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Absgtract: Conditions for reconstruction from experimental:ﬂ
ldata cf the‘matrix for reacticps‘of the§x+afa‘£§-€' ctype_are-’
iconsidered on,baeis cf general quantqm mechanical’principlcs,gThe.
‘reaction matrix M is expanded in a complete eet of»irreﬁucibleétk
?tensor operators "T“T*‘(Je 5 ) kand the number of ccmple sceier
- functions which determlne it is computed for the casc whcn

,;1nvariance.undertspace_rotations.and,reflectlcns 1nrtaken_;ntai‘

~account. Time reversal invariance of the interaction leadsftor
jrelations between polarization effects in the direct and inverse
edctlons. The number of experlments required for complete "econbtruc
ftlon of the reactlon matrlk in the preuence of several chunnels con
.be determined on basis of unitarity of the s matrix, - -

The general form of the azimuthal dependence of,the'cngulart/
distribution of the reaction products (for ;rbitr;ryfspins)"is N

~derived in the appendlx.

I. Introduction«

‘It has been shown in ref. I’2> that in a phenomenologic

j analysis of the experlmenthl data on elastic scattering the”conditxm:
,of space rotatlon and reflection 1nvariance, mmetry under tlme
reversal and also the unltarity conditions‘permit one‘to determine,

the number of experiments required for complete reconstruction of



the scattering matrix. A similar analysis is carried out below for

an.arbitrary reaction of the type
' ‘ .
oa+a' »£+6 o : S (D)

The spins of thé'particles are denoted here as ii'}and“ ii for

@ end &' ‘and. I, and T, for 6 and €' . The analysis is
carried out by application of the method of construction of the
reaction amplitudes as functions of thé initial and Tinal wave:
vectors and spin operators; this methgd is a direct extension of
the procedure proposed by Tolfenstein and'AshkinBD; Dalitz4> and
Lakin’? .

2. Cons§ructiQn_of~Reaction Matrix.

By definition, the reaction matrix after acting on the initial
spin function ')(Q_ yields the amplitude of the outgoing wave in
the final state o

{, = ( Mm(hs,vx,,_) )(Q, “(2)
Here \T\Q_. 'md h‘ are unit vectors directed aiong the relative
momenta of the initial and.final'states and "V, and Vp are the-
corresponding velocities. A4 is a scalar for reaction in which the.

_vrelativg.iht:ins;b panties of the particles do hot change and is
a pseuQQscaiar’igfthe iﬁt;ipSio‘parity;changes, For Qonyenigncé qf
investigatiqn'orﬂthe’s&mﬁetrj;prqu:tieslqﬁ matrix M 'we_maké_use
of the complete set of operators T7 (fy,4) which trensforn

according to the irreducible representation of weight ( 2 J+4 )

of the three dimensional rotation group

| T TM(&Q,:SA.) = A({e,&m; 5;) 2 &“’iw""h”‘ “Me) )<3¢ W\e )( Ja™Ma )

whoare 4¢ and 16 are the total spins of the system in the

initial and finel sta.tes. )(30, Mo @ )(ie Nc ‘denote the
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respective Sp.’Ln functions. @oefficients - A C}g 1-.._, j)

sa.tlsfy the condition ‘ : ‘
e — O R o R T (4
A (e o) Nafert’ =™ " log Al @
which for - {a_ = j:g reduces to the requirement that A(}q, jq_ /s:
be real, Otherwise the value of A (}g/&%&) _ depends on how the

tensors T™ (’}a %') are normalized.

Condition (4) follows from the reqa:.rement

Ik 3-M (5)
T (&s en” T (3&- 3’@)
Under space reflections the | ™ (e }o.) trensforms as J rank
tensors for even. § ~and as J rank pseudotensors for odd J

Expanding M in terms of the operators in (3) we get

Mea ety = 5 cff“ ey T (he, oy

ITm. sm)&’e
(6)
From invariance of M under rotations it follows that the
‘ ™ . '
functions CP i can be represented in the form
. 6'_0’ . - .
™ A -
S e - *A R
@ . 7 = Q. i . e N .
461-&( %yha) ? {6'80_3,’4\{’ Im <\€»> K) (7)
' k : R . i 3
~ where the C(_3 ’5:(3' are arbitrary complex scalar functions
G . )

which depend on the energy and (WR,-ng ) and

\‘) (he"v‘") pa (-2-9‘ ZA(“‘(““"*'A w*)«IM)H LA o) H'z,d (h-g) '(8.)
' f")(w :

are independent functions of two unitAvectors h¢ and ng' which
transform accord:_ng to the irreducible representat:.on of the
_rotation group of weight (2 T +I)

