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NUCLEON SYSTEM 

Ab.st r act: The problem of the number of experiments - -.- - - - - -
which are necessary for ·the determination of the elements of the 

elastic scattering matrix is discussedo It is shown that in virtue 
. . 

of the unitarity condition the required_number of experiments equ-

als the number of complex functions entering the scattering matrixo 

In the case of nucleon-nucleon scattering the elasting matrix ca:n 

be determined on basis of. 5 experiments: measurement of the cross 

.section, polarization, normal component of the polarization correlat­

ion tensor and the normal components of the triple scattering·tensor 

(for both particles)o It is shown that experiments with rotation 

of polarization by the external magnetic field are not necessary 

for Ph:ase-shift analys1so 

Io Int~ o d UC ti On 

. 
At the present a large amount of experimental data on nucleon.-

nucleon scattering in a very broad energy region has been publish..:. 

ed*o 
-· - - -.- - - ~ 

* A good review of recent data has been_ ·written by Wolf'en­

-- stein1) o The authors take the opportunity to thank Prof. Wolf en.­

stein for sending his manuscript prior to publication •. 
- - - c:=t - - - - - - - - -- - - - - - -

A number of papers have appeared which are devoted to phase 

·-·---
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anal:,.ys:i.s. o:tt•;·t4e-,,e:iperinientai· re~ul i~· o'i Howev~:rei}) it .. has ::1nvariabl;y 

b.ee:q :.fcnind i1n nthise ,<iriv~stiga.'tion!Sr t-li~i th~ ph;s~~~hift ;,a~~'lysis 
. . . 

iS,-\J?.Qt:·~un:tque.·-and·;~~iU:ally the ~uth:ors g_ive seVer~l sets· of phaseQ 

shi~ts ,~.o:nsd:s:teri:t" wi tli; the <experimental results O Pha~ie~sh.ift ana=-. . 

l_y:.s.is'-:1n :th~es.e_; ,works ·-Eitarts· by restricting the number of states 
'y, •.• , . ' 

in~olyed _in:-·sc~.tteringo·:The ·next step, is to set up algebrai'c equa= 

tio~S;,"f0Jr.·-a:: finite ··numbk:f· of phases O mow ever}) i'or particles posses= 

·, ,, _sing.:.~q.~~spin\1t;:,remains'· -unc"lear'. which" experimenta.i data should be 

u,~~:d':,tO\Write }:the ·equations O A. good example is prot_on=proton scat=· 
• 

tering•,·at·;:notJ:t<00 ~high 'ene~gieso 

'':.Jn:-:t~i~ ·case, two states· :"1So and 3po . -are prediomi.nant in 

the scatteringo These states cannrot be separated on basis of cross 

section measurements. or polarization measurements o On the ·©ther 
~. ;: . -- ; . ,.- '\ . . . ·_ ' . 

hand, they can eas1·1y·: be'"d+:fferentiated by meas1ll?'ing the polar1zat= 
. 

ion correlationo .. The .necessity, of ·more intricate experiments is 
. ~. -~ r·s~ ~--.,. ;:;,. .. :<·:\ -~>r/~i : . -~ · .. :· ·:>=. . , 

apparent in this , case o In other ·cases si -when scattering is . not iso= 
-?l~\t;;:•}!.::~'.~•r~.:j':·•; .~t~.: • '\;b t'. :•.;;· . ~;-•., ' • ' . • . 

tropic and it may formally be possible.to determine a. finite n~= 

ber .of ,ph~ses V' the·~·q)1estion still remains whether the same ph~ses 
- :~-. .;:;.~<:.~i~,~:i,~· .. ·•:f~ .. \:· ~!: ~ (':--~_. .. -._.; : .-.,.~ , f :~ i..P<:·, ... . ·,. ,,· 

are sufficient to descr.ibe more complex s~attering phenomenas, such 
• •, ,~ • • I 

. .>~'~.'I. ·.;, .. :t•~,1.-""\t, ~ ,,_•,.-,;. .. ~,-,~._,;:'"! :,,:~1 •~-.i-~ • 

·as· plural4 ·soatteringo 
... \:·~t:i::-~.,{J .,,, ·,¥_ ' .~ ~. ; ,' ,.;:· ·J,•,,. . . I~, ~h!~._99_nn,_~_qt,1on. it, seemed• important· to att<ein1it an ·analysis 

of al'.!-;, .;ppp.~;:p,.;i.e_ ,~~::~,s., qf>e;x;periment s and tio' :finer' ·otit Yih1ch ~f them · 
~ .. ,.·· ,: . "·',;,: ~ .. . ' -- ,,., . ' 

are independent -in the. sense that c©mplete reconstru~tion of thte 

scattering matrix would be possible .if the results of these expe= 

riments were knowno In order to. illustrate the line of reasoning 

applied here vie shall start with the two simplest cases-scattering 

of zero spin- partioles·in a central force field and s©attering of 

. ~ 



.. 
spin 1/2 particles on zero spin nucleio After this, scattering 

of nucleons by nucleons will be consideredo 

The case of·arbitra~y spin, whi~h at present is only of_ 
• ~. • • • .. ~- ' ' '!,. - ' , 

