8B8SI 

COOTB9TCTBHe M9lKAY 3H8'I9HHRMR a n (a, ·A ) , cneAyiOmnM o6paaoM: 

I ~ ll 
_x Ecnn CHRTb ycnonne a) I TO Benn'IHHbl Av oyAyT nopOlKAaTb rpynny u ( 6). 

Paaenc'i'no r) aa.r~aeT renepaTopbi A~ nnmb B nnameM npe.r~cTannennn. 

xx/ MolKno noKaaaTb 1 'ITO AnR nocTpoennR ncex nenpnBOAHMhiX npeAcTannennl! SU( 6), 
OTB9'I810IIU!X T9H30paM C IlpOH3BOilbHOI\ CHMMeTpnel!, H900XOARMO HM9Tb Tpn H98KBHB8Il9HT
Hb!X KBapKa. 
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a 2 3 4 5 6 

(a, A) (1,1) (1,2) ( 1,3) - (2.1) (2,2) (2,3) 

npn TaKOM CDOC059 HyMepannn nepByiO nn<jlpy, 0'19BHAH01 HYlKHO OTHOCHTb K CDHHOBOMY 

npocTpancTBY rpynnbl SU (2) J 1 a BTOpyJO - K yHnTapHOMY npOcTpaHCTBy rpynnbl 

su (3). B HOBbiX 0003H8'I9HHRX 

Jl 

npH'19M 

a, A 

A._ A ~ 0. 

a 
'l' 

a 
A fJ " 

a, A 

'P 

a, A 

A 
b,B ' 

(5,10) 

nocKOnhKY mnyp KalK.rloro na Tenaopon (5.4) n (6.5) panen e.r~nnnne, ro cyMMnpo

nanne B BblpalK9HJI9 ( 5,10) no HHil9KCaM A n B 

paM rpynnhi 

TopaM rpynnbi 

SU ( 2) J 1 a CYMMHpOBaHB9 no HH/l9KCaM 

su (3): 

(

J3J-\ 

J + -J 8 } ( 

I,A 

AlA 

A:: 
!,A·) A 2,A 

2,A 
A 

2,A 

a, I a, I a, I 

A a, t 
A A a, A a,2 

a, A 

I 
a,2 a,2 a,2 

II A.._ 8 11 = A a, I 
A a,2 A a,B 

a,B a, 3 a, a 
A a,l A 

a,2 
A a, a 

OT 1 AO 3 npHBOAHT K renepaTO-

a n b oT 1 no 2- K renepa-

( 5.11) 

J 
(5.12) 

npn 8TOM yKa3aHHbi9 rpynnhi BXOART B 

x/ 
_ SU_ (6) B BHA9 npRMOrO npoB3B9A9HBH su { 3):>< 

X SU {2), TaK KaK B cnny (5,8n) 

[A o,A 
o,B 

A a,c ], =· 0 • 
b,C 

' x/ 
CooTaomenne (5,13) nenocpeACTnenno cne.r~yeT n 
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(5.13) 

H3 {5,3), 



C noMoruhiO MaTpnn ( 5.11) n ( 5.12) no OOhi'IHhiM npaaiDiaM MOJKIIo nocTpOnTh onepaToph! 
x/ KaanMnpa nonrpynn SU (2) J n SU (3) 

a,A b,B 
2] (J + 1) ~ A b,A A a.B 

(3}' 

c2 = 
a,A b,B 

A.._B _Ab,A 

-.' 

(5.14) 

(5.15) 

PaccMoTpHM nanee npeoopaaoaaHHH rpynnbt SU ( 6), KOTOpue aaTparHBaiOT nnmb 

KOMilOHQHTbl qt"-a (a = 1,2) BOilHOBOii <jlyHKilHH KBapKa, OCTaBnHH npyrne KOMIIOH9HTbl 093 

H3M9H9HHH, .flcllo, 'ITO npn 3TOM _Mhl BbiA91lH9M H9KOTOpyro 2-Mepnyro YHHTapnyro rpynny C 

MaTpHneii renepaTopoa: 

a, 3 
II A· II ~ b,a 

(

AI,3 
I, a 

A 2,a 
I, a 

A 1,3 
2,3 

A 2,a 
2, 8 
) 

( 
J + cj - v > 

J (_!_- y ) ) -- 3 

-1a<-f -Y)-.!. 
2 

(5.16) 13 <t -Y )- _:_ 
2 

Docne Bhl'I9Ta mnypa MaT pHil a ( 5,16) !IpHHHMaeT BRA: 

(
13 1_\ 
1+-Ja/ 

(-!_ -Y) 
3 (

sa s_). 
s + -s 3 

(5.17) 

17 81 Tenaop (5.17) naahraaeTcH TenaopoM 'cTpannoro' cnHna ' • DpoHCXOJKAenne SToro Tep-

MBHa CBH3aHO · C T9M OOCTOHT91lhCTBOM0 'ITO B91lH'IHHy S = Y - l_ MOJKHO HHTepnpeTnpo-
3 

BaTh KaK CTpaHHOCTh KBapKa, ecnH C'IHTaTh fiapHOHHb!ll: 38pHA KBapKa paBHb!M l/3, Dpn 

nell:cTBBH orrepaTopa. "cTpaliHoro• cnHHa na aonnoayro <jlyHKilHIO A' -KaapKa B cnny pa-
seacTaa S =- 1 HMeeM: .. 

s = 1 

x/ KyfiH'IHbiil: onepaTop KaanMnpa 
nouan.o6HTCSI. 

tal 
C 3 rpyrrnbt 

20 

SU (3) B nan~>nell:meM HaM He 

,. 

n, naofiopOTo llllll COCTOliHHfi p~ H n:. KBapKOB .. 
s = 0 • 

Ha (5.16) n (5,17) H&nocpencTBenno Bh!TeKaeT, 'ITO 

S ( S + 1 ) • ~ (A I, a ) 2 + ~ (A 2, a) 2 + A 1, a A 2, a~ A 2, a A I, a_ A 1, a A 2, a 
... 2.1 2.1 1,8 1,8 , 2.3 1,3 2,3 

none3HO paCCM8TpHB8Th TSXJKe OII9p8TOp 'HopMallhHOI'O' CllHH8 

onpenenennro, connanaeT c oobi'IHbiM cunnoM J llllll p' - H n' 

nynro nnSI A' - ~:aapKa • .llpyrHMH cnoaaMn, 

N= io+s>. 

N + S = j 

B Tenaopnon aaiiHCH oueparop N -cunna nMeeT ann: 

(Na N -) 
.,c a. a ~ [i a A oa II ~ = II A - A + 

N -N 
b,C b,a b oa 

+ 3 

a. I 
- II Ab,! 

a o, a 
+~libA.,all a,b,c,j -= 1, 2; c = 1,2,3 • 

OTKyna 

2N(N+ 1) = 
a, I 

Ab,l 
b,l o, a a.f o, a 2 

A a,t ~A. a A.,l +~(A o,a> • 

.. 
N 

a, a 
ByneM C'IHTaTh Teneph <jlnKcnpoaaHHbiMB 'cTpaHHbte' KaMnoneHTbi 'I' 

(5.18) 

, KOTOpbtft, no 1 

KB8pKOB H paBeH 

(5.19) 

(5.20) 

( 5.21) 

BOilliOBOfi <jlyHK-

ll.HH KB&pKa H paCCMOTpHM llHllih TSKH9 MaTpH!lbl SU ( 6), KOT0pb!9 neiiCTByiOT Ha He-
a, I• . 

CTpSHHhle' KOMilOH9HThl 'I' (a,j s-1, 2 ) , nerKO BHileTh, 'ITO 3TH MaTpHUbl B COBOKYIIHOCTH 

oopaayroT yHHTapnyro rpyrrrry u (4). HaKnanbiBSll ycnoane ynnMonynllpHOCTH, Mbl upnxo

llHM K rpynrie SU ( 4) 0 KOTOp8ll OO~ellHHSIQT B cefie CIIHHOBYIO ( SU ( 2 ) J ) H H30TOilH-

'19CKyiO ( SU ( 2)) cBMMeTpnn. HMenno STy rpynny paccMaTpnaan BHrHep B caoell: 
I II 2/ 

IIOIIbiTKe Knaccn,PnnnpoBaTh l!nepHbie TepMbi ' • He npencTaBmteT Tpyna BbtnncaTh MaT-

Puny renepaTopoa rpynnbi SU ( 4) a HH3meM rrpencTaaneHnH: 
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liQ+ JJa+JaQ-%Y 
3 ' 

(~+J,)I+ 

J+ <f+ Q) 

J+I+ 

a, I 

II A b,l 
a 1 o.k 

- % 8b 8 I A O,k•_ II ~ 

(~ + Ja)I_ J- <j + Q) 

-%Q+ %Y + l.J -J Q+J y 
3 a a a J_I+ 

J+I- ~Q-lj -J Q-tY 3 a a 

Jt<}-Q+Y) (~ -Ja)I+ 

J_I_ 

J (_!_ -Q+ Y) 
3 

(~- J a) I-

-~Q+% Y-.!Jb+J~Q 
-J r 3 

8 
( 5,22) 

EciUI nonoxrnTb a (5,22) Y ~ + (aaa'leane rnnepaapsr.11a "ne<::TpBHHoro" xaapxal ), TO 

STOT Tegsop npBHnMaeT HMeauo Ty <jlopMy, KOTopasr nonyqnnacJ> 6bi .111151 aero lia BpHMoro 

npoHaBe)lBHIIH: 

(" 
(cp. c (5•6) ) • 

+ J 8 

J+ 
J_) (~ + I 3 I_ ' 

%- J a x I+ %- I a ) 

HJn!{e,.-npn nony'leHn:u MaccoBbiX ljlopMyn~HaM nouano6nTcn KBBJlpaTn'IHblil orrepaTop 

KaanMBpl! SU (4). Ha (5.22) HrutOJliiM · 

t(4) ' 
"2 ~· 

a,f a f o.k< b,J 
( A b,l - % 8 b 8 1 A o,k )(A a, I l4 8 b 8 r A "-• ) •· 

a I d,• 

(5.28) 
.. , b,J .. , b,J 

~- A b-"' A a, I - l4 A a, I A b,l • • ' 

"""·, 
_ feoMeTpn'lecxn npeo6pa30BBI!Be SU ~~accMoTpeHHble Bb!me npeo6paaoBaHII~ rpyniibl 

"CTpiUIHoro" c_miHa SU (2).. liBliHIOTCsr aeaaa:ucnMb!MH .o.pyr OT Apyra. lloSToMy 9TH 

r~n~bl :BJCOIUIT"B. SU( 6) n z;me npsrMoro nponaaeA&l!llll SU (4) x SU (2). • 

&uiccncjll!ltanns Myn&Ti!MeToa rpynnbt SU ( 6) no npencTaBneHIIHM noJlrpynnbl SU (4)K 

· ,c· ~u (:;i)s _ oJ~:aablisaeTCa oco6enno noneanoa npn paccMoTpeHIIn nexTOpHb!X peaol!BHcos 

.:«> n 4; (eM. 0 7). 

no caMoMY cnoco6y no=poeHHn M&TPII!Ibl A,.. - . . -. v 

roiUillll ~eH30pa. (5,7) · pacnonaraiOTCH TOni>Xo Te renepaTopbr
11 

KOTOpble Allaronani>nbi B Aal!• 

rpynnbl SU ( 6) l!a rnasnoa Ana-
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HOM npenCTBBBeHBH, fioCKOBbKY 

paTopoa paauo 5 ( paHr rpynnbi 

A p. • 0 ,. 
su (6) 

1 TO 'IHCHO He3aBHCHMbiX llH8rOH8HbHblX reHe

), KoHxpeTHO Mbi Bbi6apaeM cnellyromna Ha6op: 

J a 'Y' Q = I a + f ' J a ( ! -Y ) = S a ' ".a = g Q J a • (5.24) 

<I>HSH'IeCKHl! CMbiCB nepBbiX qeTb!pex BeBH'IHH OqeBH/leH! 9TO COOTBeTCTBeHBO 3-H BpOeK!lHH 

o6bi'IHOrO CBHHa, rnnepaapHJl, sneKTpHqeCKHil 38pH/l H 3-H npOeK!lHH"CTpBHHOrO" CITHH8, qTO 

*e xacaeTcH onepaTopa p. a = g Q J a , TO ero MO*HO HHTepnpeTnpoBaTb KaK 3-ro npoex

nuro aexTopa MarnnTHoro MOMeHTB KBapxa ( g -xoa4JijlnnHeHT nponopnnoHanbHOCTH, nrparo

mHl! ponb MHO)KHTenH naHAe ), llaBaH TBKOe TeopeTHKO-rpynnosoe onpe/leneHBe onepaTOpB 

MBrHHTHOrO MOMeHT81 Mbl ITOliY'IBeM B03MOJKHOCTI> Bbi'IIICBHTb ero MBTpH'IHble sneMeHTbl B 

nro6blx npencTanneHHHX rpynBbi SU (6) ( CM. § 10). 

Bb!nHmeM Tenepb B Bnlle Ta6nnnbi 3HB'IeHHH /lHBrOH8BbHblX sneMeHTOB reHepaTOpOB 

(5.24) JlBH KBlKJlOl! II3 KOMITOHeHT KBBpKB H BHTHKBBpKa. 