It the relative intrinsic parity does not change, one gets



2 v =J for even J
2. 7,/' =344 Tor odd I .
If the relative parity changes
2 =Jed for even I
27 =73 for odd ¥ |
Phe number of values of )\ ' depends on the propertles of the

Clebsch-Gordan coefflclents in (8) and equals

NCI)=3 + I foreven I , ,

N (x)=T for odd .J _, if the intrinsic parity does not change
and | ' :

N (3) = 3'" . for even JI

and o (3) ='X+L for odd T
if the intrinsic parity in (I) changes.
In order to determine the total number of experlments requlred

for reconstructipn of the reaction amplitude, we present the 'r_1umber

.« s n A
‘.No(bf, lz)Iq, ‘L&) a'jm }& T

J_,+r L,+I.,. :1.

I\/(t«,u, L)=3> 2 Z N(T)

DL e [y

functions, ‘This number is

If the spins of all ,the' particles participating in the reactions

-

are integers then

/\/ (L,, ’-a,L,-L = 'Y (14.4”) (Lzrt)(-ﬁi_tﬂ) (2_,_‘_,,1) + _( )L. L1+Q+I(9>‘A
In all other cases /
A/° (zb ZL:‘I"):L-;.) : é (ZQ*"I)(.’JZ-&!) ('21:4*’)(‘21-1_*') kv (IO) ,

The upper sign in (9) refers tb the case when the-intrinsic'



pa:ity-is constant and the lower to the case when it changes.
3. Time Reversal Invariance

It can be seen thht the conditlon of invariance under rot ation

reduces the number of terms in natrlx from

(2&14-4) (,li,_-t 1) (2L,44) lelf{) to A/oA (4, i:z’_fl,l:‘)‘

If in () 6 'équals a‘ and Z, equals a’ (elastic
scattering of partlcles with qrb:.trarJ splns) further reductlon of
the number of terms in the expansion of M  and hence the number
of required experlments, can be attained 2) by taking.into ucqount
ihvarianée under time :eversal.‘ | '

‘In the gehéral‘case reaction (I) time revéréal symmetry ryields
a feiation between the matrices M of the direct and inverse
vreactions‘. If ng (V-\L,W‘) denoted the matrix of the reaction which
is the reciprocal of (I) then e |

kk M“Go__ (“G ). -I( T qu ( Pa, ’"G)T' L - (1D

where ka and ke are the momenta -of relatlve motion in the
‘initial and final states and T ~is a“time reversal operator, The
action of the latter on a function with definite values .of the
sqﬁare of the angular momentum and of 1ts projection is defined by
the equation7) .

Ty T-M oy o o ' (12)
== ,
L Q) Haﬂ“ ,

| : - T™ (7 4 B '

The law of transformation of T (4o, 4e) undgr

time reversal follows from (I2):

T T () T,"?(-*f.« ™ 4y
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Employing-the expansion 0£ ﬂ4qg (ﬁ;,ﬁ;)

)

(“ ,V)) Py - _h .
Mag (e J’%‘Me% 8%?@ T \V m (g, V‘e) C?f% 5€)
and using relations (I3), (5) end also the relut:ons
C Tam (o) =CD T Wy (g, he) : L
and ' ' ‘
(16)

‘ A - s Pl A ‘
’\PJM ('ha__,-hg) n(-.l) WIM CV\Q_’ -V‘:g)
one obtains from (II) the relation between the scalar expansion

coefficients of matrices M for the direct and inverse reaétidns

ke, O"l fuT ‘l(@gjm{gr | | (17)
| Formu]ae (II) or (17) permlt one to construct. the matrix. of the
inverse reaction knowing M of the direct reactlon and vice versa,

Experimentally measurable mean values of the spin operafors
in the direct and inverse reactions can be‘directly related on basis
of condition (II). Under real conditions either the mean valués of
the spin operators of separate particles (unvolarized cross section,
vectér and tensor pﬁlarizafions in beam) or élse the mean values of
“their direct products (polarization correlation) aré méasuréd. It is
therefore convenient to expand the density matrix, referring to the
polarization state of tﬂe particles, into direct products of
irreducible tensor operatois of sepérate particles.