.. theoretical ··intere'st /"an,d ''.Ph(?_ton-··-sca.t~ering; w111: be consider,;_ 

· ed in further communicati.ons o \Ve shall mc;,reover restrict our 
' • ' : ~ > 

attention to a· scattering m~:tr,ix for a gi~en e~ergyo Fur~her 

investigation is required to cl_arify the.· p~olllem of, the. energy 
. .···•. . .. 

dependence of the matrix ele~ents_o 

2o. Scattering, of Zero.Spin Particles ---~-------------~----~------------
Measurement· of the dif·fe~entiai .cross; section of.:a. zero .. . .•,•· ., ' ·. ,. 

spin particle yields· a f_u:r;iction f5(1J-} , W.hich JS::. the square of 
• , • • • ~ • < ,. 

the modulus of the scattering amplitude. 

o{lJ>==li c<J-i.l2 < .. :.·-· . . 

Evidently, if this quantity is measured at only one value of -: 

energy and angle 1'· the .,p~~se, ,pf the complex function / (1') 

will remain complet~ly indet~rmina~~o 

If, how~ver, scattering is measured atall angles and 1s 
' ; . . . ,. . . . . 

known to _be elastic, th~ phase of /(l?)canbe determined alsoo 

Indee~,- the uni-t;arity ·relation .• Jor t_he · amplitude. l('l?J can :be 

written as follo~s2 ) · . 0 

·. ·4.5i·~-~, (~J ~/) J l_~(dl/<7!1
) dw (2 o?) 

- Q.l _.., 
Here v ·is .t_he angle. ~be~'!Veen. k' ,.(i~i.bf:al wave vector) and the -variable vector k'' over direction of which(dfA>) the integration is 



•• 
carried outo -.) is the angle between the final wave vector ~. 

f.( and vector 
..... .. . 

K o Denoting 

f ~1')=V<i{1'J "4:p[LJ. '"''] 
·we obtain frq~·(2 .. 2), 

for function· J._ (1'} 

if (r (1'-l :i.s known·, an 

(2oJ) 

integral equation 
.. 

ltJiJi.nJ. ·;~,-=K . 1·-[(i('IJ)ON")1''tco-srd.(1n-J.(1'")1do, . 
· o - , · (I ( 11 J L< · 1 < 2 • 4 ) _ 

The· solution . of the set of equations (2 ol) and (2 o2) or . 

equation (204) is an operatio·n which is equivalent t~ ph~se-shift. 

analysis.o It is evident that representation of I (,,,,in the form 
. - . ' , 

of a finite sum of Legandre polynomials 1s only one possible 
• 

method of solving the problem which is useful when it be known 

that only a few.phase-shifts 'are involved in the solutiono In 

the ge_neral case s~raight-forward solution of (2 ~4) may turn out 

to be a IJi·ore conven:tent -p~ocedure .. 

It ca:ri be· seen from (2 .. 4) · that the equation is j.nvariant 

with respect to the substitution . 
~ _,•,. 

f<?J:>.-.-1 (11-J' 
or_, what is the same, 

J.."(1' J-.- fi- ~ (-1'f (2 .. 5) 

This transformation corresponds to change of the.signs of 

all scat'tering'phase shiftso Its existence signifies that there 

are· two· wa·/s of reconstructing the scattering amplitude on basis 

of its modultiso As'. i~\ve3:1_ known, this ambiguity can be removed 

by considering interference with Coulomb scattei-ing(for charged 

particles) or by studying the energy dependence of ~catte~ing 

at low energiescThus, me~surement of the -scattering cross. sec-. . 
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tion a.t a given energy is complete in the sense that it. ,perm:1.ts 

one to reconstr1:1ct completely the scattering amplit.ud_e (p·erhap~ 

with the aforementioned two p1oss~bili ties remaining)., 

I 
Jo Scattering of Particles of Spin -
------------------------------ a 

4 
The scattering amplitude of a particle of spin 2 can be . 

w~itten~ aw usual~ in the form . . . ...,.,.. __ 
vU, = a. (1'J+£ <1'JO" .. n 

~ ~ - . -- KKI< .. 
wher 6 is the Pauli matrix and n = _ _ I 

· .IKarK' 

(J.l) 

is the normal. 

to the scattering planeo 

Experimentally, the cross section and polarization (double 

scattering) are measu.-red, thts· yielding.two functions 

o ,..,, = l_o. ,i +18/' = .YI/ 1-12 + I l.!'I'}) _ . 

ff (?JJ o f'lJJ=Z RA a£~= J _ (/ f. + Jc?-1 /_*I'). 