KaapK (6apuoHHbil! aapHil 1/3) 

KoMnoHeHTa Ja y Q P. a/g s 
a 

(1,1) 1/2 1/J 2/J 1/J 0 

(1,2) l/2 1/J -I/J -I/6 0 

(l,J) 1/2 -2/J -1/J -I/6 I/2 

(2,1) -I/2 1/J 2/'J -I/'J 0 

(2,2) -1/2 1/J -I/'J 1/6 0 

(2,3) -1/2 -2/J -I/'J I/6 -I/2 

Al!THKBapK ( 6apnoHHbiil aapH/l - 1/3) 

KoMnoHeHT£1 Ja y Q ,. /g s a a 

(1,1) -1/2 -1/'J .:.2/'J l/'J 0 

(1,2) -1/2 -1/'J I/J -I/6 0 

(1,3) -I/2 2/J I/J -I/6 -I/2 

(2p1) I/2 -1/J -2/'J 1/'J 0 

(2,2) 1/2 -I/J I/'J I/6 0 

(2,3) I/2 2/J I/'J I/6 I/2 
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3.1lee:r. cne.llfeT aaMeTI!:T:r., 'ITO .llnn llpyrnx npe):ICTaruxennA onepaTop p. a He BbipaJKaeTCn a 

Bll:.llO 1Ipo11:3Be.ll8HliR onepaTOpoB Q ll J a 0 TaK KaK Q ll J, no OT.IlOnhaOCTH XBnH-

IOTCR _a.ll.llHTliBHhiMll xaanTOBhiMll 'Illcna¥JI, a aoo6me ronopn, 

::EQJ, ·l ::EQ • ::EJ, 

To lKO CAMOO OTHOCHTCR, O'IeBB.IlH0 0 H K renepaTopy - Sa 

.B -38Kn!O'IO!Ille SToro naparpacj>a cAenaeM onno 3aMe'Ialllle o6mero xapaxTepa. Ecllll Bhl· 

nacaTb MR KBapKa narpaHlKHaH, TO MaCCOBhiA 'IOen ero panen: 

- a.A 
LM -- m~'l'a,A 'l' 

(5.25) 

:..--

r.llo cyMMHpOBalllle pacnpOCTpaHROTCSI HS Bee 3Ha'IeHHH HH.IlOKCOB, QqeBH.IlHO, 'ITO (5,25) HH

BSpllaHTHO OTIIOCHTOObHO moooro YllliTapnorO npeo6pa30BaHliSI 6 KOMHOHeHT MelK.Il)' COOOA, 0.1l-

naxo narpaiDKHan, xpoMe L M , coneplKH'l' eme qnen naaHMoneAcTBHn - L 1 H KII:HOTH'IOC-

xyro anepra10 L 0 • CaMMeTpHSI Ll onpenensreTCSI KORKpeTHOA MO.IlOllblO H, B qacT-

HOCTH, MOlKeT ObiTio cornaCOBaHS C CIIMMOTpBeA L M , CnMMeTplilt Lo pa31lii'IHa B 

nepeJUITHBHCTCxot u pelmTHBHCTCKO:lt Teopunx.· B nepenSITUBUCTcxoA Teo pHil _ L 0 ne 

-coueplKHT cRUna, a noSTOMY L 0 ne napymaeT cii~MeTpiiiO, B penHTHBIICTcxoft-TeOpllll 

L 0 conep2KRT- 'Inenhi, onachlBil.IOmHe cnHn,..op6HTan&noe aaaRMo.lleAcTBHe, no _He 3aBIICnT 

OT-YIIll'l'Spnoro CIIHHa. fi09TOMY B pennTIIBHCTCKOA TOOpUII L o _ HapymaeT CHMMOTplllO 

SU ( 6), xoTopasr, TaKIIM o6paaoM:, nMee,- ,CMbiCn nllm& B nepensrTRBHCTCKOA TeopHH. 

_ § 6. HenpRBOllHMhle npellCTaanenRsr rpynnht SU ( 6) 

Boo6me _ roaopn, nenpRBO.IlHMhle npencTaBneHHH SU (6) xapaKT8pH3YIOTCSI 3Ha'IOHIISIMH 

5 .. onepaTopoB KaanMlipa. :3To ana'IRT, 'ITO nonycTHMhle a SU ( 6) CXOMhl !Onra HMOIOT He 

oonee 5 CTpaK, fiRT:r. 'IHCOH - AOHHbl 3THX CTpoK - TSKlKO MOlKllo' BblopaTb B Ka'IeCTBO napa

M8Tp0B ,a_a.llSIOnt_HX 1Ip8):1CTaanenne, 

PaccMoTpnM necxon&xo npoCThlX npellCTaanennfl:. Kaapx n anrnxaapx, xax Mbi yJKe 

3HlleM, IIMOIOT no 6 KOMIIOHOHT, fioCKOllbKY COOTBOTCTBYlOIIlHO npOJ:ICTSBOOHHSI SIBHSIIOTCSI KOMn-
- *u 

OOKCHO-conpSilKOHRhlMH0 TO HX pa3MepHOCTII Mlol OY.IlOM 0003Ha'IaTb 'IHCOaMII 6 H 6- , 

xl HanoMHHM, 'l'TO onepariHn KoMnnexcnoro conp>IlKennn BMIO'IaeT B ce6sr naMenenne 

31l:aKa oapHOHHOro 3apS~J:~a, KoaapRaHTHhlO KOMnoneHTlol MOryT OTHOCIITCSI H K KBapKaM; H K 

aHTHKBapKSM~ B-cnyqae 1Ip8llCT8BnOHHfl: 'SU ( 6)-, C KOTOphlMll Mhl 6y.lleM BCTpeqaT&CSI 0 

ynoon~C'IHTSTb KOBap~aHTHblO KOMnOHOHTbl noCTpOOHHhlMU 113 anTHKBapKOB, TaK KSK KOBa

pRSHTHhlMH KBapxaMH Mbl non&aoBaT&CH He 15y.llOM, 
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CnellYIOinHA T8H30P HM88T ABA 3Ha'Ixa, Ecnn ooa ORR CTOHT aaaepxy, TO cnellyeT pa3-

cny'Iall, XOrlla TOH30P Cl!MMOTpl!'IOH no ODOHM HSilleX-caM l! xor.lla OR aHTl!CHMMeT-
na'IaT& 2 XOMnOHORTYo a BO BTOpoM -%6 • 5 • 15 
pa'IeH. B nepaoM cnyqae OB nMeeT % 6 • 7 •- 21 

·- * naXOlll!M l{Ba npellCTaMOHHH: ');!1 l! 15 , 
xoMnoneHT• Aaanoraqno llllR .llBYX HHllOXCOB BBH3Y 

Ecnn OllRR RHJ:IOXC KOHTpanapHaRTHhlA 0 8 llpyroA - XOBapRaRTRbiA, TO, ofipamall cnell B nyn&, 

nonyqHM TeHaop 1!3 6 x 6 - 1 • 35 xoMnonenT. 

fipH aanacn aenpHBOllHMhlX 
T8H3opoB oohl'IRO npHHRTO nepenocliT& ace liHllOKChl naaepx 

£af3y&w 
c noMOinblO HOOHOCTblO aR1'l!Cl!MM81'pH'IBOrD T8H3opa mecToro panra 

BlllKHIIA HHllOKC npeapamaeTCH B 5 aHTliCBMM8TpB'IBhlX aepXHHX liHllOXCOBo 

aHTliCIIMM8Tpli'IHhlX BepXHHX l! T,O, j nony'IeBHbiO B po-
TaX 'ITO xalK.IlbiA 

):IBS aBTHCl!MM8Tpl!'IBhlX BBlKRIIX- B 4 

3
yn&TST8 HOOHOCTbiO XOHTpanapuaBTHbiO TOH30Phl B B3015palKaiOTCSio XSK B3B8CTHO, cxeMaMB 

IOnra. 

Kaapxy oTBe'IaeT cxeMa IOnra, coCTOlll!lSSI H3 OllHOA xneTxu:_ 

qr4 0 

xl aHTBXBSpXY - cxeMa 113 5 aHTBCBMMOTpB'IHhlX xneTOX! 

CJ 
w• __ D 

a c:::J 
CJ 
D 

PaCCMOTpeHHhlO Bhllll~ TOH30phl BTOporo panra H306palKaiOTCSI Tax: 

'l'~-00 qraJ • 0 D 

OD DO 
D 0 w RO w;- 0 

'l'~·-oo ~ o o 
DO 0 0 

( 6,1) 

(6,2) 

(6,3) 

/ DO 0 
· CHMMeTpH'IHUe HHllOKChl fOll'IepxHyThl, noll aHTBCBMMeTpH'IHhlMH nocTannen yronox, 

1 TaK 1J:T0 1 

qHCllO CTOOOHOB C 
-xneTKaMH Mbl oyllOM 0003Ha'IaTb oyXBOft ), I 

nanpuMep, cxeMe !Onra nnll Tenaopa 

a 
qr/3 

x/ Toqnee, xoaapuasTHOMY xaapxy (cp. npellblllYinee npuMe'Ianue) • 
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OTBe'laeT aa5opx/ ( 1,0,0,0,1): cxeMe aHTHKaapxa - aa5op ( 0,0,0,0,1). 

nepell.neM Tenepb K TeaaopaM TP8Tbero paara. Hx MOlKGT 5b1Tb H8CKOJibKO THnoa. 

HaqaeM c nonaocTbiO KOHTpaaapaaaTnbiX Teaaopoa. CaMMeTpH'IHblll Teaaop 'I' HMeeT 
_8_1_ = 56 
31 51 

KoMnoaeaT. Ero cxeMa !Oara: 

0 0 0 - C3;o,o,o,o). 

• . 61 
fiOJIHOCTbiO aHTHCHMMeTpH'IHbll! Teaaop HaC'IHTb!BaeT ---

0 3131 

'$' 0 

~ 

(6.4) 

20 KOMnOHGHT: 

(6.5) 'I' = 

0 
= (0,0,1i0,0) 

CymeCTByiOT eme TGH30pb!1 CHMMeTpH'IHbie no llBYM liHllGKCaM H aHTHCHMMeTpH'IHble 

no .nByM .npyrnM. TaKnx Teaaopoa, o'lean.nao, 5yneT .naa: 

a{3y e-v H e '&J. 
( 1,1,0,0,0). (6.6) DO= 

0 
'{a~no KOMnoaeaT y KalK.[lO!"O H3 HHX paBHO 70. 3To npome BCero YCTaHOBHTb, 3aMeqag, 'ITO 

y BCex 'leTbtpex paccMOTpeHHbiX T8H30pOB llOJilKHO 5b!Tb B CYMMe 6 X 6 X 6 = 216 KOMnO-
neaT: 

216 .. 56 + 20 + 70 + 70. 
(6. 7) 

KoaapnanTHble Teaaopbr 3-ro paara onpe.nenHIOTCH aaanorH'Ino. CMemaaabre Tellac.pbl 

nony'laiOTCH .no5aaneaneM o.naoro aaa'IKa K TeaaopaM BToporo paara n o5pameaneM a nyn& 
~ ' 

cne.na. TaKnM o5paaoM aall.neM, 'ITO Teaaop 'I' y co.neplKHT 21 x 6 - 6 = 120 KOM-
afJ 

noaeaT, a 'reaaop '11 y - 15 x 6 - 6 = 84 KoMnoaeHTbi. 

flpn pa5oTe c KBapKaMH Mbr BcTpe'laeMcH co cne.nyiOmnM aaTpy.naeaneM. Ecnn TolK

.necTaeaabie KBapKH KOMMyTHpyiOT, TO H3 HHX MOlKHO c.nenaTb CHMMeTpH'IHbii! TeH30p, HO 

HeJib3H C.[leJiaTb anTHCHMMeTpH'IHbll!o fi03TOMy ,'IT05bt nOCTPOHTb aHTHCHMMeTpH'IHbie npe.n

.. CTasneans 15 H 20, aeo5xonnMo HMeT& no Mea&mel! Mepe Tpn aesKansaneHTHbiX KBapKa. 

Ecnn npeJ'InOJIOlKHTb, 'ITO KBapKH aHTHKOMMYTHpyiOT, TO HeJib3H 5y.neT CKOHCTpynpoBaTb CHM
MeTpH'IHbiG';T8H30pblo 

. /14/ 
E CBSI3H C 3THM fpHH5epr BBO.[lHT llJIH KBapKOB CMemaaayiO (napa-) CTaTHCTHKYo 

B npe.nnonoJKeaan, 'ITO cymecTayeT Tpn copTa aesKansaneaTabtX KBapKa, nocTynnpyeTcH, 

. 'ITO o.nnaaKOBbte KBapKH aHTHKOMMyTHpyiOT, a pa3Hbie KOMMYTHpyiOT. TaKas cxeMa, o.naaKo, 

noaaonseT nocTpoHTb nnm& Teaaopbt, OTBe'laiOmne cxeMaM IOara c .nnnaaMn CTpoK He 5on&-
me '!pex. 

x/ KaK yJKe oTMeqanoc&, aenpnso.nnMoe npe.ncTaaneane MoJKao xapaKTepnaoaaT& .nnn-
HeMn CTpoK A 1 ( i = 1,2,3,4,5) cxeMbi !Oara. Qqean.nao, nMeeT MecTo paaeHCTBo 

(,\I,.\ 2 , .\ 8 ,.\. ,,\ ~) = (Al- A2 , A2 -A 3 ,A3 -A. ,A. -A~,AG ). 
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Mbi annnM, 'ITO cnn111KOM peanncTn'lecxoe TOJIKOBaaae KBapirOB He cao5onao oT 

TpynaocTeli. 

