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BaeneHne 

PacCMOTpHM P>lll MO!leneii B38HMO!leiiCTBHSI M03OHOB C qJIIKCHp0B8HllblM HCTO'IHIIKOM 

( HyKnOHOM) : 

a) D38llMO!leiiCTBH0 uel'.iTp8llbHblX CKan!lpllblX M03O11OB C llCTO'IIIIIKOM 

H ay~ g fV (r) </> (t) dt 
Int 

6) B38liMO!l0flCTBll0 38p>1)!(8HllblX CKan>1pllblX M03O11OB C HCTO'IIIHKOM .. 
J\nt a~- gfV(r)(r1 </>

2
+r

2
q,1 )d r 

a) B381IMO!leiicTBlle neilTpanbllblX HC0B!IOCK8n!lpllb1X M03O11OB C IICTO'IHHKOM 

111.t=v4" f {V(t}(i/ij)</>(r)d7 

r) CllMMeTpll'IHOe B3atiMO!l0liCTBll0 38pSl)K0lIHblX CK8n!ip11b!X M03OHOB C HCTO'llll!KOM 

II =Ji; g fV(t) r
1 

</>
1 

(r)dr 
Jnt ' 

n) CHMM0Tpll'IHOe B38HMO!leliCTDHe 38p!l)K0H!lblX HC0B!IOCK8n!!pllblX M030HOB C HYKHO

HOM ( B38HMO!leilCTBHe 4y-noy) 

H =,1'4;"..JLfV(r)(uv)r
1 

¢
1
(r)dr. 

Int Jf. 

B nepeqncneHHblX MO!10nSIX' M03Ollbl B3811MOlleiiCTByJOT C IICTO'IHIIKOM B COCTOll!l!!SIX 

c f = 0,1 • B nayX'ISCTII'IHOM npu6mrn<emm 38!18'18 p8cce1111n>1 ao acex 3TIIX cny'l811X npn

BO!IHTCSI K ypaa11eHIISIM noy
11 

/ 

rne 

I\ (w) =-,\_1 _ + _1_ f ( Im h1 (w~ + Au Im h1 (w') d w, ) , 
,u TT u w'-co-it fil'+ w 

18, . 8 2 
aHepr11S1 Me3O11a, h1 (w )= e sin '--, U(q ) - q1yphe-06paa 

, q2t+1 U 2(q2) 

(I) 

q>yHKllHII IICTO'IHIIK8 V ( f ) • l13B0CTHO, 'ITO ypaa11eH11S1 noy SIDnSIIOTC!I np_116m1>Kel!HblMH 

(11e y'IHTblB8IOTC!I 11eynpyrne npouecCbl, H811pHMep, "+ N .. 21r+:N H T.n.}. 0JIHOKO nane 

3TH ypan11e11H!I ne peweHbl nnst raMHnbTOllll8H8 D38HM0!18HCTBII!I 4y-noy. 

Ypaa11eHH!I noy He o6!138T8nhl!O CB!l3blB8Tb C K8KHM-nH6o raMHnhTOHll811OM O38HMO

!18HCTDHSI. Hx MO)KHO n'ony'laTb KaK cTaTnqecKne 11penenb1 cTporo noKa38HHhtX pennT11nncT

CKHX !IHCnepCIIOHHh!X COOTHOW8Hllii/
2
/, TaK, B pa6oTe L[fnH/

3
/ 6hinO llOK838HO, KBK 1!3 

nncnepCIIOHHblX COOTHOW0HHii nn11 ,r-N 'pacce1111n11· npn r~11Kc11pona1111oii nepenaqe nMnynh-

ca cneny10T ypaane111111 noy nn11 D3BHMO!lelicTa11>1 (n) • KpoMe 11Hx, aaTopht nonyqaioT ana-

nornqnoe ypan11en11e II nmt S -aonH 1r-N poccem111>1 

h(w)=..!..(1+2w)a +.i(l-w)aa+~fl Im ,h,(w') + -lmh'f!-4Imhajdw' • 
1 3 1 ,> 1r W -•W J(w'+ W) (2) 
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h(w) =.1..(2+w)a +:...!.(1- w)a +l2f I Im h3(w'~ +· 21mh,+imh3j dw'•, 
3 3 S 3 I TT W - W 3(w'•+ W ) 

KOTOpbie 11ecKonhKO paubwe Obtnll 11ony'!eHhI OMe
141

• YpaaueHl!SI AnSI BblCWIIX D, F BOnH 

TT• N pacceSIIIHSI TBKlKe MOryT Ob!Tb 11ony'l8Hbl M8TOllOM paoOTbl '-ifntt
131

• K T3KOMY )1{8 

BllllY 11p11D01lllTCSI ypaaue1111e llnSI TT-11 pacceSJtIIISl/
5
/, TTepeq11cneHI1ble 11pi!M8pb1 pa3nH'IBIOT

CSI 110 'II!Cny cJ>yllKlllll1 h, (w) , BllllY MaTpllll nepeKpeCTIIOi! CIIMM8Tp11H All • Jlnsi MOnenei! 

a) -r) peWOlIIISI H3B8CTllb1
16

•
71

. Ha116onee 11on110 CBOI1CTDa pewe1111il l!CCll81lOBBllbl llnSI MO)le

llll a) B pa6oTe
161

, rne 11onpo6110 11poauan11a11poaa11a 11eon11oanaq11ocTb pewe1111ll. H11>Ke 6yneT 

na110 pewe11ue MonenbllhIX np11Mepoa a) -ll), a TBK>Ke ypan11e11ull Ansi D Fu·•·~ nap11uanbllbIX 

BOnH 77-N paccesillHSI emrnhIM 110/lXO/lOM, l!CIIOnb3YIOIHIIM KOll<pOPMllble OTo6pa>KellllSI. 