Ev:tdently, (J o,2) defines two moduli*; 

* It should be noted that (JoJ) a.re the scattering cross: 
' . 

sections for polarized particles with spins directed "up" or -"down" (with respect to n ) o 

\ t + I' = I a. + & I 2 
• 

j f _ I l = l 0. - &12
• 

- - -
0 

(.3.J) 

If- the measurements are carried out at all possible angles 



C, 6 = 
-1 

·~ 
,_,_,, 

and scattering is f;lasti~ .the' pilias~. ~hi:fts ©.t_ tromplex ·funcitions 

./+(1') an~ f _ (1'Jw1i;, aga1"~bt defined by ·the unitarfty, ~ond~t= 

1
~ns 4fi ::, m a.<1'1 = 1<J dwf ct <1'ici <lt'J + t'<Jit.,i,) cttS :~~!'':: 1"']; 

417 RA g {1'J-,~J1dw[lJma(1'>bt'1°) ~-j ~~?J-'-cP-51'''.~ . 
.• , · · · , o · , 11n1'- 8ln tl- 1 

+ t(1}'J l, (11'} l+l, r.P51'.~1'-'r.Mtl''_~z.1'-eo&l-1'-'-~l-J-•1 
· , , , , . · , jln 1' 1ln1' 1.Jln 1J-u ~ (J o4) 

Equation$ (J 62~ and· (J o4) are f\,lso amenable ·to an invariant· 
, , , . ,_ . , . . . • , , C . , 

transformatioxio ·· · /' 

~ 

In order to find the la.tteP 9 w~ note .t.hat the transfor~at-;;i' 
l 

ion (inversion of sign of the s~attering phase sl;ifts) 

a(lJ)~ ·-a*('lJ) g ('lJ}-:;e-• 8~ (11) (Jo5) 
. , 

does not after. the cr@ss sect.ions or unitarity conditions 11 but 

reverses the sign of the polariza t·ion o 

The same statement also applies to the M:i.nami transformat= 

ionsJ, 4) a (1'J~ a. (1' J UM ll-+i f, (1')1i n 1' 
,, 

· · ·· b ('lJJ~ - 6(1')co-s 1'-i a (1'1:Hn 1J' (Jo6) . .. 
Thus, the produ~t @f the, tw~ tra.nsformati0n 

', a <1'1 = -a..i$(1'IUJ-51'+ til'(1'>sin1', 
fJ (1'1------ - f:,•ft,bcoS'tJ+i o.,,,.(711-)Sin1' 

(Jo7) 

leaves all the qu~lh.titiew invarianto* 

~ ~ ~ ~ - = ~ - ~ = ~ = ~ = ~ = ~ ~ ~ ~ =-~ ~ ~ ~ ~ = ~ = ~ ~ ~ 

* In,' terms· of the phase shifts df}, ! ) this transformat= 

ion is ·corresponded to by · · 

t < j , ~ - 'h. ) ~-t < i, J ... 11 z. > 



,· /'' 

Therefore, in the case of particles: o:f spin 1/2 :·a complete, 

exp~riment consists in measurement of the cross section and. pola= 
. - . . 

. rizationo Ambiguity in phase shift determinat1·ons due to the pre= 

sence of_ transformation (Jo7) can be removed by studying the ener= 

gy dep~endence of the cross section at low,· energieso. It should be 

mentioned-that (as previously noted by Wolfenstein5)) the ambigui= 
. · irliuS'h.~ 'tha, · 

ty can also·be removed by studying tripl scat ering,Jplanes are 

mutuall:, perpendicular)o 

4o Scatterip.g of Nucleons by Nucleons -~--~------~-------------~----~-----
Nucleon=nucleon·scatt:_ering is described by the matrix 

.. u(L =cL <1'> + J ,~,~-n ~. n + 6 tif)<~ +~ )~n .,. . 
. J<1'J~-m ~-.;; +e<?JJ~-l ~l•e. c4.1 > 