PaaMepaoCTb n aaa'lennn 'lncen .\1 .nns Bcex ~enpnBonnMbiX npe.ncTaaneanll, OTBe-

qa10mnx TeaaopaM paara ae Bblme 3-ero, cae.neHbl B ·Ta5mmy ( CM. TaKJKe npnnoJKeane). B 

nocnenaeM cTon5ne yKaaaao co.nepJKauae MyrebTanneToB no npe.ncTaaneaanM no.nrpynnbl 

SU(3) X SU (2)J , npn'leM nepBall nncjlpa B CK05KaX OTBeqaeT pa3MepHOCTH SU (3) MyJib-

THHJI8Ta, BTOpaH - pa3MepHOCTH MyJibTanneTa no o5bi'IHOMY cnnay. Myn&TnnneTaocTn npo

me acero yCTaH~BnnaaiOTCll, ecna nocnenoaaTenbHO cjlaKcapoBaT& o.nna na na.nexcoa napbl 

a , A ) n paccMaTpHBBTb B03MOlKHble aHa'leHHll .npyroro. 

Ta5nana 

( ,\ 1, .\:2 • ,\ 3 , ,\. •• ,\. ~ 
Myn&TanneTaocTb no yanTapHOMY H 

PaaMepaocTb o5bl.qHOMy cnHH~M ( 0 1 m ) 

(0,0,0,0,0) 

( 1,0,0,0,0) 

( 0,0,0,0,1) 

(0,1,0,0,0) 

( 0,0,0,1,0) 

( 2,0,0,0,0) 

(0,0,0,0,2) 

( 1,0,0,0,1) 

(0,0,1,0,0) 

(3,0,0,0,0) 

( 1,1,0~0,0,) 

( 0,0,0,0,3) 

(0,0,0,1,1) 

6 

a* 
15 

15* 

21 

21* 

35 

20 [ana 20 * ) 
56 

70 

* 56 

70* 

( 1,1) 

(3,2) 

cs* ,2) 

< 3;3 )~ < 6,1) 

( 3 ,3). (6 ,I) 

(6,3), (3:1) 

<a,* 3) , < 3, 1) 

(8,3), (8,1), (1,3) 

(8,2), ( 1,4) 

( 10,4), (8,2) 

( 10,2); (8,4~ (8,2), ( 1,2) 

( 10,*4), (8,2) 

( 10,*2), (8,4), (8,2), ( 1,2) 

flpaaeneM TairJKe aaanorn'lnble caeneans o Myn&TnnneTax, acTpe'laiOmnxca a paanoJKeHnax 

* "' 35 X 35 a 1 + 35 + 35 + 189 + 280 + 280 + 405, 56 X 56 = l + 35 + 405 + 2695 H 

m* x 10 - 1 + 35 + 35 + 189 + 280 + 2so * + 405 + 3675 • 
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§ 7. Me3oHHbil! 35-niieT 

B cxeMe SU ( 6) nCeBJlOCKanHpHbie (0-) H BeKTOpHbie ( 1-) Me30Hbl noMeii!aiOTCSI B 

MynhTHnneT pa3MepHOCTH 35, OTBe'laiOII!HJ! npHCOe)lHHeHHOMy npeJlCTaaneHHIO rpynnbi, B' MO

JlenH KBapKOB aTOT ~aKT nonyqaeT npocToe H HarnHJlHOe o6~SICHeHHe, fiel!CTBHTenbH0
1 

ecnH 

C'IHTaTb Me30Hbl CBSI3aHHhllAH COCTOSIHHSIMH KBapKa H aHTHKBapKa
1 

TO B CHny COOTHOWeHHR 

6_x a*·= 1 + 35 (7.1) 

35-nneT HBnReTC!I e)lHHCTBeHHhiM HeTpHBHanbHbiM C8MOconpg}l{eHHbiM TeH30pOM
1 

KOTOphll! 

MO}I{HO CKOHCTpyHpoBaTb H3 BOnHOBhiX ~YHKilHJ! 'I' a * x/ - -
H 'Pa' o IJpg 3TOM 0 H 1 

. Me30Hhl <?TnH'I8IOTCSI B38HMHhiM HanpaBneHHeM CIIHHOB KBapKa H aHTHKBapKa
1 

OT KOToporo, 

no ycnosnro, Macca B nepaoM npn6nu}l{eHHH He 38BHCHT, 

a 
0603H8'1HM Me30HHhiJ! 35- uneT qepe3 

TO}I{JleCTBO: 

M {3 "' 
Ma,A 

b,B H HannmeM O'leBHJlHOe 

&,A 
M a,A - a o,A 

~8 
o,A 

Mb,B = ~ 8 b M o,B + Mo,B b,B (7.2) 

IlocKonhKY cneJl M a,A 
b,B paBeH Hynro: 

a, A 

M·a,A = o, 
(7.3) 

To nocneJlHee cnaraeMoe B (7.2) npeo6pa3yeTCH no npeJlc;asneHnro (8.1), a nepsoe - no 

npeJlcTasneHHIO ( 8 + 1,3) rpynnh! SU ( 3) x SU (2). CneJlOBaTen&Ho, TeH3op 

a o,A 

~ 8 b M o,B"' 

~(M I,B : 

( 

I,A 2,A 

M 2,B ) 

I, A 
~(M + 

I,B 

0 

M 2,A 
2,B ) (~PA 0 \ 

) . • 0 ... ~ ) 

OnHCbiBaeT OKTeT nceBJlOCKan!lpHhiX Me30HOB
1 

a TeH30p 

a, A a o,A 

Mb,B - ~ 8 b Mo,B (' 

I,A 

(M t,B 

2,A = Mt,B 

M 2, A 
2,B ) Mt,A ) 2,8 . 

-~(M I, A-M 2,A) 
l,B 2,8 C 

A A ) ~voa v+la 

"' VA -~VA 
·I B OB 

(7,4) 

(7.5) 

x/ CuqrneT B ( 7. n pe3epBHpyeTCSI Jlng ., , 
957 Mas} •• -Me30Ha (cnHH -'leTHOCTb o-, Macca 
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gy}I{HO conocTaBHTh HoHeTy MeaoHoB 1- ('lncnaMH 0, ~ 1 B nocne)lHel! MaTpune yKaaaHa se

nH'IHHa npoeKIIHH cnnHa). Bee My Bhipa}l{eHHIO ( 7. 2), o'leBHJlHO, cooTaeTcTByeT cneJlyromas 

2 x 2 MaTpnna: 

M = ( 

~(P + V 0 

v •I 
) ) (7,6) 

v 
+I 

~ (P- V 
0 

0TCI0Jl8 OC06eHHO XOpOWO BHJlHO, 'ITO ycnOBHe (7,3) CBOJlHTCSI K paBeHCTBY 

SpP 
A 

PA 0 

11 sosce He Tpe6yeT o6pameHHH B Hyn& cneJla TOH3opa 
VA 

B 

nneT 
a 

M/3 su (3) -BXOJlSIT BCO 9 BeKTOpHbiX Me30HOB: 

, HMeHHO noaToMy B 35-

OKTeT H SU(3) - CH!Ir-

.neT. 

'. 

TH!l 

B aToll CBR3H ao3HHKaeT sonpoc o pacnono}l{eHnn B HOHeTe VA 
B 

HOl!TpanhHhiX 'lac-

<i) H cp o l:fanOMHHM, 'ITO B cxeMe su (3) <i) -Me30H C'IHTanCH yHHTapHhiM 

CHHrneTOM, a cp -Me30H BXOJlHn B JlHBrOH8nbHhie KOMnOHeHThl OKTeTa: 

1 

Y2 
Po + 1 

,;6 
cp P0 + __!_ cf> • 

y2 ..;6 
- _2_ cp 
..;6 

Tenepb HeT HHKaKnx ocHoBaHnl! nonaraTb, 'ITO yHHTapHaH Knaccn~nKaunH JlOn}I{Ha coxpa-

HHTbCSI 1 a ecTeCTBeHHO JlyMaTb1 'ITO pH3H'Iec::He <i) - n cp - Me30Hhi 1 OTBO'IaiOWHO 

Knaccn¢HKa!lHH no rpynne SU ( 6), HBnHIOTCSI HeKOTOpblMH nHHefi:Hb!MH KOM6HHallHSIMH 

npelKHhiX <i) H cp _{ HH}I{O 3TH nocneJlHHO 6yJlyT OTMe'laTbCSI WTpHXaMH): 

cp cos a cf>' + sin a<i)' 
(7.7) 

CtJ =- ·sina¢' + cosaCtJ' • 

IJpeo6pa30BaaHe (7,7) 1 O'leBHJlH0 1 MO}I{HO HHTepnpeTHpOBaTb KBK nOBOpOT B nnoCKOCTH 

( cf>' <i)') Ha yron a 

' llnH onpe)leneHHH senn'IHHhi a He06XO)lHMa JlOnonHHTenbHBSI ~H3H'IeCK8SI HH~OpMa-

cp - H <i) - M930Hhl npHHa)lne}l{aT K pa3Hh!M llHH, Ona cneJlyeT n3 npeJlnono}l{eHHH, 'ITO 

llpOJlGTSBneHHSIM rpynnbi •cTpBHHOro• CnHHB su (2) s , paccMOTpenHol! B § 5,· nnn, 

'ITO 3KBHBaneHTHO, K pa3HhiM npeJlcTasneHHHM rpynnhi BHrHepa SU ( 4). HMeHHo, JlnH 

cf> -Me3oHa nonaraiOT S = 1, a Jln<il <i) -Me3oHa - S - 0. IlocKon&Ky npeo6pa-

30BaHHH rpynnbi SU ( 2) S )lei!CTBYIOT nHWb Ha HHJleKChl ( a 1 3) 1 TO ¢ MO}I{OT HaXO-

Il.HTbCSI B MaTpHne VA TOnbKO B npaBOM HH}I{HeM yrny, a <i) 1 Hao6opOT1 HOnb3H no-B . , 
A 

MemaT& B 3TOT yron. B nTore V 
8 

aanHChiBaeTcH B BHJle: 
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....l..po+ _1_ ..., 
vr ..;r 

+ 
p K:*+ 

p __ l_Po+ ....Lw K*-o 

K* 

'ITO COOTBSTCTBYST COS a ~ ..;.1.. 
3 

..;2 l2 

K* o ¢ 

ITo Tpanc¢opMauHOHHhlM CBOfiCTBaM OTHOCHTellhHO 

THDhl, ~xonnmae B Tenaop (7,8), nenHTcn na TpH xaTeropua: 

I. Cxannpbi 

2, BexTop' 

p, cu' 

¢ 

3, Cnnaopbi - K* , K * 

B Monena xaapxos aTOMy paaoaenaro OTBe'laeT ToT·¢axT, 

OhlTh nocTpoeHbi Ton&xo Iia 'necTpannbiX' KOMnoaenT p' 

Meaon - Ton&xo ua CTpannhlx A' - H 
A' - xoMnoaenT, a 

u npyrux, Mo:lKno cxaaaT&, 'ITO 'laCTHDbi 1,2 H 3 rpynnbi B 

HO, 'aecTpaHHbil!', 'CTpaHHbil!' H 'nonyCTpaHHbil!' MHphl, 

Boaspahtaac& K ncesnocxanapHhlM MeaonaM, Mbi MoJKeM 

"- H 'IJ. -Meaonos S ~ (} , a nna 
K - Me30HOB S =.· ~ 

an cxaaaT&, 'ITO 7J Meaon npananneJKHT x 'necTpannoMy_' MHpy 

IIH XBapXOB OH CTpOHTCH H3 Bcex 3-x KOMnOHeHT: 

7J ~ __!_ (p'p' + n'n' + A' A') ..;r 
TeM ne Menee CTpaHHhll! cnun 7J - Meaona pasen nynro, a noaToMy n MH 

¢axanaa nsnaeTcn npaeMneMol!, 

ITonnTne 'cTpannoro' cnuna oxaaMsaeTcn neHHbiM npa ananaae pacnanoa 

HMenno\ nonaanennocT& pacnanoa ¢ .. "P no OTHO!Uennro x pacnanaM 

001>.HCHHTh0 HanpnMep, TOll npH'IHHOI!, 'ITO B nepBOM Clly'lae 
I 

BO BTOpOM - COXpaH.H9TC.H, 

3axaH'IHBan paccMoTpeaae 35-nneTa Meaonoa, 

x/ PHIIbi CO BCeMa MHOJKHTeii.HMB HOpMHpOBKH 

x/ ABTOpbi onaronapHbi ll. <Paxnpoay aa noMom& B cocTasnennn MaTpBIIbi 
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(01010) 

(20010) 

(20002) 

( 30003) 

(11011) 

PaaMepnocTh 
no SU(6) 

189 

280 

405 

2695 

3675 

Taonuua 2 

MynhTHnneTnocTh 

31 

:su (3) 

8 

10 

10 * 
27 

8 

10 

to* 
27 

8 

10 

10* 

27 

8 

10 

10* 

27 

35 

35 * 

8 

27 

10· 

10* 

35 
'35 * 

no 

.. , 
' 

~YIIhTBnneTHOCTh no 
sn (2) 

1,5 

1,3 (2 paaa), 5 

3 

3 

3 

1,3 (2 paaa), 5 

1,3,5 

3 

1,5 

1,3 (2 paaa), 5 

3 

3 

1,3,5 

3,7 

1,3(2 paaa),5(2paaa), 7 

. 1,3,5' 

1,3,5 

1,3 (3 paaa),5( 2 paaa),7 

3,5 

3,5 

1,3 (2 paaa ), 5,7 

(3 paaa), 3 (7 paa) 

5 (6 paa), 7(2 paaa) 

1 (3 paaa), 3 (6'p;.a) 

5 (4 paaa), 7 

(2 paaa), 3 (4 paaa), 

5 (3 paaa), 7 

(2 paaa), 3(4 paaa) 
5 (3 paaa), 7 

1,3 (2 paaa), 5 
1,3 (2 paaa), 5 
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§ 8. BapHOHHhiil: 56-rrneT 

BapROHhl B SU ( 6) - CX9M9 OIIHCbiB810TC!I IIOn:HOCThiO CHMM9TpH'IHhiM KOHTpasapHBHT~ 

llhiM TeHaopoM 3-ro paHra a'!i!r 
1 HM9101IliiM 56 KOMIIOH9HT. 

