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BaeneHHe 

8 STOll pa6oTe HeenenyeTest O)lHa HOilhlTKa BBeeTH B KBBHTOBYIO TeopHIO HOJIH H3Me­

H9HH09 HOHSITHe KOOp)lHHBTbl, flOMHMO 06bi'IHe )laKnapnpyeMol! UBJIH - yeTpaHeHHst paexo­

lllfMOeTeli - y TBKOro pona llOHhlTOK eeTb ll npyroJ! eMbien, )KenaTeJibHO HM9Tb MHOro KOH­

KYPHPYIOIUHX TeopHli ( onnHaKoao 6eaynpe'IHhiX B eMhiene o6mnx Tpe6oaaHnll), 'IT06bi MO)KHO 

6b!JlO Bhi6paTb T90pHIO, eOOTBaTeTBYIOIUYIO SKenepnMaHTy, 

BMeeTo Toro, 'IT06bi HyMepoaaTb eTenean eao6onhi nonst KoopnHHaTaMn x
1 

, ~ , x
3

, x" 

npennaraJOTest B Ka'leeTae napaMeTpoa eo6eTBaHHhle 3Ha'leHHst npyrnx onepaTopoa r~ , no­

XO)KHX B onpeneneHHOM eMhiene (eM, § 1} aa onepaTop x~ • floTpe6yeM, 'iT06bi narpaH­

)KHaH eaanMonelieTBHst 6b!Jl noKaneH B TepMHHax STHX eo6eTeaHHhiX 3Ha'ieHnli. TaKoe aaanMo­

nelleTaHe 6y)leT BhirJistneTb KaK HeJIOKBJlbHOe B 06bi'iHOli napaMaTpH3BUHH ( e nOMOIUbiO '1 , x
2 

x 8 , x4}. IToene sToro a paMKax o6bi'iHOli HenoKanbHoll Teopnn HaKnanhiBBJOTest Tpe6oaaanst 

TpaHeJlstnHOHHOJ! If JIOpeHUOBeKOJ! HHBBpHBHTHOeTn, a TBKme YHHTBpHOeTH T90pHH (spMHTOBQ­

eTH JiarpaHxmaHa B38HMO)lelieTBHst}, 3anaqy pa60Tbl MO)KHO II3JIOlliHTb eme H TBK! HBliTII 

Knaec TpaUeJlstUHOHHO-JIOpeHUOBeKn HIIBapHBHTHbiX B38HMO)lalieTBHJI e <J>opM<J>aKTOpaMn, KOTOpbie 

MOlliHO UpeneTaBHTb KBK JIOKBJlbHhla no UeKOTOpoli KOOpllHHaTe, OTJllf'iHOli OT L 

CnenyeT OTMeTI!Tb, 'iTO Tpe6yeTest nepe<J>opMynHpOBKa onpeneneanst noumnst noKanbuoeTn 

B enyqae, Korna pa3Hhie KOMnoaeHThi 

lliiHBThl ~ Cualinep/
11 

(eM. § 3}. 
~ 

" r· 
~ He nepeeTaHOBO'iHbll KBK, HanpHMep, )lJISI KOOP-

flpH'iHHHOeTb B TaKoro pona Teopnn eeTeeTaeaao 6hmo 6hi o6ey/KJlBTb a TepMnuax aoaoli 
KOOPiliiHBTbl • Y)Ke eaMa noKaJibHOeTb no 

HBJlstaTest HpH3H8KOM npH'IHHUOeTH (a Tep-
MIIHBX } , XOTH H HBJlOeTaTO'IllbiM, 

YK8)K9M Olll!O OTJlli'IHe HBeTOstiUero nO)lXOilH OT HeKOTOpb!X 6JIH3KI!X nOHb!TOK BBeeTH 

H3MeuenuyJO KoopnHHaTy a TeopHJO nonst, Caal!nep paeeMaTpnaan121 onepaTopbi nonst KBK 

<J>yHKUHH onepaTOPOB 
TaKI!e BeJIH'illllbi MoryT 6biTb H3o6pameUbl MBTPHUBMH B X 

npeneTaaneHI!H H OHII paeeMaTpHeanHeb TaKme a pa6oTax M.A. MapKoaa, X.IOKaBhi H np. 