4>opMyn11poaKa 38/lB'lll 

Ypaa11e11nsi (I) onpenensi10T auamtTll'IOCKne cpyHKlll!H 

CBOfiCTB8MJI: 

h 1 (w) CO CnOllYIOIHIIMH 

I) h1 ( w) auanHTH'llla B KOMnneKc11oil 11noc1rncT11 

cTn11Tenb11oii oc11 11a oTpeaKax (-~,-t I,, l+-t,~ ); 

W C pa3p038MH DllOnb neii-

2} if (w)=h1 (w*); 

3) Im h1 (w +:io )=·.q
2

f+t u2 ( q2 ) I h1 ( «> +io )1
2 

-ycnoane yHHTapeocTHl 

4) h
1 

(-c.>) =-A11 h1 (w) ycnonne nepeKpOCTIIOii CHMMOTpHH; 

HMeeT a uyne nontoc 11epnoro 11op>111Ka, Res h1 («>) =·A 1 5) h
1 

(w) 

6)h1 (w) ➔ O nm, lc;,1 H Im w,/0. 

11cnonbayn TeopeMy Kown n caoiicTaa I) - 6), MO>KHO np11nTH K ypan11e11n SIM ( l). Ecn11 

ronopl!Tb 06 ypaBHOIIIISIX (2), TO ¢YIIKIIIIH I\ (w) ynoaneTBOpSIIOT cnoilCTBBM I) - 4), 

110 110 HMOIOT nonrocon B 11yne, 11 h
1 

(w). ue CTpeMIITCSI K uynto 11p11 I«> I ➔ 00 

Ananorll'IHOe 38M8'13Hll8 MO>KHO C/l8118Tb II OTIIOCIIT8nbHO ypaa11e1111i! nnsi 17-11 

n Imw ,I, o. 
/5/ 

pacce<111H<1 

TToaTOMY Of5IHIIMH llllSI BCOX YTIOM!IIIYThlX Bb!W8 MOllOIIOil !IDnSIIOTCSI CBOHCTB3 I) - 4), KOTOpbte 

6ynyT C'lllT3TbCSI OCIIODllblMII. TaKIIM o6pa30M, IIH)K8 HIHYTCSI B!Ianl!TH'IOCKIIO ¢yHI<llHH, ynon--

neTBOpSIIOIHIIO ycnoBHSIM 1)-4). 0CT31IODHMCSI nonpo611ee Ha ycnoBHII 4). MaTp1111a nepe-

KpOCTIIOfi CIIMMeTpllll A o6nanaeT TOM CBOHCTBOM , 'ITO 

A
2 

=·E ,. 

T.e. llDB>K)lbl 11pi!MOHOIIIIBSI 011epa1111<1 nepeKpOCTllOH CIIMM8Tp1111 IIPIIBO)lllT K IICXOllHOil 

cJ>y11KI11III. 0TCIO)l8 cnenyeT,. 'ITO co6CTB8Hllbl8 3H8'181111<1 3TOil MaTplll!bl A paBHbl :!:..1. 
JlpyraSI q,opMa 33HHCH ypaaneHIISI (3) 0'10Bllllll8: 

4 

(3) 

,,·___:__,,,,,.,__ 

KpoMe Toro, MBTpH11a 

A=::;T 

A ynoaneTBOpSIOT eme llBYM ypaBIIOIIHSIM, a IIMOIIIIO 

Ii Aii = 1 ,. 

I c. A..= c. , 
i 1 "IJ J 

(4} 

(5) 

(6) 

rne Ci - pa3M8p110CTb npencTaBne1111si C llllll8KCOM • TTOSICHIIM CMbICn ycnOBIISI (5), KOTO-

poe 03118'188T, 'ITO S -MaTpnua llpll BbIKnlO'IOHIIOM B38HMOll8llCTBHII. ynoaneTBOp!leT ycno

BIIIO 11epeKpeCT11oll CIIMMOTpHH. 

PaBOIICTBa (3)- (6) cnellyIOT H3 011penenellH!I MBTPl!Ilbl Aij - TTycTb pi -llpOOKIIHOHHbie 

011epaTopu npouecca a+ b ➔ a' +:b' 

110 011peneneH1110 

aa· COCTOSIHHH C KBaHTOBbIMH llHCnaMH 

MaTp1111a A ij 

) 1 = 0. i ,l,-j. 

011penensieTC!I paBOtICTBOM 

T 

P.2 =-P. 
1 l 

( P
1 

) =· A , ( 1: •) 
rs 11 · Hr 

H IP.=1. 
. 1 
l 

TTpi!M8H!ISI llBS>Kllbl 11peo6pa30BBIIll8 (8) II 11cnonb3Y!! (7), nerKO 11onyq11Tb, '!TO 
2 

11n11 A =E. 

• Torna 

(7) 

(8) 
T 2 

( A ) = E 

CyMMIIPY!I paBeHCTBO (8) no BC8M 

C00TB8TCTB8HIIO (5) II (6), 

11n11 6ep<1 oT 11ero wnyp, MO>KHO nony'll!Tb 

TTepellneM OT ¢y11K1111ll h1 (w ) (aMnn11Tyn pacceS1I111<1) K MBTpll'IHbIM aneMe11TaM 

S -MaTpllilbl 

218 (W) 21+1 2 2 / 
S1 (w) =·e I =1+:2iq u (q )h1 (w +·io ). (9) 

8b16epeM Ty B8TBb q=\,lw 2-,1' llllSI KOTopoll Im q > 0 • '!TO ¢11KCHpyeT ¢1131l'IOCKllii 

nllCT. J13 (8) II (5) Torna cnenyeT, 'ITO ycnoane 4) Bb!TIOIIIISl8TC>I nn!I ¢yl1Kllllll SI (w) •. 