B STOT MYnbTHnneT BXOIIHT nexyrrn:eT co CIIHHOM 3/2 H oxTeT co CIIHHOM 1/2: 

( 10,4) + (8,2) = 56 (8.1) 

tJTofihl yfierrHTbC!I B CIIpaB9IInHBOCTII (8.-J), BB9II9M OII!I~b IIBY3H8'IHhl9 o6o3H8'<9!11I!I 

a- (.A, a) 
1 

{3 = (B, b) 1 y = (C,c) KoMIIoHeHThl TeHaopa SU ( 3), OnHChiB89Mhl9 IIH-

neKCBMH A,B,C,nomKHhl HM9Tb TY JKe CHMM9TpHI01 'ITO II KOMIIOH9HThl T9H30pa SU ( 2) 

(ciiHHOBOil: <jlyHKII:HH). ToJibKO rorna T9H30p ·su (6) fiyneT rron:HOCTbro CHMM9Tp1I'I9H. no: 

seeM TpeM HHnexcaM.·CIIHHOBaH oonnosa11 ,PynKitH!I TpeT&ero panra (no 'cHMMeTpHH- CHc

TeMa U3 Tp9X KBBPK?B) MOJK9T fihiTb n:HfiO non:HOCThiO CHMM9Tpii'IHOil: 1 'ITO OTB9'189T cnuey 

3/2, n~~fio fihlTb aHTHCHMMeTpH'IHOil: no IIBYM HHAexcaM - CIIHH 112. B coOTBeTCTBHH c 3THM. 

T9II30p SU (3) AOnJKeH fihiTb T8KJK9 n:H60 CHMldeTpH'lHhiM rio BC9M TpaM HHA9KC8M H OT-

B9'18Tb nexynn:eTy1 n:u6o liCe aHTIICHMMeTpH'IHhiM no IIBYM HHI19KC8M u, B cuny <jlopMynhi 

B CDB 
b A = f ACD B 1 CBOIIHTbC!I K OKTeTy. 

8 · !IBHOM BHA9 KOMnOHaHThl. a':l1I Bhlp8lK8IOTC!I '19p93 KOMnOH9HThl T9H30pOB SU (3) 

u SU (2) cneAyiOm:HM ofipaaoM: 

ABC 
abo 

rne d - AaKynneT 6apUOHHhlX p930H8HCOB1 ¢ - ero CIIHHOB8!1 <jlyHKII:H!I1 X -ciiH-
C abo 

HOBa II <jlyHKitH!I OKTeTa fiapUOHOB b D • Ofie CIIIIHOBhle <jlyHKIIHII ¢ H x• HOpMH-

PGBBHhl Ha enHlll!I{y. qHcn:oBoll: MHOJKHTen:b nepen 0KT9THOil: '18CTbiO B. (8.2) BhlfipaH C T8KIIM 

PAC'IIeTOM, 'IT06hl KBMpaT Monyn:H TeHaopa 

Monyn:~lt BOn:HOBhiX cjlyHKnHil: BC9X '18CTHII. 

B::.ay )3 af3y CBOIIHn:CH K CYMM9 KB8IIp8TOB 

HHorAa OKTeTeyro 'IBCTb aanHChiBaiOT HecxonbKO HHa'le: 

3\11_,_-. [(2.•bx 0 + .b• X ·>·ABDb c ~ <• ab X 
D 

~ CB!I38HO C cym:ecTBOB8HH9M TOJKA9CTB 

f ab X"+ •'be X a + ,•• X b 
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be a BCDb A ] 
+ 2< X )< D f'l 

0 

"' 

(8.3) 

j 



(nonHOCTbiO BHTHCHMMeTpii'IHbi!I CflHHOBhi!I TeH30p 3-ro paHra TOlKAeCTBeHHO paBeH Hynro) II 

ABD C BCD ·A CAD B 
b +' l b + l b ~ 0 

D D D (8.4) 

(nonHOCTbiO BHTIICIIMMeTpH'IHbi!I YHHTBpHbi!l TeH30p 3-ro paHra 3KBHBB1l9HTeH CKB1I>Ipy
1 

KOTO
A 

pblfi B ABHHOM cnyqae eCTb b A x 0). 

PacnpeaeneHHe 'IBCTHU no KOMnoHeHTBM 56-nneTa OIIHChlBBeTc>I iyl5oM 6 x 6 x .6. Mhl 

He 15yAeM flbiT8TbC>I 113015paJKaTb 3TOT Kyl5, B npOCTO nepe'IHC1IHM BCe pa31lii'IHhie sneMeHThl 

TeHsopa BG/1¥. (a cKo15Kax pHAOM c CHMBonaMH 'IBCTHU yKasaHhi aenii'IIIHbi npoeKnHli cnn-

Ha): 

-
af3y 

C 0 C T 0 >I H H >I 

- ++ 111 
"'1) (l'2) 

112 ~ "'\l'2) 
y3 1) 

+ 113 ~ !.s<l'2> 

114 "'~+(~) 
115 _!. t,.-i- (~)+ ,ff p~) 

yl '6' 3 
116 ..l..I.t~> _..;2 !.+(~) 

y3 3 
122 _..1. "'-8 (l'2) 

y3 0 
123 ..l..I.s<l'2) 

y6 
124 1 + 1 - "'s~>-- P<~> 

y3 3y2 
125 _..1. ~'!~(%)+ -Ln(~) 

y3 3.V 2 
126 _..1.~!. 8~> + _j!,o (~) 

y6 3 
133 L :s; (l'2) 

v3 + I + 134 
...1.. !.s<~> + ....L. ~-<~! 
y3 -· ... 3y2 .•.. -

135 ..!. !.~(~) - ..l [!. 0 (~) + y3A (~)) 
y6 6 

186. ...1.. :;(~) + _1_So(~) 
144 

.v 3 ++ 3.-./2 
"'1) (-~> 

145 1 + 1 
- "'-s<-~>+ -P<-*> 
'1/.3 3y2 

146 1 + 1 + - I.s<-~>- ·-!. <-*> 
,.; 3 3.-./2 

84 

155 

1~ 

166 

222 

223 

224 

225 

226 

233 

234 

235 

236 

244 

245 

246 

255 

256 

266 

333 

334 

_!_ "'-~ (-~) + ..;2 n(-~) 
y3 3 

0 1 0 -
__!_ !. 8 <-~>+ _ [!. <-~> -v3 A<-~>1 
y6 6 

_.!.__ so(-~)+ ..;2 s 0(-~) 
,}3 1) . 3 

·"'* t.; (l'2) 

_1_!, ~ (3/2) 
y3 

.l l'!~(~)-y2 n(~) 
y3 3 

"'8 (~) 

_!_!,;(~) + ...;2!. (~) 
y3 3 

_!_ s ; (l'2) 
y3 

_!_ !.~(~)-..!.. [!. 0 (~)- .,;3 A(~)) 
y6 6 

_!_ ':::E 8 (~)- _1_ !. - (~) 
v 3 3y2 

- 1- s;c~ > + -
1
- s- <~> 

y3 3y2 

1 + y2 
- "'s<-~> -- p(-~) 
y3 3 

1 ° 1 - "'-s<-~> --- n(-~) 
y3 3y2 

_!_ !.$(-~) + ....!. [!. 0 (-~) +y3A(-~)) 
y6 6 

"'8 (-~) 
1 - 1 -

. -,.,. !.s <-*> + -I. <'*> 
v 3 3./2 

1 ---:=.s<-~>+ 
{3 

O-(l'2) 

..[2 s -(-~) -3-

1 so ..[2 y3 .t<~>--ySo(~) 

35 



335 

336 

344 

345 

346 

355 

356 

366 

444 

445 

446 

455 

456 

--L l: ii (%) -:/I_ l: - (%) 
y3 3 

n-<*> 
+ -

_!_ :1:8 <-%> + ¥2 l:+ <-%> 
y3 3 

--1..:1;~(-%) --liO(-%) 
y6 3 

1 - 0 
( ll) 1 - 0 

( ") - t=. 8 -n - -- t=. -n 
y3 3y2 

+. l:;(-%)- fll:-(-%) 
V" 3 
-l.. E (-%) __ 1_ E -(-%) 
y3 3y2 

./----~n-"'c::.i) ______ ··--------

~1 (-l'2) 
_!._ ~ ~ ( -l'2) 
y3 + 
-L :l: "(-:\12) y3 u . 

:A ~~(-l'2) 
V:i' o * l: 8c-a/2> 

466 

555 
q 

556 

566 

666 

1 - 0 
y3 ;:: 8 (-3/2) 

~ 5<-l'2> 

_!_ I a<.:.l'2J 
y3 

_!_ E; ( -l'2) v3 
n- ( -l'2J 

llpu xnaccu¢uxanuu 56-nneTa no S "'-cnHHY HeOOXOllHMO noMHHTh, 'ITO rpynna 
1 ( ) aA,b,B,oC 

SU(2'S J:t91!CTByeT fliJWh Ha HHJ:teKCbl BHJ:ta a,3 , llo9TOMY BCe KOMnoHeHThl 'I' , y 

KOTOpb!X A,B,C f. 3, oonanaiOT S - 0 , KOMnOHeHTbl C OJ:tHOI! TpOI!KOI! cpenH HHUeKCOB 

A,B,C cooTBeTcTByiOT S = % H T.n. HanpuMep, y npoToHa s = 0 y fl-- rnnepoHa 

s = .2. 
2 

Ecnu cTpoHTh 56-nneT B !.ionenu xaapxoa, TO, KaK Mbi roaopunu, B03HHKaeT ¢opManh-

HaH TpyltHOCTh 0 CBH3aHH8H C npHHUHnOM llaynn: Bee TpH KBapKa He MoryT OUHOBpeMeHHO 

HaxonuTh'cH a S - COCTO!IHHII, llo3TOMY fliiOO llOnJKHB Ob!Th HapyWeHa TeopeMa 0 CBII31I 

CIIHHa II CTaTIICTHKH, flHOO UOnJKHbl CYIIl9CTBOBaTh p83Hbl9 TIInbi KBapKOB, 1Ip!I'l9M TaKue, 

onepaTOpbl PO}!{ll9HIIII KOTOPbiX KOMMYTHPYIOT npyr c npyroM, CTpeMneHneM oootiTII 3Ty 

TpyUHOCTh Bhi3BaHa nonbiTKa OTH9C9HHII oapiiOHOB K nonHOCThiO aHTIICIIMM9TpH'IHOMy 20-KoM
af3y 

'l' noHeHTHOMY TeH30py 

(napacTaTHCTHxa
1141

x
1
). 

0 a TaK}!{9 npennon0}!{9HIIe 00 OCOOOI! CTaTIICTHKe KBapKOB 

Bee 3TH aaooThl OTnanaiOT, ecnn KBapxu He cyllleCTBYIOT a cBooonHoM cocTOSIHHn, B 

STOM cnyqae npennofl0}!{9HIIe 0 CIIMM9Tp1I'IHOM COCTOIIHHH Tpex KBapKOB He npiiBOUHT K npo

THBOpe'IIIIO, TaK KaK KBaHTOBaHne 'laCTIIJ:t CO CniiHOM nonOBHHa no Eoae 03HaqaeT fliiWh0 

'ITO llflli HHX H9B03MO}!{H0 nocTpOHTh BaKyyM (cnenaTh 3HeprniO nOflO}!{HTenhHOti), 

x/ . 
CM, TaK}!{e §§ 1 H 6 , 

36 

Ecnn, onHaxo, npennono}!{HTh, 'ITO KBapxn KOMMYTHPYIOT, To B03HHxaeT HoBali Tpyn

nocTh. B cncTeMe na nByx npoToHOB nx nepecTaHPBKa non}!{Ha npnBonnTh x u3M9HeHniO aHa-. 

xa 8onHoBoii ¢yHxnnn, B TO }!{e BpeMSI nepecTaHoBxa Tpex nap xBapKoB, cornacno npenno

no}!{eHuiO,He MeHSieT aHaxa, BbiXOA na aToro napanoxca cocTonT B TOM, 'ITO ooMeH KBapxa

MH M0}!{9T COBepmaThCli TOflhKO B ¢opMe CBli3aHHOro COCTOliHHli - OOM~Ha M930HOM, lloa

TOMY BOflHOBali ¢yHKUHli ltBYX HpOTOHOB He 00li3aHa Ob!Th CHMMeTpH.'IHOI! OTHOCHT9flhHO ne

pecTaHOBKH UBYX KBapKOB, npuHanne}!{alllHX pa3Hb!M npoTOHaM, 0Ha oonanaeT CBOI!CTBaM)!' 

CHMMeTpHH TOflhKO OTHOCHTenhHO nepecTaHOBOK KBBpKOB 'BHyTpu' OAHOrO npoTOHa, Bo 

BCIIKOM cny'lae OITHCaHHblti napanoKC He npnBOUHT HH K KaKHM peanhHbiM TPYAHOCTIIM, 

§ 9, MaccOBbie ¢opMynhi B su ( 6) 

llOCKOflhKY HBOfliOAaeMbie MaCChi 'laCTHil 0 BXOltliiiliiX B OJ:tHH II TOT }1{9 SU (6)- MYnh-

TunneT, aooollle roBopli, paann'IHhi, TO SU ( 6) - CIIMMeTpUli liBfllieTCli HIIWb npnoHU}!{e-

HneM x neticTBHTenhHOCTH u c HeooxonuMocTbiO non}!{Ha HapyrnaThCH, BoaHuxaeT aonpoc o 

TeH30pHbiX CBOtiCTBax B03MyllleHIIli 0 OTBeTCTB9HHOrO 38 3TO HapyrneHHe H npHBOAliiilero K 

paclllenneHHIO Mace. 

