


NUCLEON SYSTEM

| A b.s tract: The problem of the numher of experiments‘
which—a;e—nZGES;a;y‘for the determination of the elements of the
elastic scattering matrix is discussedo It is shown that in virtue =
| of the unitarity condition the required number of experiments equ— :
‘als the number of complex functions entering the scattering matrixo
In the case of nucleon—nucleon soattering the elasting matrix can
- be determined on basis of 5 experiments: measurement of the cross s
-section, polarization, normai componentIOf the-polarization~correlaté
ion’tensor and the normal components of the'triple”SGattering*tensoru
(for both particles). It is shown that experiments withrrotation-
of_polariZation by the:external magnetie.field are not necessary

for phase—shift analysis,

I. Intvpoduction:

At the present a lsrge amount of experimental data on nﬁciédﬁ-
nucleon scattering in a very broad energy region has been publish— -
%A good‘review of recent data has beenfwritten by Melfen-
”steinl)o The authors take the opportunity to thank Profs Wolfen—

stein for sending his manuscript prior to publication..
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A number of papers have appeared which are devoted to phase_
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'~analysis of: th@ experimental resultso However9 it has invariably
"been found in th@se investigations that the phas@mshift analysis'if
is:not: unique andxsually the amthors give saverai sets @f phase= '”f
’shifts consistent~with the experimental r@sultso Phasa=shift anaav
' lysis in these works starts by restricting the number of states .;
_ involved in scatteringc The next step is to set up algebxaie eqﬁa?’t
"~ tions. for-a’ finite number of PhaS@So H©wever9 for partinles P@SS@S“
ﬂ;singwa»spin*it*r@mainsmmnclear~which experimental data shou1d~b@
tering at nmt t@@ high- energieso _
‘In%this case)two<states 30‘ and nyzaréjpfédbminant in |
’,the scatteringo ‘These states cannot be separated on basis of eross
.;section measurements or p@larization measurementso On the @ther .
hand, they can easily»be differentiated by measuring the polarizat-
‘.ion correlationc Th@ necessity of m@re intxicat@ experim@nts is

:_"A,;.'-x »,' -s

apparent in this caseo In ether cases, when scattering is net iso-
et ey

tropic and it may formally be possible to determine a finite nwn= - -

ber .of phase39 the questien still remains whether the same ‘phases

are sufficient to'describe mote complex aﬁattering phenomena9 such

. 'aS Plul'a.l‘ scatteringo ‘»"’

JIn this- connfction it seemed imp@rtant t@ att@mpt an analysis '
;:of al%rggggigig@txpgaggiﬁexpariments and to 'find out which of them -
- are indépeidenttin théisanée that complete reconstruction of th@
sCattering matrii would be pbssible~if>the results of these e#p@=
rimants were knowno-kIniOrder to. illustrate the line of reasoning
appliéd here WQ'shall start ﬁithithe tW@ simplest cases-scattering

~of zero spin~particles'in‘a central force field and scattering of



A

7spin 1/2 particles on zero spin nucleio After this,_scattering
of nucleons by nucleons will be consideredo o \
The case of arbitrary spin, which at present is only of
”theoretical interest, and photon scattering, will be consider=
;ed in further communications, We shall moreover_restrict our
‘attention to a’scattering matrix for a giuen energy. Further
investigation is required to clarify the: problem of the energy

dependence of the matrix elementso O

LR ; ’ZQ\Scatteringfo£‘ZeroLSpinhParticles

Measurement'of the differentialdcrossqsection;offa zZero
spin particle yields a fnnctionf5(07,’which,is:thensquare of
the modulus of the scattering amplitudeﬁfl o o e

0'(1}) =|{ (2})18 v o (2.1)
Evidently, if this quahtity is measured at only one value- of
energy and angle 'l} the Dbhase. of the complex function {(1’)
will remain completely indeterminateo
_ If, however, scattering is measured at all angles and is .
known to be. eJastic, the phase .of ¥(ﬁﬁcan be determined also.
Indeed, the unitarity relation for the amplitude #(7}) can :be
written as followsz) o .;G_ "’fi‘ .
4T :Imfm})-n H (d)#(z})doo . )
Here \}f is the angle between.l< .(initial wave vector) and the
variable vector K' over direction of which(dOJ) the integration is



carried out,. \} is the angle between the final wave vector
-

f< and vector K" . Denoting ‘ |

- f W= Wea:p[z.o((m] (e, 2
“we obtain from (2 2), if CT(\,) is known, an integral equation
for function a( (7}) | |