TTepexon OT ¢yHKllllll hi (w) K s, (w) ,,KOHO'IIIO, CK8>K8TCSI 118 CBOi!CTBSX 5) 11 6). 3a 

C'l8T ¢YIIKIIHH IICTO'IHl!Ka u
2

(q) no68B<ITCSI HOBble oco5eHIIOCTII II II3M8HHTCSI ll0B8/l8Hll8 

118 6eCKOH8'1HOCTH. On11aKO 8TOT nepexon He CKS>KOTCSI Ha OCHOBllblX CBOHCTB8X, KOTOpbIO 

T8118pb HM8IOT Bllll: 

1) SI (w) - aaanHTll'l8CKl!8 ¢yHKllllll B KOMllll8KCHOi! nnoTIIOCTII w C pa3pe33Mll 

BllOllb nellCTBIIT8nbllOil OCH 118 0Tp83KBX ( -~ ' -11 .• [ +:1 • +:~ ' ) • 

2) s; (w ) = S 
1 

(w* ) , 

2 
3) I 5

1 
(«> +:io) I = 1 nnst w > 1 

4) S1 (--ul) = A 11 S1 (w ). 
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PemeHHe 'l8CTHhlX Cn_l'l88B 

BHl\ cj,yHKllllil, 06nanaro111nx OCHOBHhlMII CBOilCTB8MII, 38BIICIIT OT 'llICna !IX (i=·l,2 •• N)I 

a npn naHHOM N onpenenl!eTCll MaTpnnel! A, 

1. TTpOCTel!mnM llBnlleTCll cnyqal! c N =· 1 n A =-1 • OH Ohm nonpooHO paaoopaH 
. /6/ x) 

a pa60Te • YKaiKeM oonee npocTol! nyTb pemeHnll a 3TOM cnyqae • 

TTpOII3B8)l8M KOHcj,OpMHOe npeo6pa30B8HII8 MOCKOCTII "' B nnoCKOCTb 71 TBK, 

'lTOOhl pa3p83hl (- ,-llf· t 1,+ ... ) nepemnn B 81\IIHII'lHYIO OKpyiKHOCTb, a B8Cb cj,n31I'l8CKHil 

nncT ( T,e. nncT c lm q > 0 BO BffYTpeHHO<:Tb 3TOl! oxpyiKHOCTII. 'iTOOhl cnenaT& 38)l8'ly 

6onee onpeneneHuoil, uanoiKIIM Ha 

71 

7/ (w) ycnOBIIll 
~ 

1 +iq 

w 

71(0).,Q H 71(+1)=+1. Torna 

(10) 

0'18BIIJlHO, C8M8 cj,yHKilllll 71(w) ynoaneTBOplleT OCHOBHblM ycnOBHllM, Onaaxo oua ue nang-

eTCll HaH6onee oomel! cj,yHKllHBl!, YJlOBneTBOpmomel! ycnOBIIIO 3). Taxoa cj,yHKllHel! !IBnll8TCll 

cj,yUKllHll Snmnxe, KOTOpall nnll 81\HHH'lHOil OKPYiKHOCTH HM88T BIii\: 

b (71) = / Il J..!J_ 
k=t 711 

7111.-· 71 
1 - 71.: 71 

,l< 
(11) 

113 ycnOBHll yHHT8pHOCTH 3) H 2) cnenyeT, 'ITO Hynn 71k noniKHhl_ Oh!Tb pacnonOiK8Hhl 

CIIMMeTpll'lHO OTHOCHTen&uo OCH Im 71 =· 0 • Ycnoaue nepeKp8tlTHOl! CIIMM8Tpnn IlpHBOI\IIT 

K TOMY, 'ITO OHII CHMM8TpH'lHhl OTHOCllT8nbHO OCII Re 7I =· 0 , TToaTOMy D BCer.na '10THO. 

b(71)=.,,>'•II ~--712 
2 2 

II ( - 71no +: 71 
1 +: 7I 2 7I 2 

D2 

II (liial~'l1~(2Re 71:, 71 )
2 

n3(l+l>i l
2

712>ic2Re 71 71 ,
2

•
1(12) n, 1 -1/ 2 712 

DI D2 na na 

rne n I, 2, 8 'lHCna nonJOCOB HS nonoiKllT8n&HhlX nel!Ct;BllT8n&HhlX II MHIIMhlX ny'Iax II B nep

BOM KBanpaTe nnOCKOCTII 71 COOTB8TCTB8HHO, a A - nopnnoK oco6eHHOCTH B Hyne. 

YK838HH08 npencTaBneHlle (12) ynooHO TeM, 'ITO B H8M H838BIICIIMhle napaMeTphl IlpOCTQ 

CBH38Hhl ,= TBKHMII cj,n3H'l8CKHMH xapaxTepHCTIIKBMII, KBK ll0nOiK8HHll II mnpHHhl pe30H8HCOB 

H M8CChl CB!!38HHhlX COCTOruml!. l{ucno OC008HHOCTeil MOiK8T Oh!Tb H 6eCKOH8'1HhlM ,n B03-

HHK8IOIIIH8 npu 3TOM orpaHII'I8HIIH HS 71 xopomo II3Y'l8Hhl 
n1 

/8/ . 

2. TTepeilneM K cnyqa10 N =-2 xx). B xaqecTae npocTel!wero npuMepa paccMoTpnM 
1 -1 4 

MaTpnny A , cooTaeTcTByromyro Monenl!M a), r). A =·r ( 2', 1 ) 

x) 3ToT cnoco6 oh!n npennoiKeH MS. Kpel!HOM Ha pat>o'IeM coBemaanu 
no Teopuu nncnepcuoHHhlX cooTaoweHHll B .lly6ae (1959 r.). 

xx) 3TOT cnyqafi pemea B
1

.
11

• HmKe eaynbTBThr OT cj,opMyn01 (14) no (22) coana
naroT c aaanorH'lHhIMH peaynbTBTBMn ua1V. Jlan&aeilmee paccMOTpenne npoBeneao npyrnM 
M0TOJIOM. 

6 

t' 

c, 2 4 

2 -V3 4-'.3 

4 2/3 1/3 (13) 

Oaa COOTB8TCTByeT MOM0HT8M 1, l /2 B38HMOAel!CTB7flOIIIHX 'laCTHll H ynoaneTBOpl!eT ypaaae-

HHllM (5), (6). Bh!HCHHM cnepna, xax11e orpaHH'leHHll uanararoT aa cTon6eu S 1 

nepexpeCTHOH CHMMeTpHI! 4)' nnll qero pa300b8M s, ( '") 
II 8HTIICHMM8TpH'lffYIO a, (w) 'l8CTII, Torna 

H8 Cl1MM9TpH'qHylO 

A11 sl (w) =-s 1 (w), A1 l al(w)=-a 1 (w). 