Cpaay ncHo, 'ITO Taxoe B03MyllleHue ooHaaHo owTh cxangpoM OTHOCHTenhHO rpynnw 

SU ( 2), T8K KaK 'laCTHilbl AOH}!{Hbl OOfl8A8Tb OITpeneneHHb!M CffiUIOM J , ll03TOMY 
J 

CHMMeTpllli B03MyllleHHOti CHCTeMbl He M0}!{9T Ob!Th Bblrne, '19M SU ( 3) X SU ( 2) J • 

'IToobi nony'IHTh pacllle!ineHne BHYTPH YHHTapHbiX MYflhTnnneToB, npennono}!{HM, xax 

oohi'IHo, 'ITo BoaMyllleHHe HBnlieTCli cMechiO 

OKTeTa, <'ho npiiBOJ:IHT K rpynne CHMMeTpHH 

SU (3)-CHHrneTa H (313) - KOMnoHeHTbi 

U(l) y x SU(2) 
1 

x SU(2)J 

TaKHM oopaaoM, aaKniO'IaeM, 'ITO B03MYIIl9HHe, OTB9TCTBeHH09 aa paclllenneHI!e Mace BHyT-

pn SU ( 6) - MYflhTHITfl9TOB 0 . T,e, AOOBBKa K nepBOHB'IaHhHOMY MaCCOBOMY onepaTopy, 

.liM99T TpaHc<jlopMaUHOHHbi9 CBOI! CTB8 COCTOliHllli C ] = Y = I = 0 , 

CocTOHHHli aToro Tnna conep}!{aTCH B caM'oconpg}!{eHHbiX npencTaBneHHliX 1, 35, 

189, 405 n T,J:t,, 'ITO MO)!{HO yBnneTb HenocpencTBeHHo, ecnn BbiiTHCBTh conep}!{aHue Haa-

BaHHbiX npencTaBneuHI! no nonrpynne SU (3)x SU(2) J (eM. Ta15nnny n § 6): 

35 = ( 1,3) + ( 8,3) + (8,1), 

189 = (1,1) + (8,1) + !27,1) + 2(8,3) + (10,3) + (10-:'"3) + (1,5) + (8,5), 

405 ~ (1,1) + (8,1) + (27,1) + 2(8,3) + (10,3) + (10"';3) + (27,3) + (1,5) + (9,1) 

(8,5) + (27,5). 

B!>IliCHHM BHa'lane, xaxoti BKnan B MaccoBbiti onepaTop BuocnT npencTaBneune 35, 

B caMoM oollle>,r cnyqae TeHaopHbiti onepaTop M: , nMeioruin1 cHMMeTpHIO 35-nneTa, 

Mo}!{uo aanncaTh B BHne: 
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p. 
M.., (AAAAA)p. , 

v 
A p. + a (A· A )p. + 

v 2 v (9.2) ... + a 6 a I 

rae 
p. 

A v -renepaTopbl SU ( 8) (eM, § 5), HeTpynno ycTaHOBHTh, 'ITO cocTo!IHHIO 

j = Y = I = 0 B (9,2) OTBe'laeT KOMDHHaliH~: 

3 6 
Ma + M6 = 

a,3 
(9,3) M 

a,3 

TiollCTaBil!l!l ( 9,2) B (9,3), C TO'IHOCTbiO llO KBanpaTH'IHblX no Ap. 
v 'lll9HOB oylleM HM9Tb 

-M a~ 
3 

M + M 
3 

3 6 
a I (A 3 + A 6 

3 6 
+ a [(AA) + (AA) ] 

2 a 6 
(9,4) 

Tiocne npoCTbiX Bbl'IHCil9HHil, llll!l npOB91l9HHH KOTOpbiX H90DXOilHMO npHBil9'1b llHlllb H9KOTO

pbl9 onpeneneHIIH H3 § 5, ¢opMyna ( 9.4) npHHHMaeT ann: 

rae s 

(4) (9,5) 
M 

35 
M 

1 
Y + M 

2
(2S(S+ 1)- C 

2 
+ 

y2 

4 

(4) 

-onepaTop "cTpannoro• crrnna, C 
2 

-KaanpaT!I'IHbill orr~paTop KaanMHpa rpyrrnhi 

su (4), Y -rnnepaap!l/l, B uenoM, c yqeTOM BKnana oT 

qaeM cnenytomee BbtpaJKenne llll!l Maccoaoro orrepaTopax/ 
17

•
81

: 

SU (8) - cnnrneTa, rrony· 

(4) 

M = M + M 
1 

Y + M- 2 (2S (S + 1)- C 
2 

+ 

2 

y ) • 
4 

- xx/ ( ) B rrpnMenennn K 35-nneTy Meaonoa 9.6 naeT (cp. c § 3): 

1. TipeJKnee COOTHOW9HH9 llllH ITC9BJlOCK81l>IpHblX M930HOB 

K - TT = 3(>) - rr ) ~ 

2; PaaencTBO Mace p H W 1 a TBK>Ke COOTH01ll9HH9 

<f> + p = 2K*. 

3. •npaaHno nnTepaanoa•: 

K* - p K- " ' 

(9,8) 

xl Mbt rro-rrpeJKHeMy C'IHTaeM, 'ITO B cnyqae Meaonoa rrony'laiOTC!I ¢opMYilbl an>I KBa-
npaTOB Mace, a B cnyqae 6apnonoa - nn>I Mace B rrepaoll cTerreun. KpoMe Tore, B rrepaoM 

cnyqae, Koneqno, M 
1

= 0. 

xx/ ) B rrpencTaBneHHll 35 cjlopMyna ( 9.2 TO'IHO coneplKHT nnrnh JlBa rrepBbiX cnarae-
Mbtx, llOCKOilbKY B 9TOM cnyqae cTeneHH (AAA) p. , (AAAA)P. H (AAAAA )11- CBOJl>IT-v v v 
C>I K nepBblM llBYM CTeneH!IMo 

38 

Ho ne naeT aaBHCHMOCTH Mace oT oobi'IHoro crrnna, 

~opMyna (9.6) oKaawaaeTc>I aeynoaneTBOpHTellbHoll H nn>I onncaHH!I pacmenneHH>I Mace 

B 56-rrneTe, nettCTBI'lT91lbHO, llOCKOilbKY llll>I 58-nneTa, HMeeT M9CTO TOJKil9CTBO 

2 
y (4) 

2S(S + l ) - C 
2 

+ 
2 

COOTHOIII9HH9 (9,6) CT8HOBI'lTC!I COBC9M npoCTblM: 

M= a+bY, 

- SY - 15 
2 (9.7) 

{9,8) 

'ITO !IBHO llllOXO, T.K, OTCYTCTByeT 'lll9H cP OpMyllbl .( 3,4), COil9pJKamnli: J(J + 1)- _y 2 n cy-
4 

mecTB9HHbltl ann orrncaHH>I Mace. norrpooyeM paaoopaTbC!I, rroqeMY cjlopMyna (9.6) rrony'IH-

nacb MeHee acjlcjleKTI'lBHOtl, '19M COOTB9TCTBYIOllla!l cjlopMyna SU (3) C OKT9THblM B03Myllle-

aHeM, CnaraeMoe B IIpOI'l3B91l9HHI'l 56* X 56, OTB9'1810lll99 TOKy, COCTOI'lT TOilbKO H3 Oil-

Horo F - IIpOI'l3B91l9HH!I ( aHTHCHMMeTpH'IHOrO OTHOCHT91lbHO 3aM9Hbl N->E.),BTO 

apeM>I KaK B cxeMe SU (3) TOK ConepJKan IIpOH3BOilbHyiO KOMDHHaUHIO F - H D 

IIpOH3B91l9HI'ltl, TI09TOMy B CXeMe SU ( 6) B03HI'lK89T TOilbKO Olll'lH THIT CB>I3H H COOTBeT-

B9TCTB9HHO B cPOPMYil9 ( 9.8) ll0!1Bil>I9TC>I TOilbKO OllHH 'lll9H (onl'lCbiBaiOIIII'lfl lli'!HeflHyiO 38-

BHCI'lMOCTb OT rnnep3ap>IIla), 
Bo3Bp8lii8!1Cb CHOB8 K M930HHOMy cnyqaro, 3aM9THM, 'ITO B CXeMe SU (3) MyllbTI'lllne-

Tbl p H v BblCTynanH IIOp03Hb0 H II09TOMY BOIIpOC 0 aaBHCl!MOCTI'l HX Mace OT CIIHHa 

npocTo ne aoannKan. TaKa>I aaBHCHMOCTb Morna Obi no!IBHTbC>I, ecnH obi Mhi, KpoMe oKTeT
A 

noro iloaMymenn>I (non>I H 8 ), paccMoTpenH 6u eme 11 yHHTapHbiil CHHrneT, caS!aanHbill 

no-pa3HOMY C ODOHMH MynhTHnneTaMI'l, 

TaKnM oopaaoM, llll>I ycoaeprnencTBOBBHH!I MaCCOBbiX ¢opMyn HeOOXOilHMO BKiliO'IHTb 

CB>I3b C T9H30paMH SU ( 6) oonee Bb!COKOrO panra, l'lM91011IHMH B paMKaX SU (3) OKT9THb!li:_ xa-

paKTep, a, KpoMe Taro, nooaBnTh eme noaMymenne oT SU (3) CHHrneTa. 

PaccMOTpHM a CB!I31'l c 9THM caMoconp>IJKeHHbte rrpencTaanenn>I 189 n 405. 0TBe'laro-. 
lillie l'lM nenpHBOJll'lMb!9 T9H30pHbl9 onepaTOpbl IIM9IOT BHil: 

~ - (189) - nneT, M~ 
v 

(9.9) «tl 
M 
~ 

- (405) - nneT, 

npnqeM nee mrrypbi C'II'!TaiOTC>I paBHb!MH Hynro 

Terrepb, BBOil!l neooxonnMoe qncno nponaBOnhHblX nocTO>IHHbiX, cTponM orrepaTopbl 

(9.9) na renepaTopoa A~ , BbiJlen>IeM na nnx KoMonnannn, npeoopaayromHec>I no npen-

CTaanenu>IM ( 1,1) n (8.1) rpynnhl SU (3) x SU (2) J (eM. ( 9.1) n nonaraeM ynn-

Tapnhte HHil9KCbl paBHblMH 3, 

B peaynbTaTe
181 

oKTeTna>I 'laCTh, conepJKama>Ic>I B npencTaBnennn 189, rrpnBOnnT K 

Macconott cjlopMyne: 
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m> ~~ 
M

1189
> = a+ b{[2J(J + 1)- C 2 ] + 

+ 3[21(1 + 1) -*Y 
2

.,. 2N(N+1)+ 2S(S + 1)] -

3 (() 2 
- [ 2S(S + 1) - c 2 + % y ] I 
4 

llpnuanne~amnA 3TOMY ~e ~pencTanneunro yunTapuufi cnurneT naeT: 

(I) 

M = 
(189) 

(3) 

d + e [2J (J + 1) - C 2 ] 

(9.10) 

(9.11) 

0KT8THBB 'IBCTb H yHHTBpHblft CHHrneT npeACTB:BneHHB 405. BHOCBT COOTB8TCTB8HHO cnenyro-

mne BKnaAbt: 

(8) 

M(40G) 

(3) 

f + g {[ 2J(J + 1) + c 2 ] + 

(() 
+ ..1!_ [2S(S + 1) -C 

2 
1-

y 2 

+ 3 [ 21(1 + 1) - * y 
2 

+ 
4 8 

+ 2N(N + 1) - 2S(S + 1) ]I , 

(I) • . . (3) 

M((OG)= k + £[2J(J+1) + c 

(9,12) 

(9.13) 

rAe a ... £ - nponanonLHhte, Koa<J4>nuneHTbl1 aanncsmne nnlllh OT onepaTopoa Kaan-

Mnpa rpynnbt SU (8), CMbiCn KBBHT;>BbiX 'IHCen, <jlnrypupyrolllliX B (9,10); pa3'bBCH8H Bbl

llle, 05maB MB.CCOBBB <jlopMylla, npeACTBBnBJOlllaH C050A cyMMY Bb!pa~eRllft (9,8), (9,10) -

(9,13)
1 
COAep~HT 7 npoll3BOnbRbiX HOCTOHHHblX H BbirllllAHT TBK! 