-+,,,. ~>---

Here ~ and Oe are the Pauli matrices of the two :particles 
~- . ....,. ~ 

·and rn , l ,. n are Cartesian unit vectors which are oorres= 
..... -r -,,.. ...... .-,.. ·-· 

pondingly parallel. to I{ - /< 1 K + X' · • K x K 1 

, J 

(in the Comoso)6).o Tha.t this system isa convenient one can be 

seen from the fact that its unit vectors will be parallel. to 
0 

the laboratory system wave vectors of the·two particles after 

· scattering and to the normal to _the scatt·ering · planeo 

Exp:eBssion (4ol) differs from the general scattering matrix 
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for.two spin 1/2 particles by the absence of a term which is 
• ~ ~h . 

proportional to (O.- ,~}· o This· :follows from :Ldentity of 

the particles of the p=p system and from charge :1.nvariance of 

·the n=}T ··systemo 

For identica.l.pa'.rticles the coefficients of matrix (4ol) 
V 

· possess'the· property of symmetry with respect to the ·sub~titu·t-

ion iJ~ f, .;.;:{) •· o They can also be conventiently formulated by 

introducing·new functions which will also be useful 1:n the futu= 
7)' re 

. a. cf +p, !J =cl-,, c =d +E. J 
~ . •- . . . 

a~s-E, e.=i, 
(4o2) 

It can then be shown that for identical particles 

a(Ji-1JJ=-o..('IJ-J -8<Ji-1'J~ -c (?J-J,· 
., · c (Jt-1'>=- - t, n,,' d (fi.- 1' J =d (1' J · 

J I (4oJ) 

e <Yi - 1' J = ~ c 1' J6 

Thus·for 

ried out only 

identical particles the measurements may be car-· 
' ~ ' , 

for angles Q....,,. t o In the case of sca.ttering of 

neutrc:ms. by. protons the measurement range should be doubled to· 

() -_,.,.. fi , whtch exactly corresponds to doubling of the number 

of states in this ·,systemo 
,: 

Before u~ing the unitarity condition we shall briefly des= 
. -~--~ -.- . .. . , ·'• 

cribe the_ e:li:periments required .for a two=nucleon systemo 
.· . f '·- ·. • 

. · Suppose .we .are dealing with an· unpolarized nucleon beam; 
. : , ~ . ~-:. . . ' . .. . 

the first ~cattering on hydrogen will define a differential cross ---~ . . 

~ 
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section which is connected with the scatter.ip.g matrix elements 

.by. the formula* 

* The formulae of this section are· ~amiliar from. the 11--
1 • • 

teratureo 

---------------------------------
(4o4} -The first scattering produces. a beam polari.zed along n 0 

The magnitude of this polarization is measure9- on the second 

scattering 

. (4o5) 

Evidently any target.with known properties {polarizer)_can 

be used for measuring or_. for. obtaining of- the polariza.tiono 

_(In all exper,i1T1ents only one target might bea hydrogen one)o 

The.polarization-of recoil. particles is also equal to 

) 
~ .,,. ...... . 

cp (""'. (abs_ene:~ of (o;~.~)· n in JL) and hence should not be 

measuredo 

The third 0target may be added in. two wayso 
C 

Measure_ment of, the component fnn ,of<the correlation ten-

sor yields . . . . ·. , . · · · · 

_ _ · 6' ("<111l,,, l?JJ.: 1 (lo,l· -U,/2-;l c Ii +Id lz-,. le 12
): (4.6) 

. In these measurementsall three scattering even~s occur· in a 

singl·e planeo Moreov,er, the polariz,ation_after the second ·scat­

ter;ng _on the hydrogen target can.be me~suredo ·By. using a third 

. t.a.rget to measure -it (any analyser can be ··used:- for this) w·e ob-
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t_ain two quantities corresponding to the two_ particles partici..;. 

pating in the second scattering*o 

- - - ~ - - - - - .... - - - - - - -
* Since the incident particle in this· scattering was pola­

rized, the polarization of the two particles after scattering 
0 

will now be differento - - - - - - - - - --~ - ~ ~ - - - - - - - ~ - - - - - - - - - -
If all thr~e arrangements of _scattering events occur ,in a single 

planoe, the measured quantities will be 

. 0 (1Jt9) nn (1' > ._ l -(l al2 
.f. / !Jlz-1 C 12 - Id le!+ I e /2

) (4o7) 

. _ , (for ,the sc~ttered :particle) 

<:f C~ J K nn (1') = f (I Q./2 
;_ 1f>t + I cf-Id 12 + I e / 2) (4~8) 

(for the recoil particle) 