B cuny Toro, 'ITO co6cTBBHHh1e aaaqeuul! A paBHhl :!:.1, HMeeM: 

s1 ( w ) = ( ! ) s (w) "t (w) = ( • i ) a (w) n S (w) =( s(w)-·2a(w) 
I s(w)+:a(w). ). 

ycnOBHll 

s 1 (cl) 

(14) 

(15) 

<!>opMynhI ( 15) naroT uanoonee 06111uil BHJl cTon6ua s, (w) 

THM, 'ITO cj,yHKUHH s(w),a(w) o6nanaJOT CBOHCTB8MH 

, ynoaneTaop11rowero 4). 0TMe-

s*(w) =s(w*), a*(w)=a(w* ). 

Ycnoaue YHIIT8pHOCTII npHBOJlHT K TOMY, 'ITO 

I .s (w ) - 2 a {w ) \
2 

= I s (w ) + a (w ) 1
2 
= 1 IlpH 

YpaBH8HHll ( 17) orrpenenHIOT nae 8[lHHH'lHhl8 OKPYiKHOCTH C U8HTp8Mll 

w > 1. 

B TO'tJKSX 

(16) 

(17) 

2a(w), •a(w). 

0'18BIIJlHO, 'ITO He npn nro6oM OTHOW8HIIH ~ 
a(w) 

OKPYiKHOCTH nepeceKaJOTCH, T,e. ypaBH8HHll 

(17) COBM8CTHhl, !-fa (17) l!M88M 

1-S--2 i'=I JL+ 
a a 

I 2 (18) 

s+al
2
=1. (19) 

B rrnOCKOCTH _s_(l8) eCTb ypaBH8HII8 JlBYX 0Kpy~{HOCT8H OJlHOro panuyca,TO'lKH nepeceqe
a 

HHll KOTOpblX onpenenl!JOTCll ycnoaueM 

_s_ + (_S) * = 1 • 
a a 

Ycnoaue (20) HBnHeTCll cnencTaHeM (18) H onpenenl!eT oTuomeHHe 

ny H8'18THOCTII cj,yHKUHH 2 
a 

npaBall 'l8CTb (20) M8Hll8T auax npn 

_s_ 
a 

nnll 

w <-,1 

(20) 

w>l. B cu

• 0003118'1HM 

':~ = <l>(w) • Torna na onpenenemrn 
a(w1 

Si (w) cnenyeT, 'ITO a (20) cj,urypupyeT 

<t,+\w) = <t>(w+io), a ua (16) nonyqaeTCll, 'ITO (_
8
_ )* = <!f·l (w) = <l>(w -io) 0KOH'laTenbHO: 

a 

<tl+)(w) + J·>(w) =.t.l; w>l, 
w <· l. (21) 

CooTuomeuue (21) npeucTaBnl!eT co6oii xopowo ll3BeCTHYJO aeouHopoa.Hyro 1,nnel!Hyro xpaeayro 
/9/ 

38Jl8'1Y PnMaHa, M0T0Jlhl peW0Illlll ee H3nOiK0Hhl, HanpHMep, B , IlpnaeueM peaynbTaT pe-

1118HIIH: 44(w) arc Sin w + i ,/w 2-1 f3(w) , 
1T 

f3(w)=-f3(-w). (22) 

7 



CTenellb nponaaona onpe11enS1eTCSI Tpe60B8HliSIMII orpa1111qe11110CTII ct>(w) 118 Ko11uax paape30B 

Hllll HIITerpnpyeMOCTblO 4>(w) 118 paapeae, '!TO npHBOl!HT K cneunanbHOMY BHAY ,'l(w) 
/10/ 

TToCKOllbKY B OCHOBllhIX ycnOBHSIX S; (w) -MepoMopcj,Hhie cj,yHKIIIIH ' TO B Hamel! llOCTa-

IIOBKe p(w) - npOH3B0llbH8SI 11e'!eTll8SI MepoMopcj,HaSI q,yHKUIISI OT W H11TepecHo oTMe-

THTb reoMeTp!!'!eCKHi! CMblCll '18CTHoro pemeHl!SI (21). 

w =·_l_ arc Sin Ct.I , 
11 (23) 

w,-- w* =;!::1 wV· 1 • 

+· 
B KOMnneKcnol! nnoCKOCTH w (23) eCTb ypaaneHne_ nayx npstMhIX Re w =·- ½ • TTocKonb-

KY Mb! HIIIeM ananHTH'!eCKYIO cj,yHKUIIIO 4> (w) - ' OHS non»rna ocymeCTBllSITb KOllcj,OpMHOe OT0-

6pa>!<eIIIle OJ:tll0CBSI3HOil o6naCTII w (nnOCKOCTb C Hanpe38MH) 118 0J:tll0CBSI311YIO o6naCTb w, 

T.e. H8 nonocy - l'z ';,_ Re W ';,_ ½ CoOTBeTCTBl!e TO'leK rpalll!llhl O'leBHJ:tllO, HCKOM8SI cj,yHKIIHSI 

w =·_l_ arc Sin w, '!TO COBIIBJ:taeT C (23). TaK K8K OTIIOIIIenne ~ ll3B8CTHO (cj,opMyna 
11 a(w) 

(22)), TO peme11ne ypaa11eHIISI (19) CBOJ:tllTCSI K H8XO}KJ:tellHIO, 11anpl!Mep, qlyllKllllll a (w). 

ByneM IICK8Tb peme11ne, K8K cj,yHKlllllO 

nerKO BHUeTh, qTO f3 0 (w) =f3,,(w+l), 

w. Torna ;.:r,;;q /J(w) =-cos 11 w f-l(Sin 11w )=f30(w). 

f3o ( W ) = -•f30 ( -w ) , 

s ( w) 

aTwT 
W + /3 0 ( W) • (24) 

BaeneM IIOBYIO cj,y11K1Illl0 cf, ( w) :: 

cf,(w)=s(w )+:a(w). (25) 

lfa COOTHOIIIeHuil ( 19), (25) u (16) cneuyeT, '!TO cf, ( w). 9 ( w*) = 1. 

Bocnonbaonaa1m1Cb onpe11ene11110M w (23) 11ony'IUM cj,y11Ku11011anhnoe ypaanenue na 9( w) 

<f,(w) ¢(1- w) = 1. 