(3) 
M= M

0
+ M

1
C

2 
+ M

2
J(J+ 1) + M 3 Y + 

(() 2 
+ M 

4 
[ 2S(S + 1) - C _ + % Y ] + 

2 
+.M

6
[N(N+ 1)-S(S+ 1)]+ M

8
[1(1+1)-%Y] 

B npencTannennn 58 , yqnTbtBaB To~ecTna 

(3) 

2J (J + 1 ) - c 2 =- 9/2 • 

1(1 + 1) - % Y 
2 

- N (N + 1) + S (S + 1) =- Y + l' 
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( 9.14) 

II BblHHCBHHOe pauee TO~eCTBQ (9,7), <jlopMyne (9,12) MOlKHO HpHAOTb cneAyiDlllH!!. HpOCTOl! 

ann: 

2 

M= M
0

+ M
1
Y+ M

2
[1(1+ l)-%Y ]+ M

3
J(J+ 1). ( 9,15) 

SJcH0 1 'ITO H3 (9,14) HOny'IBIOTCB BCe COOTHOlll8HHB SU (3) - CXeMbl Me~y MBCCBMH 5a-

pHOHOB1 a KpoMe TOrD1 Bb!TaJtaeT AOllOIIHHTellbHaB HH<j>OpMBllHB 0 paBeHCTBe KOa<jlq,HIIH9HTOB 

II 1 H 11\· B MB.CCOBOA <jlopMyne Ann OKTeTa H AeKynneTa ( CM, § 3), Ponb HOCII9JlHero 

cnaraeMoro B (9,14), o'!eBHJlHo,· CBOJlHTCB K TOMy, 'IT05bt ABBBTL pacmenneune Mace qac-

Tnn no cnnny, 

3ua'IHTellbHO M9H99 a<jl<jleKTHBHOJ! <jlopMyna (9,12) OKa3biB89TCB B TOM cnyqae, KOr}la 

Mbl npnMeHBeM ee K np.9JlCT8BileHBIO 35, J1a-3a CIIHlllKOM 50ilbiiiOrO 'IHCIIB HpOll3BOilbHbiX HOC

TOBHHbiX 3Jl9Cb ynaeTCB llOJIY'IHTb IIHlllb OJlHO COOTHOlll9Hlle MB>KJlY MaCCBMH HC8BAOCKallBpHhlX 

Me30HOB, H3BeCTHOe H B SU (3)-Teopnn (eM, § 3): 

K = % ( 3'1 + 11 ) • 

/8/ 
llm1 yny'IIIIeHnB <jlopMyllbi t 9,14) 5uno npeAno>Keno ue y'InTbiBaTL B Bbtpa>KeBHn 

BKIIBA OT npeACTBBileHHB (9,10), orpaHH'lllBaBCb lllllllb BKII8Jl0M OT CBHrneTa (9,11), Ecnn 

CTaTL na aTy TO'IKY apennn, TO a <jlopMyne (9.14) cnenyeT npnpaBHBTL Jlpyr npyry Koa<jl<jlnnn
x/ 

eHThi M 
6 

n M
8 

, TaK 'ITO B peaynLTaTe oua npnueT r.HA : 

~ = 
(3) (() 2 

a,.. bC 2 + cJ (J + 1) + dY + e [2S(S + 1)- C 
2 

+ % Y ] + 

2 

+ f[I(I+ 1)- !.._ + N(N + 1)- S(S + 1)] 
4 

( 9,15) 

113 (9,15) AIIB 35-nneTa HOily'IaeTCB HOBOe COOTHOllleHH81 CBB3hlBa10lll89 MaCChi nceBAOCKa-

nBpHbiX H BeKTOpRbiX Me30HOB: 

cu¢ * ( 11 + K*- K) ( 3 K *- p + K - 11 ) -

.l(4K*-p)(SK*-p +11 -K -2cu- 2¢). 
6 

< 9;1el 

PanenCTBo (9,18) Bb!HOnHBeTcB c xopolllel! TO'IHOCTLIO, 3To BHAHO xoTB 5bt na Taro, 

'ITo nocne npnMeneunB K (9.18) 'npaanna nnTepnanoa• 

K*- p = K-- 11 

nauuoe cooTnolllenne npenpamaeTcB a nanecTnyiO KBanpaTn'Inyro <jlopMyny lllnnurepa 

(cu-p)(¢-p)=.±(K*-p )(cu +</>- 2K*), 
3 

(9.18) 

xopolllo cornacyiOmyrocB c onbtTOM. OnnaKo caMo 'npaBHno JIHTepnanon•, B oTIIH'I!Ie oT pa-

x/ 
llllB 58-nneTa <jlopMyna (9,18) 3KBIIBalleHTHa (9,15), 
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nee paccMoTpennoro cnyqaa (eM. (9.6)), HHJtax ue cnenyeT na o6mel! <j>opMynbi (9.15). 

Tenepb llallHM H9XOTOpbl9 UO!ICHeHHSI K BbiiiOllY COOTHOW9HHSI ( 9.16) • Baa 'lane HaoflXOllH-

( ) (~ MO aaMeTHTb1 'ITO MaCCOBbll! onepaTOp 9.15 H3-3a HaHH'IH!I B HeM CnaraeMoro C ~ 

ue <IBnSieTCH nnarouanbHbiM B nonnpocTpancTBe ( ¢ cu ) , UOCKOUbltY STH 'laCTHilbl Tenepb 

onpenemnoTcSI KaK nnuel!Hble xoM6nuannn ynnTapnoro cnnrneTa cu' n ( 3.3) - KoMnouen-

Tbl OKTeTa cp ( CM. § 7) 

"' vl cf>' + ..;T cu' 
3 3 

<P = v .1. ci>' + v T"', 
3 3 

(9.19) 

noaTOMy MaCChi "peanbHbiX" CU - II </> - Me30HOB llOU>KHbl Bbl'IHCUSITbCSI H3 CeKynap-

nora ypasuenna: 

<«> I M I"''> - >. 
0 

<w I Mlcf>> 
(9.2o) 

<cf>IMicu·> <cf>IMI cf>>- >. 

(A I = W 1 A 2 = </J ) • 

OnnaKo BMecTo Taro, 'IT06bl pemaTb ( 9.20), MO>KHO BhlnncaTb nasecTHble TO>KlleCTBa 

w+<P=<wl Mlw>+<<I>IMI</>>, 

ll
<wiMI ~ > 

w .p. = det 

<</> IMiw '> 

<wlr.il¢>11 

<¢1 Ml ¢ '> 

(9.21) 

113 KOTOpb!X 3aTeM HCKUIO'IHTb UOCTOSIHHble 8 b c , • •• , npnBnex:au .o:nH aroro 

OCT8HbHbl9 MaTpH'IHbie aneMeHTbl onepaTOpa M B peaynbTaTe n nonyqaeTcH <j>opMyna 

(9.16). 

K BbiBony <j>opMynbi a.nSI Mace 35-nneTa MO>KHo noa.ollTn 11 necKonbKO nnaqe, HMenuo, 

npea.nono>KHM, 'ITO xapaKTep napywenna cnMMeTpHH (saanMonellcTime c BaKyyMoM) soo6we 

ne csaaan c npea.cTasneuneM SU ( tl), a onpenenaeTcH numb npea.cTasnennHMH SU(3). 

TaKoe npennono>KeHne a.osonbuo ecTecTseuuo, TaK KaK aaanMoa.e!lcTBne c BaKyyMoM ne 

nepeHOCHT CUHH81 a UOTOMY He MO>KeT 0Tp8>K8Tb HHK8.KO!l CUHHOBO!l CHMM9TpHH. KaK flbl TO 

HH flbinO, nonycTHM, 'ITO B03MyWeHne HM99T XapaKTep OKT9T8 SU (3) H CHHrneTa SU(3), 

0KT9T SU (3) ne SIBnSieTcH npencTaBHTeneM KaKoro-nn6o onnoro MynbTHHneTa SU(6), 

a MO>KeT 6b!Tb paano>Ken no cyMMe npea.cTasnennl! 35 n 405 (no6asnenne 6onee BhiCoxnx 

npea.cTasnennl! ne ManseT a.ena). Ananoruqno cnnrneT SU (3) CB!I38H C CYMMOl! lll)9ll-
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J -· 

CTSBneHHl! .!.!ill. H 405 ( eme paa HaUOMHHM, 'ITO TOUbKO BTOpoli H3 HHX BHOCHT BKU8ll. B Mac

ey Jill ). npencTaBneHHe 1Q.§_, ItaK STO MO>KHO llOKa3aTb Up!IMbiM Bbi'IHCnenneM, npHBOll.HT K 

TOKy, B KOTOpOM H :F H D '18CTb CM9W4Hbl B OTHOWOHHH - 6/6, PaCCMaTpnsaeMa!I 

cyMMa 189 n 405 nponopnnonanbHa npocTo J{J + 1) • noaTOMY no6asnenne HOBbiX qnenos 

'pa3BSI3biBaeT• 'F H D TOKH n o6ecneqnaaeT ny>KHyro aasncnMOCTb aT cnnna. B pe-

aynbTaTe Mbl npHXOllHM K ¢opMynaM (9.15) llJUI 6apHOHOB ll <j>opMyne 

(4) y 2 
M = M 0 + M 2 [ 2S (S+ 1) - C 

2 
+ 

4 
l + M 

8 
J (J + 1) 

a.mt Meaonos. TaKHM ol5paaoM, s SU ( 6) <j>opMynhl nnSI pacmennenna Mace MO>KHO onncaTb 

B TepMHHaX llBYX mnypHHOHOB, HM910LlHX Tpanc<j>opMauHOHHble CBOl!CTBa SU (3)-oxTeTa n 

SU(3)- cnnrneTa. HeaasncnMo OT MonenbHbiX npencTasnennl! 8TH <j>opMyUbl MO>KHO pac-

cMaTpnsaTb nna onncannSI peanbllb!X Mace qacTnn. 

nnll llOUb30BaliH>I MaCCOBbiMH <j>opMynaMH B SU (6) - Teopnn noneano nMeTb csonuyro 

Ta6nnny 3Ha'I9HHJ! KBaliTOBbiX 'IHCen 'laCTHU 1 BXOllliWHX B paCCM8TpHBaeMbl9 MYHbTHnneTbl, 

TaKas Ta6nnna npnsonHTCH nn>Ke. 

'lacTnnhl I N s J c<s> c<•> 
2 2 

fT I 0 0 0 6 8 
,p 

I I ·0 I 6 8 ,, .., 
0 I 0 I -8 ••• ¢' 
0 I 6 8 . . . ... 

'I 0 0 0 0 6 0 
K I/2 I/2 I/2 0 6 15/4 
K* I/2 I/2 I/2 I 6 15/4 
K I/2 I/2 I/2 0 6 I5/4 
K* I/2 I/2 I/2 I 6 15/4 
<P 0 0 I I .... 0 
w' 0 ... . .. I 0 ... 
N I/2 I/2 0 I/2 6 63/4 
AI) 3/2 3/2 0 3/2 I2 63/4 
:I I I I/2 I/2 6 9 
A 0 0 I/2 I/2 6 9 
:I/) I I I/2 .3/2 I2 9 
E I/2 I/2 I I/2 6 I5/4 
El'J I/2 I/2 I 3/2 12 I5/4 
n 0 0 3/2 3/2 I2 0 

nPHM9'18liHe, Toqxn oanaqaroT, 'ITO qacTnna ne >~Bn>leTcSI •co6cTBeHnhiM cocTOSIHHeM' 
cooTseTcTsyromero onepaTopa. 
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§ 10. MarHHTHble MOMeHTbl B su ( 6) 

Onno H3 nan6onee npKnx nccTn*eHnA a Teopnn SU ( 6) - CHMMeTpllH CB938HO C llO• 

nyqeaneM OTHOllleHHR MarnHTHhiX MOMenTOB nei!Tpona n npoTOna. HMenao, Teopna naeT 

{3 p(n) 

p(p) 

B TO BpeMR K8K 3KcnepnMeHT8llbHOe 3Ha'leHne 

2 
T 

{3 paBHO -0,684. 

( 10.1) 

CooTHOllleHHe ( 10.1) MO*eT l'ib!Tb YCTBHOBllCHO p83llH'IHbiMH cnocol'iaMHo 

/10,11/ I 
B ocnose o.nnoro H3 HHX ne>KHT npe.nnono>Kenne o TOM, 'ITO nonHhlll: 3llaKTpoMarHH-r-

HblH TOK 6apHOHOB H 6apHOHHbiX pe30H8HCOB, BXOil!IIIIHX B 56-nneT B~ , npnnanne*HT 

35-MepnoMy npencTannennro rpynnhi su (6). nocKOllbKy, c npyroll: CTOpOHbl, rpynna SU(6) 

COOTBeTCTByeT nepenRTHBHCTCKOMY paCCMOTpCHH100 TO YK838HHblll: TOK llOll*eH HMeTb BHil 

~ ~ ~ 

= Q [ .P* 'iJ .P - ( V .P*) .P ] + f1 rot .P* u .P 

rne nepBblH 'IlleR OTBC'IaeT 3lleKTpH'ICCKOMY TOKy ( Q -3nCKTpnqecKHH 3apgn); a BTO-

poll: - TOKY naMarHn'leHIIR ( I' -MarHUTHbil\ MOMCHT). HeTpyllHO 3aMeTHTb, 'ITO 3TH naa 

'lnena o6nanaroT pa3llH'IHblMH Tpanc<jlopMa!lllOHHblMII CBOfiCTBaMH, OTHOCUTellbHO rpyllllbl 

SU (3) X SU (2). TaK, 3neKTpH'IeCKHl\ TOK OTBC'IaeT npe!lCTasneHHIO (81 1) 3TOl\ rpyn-
,J 

Ubi, a roK naMarnnqenn!l - npencTanneHI!IO (8,3) •. CnenonaTen&no, ecnn Mbl nocTponM 113 

<j>yHKIIHfi B~ H .B* KOBapnaHTHblH OTHOCHTenbHO rpynllbl SU (6) TeH30p TaKa Ja , 
~ a' 

a aaTeM Bbi!lennM H3 nero Ty 'laCT&, KOTopaR npeo6paayeTcR no npencTannennro (8.3) non-

rpynnbi su (3) X SU (2~, TO BKllall B 3TO Bblpa*CHHe OT pa3llH'IHblX 'IBCTHII 6yneT 

nponopnnonaneH nenH'IHHBM HX MarHHTHblX MOMeHTOB. 