G(z})c'w") /?- -1 (" :

‘The solution of the set of equations (2 l) and (2. 2) or

equation (2.4) is an operation which is equivalent to phase—shift
analysis.’ It is evident that representation of;ﬁ(?’)in the form
" of a finite sum of Legandre polynomials is only one possible
_method of solving the problem whioh is useful when it be known
that only a few. phase—shifts are involved in the solutiono In
the general case straight-forward solution of (2 4) may turn out
to be a more convenient procedure. ’
It can bé seen from (2.4) that the equation is invariant
with respect to the substitution : ‘ -
o ¥(m—»-¥ (zH
or, what is the same,
o d(Y)— 7i- L8 G 5)
This transformation corresponds to change of the signs of
all scattering phaseé shiftso Its existence signifies that there
are two ways of reconstructing the scattering amplitude on basis
of its moduluso As is well'known, this ambiguity can be removed
by considering interference with Coulomb scattering(for charged
"particles) or by studying the energy dependence of scattering

at low energieso Thus, measurement of the scattering cross. sec~
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tion at a given energy is complete in the sense that it permits -

one to reconstruct completely the scattering amplitude (perhaps

with the aforementioned two possibilities remaining)

3, Scsttering' of Particles of Spin -::: :

The scattering amplitude of a particle of spin '%f can be

written, aw usual in ‘the form

M= 0.(1})“'6(17)0' n ~(3.1)
wher O 4s the Pauli matrix and n = |: XK 1s the normal.

to the scattering plane.
Experimentally, the cross section and polarization (double

scattering) are measured, thas yielding. two functions

G (V=0 F+I8l= -(N+IZ+[¥W£) :
L Pwewi=2Reab = (I-f +l -'f-’jla) (3.2)
Lwidentlyg (3 2) defines two maduli* ‘ .

# Tt should be noted that (3.3) are the seattering cross
sections for polarized particles with spins direoted "up" or

’"down" (with respect to I? )

\M-IMF I
- =le- B AR

If the measurements are carried out at all possible angles
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'-and scatteriﬂg is elastic ~the phase shifts of- @@Mplex funetions
4 (¥ ana f_(ﬁiwiu again-b¥ defined by the unitarity @ondit==

ions , ol s e - ) 60'31} - 030 'cos V"]
AR 3] }Ima.cw.,Kjdw{d”‘(maa}n&(z})&mﬁ S gin e )

: aoo;sz?co-n} ~cos P!
414&3&99 dew[ll'ma. (mw) e T ik
) 12 wsz?wsl}cm?}" 0820088~ 03° "]
Equations (302@ and C364) are glso amgnable +to an invariant

transformationo- LS f : ',' ‘i\* /.”i '
In ordexr to find ﬁhe lattezﬁ9 we note . that the transformat=,
ion (inversion of sign @f the S@attering phase shifts) .
a@—-af )1~V G
does not after the cross sections or unitarity c©nditionsg but
‘reverses the sign @f the p@larizationo‘ |

The same statement al%@ applies t@ the Mjnami transformat=

tongded)
j.ons . a(-‘})_,, a("})m‘gl}—#t 5(7}}315'11?

B(z?)—v—é(z})co-sﬁvla(?})dmﬁ | (3.6)

Thus, the produ@t of the two transformation

(V)= -a¥ (st ﬁ”(’é‘)&tmf

| b (91-= - B* VISV +i @* (W) SinY
- leaves all the quantities invariant.®

(3.7)

* In te:rms of the phase shifts J\(J’ €) thnis transformat=

lon is corresponded to by

4, 2{ /e)""-f(tf J+'/a)
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Therefore, in the case of particles of spin 1/2 a co;plete
exprriment consists in measurement of the cross- section and. polaa.
frization° Ambiguity in phase shift determinations due to the pre=
 sence of transformation (3. 7) can be removed by: studying the ener=
gy dependence of the cross section at low energieso It should be
- mentioned that (as previously noted by WOlfensteins)) the ambigui= |

inuShich the /-
‘scatteringrplanes are

ty ean also be removed by studying tripl
mutually perpendicular)