KpoMe Toro, a(w) = 9 ( w) SIBnSieTCSI IIO'IGTI!Oll cj,ynKu11eil (,J , a 3HfftillT,n 
w+/3(w)+l 

TenbHO 11nS1 onpeuenemrn 9 ( w) IIM80M 11B8 cj,yHKUIIOHanbHhIX ypaa11emrn: 

9(w) 9(1-w )=1, 

9( w) 9(-w) 

W + /3 0 ( w) + 1 •W • f30 (w)+l 

(26) 

W • 0KOH'l8-

(27) 

nnst pememrn cj,yHKUIIOHBnbHhlX ypaBHGHIIH (27) IIX l!OCT8TO'IIIO rrponorapncj,MupoBaTb, Terna 
g(w-1,) 

rrepaoe ua n11x naeT, '!TO 9(w)=-e , rue g(z) - mo6ag anT11Cl!MMeTpll'IH8S1 cj,y11K-

u1is1 caoero apryMeHTB.. 0KonqaTenhHOe peweaue nMeeT ann: 

rue h(w) +h(-w)=O , 

h ( w) +:b ( w + 1) = 0 , 

9 (w) = w + f3o ( w) 

w+ft,(w)-1 

8 

h(w-½i) 

e (28) 

! 
I 
J' 

r 
,! 
l 

I 

t 
•t ,, ,tr, 
i 
' 

( 
,., 

S(w)=~[w+f30 (w)l~·2)) [w+,'l0 (w) l eh(w-1>) 

[ w + f30 ( w ) +: 1 [ fJ ( ) 12 1 
\f + , O W T"' 

(29) 

He o6cy"'naSI noKa caollcTB pemennn (29), o6o6i;unM ero Ha cnyqall nayxp,uui:oii MaTpHIIbl · A 

COOTBeTCTBYIOillell CllOl!{eHHIO MOMeHTOB r, ½ • ByueM CTpOl!Tb ee, llCXOIISI 113 (4)-(6).' 

Ha (4) cnenyeT, '!TO A npei:tCT8BllM8 B cj,OpMe 

X ---1..=.iC 
A ~( y_ ) • 

y - .,. 

rne X , y - He38BllCl!Mhl8 napaMeTphl. 

Ycnoane (5) npl!BOJ:tllT K Bblp8l!{eHl!IO 

X, 1 - X 

A =<x+l, -x ). 

B nameM cnyqae ( f,½) c
1 

= (2f, 2f +:2 ) I H OKOH'IBTellbHO: 

Ar =-1- ( 
2f +:1 

-1, 2f+2 
2e. 1 

) . 

(30) 

(31) 

(32) 

Bhlp8l!{eHll8 (13) 8CTb '18CTHbil! cnyqaii (32) np11 

nony'IBSM, 'ITO 

f=l A11anorn'lllo nano"'eHHOMY 

S• (w ) = ( 

I! 

<l>e (w) = 

ll0J:l'IIIHSI8TCH ypaBHeHlllO 

se(wl-· f+:1 
Sa (w) +-:-r( "f(w) 

L "f W) 

Sf (w) 

ar (w) 

(+) (·) 1 
4>r (w)+:4>e (w)=.:!"-f- .. 

w > 1, 

w <-·l., 

O'!eBHIIHO, 'ITO o6mee peme11ne ypaBHGHIIH (34) llM88T Bill! 

<t>e ( W) F _1 __ l_ arc Sin W +:i~f3(r.,) • e 11 

ByneM T8K )1{8, K8K II llllSI cnyqag f =-1 , l!CK8Tb pelll8HHSI K8K q,yHKUl!IO nepeM8HHOi! 

Bae11eM 11oay10 cj,yHKUHIO 

'Pr (w) =·se(w )+ae(w ), 

aannmeM CHCTeMy (27) B cnenyromel! cj,opMe: 

cf>,_(w)<f,l(l 

cf>r cw l 

-w )=l, 

- cf>r(-w) 

+w +:fl
0
(w)tl •+w •f30 (w)+l 

9 

(33) 

(34) 

(35) 

w 

(36) 

(37) 



nn11 mo6oro uenoro pem0HH0 ypaBH0Hllil 30)l00TCH q,opMynoll. , 

r 
cf,r(w) = n 

n=l 

0KOH'i0T0IlbHO nonyqaeM, 'iTO 

Sf(w)=( 

n• I 
w + r ,Bo(W )-!/2+ (•l) [½ -(f-n )] 

w + r .Bo Cwl-½-C-t'rl½-Cf -nll 

w +: f ,89( w )-(f+:l )) 

w + r ~ < w > + r cf>e < w > 

f h_(w-½) 
(38) 

(39) 

PemeHII0 llilH IIpOII3BOilbHb!X U0Ilb!X IIMeeT CTpyKTypy, aaanorll'il!y!O cnyqa,o f = 1 

II09TOMY Hll~<e paCCMOTPIIM aaanHTII'i0CKII0 CBOHCTBa SI (w ) • 

AH0Illl3 _!&HKUllli SI ( W) 

PacCMOTplIM nonpo6aee CBOliCTBa p0lll01IIIH s, (w) (q,opMyna (29) ). BbIHCHIIM BH)l 

h(w -½) KaK <j,yHKUIIli w , rne h ( w) HMeeT caolicTBa (28). Ilpell{Ue acero aaMeTIIM, 

'iTO 

T.e. 

on 2 

arc Sin w +: arc Cos w :i::::- ½ , 
11 

h ( W -½) 30B!!CHT OT _!... arc Cos c,1 • TTOilb3yHCb T8M, 'iTO q>yHKD.lISI 
11 

lI H8'i8T!la (CM. (28)), npencTBBHM ee B Bll)l0 PMS <l>ypbe: 

rne a* = a . 
h ( w) = l am Sin 11 ( 2 m + · 1 ) w , 

m 
m m 

Bocrronb30BUBll!HCb paBeHCTBOM (40), MO)KHO IIOK838Tb, 1:J:TO 
2m 

h (w) =v 1- w 2 :E bmw 

(40) 

h (w) HM00T 110pH-

(41) 

TaKIIM o6paao", h (w) 
h(w-½) 

ll0B0pXIIOCTII, a f"'-

SIBilSl0TCSI ananllTll'i0CKOll q,yHKUHefi Ha naynHCTIIOll pHMaHOBOfi 

ynoaneTBOp!leT BC0M CBOHCTBBM paCCMOTpeHIIOH panee aana
h( w -½) 

"EUI C N=l II A=l TToaToMy HaH6onee o6rrll!l1 a11n r ylKe ycTanoaneH n onpene-

n11eTCH q,opMynoil ( 12). 0TCIOU8 cnenyeT, 'iTO H00)lH031I0'i HOC1'b TIIIIB Knn 
16 I uon,ocoa 

B031IHKaeT R B 6onee C110)KHO!..~ cnyqae tn B o6eux napnnanbIIhIX BOnHBX OHS onIIH8KOB8. 