One gets
"'"1 24,._ hy . . ’
ITM T'M ITM T 3I'M . I
9. = 5 z < T ) T T - (19)
3 =0 x—o M=-T M- A ‘
for the density matrix of particles “a, and a. and
9T, of -

S Pabipl <9""9"”> K Gt

kso K':o M¥k H's-k! - (9



for f and 8 |

Oper otors T M ana T ect on the spin va.rlables of pe.rtlcles
[oX }a.nd a' and 9“’ - and @"” “on spin varizables of € undg'
respectively. ‘

The expressions f‘or. T M can be obtained from (3) by I;utting

Jor b =i, 200 - the value o A (i, T) is defined by the condition
SP TTMT’M = Ut o (20)

' W) - 1ay! .
Under similar conaltlons for TIM s @K” and @K'V y 4
must be replaced by 1—;, I1 and _L respectively. The guantities

(TTM_TI'M'> for the direct reaction are orescrlbed by the
conditions of the experiment., The quantities <E)“"‘ GK’”) ‘can
then be expressed through T ¥ TI™'Y  and the matrix of the
direct reaction, Mga (We,Na) | |
KN Kiu! TM T TM kA k'”’
6-30_<9 O S =3 \TT NSp 0™ 0 ,
TI'MM , - (e1)
Taal* '
 Mi (e T oo T Me e ey

and ’
Gpy = Sp Mgo © - M (22)
Ve P 8. ?a..« ba. o - R o
For the inverse reaction

ag <T:ru TI‘M> Z <ekﬂekw> ; _ (23)

kk!'nw'
Sp T T Mge Ghio 0 S M o (i
and | |

=QP M ae Qe Mag (a4).

‘From (II) and (I3) we obtainx)



ka. SP GKN QX' M (-“G)hq,) TIM T—"M Mga_ (V\e VI,,_) =

v\—L )]’+T"+k+k +M¢M‘+N+N'k S T'x M TJ‘ M‘MQG (y\a' "WB) ek Neklﬂ'Maschq,'Vlg&q5>

TFor T>T'sk=k'=0 , that is, when 211 @ and T reduce to
unit matrices, the well known relation between the ‘unpolarized cross

sections 6, and G'g‘; follows from (25) if account is made of

' the fact that 6' and §5 can be expressed through M as
follows: '
[} : . + ‘
Go =m;;) Sp Mgy Meq
't Ry
+ .
60‘6 (aT+) ('u;_-n) SP Mas Mae
In t‘he general case (25) vields the rela.tlon bet.veen the
'coni:ribution to the mean value of operator SRENCLI in the

direct: reactj.on (the contrlbation arising from the fact that the
mean value of T™ T™35 not zero in the initial st'a.te) and the

contribut:.on to the maan value of T Tm Trm

(whlch is due to
the fact that in the 1n1tia1 state of the inverse reaction the mean

, value of O B** does not vanish).

A sim'ila.r" expression havs‘ been obtained by If.i.I._Shirolchg)a
to whom the authors éxpreés their appreciation for making available
the results of his work prior to publication. Validity of (25) for‘
elastic scatterlng andsome reactlons has been established by a

number of authors 1-5 9 10 II)



4, Determination of Reaction Matrix

‘Je 'shall now proceed. to analyze the'conditions underlying the
determination of the reaction matrix from the experimental data, If
‘not allksimultaneously«operative;reactions are taken into account,

AAGQ can be reconstructed only with an accuracy to a common phase

76?@ v

necessary experiments ia QA/ z,L I 1 where AN, is defined
) 2, ~4) L) . » - ,

faotor Slnce ‘the functions CL are'complex,'the number of
in (9) and (IO) , . .

- If reactlons prooeedlng along parallel channels are 1nvestigated‘
simultaneously w1th reactlon (I), then for determination of the totalA
_number of required experlments, not. only the symmetry propertles
considered above but the unitarlty condition for the S—matrix should

I,Iz) 13)

also be used also see

If only two reactlon channels are involved the unitarity

condition can be represented as follows
| :m[Mm (n,,,ku) Mag om,m] o
Q.ST\. [Mo‘gk (V\Q_;WQ "'ng_ CV‘G hQ) = ’ ) .
= {dew Y Free @, 36 Maa (i) + g M‘;g R0 Mgy, @)}
{Mee (he,he\ Mcc (Re o) =
‘ cx ey o + .l oy o
= k& gdm(_\?\) gMgg (_C\".hg) Mee (h,hs) +MQ6 W, h_s) Mag (hrhg)}
In accord with (9) and 5 (I0) the number of scalar functions in

matrix Mg, 1s° N (L,iQ;I;I;). The number of independent scalar

functions reduces to

N (i) = § No(iy ia, i, b2) + £ Qi) (2igr1) _ (27)
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‘for matrix Maa and to

o | (29)
NC—Lb-L.L) = é/‘/ov (I{,’Iz, II,I’_) +."£ (211"’) (21;'*/)

for matrix ~ng -, if time reversal invariance is taken into
. account, Thus the total number of scalar functions entering the

reaction matrices of the processes under consideration is

N o) +N (ToTh) + Ny (o i, 1, T0)