4ofScattering of Nﬁcleons~by Nucleons

Nucleon=nuc1eon scattering is described by the matrix

M= i(lﬁhp(mo NG, n+d’(19)(6;+6')n+

A’(z})o‘mo‘ XA AT S CR D
Here Cﬂ and 6é are the Pauli matrices of the two particles_

“and:rn- . €p 9- r| are- Cartesian unit Vectors which are corres—
: -2 —P o

‘pondingly parallel to K K K +K’ K X K'

(in the co.mos,.) ) - That this system is a convenient one can be
seen from the fact that its unit vectors will,bevparallel;to

the laboratory system wave vectors of the: two particles after

- scattering and to the normal-to the scattering planeo, -

Exprsssion}(4ol) differs from the generaliscattering_matrix



- 8 =

for .two spin 1/2 particles by the absence of a term whioh is-
proportional to (Gﬁ- 5‘) h e This follows from identity of
the particles of the p—=p system and from charge invariance of
"fthe n-p system. ' ) | ‘ , |

" For identical particles the coefficients of matrix (4 1)
;possess the property of symmetry with respect to the substitut=
- 1om 1?‘*'}’ 4 o They can also be conventiently formulated by

“-introducing new functions which will also be useful in the futu-
“ re7)3
- a 0‘-”]3, F; o(.—p c-00+£

d 3 E, e= Z,(

It can then be shown that for identical particles
CL(JI-—?})“'O-(IH'g(/I -¥)=-c () o
cC@-N=-b), d(T-¥)=d(¥), (4.3)

_C_(.J'*f"" e(v) |

- (4.2)

'ThnS'for'identioal particles the measurements may be car-
ried out only for angles. O*—’ ?2-,7 o In the case of scattering of
neutrons by protons the measurement range should be doubled to
’ C)«~v-Jf, which exactly corresponds to doubling of the number
ﬁcf states in this” systemo A

0'" Before using the unitarity condition we shall briefly des=
cribe the eﬂperiments required for a two=nucleon systemo

Suppose we are dealing with an- unpoharized nucleon beam;

: the first scattering on hydrogen will define a differential cross
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_ section which is connected with the scattering matrix elements
',by the formula* : - 71‘~,, |
* The formulae -of this section are familiar from the 1i-

»teratureo

ow)~~(:o.:2+151 +Icle+ldl"'+lela ety
vThe first scattering produces a heam polarized along rv ‘;

The magnitude of this polarization is measured on the second

kscattering

6’(2}) (2}) Puae e

Evidently any target with known properties (polarizer) can "'

be used for measuring»or;for,cbtaining,of the polarizationo
L(In'all experimentsaonly onertargetemight hera_hydrogen one)o
| The polarization of recoil particles is also equal to )
CP(]}’} (absence of (0"‘6) I’? 4n AL ) and hence should not be
measuredo.“' e ‘ !,f ‘ ‘
The third target may be added 1in: two wayso . _
Measurement of - the component .fnn ‘of“the correlation ten- ;
sor yields

-In these. measurements all three scattering events occur in-a

',:single planeo Moreover, the polarization after the second ‘scat-

tering on. the hydrogen target can. be meqsured By using a: third

~target to measure it (any analyser: can be’ used for this) we ob-, ‘

-
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htain two quantities corresponding to the two particles partici-
pating in the second scattering*

. ¥ Since the inoident particle in this scattering was pola= ;‘
ized the polarization of the two particles after scattering
will now be differento o

]If all three arrangements of scattering events occur in a single
planoe, the measured quantities will be , .
6 (%) Don (V1 =7 5 (lal+18P~Ic - Id/+/e/) @
- (for the scattered particle) *

4.!‘"7»:-(?".-“?."‘(“”»-_ $(1al-1BRricP-IdPHel?)