0CT8Blll8SICSI 'i0CTb S ( W) 3aBHCHT OT IIp0113B OnbHOil M0pOMOpq,noil q>yHKUIIll /3 0 ( W) 

II nonlK11a 6b!Tb ymITapHoli Ha npaaol\: pnapeae nnocKOCTI! "' 
2 I 0. 

(w ~-1)1 e ' I 11 , '<TO cnenyeT ua 

CHMM0Tp1111 TaK, 

ycnOBIIH )'HIIT8pHOCTll II 
2! Oa<•W) 

Ha11p1IMep, I e I '.:o'' 1 
> 

• Ha neaoM paapeae 

COOTIIOlll0!Illil 11epeKp8CTHOil 

• 3HaK paB0HCTBa B03-

MOlK0H TOilbKO llpll S,(w )-83 ( W) =n 11 

CIIT OT W • AaamI3 9Tol1 'IBCTII S ( W) 

, OUHBKO II3 (29) BllllHO, 'iTO s,(w)-03(w) 38Bll-

yno6Ho npOBO.OHTb B KOMIIneKCHOfi nnoCKOCTH w 

TTon,oca II HynH S(w) 011peneIIHIOTCH ypaaH81IHHMll 

10 

w + ,Bo,fw)+:n=·O, 

rne n=·0,~1,-2. 

(42) 

Bocnollb30B8BWHCb ycnoBH8M nepHO)lH'lHOCTH 

B8CTH K BllllY 

BJ,,w) (24), ypaBH0Hll8 ( 42) MOlKHO llpH-

w +·n +:,80 ( w +:n) =•0, (43) 

H3 KOToporo cnenyeT, 'iTO UIISI onpeneneHH!l KOpHeil ypaBB8HIIH (42) llOCTBTO'iHO pemHTb 

onuo ypaaaeeHe c n =•0 
W + ,8 0 ( W) =0 (44) 

[w+:~(w)], ( ) 
PacCMOTpIIM OTHOlll8Hll8 [. ' KOTopoe BXO)lHT B s w • 0'18BH)lHO, 'iTO 

w +:,80 ( w )I ~1 
uynII 3HBM8HBT81IH C)lBHHyTb! HB 1 no OTHOW8Hll!O K uynHM 'IHCIIIIT01IH. l1Ha'ie roaopH, 

non,oca ll uynII aToro OTBOW8HHH CIIMM8Tpll'iHbl OTHOCHT81IbHO nnmrn Rew=·½' KOTOpaH 

HBIIH8TCH o6pa30M npaaoro pa3pe3a lllIOCKOCTH "' 

s, (w) coneplKHT ll0llOIIHIIT81IbHblll MHOR<HT01Ib 

(paapea w >:l. , ). Bb1palKeHIIe nnH 

[ w+ ,llo(w)]-2 

T;+ ,B
0

(w)]+l ' 

MHOlK8CTBO uyneli H llOIIIOCOB KOTOporo TBKlKe CHMMeTpll'iHO OTHOCHTellbHO IIHHHII Rew=½ 

YK838HH8H CHMM8Tp1IH eCTb cnenCTBll0 ycnOBllH YHIITBpHOCTII Ha paapeae W >+:1 • nerKO 

y6enHTbCH, 'iTO (29) ynoaneTBOpH0T ycnOBHIO nepeKpeCTHOil CIIMM8TpHII 4) n,KaK cnenCTBH0, 

ue yHIITapuo Ha paapeae "'<-,1 Hnll Ha ero o6paae a llilOCKOCTH w -nHHIIH Rew=-½ • 

l13 ypaaHeHHH ( 44) MOlKHO nony'iHTb cneny,onrne CBOfi CTBa MHOlK8CTB8 ero KOpHeil w~ 

a) MHOlK8CTBO 

6) MHOlKeCTBO 

w CHMMeTpH'iHO OTHOCHT0llbHO Ha'lana KOOPUIIHBT, 

W CHMMeTpH'iHO OTHOCIIT8IlbHO OCII lm - 0. KaK cnencTane a) n 

6), MHOlK8CTBO W CHMMeTpH'iHO TBKlKe OTHOCHTeilbHO OCH Re W =•ll • Il03TOMy )llIH 

onpeneneHHH ero )l0CT8TO'iHO HBHTH ace KOpHH ypaaHeHHH (44), pacnonolKeHHNe B nepBOM 

KaanpaHTe IlilOCKOCTll w 'BKil!O'iBH ero rpaHHUy. 

nanbH0lilllaH )leTSilH38UllH CBOfiCTB MHOlK0CTBa w B03MOlKH8 IIHlllb npn H8KOTOpb!X 

npennonolKeHHHX OTHOCIITeilblIO /3 ( w) • HnlKe 6yneT )lOCTBTO'iHbIM 11pennonolKHTb, 'iTO 

,Bo(w) IIM00T BII)l! 