‘ These functions are complex and hence all values'cited above
should be‘doubled 'Hopever, equations (26} lead to integral
relations between the scalar functions in the expansion of A4 .
The number of these relations coincides w1th the todal number of
coefficients in matrices IMQQ , A45¢ and A4qg and this pre01sely
equals the necesoary number of experiments (it being assumed that -
all experiments are performed at aop;escribed energy)

The conoiderations presented here for the case of tvo
channels can be directly ‘extended to the‘case ofean arbitrary numbey
/of;channels‘f ‘ | |

In‘conclusion the authors consider it a pleasent duty to
express theiz'appreciationto Professor Ya.A.Smorodinsky for

interesting discuss1ons of the problems considered here,
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"~ APPENDIX

It is of inteiest to investiéete the azimuthal dependence.of‘
the angular. dl trlbution of the products of reactlon (I) :hen the
incident beam (partlcle Q ) is polarlzed and the tmrget is notv ‘
polzrized., In this case the cross ection for the reaction has the

following form

G-éa' CWG’HQ')= SP?Q' Mgo' MGQ_ yETRn (ﬁatz_ﬂ) Z <T rM) SPT Mga' ba (A Ly

Since Aﬂg&_hﬂga is a quadratlc matrix of the order
o )
; (hm) (28241) it can be exnanded in ortho'ronal productg TTM Tr M'
AMaking use of the condltion ‘of invariance of A48a.A4&L under

space rotations and reflections we get
Me, Mg, = ,ZAA 3 %'wm (7 +Q o (A2

where, analogously to (7), A\I - are arbitrary scalar functions and
' . " - ) ] ’
() contain as multipliers the operators. 77?‘f for T #0.
From (4,I) and (4.2). it follows '

680_ Ch(;‘”a.) = ZA Z <T=M> WA* (We Y’a_) Ak<l\.3>

‘:—3 B
The azimuthal dependence of the cross section is due to terms
witn M £0 ., Therefore the sum over A4-vin_(A,3) can be‘rep;esented

as follows

v e e T e
=TI+ Z %(T“s x[»“ ey <T"M> \Pm}



To obtain the latter expression use was made of the relation

: '\yﬁr‘ .‘(_,).:I‘-HVI .q/'.\ S L ' (4.5)

' T-m - S TmM ‘ ' B .

which folluws from the definition of the functions ¥ 1, , 1if it be
taken‘iﬁto dccount that, in accord with (12), the phdses of the

spherical functlons are chosen so that

qjem _(I)Zm ye -

In the follow1ng it will be considered that polarization of
particle Q@ is the result of a reactlon w1th unpolarized

partlcles. In this case, as wlll be shown below,

<T-.’“> =L-|)3*‘." T3-M> (4.6)
(A.4) then reduceé to , ,
< T \‘A* + Z <T3'M> Sl \P(‘\* . (f’ % o , )
(a.7)

<T’°>\(/°‘* + Z LT™ e,m lc»smcg

dS : in the chosen system , L
| A iM -
\P —e ! B (9) ) IM (g) = Bzm(e)
From a.7), (A 3) and (A.A) it follows

6, (e, naaz zA §<T=°>vr**+zz <T=~>E>,Mc»sw} o)

and this can be transformed to

G (V\'e,ha) = chg m + 2 (T2 >A~7 () + o o
o) ‘=1 | S (A9
+ ZC»K\Q $1h"9 Z By (8) <'T“> |
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- In virtue of property- (A 6). only terms with even 77

E1n the flrst sum in (A 9)

e now- return to the proof of relations (A 6) For <T"? we have

8, <T“‘> -'V;$pMM'T“"3

: 1where the quantities G, and MM" refer to a reaction in which

particle Q. 1is produced;

. is the number of initial spin stateS‘Of;

this reaction, Employing for hﬁN\ an eypan31on of the same type as

'(A.a)

_even.number as MM* is always a scalar)r

247
3.

4.
D

7.
-8,

9.

EL C/ Ei\k 7"“ R

Lwe get

5. \T’“)—- zc w“

(A.io_) '

(A.1I)

In the chosen coordinate system the \P’ are real (2 2. is an -
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