(for the recoil particle)
‘The. difference between these two quantities is obVious in

the cage of neutron’ scattering, for identical particles the

e

first quantity corresponds to. measurement in the angular inter-

val O—*—*JEI- and the second in the interval —‘2-7— «-—r—Jl,

| | e .
- The aforementioned eXperiments'yield'fiVe'equations from
‘which:the’ moduli of the five functions a+e a-¢e b ¢, d

can easily be determined and we have to apply the considerations

. similar to the case of spin one half particlese In order to de~

~termine the phases -of these complex functions measured at the
‘”various angles one- appeals to the unitarity relationo It can be
“}‘shown (see refos)) that eaxétly five ‘'such’ relations existo
~1(These relations [see appendiX‘é]' are invariantewith"respect
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© to“the substitution J_(T”-»-g(, (1?) ﬁ(?}l—r _P (1” d’(l}l—--d’ (17) Ji
s 5(#)*-8 (?}) E(W—- -E (2})which 48 eq_uivalent to simultaneous
~ireversal of the signa of" all phase shifts (as in the preceding ‘
'5*caseﬂthis substitution changes-the polarization sign), in the |

' case “of" nucleonnnucleon scattering no - substitution corresponding f
to the Minami transfromation existsg)jﬂ This signifies that thef i
“set of experiments indicated above 18" a complete setu ‘ - J

““An-important’ feature of,the preceding considerations-is'the
concluSion*that"in"orderutofdetermine”the*scatteringimatrix'meaéi'
surement of fourfold scattering of application of a magnetic £i-
eld are not necessary and it should suffice to perform experiments
with three targets and with parallel scattering planes. |

Up to the present no such complete set of experiments ‘
rhas been performed for any single energy value and this is the
reason of the ambiguity encountered in analyzing these experi=
mentso‘VJ’; Sl : o ‘m ; :ﬁn‘

: In connection with the problem of determining the scatter~
ing matrix, the question arises as to its ccnnection with the iﬁ
vpotential A salient feature is that the number of independent
functions in the scattering amplitude is equalﬂ to the number

-of scalar functions in the interaction hamiltoniano Indeed it

”ihis not difficult to Show that the general form of interaction

of (say) two protons is m

V—\/‘('u*\/e('z)ﬁ' 6, +V, () 5':75—5;;*
| +V (rc)(o;+6)t “\} (216, L Gal
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“'where ‘;. is the orbital angular momentnm. It would be very in-
,,teresting to ascertain what restrictions are imposed on the
scatterihg.matrix,if,one-or several V; (Zlgare_zero.5ln:other
'n,*OrdSr one is~interesteditofascertainxwhether~any*qgalitatiVe
.‘conclusions regarding thesformwof?\/? oan"beJmadewohﬁbasis»of,
, the scatterfzg matrix properties- | ,

In conclusion the authors wish to. thank Professor E. Seg-—
ré and Professor Q,.Chamberlain:for-numerous.interesting,and
o enlighteniﬁg;discussions,of"pucleon;scattering;experiments,'

w oarried;outmincthefsummerwof'IQSS@

A P PE N‘D IXx I

iistroﬂiFormolae~for;?ossible-Nncleon—ﬁﬁcleon Scatterihg

h | ' E x;p er ime n\t s |

‘As the set of experinents (five in. all) muntioned above
.for determination of ‘the nucleon—nucleon scattering matrix
is not the only possible one we shall present here a short
survey of all conceivable experiments. The latter may differ
from each other first of all in respect to the state of po-
vlarization of the primary beam and target and, secondly, in
;the natura of the measured quantities (cross section, polarizat—"
ion of scattered particle, polarization of recoil particle, ‘
' correlation of polarization) Schematically, they may be Te-
;ﬁspresente& by the following table.
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H e AP eirab s ""'"""""""""""""""""T"T‘ “““““““““““““““““““““““““““““““““““““““““““““““““ f""‘""‘
'Iﬁitialy spin Ao Unpolarized VBo Polarized beam- Co Uhpolarized beam— D. Polarized.
S state | - beam-unpolari- ‘unpolarized tar- | . ‘polarized target polarized
Result [zed target get , i
of experiment S . » . : o