,Bo (w)= Cos 11w ..!'._(Sin 11w) 
Q(Sin 11W) 

'lTO COOTB0TCTBY8T npennonolKeHHIO O TOM, 'ITO 

/3 (w) = P(w). 
Q(w) 

(45) 

3neCb p ll Q - IlOilllHOMbl no "' C neilCTBIITeilbHblMII Koa<!><l>BuneHTBMH, O)lHH ll3 KOTO-

pb!X ,rnn11eTC!I He'ieTHOfi q,yHKUHeil "' ( ~M. (22)). Torna ypaaHeHH0 ( 44) npHBOUIITCH 

K BIIllY 
w • Q ( Sin 11 w ) +: Cos 11 w P ( Sin 11 w ) =. 0 • (46) 

II 



/11/ 
HccnenoaaHHe Hynefi ypaaHeHHn (42) npoaeneao B paooTe , § 2. OcTaHOBIIMCH nonpol5-

Hee Ha 'll!cne Hynefi B nonoce co cTopoaaMH ,napanne1IbHhIMB n11mrn Rew=-0 • TTpencTa-

BHM nesyro 'lBCTb B Bl!Jl8 f( w, U, V ) , r.ne u ::;, Cos:r w , v=-Sin 11w • TTycTb 

f( W, U, V) =-~ Wm J;'(u, V) , (47) 
m,n 

rne l~' - onHoponHhie no u V nonl!HOMhl CTeneHB n • fnaBHhlM 'ln8HOM 0YJl8M 

H83h!B8Tb TOT 'lneH B CYMM8 ( 47)' nm1 KOTOporo m H n 0/lHOBp8M8HHO JlOCTnraroT CBOHX 

M8KCl!M8nbHhIX 3H8'l8Hllil. Toraa BM88T M8CTO TeopeMB (TeopeMa Ill ' paooTa
1111

). 

·• TTycTb f ( w, u, v )-nonnHoM 
r (s) 

c rnaBHhIM 'ln81IOM w ¢ ( w,v). Ecn11 
r 

TBKOBO, 'EJTO 
( s) (s) l 

<11 (r+:iy)=ef, (Cosw,Sinw} 
r 

H8 00p811l88TCH B ffY1lb HB npll KBKOM Jl81lCTBIIT81IbHOM 

To aa nonoce -211k +:<':,_K <;;_211k +·r(w= x+:iy) q>yHKUBH F(w)=-f(w,Cosw ,Sinw) 

oyaeT, H8'IIIH8H C H8KOToporo /lOCTSTO'lHO oonbworo k , IIM8Tb pOBHO 4 sk+:4 Hynell. 

TaKIIM oopa30M, ana Toro, 'lTO0bl q,yHKUHH F(w) nMena numb aeilCTBBTenbHhle nynu, 

Heooxoa11Mo n aocTaTO'lHO, 'lTO0hI oHa na IIHTepsane 211k +·• :S,xS211k +:r nMena 

pOBHO 4 sk+:r aellCTBIITenhHhlX nynell, H8'IIIH8H C /lOCTSTO'lHO 001IbWOro k .. 

S - BOnHhl 11-N £8CC8HHBH 

MaTp11na nepeKpeCTHOll CIIMM8Tpnn (CM. (2)) IIM88T BH/l' (13), a ~lYHKllllH Si (w) 

npH ManbIX k =../;2• 1paanararoTCH B PHllhl 

Benn'lHHhI a 1 

s1 (w) =-1 +:a
1 

k + ••• 

/12/ 
-anHHhl paCC8HHIIH, II H3 3KCnepllM8HTa ll3B8CTHhl HX 3H8'l8HII>I 

"i - a 3 = 0.259 , 

(48) 

(49) 
a 1+ 2a = - 0.005 + 0.0065 • 

TTonmKHM HHlK8 al +:2 a =-0 • tH1IbH8H 38BHCHMOCTb aenH'lHH a OT H30T0nH'l8CKOro 
3 I 

CnHHa aonroe Bp8MH OCTaaanacb HenoHHTHOll. B HSCTonwee Bp8MH ee CBH3h!B8IOT C 11-1' 

y ' 

B38IIMO/l8HCTBH8M B COCTOHHHH Te J = 1 , , T.e. C cyIUeCTBOB8Hll8M P -Me3oH/
131 

no-

K8lK8M, 'ITO 3TOT pe3ynbT8T CTI8/lY8T H3 8H8TIIITH'l8_CKHX Bhlp8lK8HHH )lilH SI ( W) • nnn 

Toro, 'lTO0hl ooecne'lHTb pa3nOlK8HH8 (48), nonolKBM B (29) h (w - ½)ee0 n nyCTb 

f3o =· W + 

'ITO COOTB8TCTBY8T f3 ( W ) =· f3 
Cos 11w Sin 11 w 

f3 
Cos11w Sin 1rw 

,, 

, rne fl - napaMeTp. TaKofi Bh!oop 

(50) 

/3 ( w) 

csn3BH c TeM, 'ITO OH ooecne'lnsaeT noseneHne (48) H, no TeopeMe TToHTpar11ua, ann 

{:J>:O B nonoce -2k+¼~x<;;_2k+·¼ 'll!Cno KOMnneKCHhlX KOpHell .,,. 4 r ( p )+ :2 • TTapaMeTp /3 
MO>KHO nono6paTb TBK, 'lT06bI B nonoce -% , --% He Ohme aeilCTBUTenbHhIX µomocos. BhI-

palKeHl!H ann lg o
1 llM8IOT Bnn: 

12 

lg 1\(w).,. 4wR[j3+~ tn(w+:k)I, 

4[f3 +:~fn(w+:k))+Jo,\
2

' 
11 

o,k 
lg 8 3 (w) =-•½ f3 +-"'~ fn(w+k) 

IITIH 
a = . ----1._ ' 

I fl 

aa=-2~ • 

a 1+2a
1
=-0. 

TaKIIM oopa30M, CIIIJl,Han 38BHCIIMOCTb a I OT B30TOnH'l8CKOro cnnua MOlK8T 6b1Tb nony-

'leHa B paMKBX YHIITBpHOCTH H nepeKpeCTHOll CHMM8TPBH. BbIBOJl O paaeBCTBe a • a 
3 

/14/ I 
nony-qancn HS OCH0Be ncnonb30B8HBH T01IbKO CBOllCTBa nepeEpecTnoll CHMM9TPHH. Ycno-

BHe tHHTapHOCTH npHBO/lHT K TOMY, 'ITO ace pa3TI0lK8HH.H no nepeMOHHOli W , KOTOphle 

cnenyroT H3 nepeKp8CTHOli CHMM8TPHH, HM8roT panuyc CX0JlHMOCTH 1, a llOTOMY Ha BX OCHO

B8 H8B03M0>KH0 nony'laTb cnenCTBH.H O B8ITH'IHHSX nnnn pacce.HHBM. 