(eM. eebiJIKII a 
131

}. 3neeb HOBbie onepaTOphi noneli He MaTpHUhi, a aeKoTOpbie eynepnoan-

nnn onepaTopoe nonel! a x -npeneTaanemm (eM. nanee (2.3}}, 

PeayJlbTaT pa6oTbi oaHa'iaeT, 'ITO ynoTpe6neHI!e HMeHHo KoopnHnaTLI 

UOJISI onpaB)lbiB89Tel! He TOJlbKO ee npOeTOTOJI, 

3 

x e Teopnn 



§ 1. OrrepaTopot KoopnnHSTbt 

0!1HO H3 OCHOaHbiX Tpeooaaimll, IIpe!lbHanSieMbtX K TeOpHH - KOaapHSHTHOCTb OTHOCHTeiibHO H9-

0!1H0p0!1HOH I"pyiiiibl nopeHUS, Bxonm.une a STY rpynrry TpSHCIISIUHII SIBIISIIOTCSI C!IBIII"SMII a HeKOTOpOM 

qeTbtpexMepHoM rrpocTpaHCTBe x
1

, x
2

, "'a, · x 
4 

• CnenosaTeiibHo, rroHSITHe o xoopnnHaTe x 

ganSieTCSI rrpenrrocomxoll rrocTpoeHHH Teopnn. Oobt'IHO cqnTaeTcH, 'ITO KpOMe yKa3aHHOll ¢YHK-

UIIII
7 

X ft !IOIIlKHbl III"pSTb TSKlKe pOIIb KOOp!IIIHSTbt 'ISCTIIUbl, a a TeOpiiii IIOIISI - pOIIb napa­

MeTpOB, HyMepyiOUUIX CTeiieHn CBOOO!lbl IIOIIH. noHSITHe 110K8l1bHOCTII a3SIIMOnellcTBIISI orrpe­

nengeTCSI IIMeHHO a TepMIIHSX 9TIIX rrapaMeTpOa, 3T!I nae p01111 MOI"yT COBIIS!ISTb, B KHIII"e 
/4/ . (I) 

llJseoepa (eM. rnJ§ 3), IIOKS3aHO, 'ITO OnHoqaCTII'IHaSI aMIIIIIITyna <1> (x) 1 C onHOH 

CTOpOHbt, 3aBIICIIT HMeHHO OT rrapaMeTpOa IIOl1SI 

(I) +. 
<P (x) ~ < 0 !if> ( x) I <1> > 

a, C npyi"OH CTOpOHbi, MOlKe'!' <jJ!13ll'leCKII IIHTeprrpeTllpOBaTbCSI KaK aMIIl11"TyAa aepOHTHOCTII 

HaiiTII 'laCTIIUY a TO'IKe X B MOMeHT "o , napaMeTpbi Xft , <jlnrypupyiOW!Ie a TeOpHH 

1\ A A "' 
nonS!, MOlKHO II09TOMY C'IIITaTb co6cTaeHHbiMII 3Ha'leHIISIMII Ha6opa orrepaTopos i , i , x· , it' , 

x) 1 2 a 4 
l!BIIl!!OWIIXCSI 9pMIITOabiMII a paMKSX HOpMbl 

[, d
4 

X IJ' <1> 
4 

[. d p 'l' <ll • ( 1.1) HIIII 

YrroTpe6neHne XI' a Ka'leCTae rrapaMeTpoa CTeiieH!I cao6onbt IIOl1SI 111111 KOopnliHSTbl 

'ISCT!Illbl Slal1SieTCSI
7

0nHaKO) nOIIOIIHHTeiibHblM IIOCTYl18TOM, J.13 H·ei"O CnenyeT, 'ITO XI' H ,xvJ 
a TaKJKe x

11 
II (\, , ll .f.-v 1 MOlKHO 113Mep11Tb TO'IHO onnoapeMBHHO, a HeorrpeneneHHOCTII 

a li3MepeHHH X II 
ll 

p· 

" 
CaSI38Hbl COOTHOlUeH!IeM ------ -. ~ 

6-x~ 6-p~ ;;>. h 14 
3TH CIIenCTBliSI SKCIIepHMeHT TO'IHO IIOnTaepnliTb He MOlKeT (Haiip!IMep, KOOPilliHaTa 

li3MepS!eTCSI c TO'IHOCTbiO no pa3Mepoa sepHa ¢oT09MYIIbCH11), Bo aCSIKOM cnyqae, He oyneT 

IIpOT!IaOpe'IHTb SKCIIepHMeHTY !IOIIylUeHlle 0 TOM, 'ITO Kall<nyro H3 KOMIIOHeHT KOOpnHHaTbl 