The difference between thes_e two quantities is obvio.us in 

the· c·ase ·of neutron: scattering; for identica_l particles the 
.,,,,.....,.~~---

first quantity corresponds to measurement in the angular inter-
Yi - J1 . ' 

val 0-:--- e and the second in the interval z • '"·JI. · 
The aforementioned experiments yield five equations from 

which- the moduli of. the five functions a.+ e, a - e) I, I ~- d 
can easily be determined and we have to app:J.y' the considerations 

.· similar to the case of spi11 · one half; particles o In order to de­

·termine the phases of these· complex functions measured at the 

various angles one a.ppeal_s.to the unitarityrelationo It can be 

shown(see refo 8)) that e~tly five such relati'ons existo 

•. (These ·relations . (see appendix 2) · are invariant with ·respect 

---·~~--

l1 



to the. s111;.5t1tut1dri ''<k(1'p-J!(i'-l1}.(:01'4--{(IJ
1 

j(1'1-({iJJ, 
·8c1J-J•-81-Cf}J, c{fJ..:..~E~(1'J\vhic~_:n~·.J.~qu:ivaie!lt ''.to simult,aneous 

'':;reversal "of the signs of· aif":pha:se :sllifts c;s: 1h the preceding 
,' - ' . ' 

·:·; -case _;this -'substit.ution changes'. thri .p6larization. sign); in. the 

case ·of··nucleon;.;.nucleon scatter.ing no :stibs·t1tu'tion 'c·rirresponding 

to the Minarni transfromatioll exists9)~ .Thi's sig.ni:fies that the 

set of experiments· indicated ·abov·e:_ is -a· ~omplete. set~~ 

,''An· important; feature of t~~i preceding ·corisidera.ti~~s- is the 

conclusion' ·that· in order ·to determine 'the s·oattering matrix mea-_ 
' ' ., i : . 

surement of fourfold scatte'ring of application· of a magnetic fi-

eld are not necessary and it should suffice to perform experiments 

with three targets and with parallel scattering.planeso 

Up to the present no such complete set of experiments 
I"•.'' ' f, .=,_• ::,. .. ' .'./ '\. .-} I ; 

has been .p.erforme'a. · for ·any· single energy ·value arid this is the 

reas_on of the ambiguity encounte:red in analyzing these experi--~ ~; 

mentso 
• ' ~"'- .~ \":· ~~ / (., •• :-•• -'··; :· > 

In connection vitth 'the problem. of determi.ning the scatter-
"': : ... ~ ~ ": . ,, ·.' 

ing matrix, the question ar,1.ses as t~_ i:ts connecti~n wi~h the· 
.. ;,• ·, 

potential., A s:alient feat~e ·is -that the number of, independent 
. . : :- . ~. ' . 

funct'ions in the scatte;:i:ng arriplitude is equa1_i-to the number 

0°f seal;; ·funct:io~s "in the ·1n~:~;~ctio~· ham11\oniari: Indeed, it. 

is not diffi'c'u1~ to Show that/the 'g~ne~a·l form "~f -~~t~;action 

of (s~~)- two pr
0

ot~ns .is' . ·. ' .:, '· 
,.,. ' '• . ....... --· . . ,_ - ...... __.... ·, . 

. V-::- ¼ : c 7. > + V2. < ~ > ~ · 02 + \'3 . ez: J, ~ · ~. ~ • .. 'l ··-e; . . 
. -,. .... -+ , '. . '• ... · ~ :... -~ ....,;.· 
.,. ~ (ii; J ( 6; + ~ ) · L + ~ < t J ff. · L. Gz · L 



_, 12·-

~ 

· where L is the orbital. angu+ar· momentum. It.: would be very in-

_teresting to ascertain· what restrictions are>tmposed on the 

scatt.er.ing .matrix if one or several· Vt Cc l are. zero .. In other 

· .. words,. one is· in.terested to• ascertain. whe.ther· any qµalitative 

conclusions regarding the f'orm.: of' V can· be. made, on basis of. 
0 

the scattering matnx. propert.ies .• 

In conclusion the.authors wish. to· thank Professor E$ Seg­

r.e and Professor o. Chamberlain: for numerous. interesting and 

enlightening -discuss:ions:. of· nucleon scattering experiments, 

"(( , c,~rried out~·,1n the summer of J.956 •. 