T ] X ) T T
1, Cross seck- o - O, vACr 0;
‘ . VK 1K
ion : 5 , o
. » * » ‘7 :" o ..
2. Polarization (1) () : EERTI )
of scattered par- ﬁD | D;. K 7TTV
ticle P P KO - Nikp
3. Polarization (2) W * @) )
of recoil par- 33', we.. K \féo (, , tri S
ticle vq a&g g kg kg
4, Correlation : o : S ’ - (2) R ‘f
of polarizations® 33 % Q@ o g:) | T
| e PG J ¢pPe . KP% , ' lKkpg
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Here each column corresponds to a. certain initial spin state of
the two=nucleon system and the scattering process characteristics
to be measured are~given in the horizontal rows. Suhscript Z,‘ inf
dicates the direction of initial polarization of,thevprojective,
K refers to the initial target polarization, FJ' refers toi‘

the measured c%Fponent of the  scattered particle polarization and q
to the measured component of. ‘the recoil particle~polarizationa In
~ the future. we: shall denote each’ experiment by a. letter (column)
‘and number. (row) which will indicate the initial spin state of
the system and the measured characteristic of the scattering pro-
" cess. Experiment B2, for example, consists in the measurement of
a set of quantities ‘QLP which determine the influence of the
Z— polarization component of thefincident particles on the F>~
polarization component of the'scattered particles, etc,

Not:all experiments'in the table areddifferent; Due to the'l
symmetry properties some of them are actually identical° Thus;
in the absence of singlet=triplet transitions (absence of term
( 6} 6 ) I7 ) experiments A2 and A3, Bl andCl, B4 and C4, D2
and D3, B2 and C3 are essentially the same. In the/case of iden-~
tical particles (see symmetry properties (4. 3)), experiments B2
and B3 yield the same quantities (B2) but for complementary ang-
les ( 1} and J/ ) A similar relation exists hetween experi-
ments C3 and c2. k

In. virtue of invariance of matrix~jl4~With réspect’torrever~f

sal of time, the sets of experiments in those table cells which
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~ are symmetrical with respeet to the main diagonal are equivalent
(equivalency of experiments A2 and Bl A4 and Dl9 etco) Thus thev
only experiments which arezdifferentvarevthoserdenoted by theﬁas«
terisk in the table. It cah’immedietely be seen that a poleriéed
target is requiied only in‘the*meét”damplicated expefimeﬁta ch;“
ever, for actual determination of the scattering matrix these ex—
periments are alseo superfluouso kkkk

Consider now the different characteristics determined in the
, various‘experimentso o | |
"A.l. Measurement of cross section -

6= Spdbd’= (za.;%:&/%/c'z%ld/ +Iel 2)

A2, Measurement of polarization}
T@IPB)= ¢ 5p 6, n s =Rea €

Bo2, Deteimination of the tensor -

6’(1915)2p(19)- t Ip MG ;U G =

=4 (lal?+bP-Icl*- 1d/3+1e1~°§)n np *+Re(@B+C d)m,mp
+Rﬂ.(a5 c'd)e; €p = Zimf’ze(m lp - szp)

From experiments on triple scattering with parallel or perpendicua'

lar planee'the follewing componeﬁts are,determihedCD
6 @) Don (9) =5 (lal+81P-IcP~[d P+ el),
6 (01 Do (1=~ 08 3 Re (a*B+Cd)+ Y b'e Siny
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For determination cf the components R

G WDy B=siny 2 sz (a*B+C'd)vcos 3 3/m6 €,
6(17)%8(&) Sing Pn.z(a. "8-¢ d)wsa I 5 e

either fourfold scattering must be measured or else triple
scattering witl?a magnetio field between the tatgetse Uni.t vec— .
tors ? and f)C are directed along K and 11 x K respectivelyo ‘
B 3 Measurement of tensor ‘f
(Ialz IBIZ+Icla—Idla+lel"')nzngf

_+m(ac+5 dm; mghe (=B d)E; eg-ymc e(myy elmg)

Components Hnn and Hx-e can be determined from triple scat=
tering and me and Kt-e from fourfold scattering

In the case of identical particles this 1is equivalent to
measurement of the corresponding ih&> components at complemen=

tary angles ( F+5i-7% ), where
Onn (T m Kan (B) D (57-21= Hx-e(w., /@e(w
.SOZm(ﬂ—v)— g(w ﬂ)x@m “B)== Ky (V).
- A.1, The tensor of yolarization correlation is measured
o*mmp,‘ (V)= L,SPG;P e,,,u.vu. = ,
7 (lal*-[Bl-lc[*+ d/e*‘/elz)npng*ﬂc(ad*ﬁc)um¢
.+Pu(6c a.*d)epe.Z*b’mde (€pm¢+mp€¢)
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The component