PeweHBe ypaanennll Tnna ypasueHHli 'ly-noy 

TTpHB8Jl8HHhl8 Bhllll8 pe3yn&T8Thl ll03BOIT.HroT nenocpenCTBeBHO llOIT)"IIITb pemeHHe 

ypaauennll 'ly-noy. MaTpnna nepexpeCTuoli CHMM8TPBB nm1 Monenn n) 8CTb np.nMoe npona

»eneHHe JlB!X MBTPllll A snna (13). Onua H3 BBX COOTBeTCTByeT CTIOlK8HHJO B30TODB'le

CKBX cnnH0B M830H8 H uyxnoua . ( 1, 1 /2)' BT0pa.n - CITOlK8HBJO MOM8HTOB KOITB'l8CTBa JlBHX<e

llBH Me3ona (1) n nyKnona (l/2)-
1 -4 -4 16 

-2 -1 8 4 
AcL = ATx AJ =t I -2 8 -1 

4 I (52) 
4 2 2 1 

QqeBHJlBO, 'ITO pemenne, T.e. q>yHKllBB, )'l10Bff8TBOpm<>llllle OCBOBHblM ycnOBB.HM, BMeeT ann: 

S
11

(w) =-S
1
(w).S

1 
(w), 

= 
5t 

3 
( w) =· S

1 
( w ) • :S 

3 
( w ) , 

S31 (w)=S
3
(w) S1 (w), 

S31(w)=-S1 (w) S3(w), 

(53) 

rne S ( w) n S ( w) ecTb peweune (29) c paann'lBblMB q,yntrnnm.m /3
0 

( w) n h ( w ). <l>yBE:-
t l 

nnn h ( w) n h ( w) MO>Kno oo'hennHHTh a onny, TaK Kruc ooe oonanaroT onnoll n Toli JKe 

13 



aHamITH'leCKOl! CTpyKTypoii II BXOU,n' B _(53) co,1110lK!ITe11>1MII. Pewenne (53) 3BBIICIIT OT 

Tpex nponaaonbllblX q,yHKUllii, nae 113 KOTOpI1x - Mepo,rnp9llb!e q,yHKUIIII co CBOIICTBBMH (24), 

(22), a TpeTbSI - npo113aeneHiie EnrrmKe. 06Liqno o6cy,i,naeM&Iii aapnaHT TpexpS!UHL!l"i MBT-

pllUbI nonyqaeTCII na (52) npH 11ononttnTenbl!OM npennono,irnmm S13 = S81 , '<TO :,Kanaa-

neHTHO ,J
0

(w)=ji
0

(w)11n11 s, (w) =S,(wl.B aTOM cnyqae peme1111e 3aa11c11T OT nayx 

npoH3BOnbHLIX ,j,yHKUllii. 

Paccesnme TT -Me30HOB na 11y1tnonax B D , F •• _COCTOSIHHSIX TBK>K0 8BTOM8TH'l8CKH 

pewaeTCS-1 TSM }K9 M8TOJ10!',1. nei1CTBHT9nbH01 M8TpUU8 nepeKpeCTHOfi CllMM9TpHH HM98T 

BIIU! 

A f = A,T X A 2J, r , a (54) 

pememrn 
s··2T, 2J (w)=S2T (w)x s2J,f (w). (55) 

r-ne S
2

T(w) onpenen11eTc11 ,j,opMyno·ii {29), a s2J, f onpenen11eTc11 ,j,opMynoii (39). 

nocTpoeHHe ,j,yHKUlll! c KOHKpeTHblMII CBO!!CTBBMII 6yneT cnenaHO a upyr-oil pa60Te. 

AaTop 6nar-onape11 H.A.'-lepttnKoay, B.11. Or-11eaeuK0My 11 11.B. TTony6apnHony aa nttc

Kycc1111 11 coaeTu, ]1.B. lllnpKOBY aa unTopec K pa6oTe. 

TT £ U n O lK e H U_ El 

C11cTeMa (37) caon11Tcst K pemeH!i!O 4>y11Kuno11anbiior-o ypaatteunst 

g(wl) ntg(! :+1) =-fn 
w +:/30 (w)+ ½ +: f 

r-ne g(w)= -g(-w) 11 /3o(w)=-,f3c(-w), 

W +:/3 0 ( w ) +:½ - f 

.flo( W ) = ,8 o( W + · 1 ) • 

EyneM l!CKBTb peweune ( 1) B BH/l8 

g(w)= fn w +:f3o(w)+:a!+:g (w), &a(w)=-,g (-w ). 
w +:{3 (w )-a al I a, 

B&16op TBKOI'O BIIUB COOTB8TCTBY8T -.PoMy, qJo <f,{ w) - MepOMOp<pHBSI ¢y11KUH "· 

a 1=-½ +:(f-1), nony'IIIM 

&a (w)+g (w+ 1) =--fo w +/3o(w)+·½+(f -1) 
I a 1 w+:/3

0
(w)+ ½-(f-1) 

TTyCTb g ( w) = -,fn a, 
w +:/3o(w)+:a2 

w +:/30 (w)-~ 
+:ga (w). 

2 

Tor-na np11 a
2

=·½ +:Cf-,2) HM88M 

g (w)+g (w+:1)=-fn 
«2 a2 
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w +·B 0 Cwl+·½+<f-2,. 

w +:{3
0
(w+½-(f-2) 

(1) 

nonar-a11 

Iln11 uenbIX f KOH8'1Hb!M 'll!ClIOM waroa nonyqaeM ¢oPMYny (38). 

TTp11Me,awrn. nocne aaaepweHHS! HBCTOSlllleii pa6oTbl 6bin nonyqeH Phys. Rev~ m 
N.? 5B, 1515 (c § 4) c pa60Tol! A.W,.Ma.rtlnc and W,D,Mc G Linn, KOTOpaH conep>KDT 

CCbinKY Ha T,Rothlutner Z Physik 177, 287(64). 

peaynbTBTbI, nonyqeHHbl8 npyrDMD MeTOUBMH. 
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