APPE'N..DIX I 

List of Formulae for Possible Nucleon-Nucleon Scattering 

Experiments 

·As the set of· exper111ents ,(five. in all)' mentioned above 

for determination: of the nucI:eon~nucleon.scattering matr:tx 

is not the only poss·ible .one we shall present here a short 
' ' 

survey of all conceivable experiments. The la'f::termay differ 

from each other .first. of a.J.l in respect · to· the state of po­

larization of the prima~y beam and targ~t and, sec.ondly, in 

the nature of the measured quantit:te_s (oros·s. section, polarizat-
-

ion of scattered ·particle·, polarization· -o:f :recoi·l pa.rtiole, 

correlat~on of polar:1:zationJ .. Sc:hematically-,.: they ma.;r be _re-
~~;, ··'" . ~. . . : '·' ' '•. , . ~. 

' - . 

presented. b;r·. the· following tab.le: .. 

l 

1 
~ 



_.,- ,,..__ ,'__,::._ ~-----------... -=-~-~ -'" 

- lJ -

==========-==-=-==========~===-=====-=--======~===-==--====--=------~----=--====---==-===-=~=====--====~ 
I~itial 

Result 
.of experiment 

spin 
state 

___________ ..,. ______ _ 
lo Cross sect­

ion 

2,. :Polarization 
of scattered par­
ticle 

Jo Polarization 
of recoil par­
ticle 

-------------------------
4,. C'orrelation 

of polarizations~ 

Ao. Unpolarized 
beam-unpolari­
zed target 

Bo Polarized beam­
unpolarized tar­
g~ 

------;;:---;----r--~;~,----
------------------+---------------~-

I <•> 
1 ~ip 

·(I J p p 

* * 

-----------~----~-t------------------~ 
p: (2) 

i 

,(;j * 
----~-E_t ________ _ 

~ 

~ 11ice 
* 

(i.) •(1) . * 
J ipq. ---------------~ 

Co Unpol.arize. d .bea .. m- I Do Polarized. 
polariz~d,,.:t_arget_ polarized 

------~---------~ (f ce, 
I< 

_..._,.l'JIIIP .,... ... _________ __ 

' KKP 

-------~~----~---~-
9) CeJ 
. I<((, . 

-------= 
OiK 

-.-..--...-~--::..:,-· 
. (I} 

T;_kp 

r-r. . (2.} 
I 2K' rt _;,; ________________________ f-a-------------~ 

' (2) 
J!J:.i _____ _ TtKpfl, 
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Here each column corresponds to a.certain initial spin state of 

the two-nucleon system· and, t_he scat"tering pro~ess characteristics 

to be measured are · given j_n, the horizontal rows o Sub_scrj,.pt i in­

dicates. the direction o:f initial polarization o:f the projective, 

/{ refers to the initial target polarization, P refers to 

the measur~d cimponent · of the scattered particle polarization and i· 
to the measured component of, the recoil particle polarizationo· In 

the future we shall denote·each experiment by a ·letter (column) 

and number (row) which will indicate the initial spin state of 

the system and the m~asured charact~ristic of the scattering pro-. 

cesso Experiment B2, for example, consists in the measurement of 
mt•1 . 

a set of quantities ~iP· which determine the influence of the 

l- polarization component of the incident particles on the 

polarization component·of the scattered particles, etco 

. 
p-

Not all experiments in the table are differento Due to the 

symmetry properties some of them are actually ident_ical o Thus, 

in the ~bsence of singlet=triplet transitions (absence of term 
...... -.,.. -... -

( _0, - 6'2) • n ) experiments A2 and AJ, Bl andCl, B4 and C4, D2 

and DJ, B2 _and CJ are essentially the same. In the case of iden­

tical particles (see symmetry properties (4oJ)), experiments B2 

and BJ yield t_he same qua.ntities (B2) but for complementary ang-
... 9. ' ~--o-.. 

les ( u and J/ - ) o A similar relation exists between experi-

ments CJ and C2o 

In virtue of invariance of matrixJL with rtspect to rever­

sal of time, the s~ts of experiments in those table c.ells which 

1 
I 
I 

Ii 
I I 
I• 
I I 

I I 
f \ 
d 
! I 
i! , I 
r l 
I• 
'I 
I~ 

i. 
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are symmetrical with respect to the niain diagonal are e·quivalen.'t . 

(equivalency of experiments· A2. an:d Bl-,. A4 and Dl, etco)o, Thu.s>t.he 
. -

only experiments whic~ are differ~nt are_ those denoted by the. as-

terisk in the tablea It can immediately be seen that a polarized 

target is required only in the'most complicated experiinento How­

ever9 for actual ·determination of the scattering matr·1x these e·:x:­

periments are also superfluouso 

Consider now the different charactntstics determined in the 

various experimentsa . 
Aolo·Measurement o:f cross section 

oc-ui=,¾ SeJJ..U+ :-· f (/Q;/2+/612,+JC1i+1dl:le/2) 

Ao2o Measurement o:f polarization 

Bo2o Determination o:f the tensor 

er cr>1 9Jip ('IJJ =: f Sp vl1. °'t vU+o,p = :::: t (I a/2+ /!J/2 - I c ,2._ Jd~ 2+1 e l~n;. np +AA (0-1r6.,.c#-d )mi mp+ 
~ ~ ~ . 