Tenep& nponaseneM· ·KOHKpeini.Ie Bbi'Incnemui. Hcno, 'ITO 

a 
J = a' 

B* B~ 
a'fjy 

( 10.2) a 
I'J , < B*B > 

6 a 

rne 
< B* B > " B* B !!1&._ 

!if}r 

nonCTBBllHR B ( 10.2) RBHblH Bllll BOllHOBblX <iJyHKIIHll: B!!l2J:' H B* 
af3y 

( CMo ( 8.2) ) , 6yneM 

HMCTb: 

a a,A 

J , " ·J , , a a,A 

ABC abo 

d: 'sc d <~>: 'bo </> 
1 a A BCD 
_/') , I'J , d * d + 
6 a A BCD 
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/ !/ 

3!le<:;& 

~I? ab -ABD C 
+ :t..::... [ < < d* , b </>*, X 

3 ABC D a bo + 

* D ABC * abo 
+ • A 'so• a 'b b c d X c ¢ ] + 

1 a * A -+a *-+ A 
+ - II'J , ( b b F ) , + ..l.( u ) , [ 3 ( b u b D) , + 

6 a A J a A 

-+ . A A B C 
+ 2(b*ubF )A,+ 1'JA,b*c b

8 
I. 

(h*.b' )A 
, ~ F A, 

E b* Bb A 
A' B 

b* Ab B 
B A' 

b* A *BA.*AB ( b D ) e b ,b + b b ,-
A' A B B A 

3 I'J A b* C b B 
3 A' B . .C 

( 10.3) 

-neno coo6pa3nT&, 'ITO npencTasnel!nro ( 8,3) a ljlopMyne ( 10.3) oTneqaeT cnaraeMoe 

-+'''a -+ A _. A 
(u ) ,[ 3 (b* u b ) ,+ 2(b* u b ) ] 

a · D "A F A' ( 10.4) 9 

113 ( 10.4) BHilHO, 'ITO 6apHOHHble TOKH F- H 0 - THIIOB BXO.LUIT B nonHbiii TOK B OTIJO

BCTpeqaeTcg n ( 10.4) 'Mnnyc nna• paaa, 
UJeHHH 2 : 3. nocKOllbKy nenH'IHHa ( -~ nun 

B (p u~p) 
- Tpn paaa, TO cornacno cKa3annoMy Bbrllle 

p(n) 2 
p(p) = - 3 

Ananorll'lllb!M o6pa3QM MoryT 6b!Tb HBJine!lbl COOTHOllleHHR Me}I{Jly MBrHHTHb!MII ':'OMCH

TB~H OCTBllbHblX 'IOCTIIU ll3 56-nneTa, a TOK}I{e COOTHOIIICHHR Me}l{ny MarnUTHblMH MOMeHTa

MH nepexonon OKTeT-Il CKynneT. npu 3TOM, KPOMe paBeHCTB, nony'IeHII!oiX [lllHee B 'IliCTOJi 

SU ( 3 )-cxeMe ( cM. § 4), B03HHKBIOT HeKOTOPhie nononnnTenbHbie CB!I3H. HanpnMep, 

I' ( !1) 

<PIt< I tJ.I'J > 

I' (p) • 

.1 ,;2 p(p). 
3 ( 10.5) 

lln11 Bhi'IIIcnennst MarnnTHbiX MoMenToB 'IacTnu, nnarol!an&HhiX no. L -cnnuy, a SU( 6) 

CXeMe MOli<HO npnMeHstTb TaK*e QOpMyny (4.3). 0nHaKO Tenepb B CHny COOTHOilleHI!!I 

noc,.ogHllhie a 
H b 

OapHOHQB OYLteM HMeTb! 

F-TOK 

D -TOK 
.2 
3 

B (4.3) y}l{e He SlBll!IIOTC!I He3aBHCHMb!MH 0 no3TOMy Jlllst OKTeTa 
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I' a 
1_ [(% Q + 1)

2 
·- L(L + 1)] 1L (p), 

3 

a nnu neKynneTa, onaronapg paeeucTBY 
L = 1- % Q, 

,.10= Q,.(p) 

( 10,6) 

( 10. 7) 

H9TpyAHO yoeAHTbCH B cnpaBennHBOCTH (10.1), 

(10,1) _H (10,5)
1191

, 
C UOMOWbiO ( 10,6) B TaonHUbl § 4 

Teuepb onumeM eme OAHH cnoco6 Bb1BOA8 cOOTHOill9HHA THUS 

On 

e nusmeM npencTaane-

uenuKOM onupaeTCH ua uuTepnpeTauBJO reuepaTopa IL a= gQJ a 
HBH K8K onepaTopa Tp9Tb91\ KOMllOH9HTbl M8rHBTHOrO MOM9HT8 KB8pK8 (§5), llnH Bbi'lHCne-

HHH MarHHTHOrO MOM9HT8 '18CTUUbl
0 

_npHHSUneJKamel\ K8KOMy-nHOO BbiCill9MY npenCT8Bn9HHIO 

H oonanaromeli eonuoeol\··.PyuKUHeA cf> •· ueooxonHMO num1o nocTpoHTb reuepaTop IL 8 
B 

STOM npeltCT8BneHHH
0 

8 38TOM HaRTH cpenHee 3H8'19HH9 < cp IlL 8 1 </J > 

ITpounnrocTpHpyeM 
CK838HH09 paCCMOTpeHHbiM BbiW9 UpHM9pOM C npoTOHOM H uei\Tpo

BOnHOBbl9 ljlyHKUHK STHX '18CTHU HM910T BUll: 
HOMo C UOMOillbiC{ 8,2) nerKO yCT8HOBHTb 0 'ITO 

p 
V .1.. B 11,11,22 

3 

_L B 11,12,21 

..;3 

n = V _1 B 12,12,21 1 
3 - -y!" 

11,12,22 
B 

( 10.8) 

C npyrol\ cTopoHbi, no onpeneneuuro, reuepa'l'op IL a e 56-MepHOM npencTaaneHHH sanucbl

eaeTCB TaK: 
(86) 

IL a 
IL ax I x I + I x IL ax I + I x I x ~'a 

- 911HHH'IH81I 6 X 6 -MaTpHU8) ,,. 

Ms {10.9) cnenyeT, 'ITO cpenuee saaqeuue onepaTopa 

(&8) 
#L B B COCT09.HHH B 

paeuo: 

,. .!. (%p(1,1)- p(1,2) - p(1,3 )- ..l.p(2,1)+ .3). 
3 2 2 

(a,· A) cpenn na6opa (a,A), t (b, B) , (c,C) 

( 10,9) 

aA,bB,-eC 

( 10.10) 

• Coc-
rne p(a,A) eCTb 'IHCJIO naueKCOB 

TaBnBB cpenHHe #L(P) = .<p i/8
'>1P > a 

IL (n) = <n I /
88

>ln ·> H UpHHBMaSI SO BBH-
a . 

M8HB9 COOTHOW9HBSI ( 10,8) H ( 10,10), 
UOn~KM OKOH'l8T9nloH~ 

,. (p) = % g 

#L(n) =-Jg, 
3 
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(lO.lla) 

( 10.116) 

OTKyna cnenyeT COOTBOWeHne { ro.l}. Bbi'liiCnBB aHanorH'lHblM o6pa3ol\.l MaTpli'!HbiEl an~MeHTbl 
x/ . { ) : 

reuepaTopa IL a B 35-MepnoM npencTaeneHRH , MO>KHO c yqeToM 10.1 ta Bbipa3HTb .. Mar-;-

HHTHbie MOM9HTbl B9KTOpHblX M930HOB H M8I'HIITHbiB MOM9HTbl :tepBXOAOB M9>I<AY BBKTOpHh!MH" 

H UCBBAOCKanHpHb!Mll M930H8MH qepe3 P. (p) : 

#L(p+)=#L(K*+)= #L(P) 3<"+1P.IP+> 
{ 10.12) 

u T,n, PaeencTBa { 10,12) nonne>KaT npoeepKe na OUbiTe, 

ITocneAHHii H3 OUIICaHHb!X HaMil MBTOAOB Bbl'!IICII9HHSI p. ¢H3H'IBCKII COOTB9TCTByeT 

/10 16/ 
CIIOlK9HIIIO Mai'IIIITHblX MOMBHTOB KB8pKOB 110 npaennaM BBKTOpHOfi MOAB nil . 

0 
·, Hs ( 5,4) 

n { 10.11a) BbtTeKaeT, 'ITO MarHIITHbtil MoMeHT KBapKa p. (q) 11 MarHHTHbiii MOMeHT npoTOHa 

#L(p) CBH3aHbl paBeHCTBOM: 

p.(q) = Qq(p). ( 10.13) 

Ecnn nonycTHTb, 'ITO KBapK HBnHeTCH oobi'IHOI1 nnpaKoBcKoil qaCTIIIIell 11 nonoxmTb ero Mar-

HHTHbiil MOMenT p.(q) paBHbiM .. MarHeToHy.. ;; = ~ , To, npnHnMau eo BHUMaHHe 
0 2Mq 

3KCIIBpliMBHT8nbHOe 3H8'1BHH9 p. (p) = 2,79,8 , MOlKHO OUBHl!Tb BBJIII'IIIHY MaCChi KBapKa 
SIJ19pH, 

Mq 

Mq 
M 

--£.... 
. 2,79 

336 • ( 10.14) 

ITpennonaraH Tenepb0 'ITO UpoTOH. ll HBilTpOH BCTb CBSI3aHHbl9 COCTOSIHHSI Tp9X KBapKOB0 Mbl 

.tjlopMaJibHO, B CHJIY { 10,14), HMeeM npaBO C'IHTtlTb 3TH CUCTBMbl O'IBHb •pb!XIIb!Mll•, a 

KBapKu - no'ITH ceooo.nHbiMHxx/. Torna MarHHTHbie MoMeHTbi fL(P) H fL(n) npocTo CKna-

AbiBalOTCH H3 Mai'Hl!THbiX MOMBHTOB KBapKOB, 

•·. 
CymecTeyeT npyroJ!, oonee npennO'ITHT9nbHb!t\ { B ycnOBHSIX OTCyTCTBIIH 9KCnepnMeH-

TanhHb!X naHHblX 0 KBapKax) BapH8HT HHTepnpeT~IIll COCTaBHOli Monenu oapHOHOB B SU { 6)-

CXeMe, A HMBHHO, MOlKHO npennonolKHTh, 'ITO MaCCa CBOOOAHOrO KBapKa O'l9Hh BenHKa {na

Upi!Mep, .OOIIhWe 10 rae) H 0 COOTB9TCTBeHH00 ero AHpaKOBCKIII\ Mai'HIITHb!il MOM9HT Man, HO, 

~M { . bl npennonaraeM, 'ITO g ljlaKTOpb! KBapKa ll aHTHKBapKa 0/liiHaKOBbl 3HBK 3BpSI-

11a Y'IHTbiBaeTcB e fL 
1 

). Ecnn paccMaTpneaTh MynLTnnneTbl, nnu KOTOpbtx neooxonuMo nc

nonb3oeanne H99KBI!BaneHTHbiX KBapKOB0 TO npenUOIIOlK9IIH9 0 TOM, 'ITO MarHHTHbll\ MOMeHT 

onpenenseTcH MBTpH'IHb!M aneMeHToM renepaTopa, SKBHBaneiiTHO nonymenmo, 'ITO ace Keap

I<n llM9lOT OAHH H TOT lKB <jlaKTOp naHne. Booome roeopB, 3TO ne OOH3aT911bH00 H U03TOMY B 

ofimeM cnyqae B TeOpHIO oynyT BXOilllTh UpOH3BOnbHbte UOCTOSIHHbte: 1168 OTHOW9HHSI Tpex ljlaK

Topoe Jlanne, 

xx/ , 
ITpu 3TOM oonee TSI>Kenbte oapHOHbl cnenyeT onHCbiBaTb KaK ClfCT9Mbl tmapKOB c 

~IIOlKHTenhHOil KlliieTH'l9CKOI1 aueprneli, HaXOilHDlll9CH BIIYTPll noTennnanhHoro oaphepa; 

'leBIIAHO, 'ITO Bp9MSI lKll3Hll TaKOrO KBa3HCTBIIHOHapaoro COCTOSIHHSI .llOIIlKHO Ob!Tb fionhW9 

BpeMeHn lKH3HH CaMero oapHOHa, 
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BaXOIUICb B CHIIbHO CBS<3aHBOM COCTOSIBHHo 3Ta '!aCTHila OOIIaAaeT gd>dJeltTBBHO Mlirrol! MaCCOI! 
. T ./15/. 

H ysenH'I9HHbiM M8f'BHTBbiM MOM9HTOM. aKaSI TO'!Ka 3p9HHSI pa~BHBa9TCSI B paOOT9 ·· ; 

f'A9 Ha npnMepe IlpoCTOI! AHHaMH'I9CKOI! MOA911H IlOKa3aH01 'ITO OilHCaHHbii! M9XaHH3M A91!

CTBHT91lbBO B03MO:lK9B 1 IlpH'I9M 'yB911H'I9BHe' MarHBTHOf'O MOM9HTa KB8pKa
1 

npeObiBaiQrue

f'O B CBSI3aHHOM COCTO!IHHHo OKa3b!Ba9TCSI B9CbM8 3Ha'IHT911bBbiM. 

§ 11. 311eKTpoMarunTnoe pacmen11enne Mace 66-n11eTa 

Ecnn npeneope'!b paanOCThro Mace anyTpn naoTonnqecxoro MYIIhTBnlleTa, TO pacmen-

nenne Mace 56-rrlleTa xopomo onncbtBaeTcn nonyqenuol! Bb!We 
1
<j>opMy11o1!: 

M = M + M Y + M [1(1+ 1)- ~ y 
2

] + 
0 1 2 

i 
MaJ(J+ 1). 

rt 
(11.1) 

- /17,28,29/ ... 
$opMylla AilS! 3119KTpOM8f'HBTHOf'O paCW911119HHB BbiBOABTCB TBK )1{9 0 KBK B ~OpMy-

na ( 11.1) 0 TOIIbKO IlpH _aTOM COBB I HaAo aaMennT& na crrnn L , rnnepaapsrA Yna 

- Q • B peayn&TaTe 6yAeM BM9Tb: 

2] a 8M
3

M =-c
1

Q+ m
2
[L(L+1)-14Q + m

4
Q. ( 11.2) 

Mbl B9 BbiilHC811H CnaraeMoe C J(J + 1) 0 TBK KaK B HeM MOlK9T H3M9HHTbCSI IIHWb 'IHCIIO

BOI! KOa<j><j>llllH9HT1 HO AOOaBHIIH '1119H = Q 2 
1 KOTOpbifi CBSI38H C OObi'IHbiMH M9X8BH3MOM 

Il0f'IIOW9HHSI H H311Y'I9HHSI <j>OTOHB. $opMyna ( 11.2) OilHCbiBaeT C liOMOWb!O Tpex IIOCTOSIH-

Hb!X A9CBTb 3119KTpOM8f'HBTHbiX p83HOCT9l! Mace: 4 B OKT9Te H 6 B nexyrrlleTe. TaKI!M oo-

pa30M, AOIIJKHO cymecTBOBaTb 7 COOTHOW9HHI!. nilS! OKTeTa IIOIIY'I89TCSI IIHWb OAHO COOTHO

wenne fii3Woy-KoyrrM3Ha: 

( E - E 
0 

) + (n- p) 
- + l: -I . 