6 (9) Pra @)= (0 lP-IBI-ICP+1d1*+Ie?)

can be determined in an experiment in which the planes of the
analyzing scatterings coincide with the plane of predominant
scatteringo ' ' '

In order to determine the components -

WP Pern (9)=Umde” |

an experiment is required in which the pﬂanes of the‘analyZing
scatterings are perpendicular to those of predominant scatter-
ingo : , ‘ ‘ ‘

Experiments in which the planes of the.analyzing scatter?
ings are perpendicular to the plane of predominant scattering
and in which a magnetic field perpendicular to the first scat—
tering plane is applied in front of one of the analyzers, yield

the components

fmm(vl P&(a'd £C)
g (ﬁ)?ee(v)éﬂg(ﬁc~a d).

Bo4do Measurement of tensor
= nznpnnga_e +[m,mpn¢+€ e nﬂﬁnBe +
- tmy Kpng}fm(a b-c d) fgmp nq/'b’m(cbfﬁw di+
i+mlnpﬂqffm(o.c -8°0)=€; nprmy Ym (@¥e +87d)+
+nymp LgYm (a’d~67c) +ny epmqym(ac 5°d)+
[mln,omq*%a npei]ﬂzoe |
+[nz mpmi n; €P qJR.o.de

'ﬂin.enm.eiuxu& ‘Bt
] xmr,puux HCCAGRL:: “uit

VB IMOTERA !
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Do4. In order to perform this experiment a polarized

-htarget 15 requlred The componehts of the following tensor -

~are measured

| 6’(‘0)7—“% )= ¥ Sp“u' G G M G Oz2p =
| nmknp@——(1a/2+l£18+1c12+/d/2+1e/e+ o
* (my mygmpmy +€; €8, €0) 3 (lail?+ 161+ lcPeldI™ler)»
(m fﬂn e,‘+€mk pnglﬂa(a*B*'C*d)* | - o
(n m,‘npmgw*m nxmpng)h(aé -c"d)+ . |
+(m; €,mp €, + €, my €,my ) 3 (lal%+ 1Bl -1dP-[e )+
H(Em m,,e¢+m¢e e,,mq)z(za/ “~1BI+C-II - (e F)+
“(m i €p g € Lympmy) 7 (- /a18+/bz~’-+ch ld*1el)+
+ (¢, Ny nplg +n; €, €, ng)Ra(ac + B d)+
*(nymym,ng +m; i Ny ) Re(a*c-57d)-
-(€; ¢ «Mpng *N; nxe,,eq)fu(o, d+5 c)+' o
+ (nzn mpmq +mz mknpnqlﬂ,ﬁ(a d g C)"' .
(mznxnpeivcn m epnq n,(,{mp ng -¢; n,npmg)ymem
nl n mpfi +n;n, Qprn,‘ m; eknpng emknpng)yme d+
+(€ m,m m¢+m €km,,m¢+€ mpfq' +0. 0, Cpmg
~mi€ ol -lm, €0, - mimmp by =mim 8omg)Ima’e+
+(€ Nempng+n; Eknpm@ Ny np &g - mznxepngﬁm&e,
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APPENDIX II
. Unitarity. Ralation”

We present below the unitarity relati@n for: nucleon=nuc~7

leon scattering | CpED
T d () =K j 1 Sp[uu (K, *")uu.( 3 H")]dwku I -
T Ymp (9)- K[ & Sp[G- A B 4" (R Rk H"]dw S
| mgm&)—z,ﬁjg Sp| (6'+6>nuu (7 L (R, K”)]da)‘”"

Lu/ymS(z}) KfL, Sel O‘,?ﬁ@;_ AL (K FILLK K")]dwku

1 e

wymecm Hjlfsp[é’ {6, 'éwm KM (R, K")]dOJK,,

Evaluation of the spurs’involved in the unitarity"relation
is elementary Put‘yields cumbeisome expressions which will not
_bé givenrheréo It should‘be~mentioned that if‘bne uses the ex-
'preséion for M. given in refo5?’the unitarity-ielation for qoefé
- ficient B (U} (singlet .scattering) takes thé fpgm of the unita-

rity relation for scattering of spinlessvparticleso
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