+ Ra, ca f!J -c d 1e t e P --, J m b e __ ( f!li e P - e i mp>. . 

From experiments on triple scattering with parallel or perpendicu= 

lar planes.the following· components are detel'tninedO 

6" (r}J 3J nn (t}) = f.(/a/2 +1,gl-~lc/2-[d ll +lelz J, 
o' (1' J 1) :,cm (1') ==- CJ).g f Ra ( r£ 6 +c*d J+ -:Im b*e, Sin;. 
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For determination of the components 
. .. . . ··19-_ . 'It M, . .. -& * 

Q(1JJ;/)~m (1') ;;Sln lite (a 6+C d)+COd z ':lm6 e, 

o ('/JJ1heM-J:Sln f fle. (ri6-c""d)+C0-9f Ym f:/-e, 

either fourfold scattering must be measured or else triple 
. 0 . 

scattering with a magnetic field between the taigetso Unit vec= 

tors t and~ are directed along K andnx°H· respectivelyo 

· B.J. Measurement of tensor · · 
. . - I + 

oc1'JHiq, (1JJ_= 7i SpJJ...O,i J.L Oc.i = 
1 . . . 

;: z (/a/2-I f,/2 + lc/2-ld 12 
+ I el') nl nq. 1-

_;-Pu, (a"c -1-61f d}in1 m, +Pu. <clc-f d )e2 eq,-Ymctte(m1 !i-eirni). 

Components I-{ nn and Hx.-e can be determined from triple scat= 

te~ing and K x.m and Kl- e from fo~fold scatteringo 

In the case of identical particles ~his 1s equivalent to 

measurement of the corresponding j)ip components at complemen= 

tary angles ( ,J _..,... fi - 'li' ) , where 
. . 

f/)nn (Ji-1'J==f<nn (1JJ, :Dxrn (:ii~1'J=Hx-e ('lJJ:,-H.x-e (lJJ, 

Vt m <Ji-?JJ=-11 i -e <ll J, f/JJc e <Ji-1'J:.: - /It rm ( 1'J. 

.A.1. The tensor of jolarization correlation is measuredg 

0 (11} f P'I (l1) = t Sp 6,p ~, ...u,.,u'" = . 
= f (fa/z-/t,/z-/c/a+Jd /i-1-Jel~nP ni +Ra (dd +tcJmp n1q,.,, 

. + Pu, (6,,c-a*dJe~e<t. + 'Jm d e"'(epmi + mp e,1. . 

.. ,,. 
: ,.,.~ ... :· ~ ..... , 

r 

.... 
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The component 

o ('lJ') f),;n {'tJJ.: f CI 0,/2
- /6/l-lCIZ +Id ,z. +/ e J2 ) 

\ . . 

can be determined ln an experiment in which the planes of the 

analy-zing· s·catterings coincide with the pla~e of predominant 
• 

scattering~ 

In order 1:o determine the components 
• o <11Jf'em (1')=-:.1mde,t 

an experiment is required in which the pil.a:nes of the analyzing 

soat_ter1.ngs are perpendicular to those of predominant scatter­

ingo 

Experiments in whi9h. the planes of . th.e analyzi_ng scatter-
. . 

in.gs· are perpendicula:r; to the plane of predominant scattering. 

and in which a magnetic field perpendicular to the first scat­

tering plane is applied in front of one of the analyzers, yield 

the components 

·o (1') fmm (iJJ .Pui(a.,~d."+5*c), 

, o C7JJ f> te. (1'1 = ~ < f:,~c - a..* d J-. 

Bo4o Measurement of ter:i.sor . l . , .. 
oc1'>fl.pq, CtJJ= ¼ 5p,)i6,rvU+~P.6eP =. . 

:;: ni npn'l- Puz.a.it +[fY!; rnpnf + ei epn,]Rsi 8 e* + 

+ mi ~p :>i :Jm (a* 6 -c*d 1~ e l,rtlp ni"-iJn1 ( ~ 1!6 +Cr/)+· . 