( 11.3) 

3aM9THM 0 'ITO liOCKOIIbKY 

CSI CM9Cb!Q COCTOBBHI! C 

:Eo 

L= 0 

ne HMeeT onpenenennoro L crrnna (aTa '!acTnua RBIIHeT

n L = 1 ), TO AilS! I
0
-I + H }; --I 0 

HHKaKHX co

oTnowennl! ne soannxaeT. Ecnn nono:lKHTb m ~o To I--I0 =l: 0 -I+ 'ITonpoTnao-
a ' /30/ 

p9'!HT OilbiTY : 

-l:--I 0 - 4,87 + 0,12, l: 
0 
-I+ = 3,38 + 0,28 

n11n ll9KYI1119T8 H3 ( 11.2) H8XOAHM TpH COOTHOW9BHB: 

+ 0 * + *O t. -t. =I -I 

0 - * 0 ·- * 0 t. - t. = I -l: = E ,_*·-
;:::. 

- Tpn COOTH01119HHSI CBSI3b!B8IQT TaKJKe HHT9pB811bl B OKT9T9 H Il9KYII119Te: 

48 

( 11.4) 

/j 

' 

/ 

t. 

f,.o_f,.+= 
n- P 

0 
-t. =(n-p)+(I 

+ 
+l: 

t. 
++ 

t. 3(n- p ). 

2I
0
), 

CooTHOW9BH9 ( 11.3) Bb!Il011HB9TCSI 0'19Hb XOpOWO ( CCbiiiKB /29/) 

-~ ... o 
;:::. -;:::. 

n- P + 
I--I 

6,5 ~ 1,0, 

1,29. 

8,26 ~ 0,25. 

( 11.5) 

3KCI19pHM9HT81lbHbl9 .I:UlHHb19 AnSI P83BOCTH 

Ha ( 11.4) cnenyeT: 

. .... 
I -:.I neonpenene!IHN ( 17 + 7 n 4,3 + 2,2). 

l:*- -I*+= 2(n-p) + (I 

'ITO ·paano 4,47 Mas. 

HaMepena TaK:lKe /31/ 
p83HOCTb 

+ 
+ I 

f.++- t,. 0 
• - 0,46 + 0,85. 

Ha <j>opMyn ( 11.5) AIIR Toil JKe paanocTn nonyqaeM 

npaaan '18CTb p8BH8 -0,69. 

++ 
t. t.o 

2(n-p) + (I 
+ 

+I 

no) ( 11.6) 

',_ 

2I 
0 

) • 
( 11. 7) 

TaltHM oopaaoM, Ml.I BH.IlHM, 'ITO CX9M8 CHMMeTpnn su ( 6) naeT Brronne _paayMHoe -

+ . onncanne alleKTpoMarnuTnoro pacmennennn_Macc 6apnonos 1/2 n 6apnonnblx peaonancos 
3/21;.' 

§ 12. 3 a K n ro 'I e n n e 

Mbi yJKe neoAnoxpaTno OTMe'lann, 'ITO SU (6) - cxeMa npeACTaBIIS<eT coool! nepemr-

TnancTcxyro Teopnro, a xoropo~ nonnocT&ro nrnopnpyeTcS< cymecTBOBanne crrnn-oponTan&no

ro saanMoAellcTsns.. B nacTosrmee speMsr nonbrTKn sxnro'lenns. rpynrrbl 
SU(6) s 6onee wn-

Poxyro rpyrrrry CHMMeTpnn, cornacyJOmyrocs. 

6 /18/ 0 
Paaoaann uenoe nar.pasneHHe • Reno, 

C Tp900B8HHSIMH Teopnn OTHOCHT911bHOCTH
0 

_yJKe· 

cxeMhr npe:lKne scero neooxonnMo 
'ITO llllSI p911S<THBHCTCKOH <j>opMyiiHpOBKH SU ( 6)-

SU (2) 
I<:ax ·ManyiQ f'pynny' su (2) p "t-'JUUDI !._-~··--~··- . --•• ::.::: ::_ ··.--:u~uv~ '-''l.)''ili" 

cnnu He 0YA9T onpeuenen KOB8pH8HTBo. CnenyiOruni! war, 9CT9CTB9HHO, .llOII:lK9B COCTOS!Tb 
8 

o6-..eunnennn scel! rpynnbl ':! c rpynrrol! SU (3). Taxoe o6-..eAnnenue aoannxaeT s 

HHTeprrpeTnpoBaTb ee cnnnosyiO rroArpynrry 

~::-:·~:::.: ITyanxape p 
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peaynhTaTe TeH30pHOrO yMHOlKeHHH reHepaTOpOB HCXOAHbiX rpynn, UOAOOBOrO 01111CaBHOMY 
- . /19/ • 

Bblme B §. 5 · • PaayMeeTCH, KaK n paHhme, nponeAype yMHolKeHHH AOnlKBo npeAmecTBOBaTh 

pacmnpeHne anreop nn rpynn SU (3) H P AO TaKHx anreop, a KOTOpblx yMHolKeHHe 

HBnH9TCl! OObi'IHb!Mo 3To npnBOAHT, BO-nepab!X (eM. § 5), K HeooXOAHMOCTH paccMoTpeHRH' 

anreopbl nn rpynnbl U ( 3) BM9CTO . SU ( 3), 'fTo lK9 K8C89TCl! reHepeTOpOB rpynnbl nyaH-
- x/ 
~ape 

p ' M- m - 0,1,2,3), 
(12.1) 

TO 3AeCh CHTyauHl! OKa3biBaeTCl! CnOJKHee, B CaMOM Aene, ecnH HCXOAHTh H3 '<jlH3H'I9CKOro' 

(yHHTapHoro, oeCKOH9'1HOM9pHoro) npeACTaBn9HHl! rpynnbl , p , TO AnH pacmnpeHHl! COOT-

B9TCTBy!Ornel! anreopbl nn AO anreopbl OTHOCHTenhHO OObi'IHOrO YMHOlK9HBl! llOTpeooaanOCh 

Obi tSec~oHe'IHO MHoro HOBb!X sneMeHTOB, B nTore Mbl nony'IHnH Obi CTOnh rpoM03AKYIO KOHc

TpyKilHIO, 'ITO oHa Bpl!A nn Morna Obi npencTaBnl!Th <jlnanqecxnl! nuTepec. 

no9TOMY nenecooopa3HO B3l!Th aa OCHOBY 'leTb!peXMepuoe (HaBHB3IDee) npeACTaBne 

( ) , xx/ 
HHe rpynnbl nyaHKape, B KOTOpOM reuepaTOpb! 12,1 38AaiOTCl! MaTpBilaMH 

mn 
M 

rne 

J m n n m 
4 (y y -y y ), p 

0 OD S 

( • 0 0 ) = ( 1 + iy ) ~ ( 12.3) 

m D 
y y + y 2 g mn ' -y 

o·o = ( 

0 
y =y y 

1 -o 
0 1) ' 

2 y .. a ·y 

0.. - MaTpB!lbl naynn. 

nerKo yoenHThCl!, 'ITO AnH .HCKOMOro pacmnpeBHl! anreGpb! ( }2,3) H900XOAHMbl ABa nonon-

HHTenhBbiX SneMeHTa ; 

o
0 

0 
I= (o oO 

s 
H ·Y 

Teneph · paccMoTpHM anreopy, nopoJKAaeMyiO aceBOaMOlKBbiMH nponaaeneHHHMH 

A:=_ P mx :Ff.l 
(m,n) mn (S) s , A.,. = M X F "' , 

A = y X :F 

"' "' 
Ap.= I X :F. ( 12.4) 

"' 
(F p. = * ,\ p. , p. = 0,1, ••• 8). 

x/ KOMMYTaABOHHble COOTHOID9HHl! Anl! onepaTOpoB ( 12.1), KaK H3B9CTH01 HM910T BHA: 

[P m 
1 

pi>] = 0 ; [ Ml'm , PD] 
( 12.2) 

mn f 'f.. m 
i (g p - g p ) 

mn ra n:r me mr na 
[M , M ] = i ( g M - g M + 

na rm ma rn 
g M -g M ) 

xx/ /25/ 
PeanB381lHSI KOMMYT81lHOHHbiX COOTHOIDeHHJ!' ( 12.2) paCCMaTpHBM8Ch B 
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3TOMY cny'la!O COOTB9TCTByeT 108-napaMeTpH'IecKaSI rpynna G , OOWAHHl!!Ornal! rpynny 

ITydHKape c rpynnol! BHyTpeuunx CHMMeTpnl! SU (3). HeTpynao noHstTh, 'ITO rpynny 
G 

MOlKHO aanncaTh B anne nonynpl!Moro nponaaeneanl! 

·G = GL (li,C) • A
36 

, 
( 12.5) 

rne A 38 ecTh naaapnauTHal! 36-napaMeTpn'lecKaH a6eneaa nonrpynna, nopo>KnaeMast re
m 

uepaTopaMn A P. , GL(6,C ) - oomal! nnael!aast oAaoponaast rpynna B mecTn 

naMepeHnstx, nMe!Ornal!~72 napaMeTpa, Ecnn aanolKHTh ycnoane yanMonynstpuocTn, To 

GL (6, C ) aaMeHnTcst 70-napaMeTpn'lecxol! rpynnol! SL(6, C). 

BaeAeM B P8.CCMOTpeHHe onepaTOpbl W k, fl. H w , 
"' 

, nonaraH no onpenenean10 
<f,m) n w 

k,p. * < kfmn A P. 1\ 0 ( p. = 0•1• "'' 8 ) ' w ,., A ,(p.'·= 1, ... , 8) 
"' "' . 

(12.6) 

rne • , -aocon10TBo aHTHCHMMeTpH'IHbii1 eAnHH'IHbll! Te!Iaop 'leTaepToro paura, Qqeannuo, kt.mn k 

w k,p. YAOBneTBOpHIOT ycnOBHSIMH opTorouanbHOCTH: wk,p. A 0 = 0 • nerKo coo6pa3nTb, 'ITO 

35 He3aBHCHMbiX BenH'IHH. W H3 ( 12,fl) llOPOlKABIOT rpyriny, H30Mop<j!Hy10 
SU (6), npn';leM 

ee cnnuoaal! rioArpynna SU (2) stBnHeTcl! 'Mano!'l rpynnoil' rpynnbi P 

B paMKax pU MOlKHO llOCTpOHTb KOBapnaHTHOe o6oomeune SU (6) - CXeMbi, paCCMOTpeu-.. 

-TaKHM o6pa30M, 

· uol! B npenbiAymnx naparpa<jlax, 

/21/ 
B cepnn paooT paaanB.!OleTcH npyrol! nonxon K npooneMe penHTHBIICTCKoro pacmn-

1- peHIIH SU (6): 11Meuuo''-~~ ponh,_<jlyunaMeu;anbuoil 

p U , anecb BbiABIIraeTCH HeKOTOp~H Ue!'ott~aKTHaH 
B03HHKa!OmaH B peaynbTaTe TeH30pBoro:;~J~HOlKeHHH, 

llleCTHaJl!laTH y -MaTpno ua anre6py rpynnbl 

rpynne 

u< 12>. 

acex 

Cl! nonrpynnol! 

rpynna ITyauxape 

npocTpaucTaa 

rpyllllbl CHMMeTpHH, llOJlOOHOl! 

144-napaMeTpnqecKaH rpynna 

auanorn'laoro ( 5,2), anre6pbl 

U(3). O'leBIIJlHo, rpynna Pu SIBnSieT-

U ( 12). H HaXOAHTCH K. Hell llpHM9pHO B TOM lKe OTHOIDeHHH, B KOTOpOM 

P HaXOJlHTCH K rpynne KOH<jJOpMHbiX npeo6pa30B8HHil 'leTblp9XMepaoro 

U(4), 

B Ham eM pacnopHlKeHnH cell'lac HMeeTcH eme Mana apryMeHToa, 'IT06bl yTBep>KnaTb · 

HaBepHHKa, B paMKax KaKOl! rpyn_llbl ( U ( 12), p U nnn COBC9M Jlpyroil) AOn)I{Ha paa

BHBaTbCH KOBapHaHTHaH TeopHH CHMMeTpHH, 0JlHBKO, HeCOMHeHHO, 'ITO B OllH)I(aJ!mee Bp9MH 

B 9TOM oypgo pa3BHBa!OW9MCH HanpaaneHHH MO)I{l!O 0)1{HJl8Tb OOnbiDHX YCll9XOB II MHOrHX 

HHTepecHbiX peaynbTaTOB, KOTOpble npHOnii3HT HaC K 38BepmeHHIO llOCTp09HIIH TeopHH sne-
M9BTapHbiX 'IBCTHilo 
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