. ·+ ml np·lq;'!Jm (a*c -f:,*dJ-ei npm'I ::Im (ak-c +'1i#-d)+ 
+ ni mp e, Y m < a.,,d-6>t-cJ +-nz eP mce 'J m r~*c - f:td)+ 
+ [ t'Jli n p mi + ei n p eiJ.Eu. ce.':11 *. 
~[ni nipmi -ni ep e,] RR, de . 

,~r:i1/':f:';;Jl;';1!,__ .~,.,_.,..,;,_,,,,:""t::,-:-:-·'-::'~?-' 

'f:Wten.iwe,mMit 'tUff• ii;~; ~f 
· l1ltt1pm.sx · HCC.IIC,!\O ,, · .~" I 

1'10TEKA _I 
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Do4o In order to perform this experiment a polarized 

target is required., The components of the following tensor 

-. are measured 

-er <iJ1 ~,</;{ ('lJJ= f SpJJ.. 6il ri'zK..l.l.,. ·O.p 02.p == . 
=-nt nk npni l< lo./l1-/l:,/2-+lcl2+ldll-,. J elt + · -

_ + ( mi rr11<"m; mi+ et e~ €p_ e,) ~ (/ a-12 
+ I i>l'+I c/!+/d/2-1 ~i?+ 

+(ni ,e~npef,+ ~lnk eP.ncel~(a*B +C~d)+ . ' 

, + < 11 z n:1K~P_n:,, ~ mi nK mp·n,>RR. <a*6-cttd) *' . 
+ (~l "e,~-~~ e,; elm~ ep ;,f, ff. (/a/2+ 16/z-/c/2 -ld/2 -[e/2).,. . 

. . ' z . 
+_ (l;_ ml< mp e'l- + ml .etc epm,J·z (la/ -t612+lc/Z~/dlz-lel· 1.,. 

·+(~i ml< ep ei +ei i,cmpritt>t (-lal~+/bl'!._.,.,c,e-Jdli+lell)+. 

+ (f i ~I< np .ei + ni'el< ep·n, )~ (ct· C +,!,* d) + . . 

+ ( ni rnKrnPn't +min/<. nPmrt,) Ju 1a.*c --~"'d)-
- ( ei e/( np{lq. + ni n" ep e~} R.1/(a.* d +_!,*c) + _ . _ 

+ ( ni nf,'!1~-m~ + m'z rn~ np ni J ~ ( a* d- _l, ~ c i + -
. . · .... ' .._' -·· ' . ' •· ' -·; . .. .· 

+ ( rni n~ !1p-l'l-.+·ni mK epn,-:nt -e.Kmp n, ~el nrnprrv,fYm ec+ 
' ' . . .- ' . . ' ' .· it-

+ ni"nl<mP:.ei +n;nl< l?.Pm'l-'-m; etcn~ni-f{m,c.np~")'lm e d+ 
+ (_fi mlmP mf + mi.f IC mp ml£ +ei (l<~P f 'f, + ei f,c ePm't, -

- mieKePt(t-li m/(ePe~ -ml.ml<mpei :...mi,;.,1<ePmci)1m~1fe_+ 

1- ( ei nKmPntt + ~i eK np rn<t -ni m,c np e, ~ml nk ep n,JYmi/'-e·. 

/ 

' .. 
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A P P · E N D. I X II · 

Unita:z:ity .. Ralation:1 

We. present below the_ unitarity relation· for n.uo·leon-rfuo'.·':.1 
leon scattering 

1 

Lt JYY m d. (0) = Kj l S p{JJ-+ (v;J;,')JJ, (~ K" {d~;,, J , , 

4 Ji Y m j (iJI= V>j t Sp[ r ii ~-11 ..u,+ ( il:1

1 
/{'' /Ji, (K) K~ydw;••, 

1t Tl Ju ti 1JJ = i Kj j Sp [ C &; : + CJ) riJ,.t (K', i<" JJl tiZ, K" J] dw;-11, 

It J1 Ym 6 (lJl=Kf ~ Sp[ if,-m 73;-in .ll* (if, K'';Ji (K, W;J dwK;• 

4Ji J ri; E(iJ) = Kj ls p[ 6,-l ~ 7 JJ.+ 0<1
, if"),))_,(~ k11g d WK•·' 

Evaluation of the spurs'involved in the unitarity·relation 

is elementary but y1:,elds cumbersome expressions which will not 

be given hereo It should be mentioned that.if one uses the ex­

pression for f'-'f given tn re~ / 5) th~ 1mitarity -relation for coef~ 
0 

· ficient f3 (if) (singlet -scatterir!g) takes the :form of. the uni ta= 
,. 

rity relation for scattering of spinless particleso 
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