MOlKHO H3Mepl1Tb C TO'IHOCTbiO, He IIpeabiWaiOmeil KOMIITOHOBCKOll nrri!Hbl aOIIHbl 'laCTHUbl, 

Benny STOI"O MOJKHO a Ka'leCTae orrepaTopa KOOpnHHaTbt IIOCTynnpoaaTb l1IOOOll TaKOll orrepa­

TOp r I' 1 'ITO 1) KOMMyTaUIISI [ rft 1 rV j '-' He paaHa HYl1I01 HO "Mana• a CMbiCrre, KOTOpbtll 

orrpenenHeTCSI a narrbHellweM; 2 )[ ~, Pv 1-" "Marro• OTl1H'IaeTCH oT i 8ftv • _ 

8 CI1y'lae CKaiiS!pHOll qaCTHUbl 11IOOOH ee KBBHTOBQ-MeXaHH'IeCKIIH onepaTOp ~l!9TCSI 

/4/ 
¢YHKI1H":ll X ll ll p" CM. • I" II, 1 § 1. noTpeoyeM, 'ITOObl r" Oblll qeTbtpexaeKTopOM, 

Torna r
11 

IIMeeT TaKoll o6mnll ann: 

X) 3aMeTliM, 'ITO llJaeoep He C'IIITaeT X onepaTOpOM KOOpn11Hf.Tbl Ha TOM OCHoaaHHII1 

'ITO i HespMnroa, ecnn ynoTpe6nSITb uopMy (t/l,cf> )= f l p I p 0 ~-</> , CM, 41 , rn, § 3, Ho x 9p­

MHToahl, ecnn rronbsoaaTbCH oonee o6mell uopMoil ( 1.1). TonbKO a cnyqae,· xorna '!' fnn <1> 

HMeiOT ann 8(p0 ) 8(p 2+:m
2

) t/J (p) 1 T,e. SIBIISIIOTCSI peWeHHSIMH ypaBHeHBSI KrreiiHS-fOpJlOH:l 1 

9Ta nopMa caonnTCSI K {.d 3 p I p
0 

t/1 cf> • · 

4 

I 
I 

r11 = A xl' +· pi' B , 

rne A ( 1.2) 
H B HeKOTOpbte <jlyHKllHH OT IIHBSpHaHTOB 

x , ( x p) 11 p 
2 

• A n n conep)KaT 

rrapaMeTpbt, ManocTb KOTOpbtX ll03BOl1SieT C'IHTSTb "MSIIbiMH" [r
1
,, •vi· II [r ,p J~ i 8 • 

/1 I ll ,, ILV 
HarrpnMep, nng nsaecTuoro orrepaTopa xoopnHHSTbt CHailnepa (ooosHa'lnM ero s

11 

) 

HMeeM A= 1 H B= f
2 

(p X) • rne r - ManaS! lliiHHa. Torna B CHCTeMe ennHHU h= 1 ll 
C= 1: 

2 
[s,.,s,l•=·if (x,.p., -x.,pl'} 

(1.3) 
2 [ s,. , p v I~- i ( 8"" +: f p ll P., ) • 

(1,4) 

IIpH neilCTBIHI HS 
npaabte 'ISCTH (1,3) ll ( 1,4) Mal10 OTIIH'la!OTCSI OT Hyrrg ll i 81LV 

aOl1H0Bble (j>yHKUHH, KOTOpbte a HMIIyrrbCHOM IIpencTaarreHHH Maiib! IIpll 

TSKlKe, 'ITO [ s 11 , pV J, oyneT OSMeTHO OTIIH'IBTbCSI OT 
P

11 
> 1/f • BHnHo 

cpenHHM HMrrym,coM, OnHaxo acerna MO)t<Ho abtl5paTb 

i 8 
2 "" 

a COCTOSIHliHX C OOIIbWHM 

f CTOIIb M811biM, 'ITOObt He ObtnO 

IIpOTHaope'IHSI C H3MepSIIOWHM KOOPllHHSTy peal1bHb!M 9KCIIepHMeHTOM (KOTOpbtii HMeeT neno 

c KOHe'IHbiMH 9Hepi"HSIMH). YIMeHHO a 9TOM CMbiCne IIOHHMaeTCSI MSIIOCTb [ riL. r., J,a STOll pal5oTe, 

YIMrryiibCHoe rrpoCTpBHCTao 

na n KanblweacKoro 
151 ), HOpMa 

C'IHTaeM OObi'IHbtM, IIII08KliM (a OTIIH'Ille OT pa6oT fOrrb<jlaH-

orrpenenHeTcSI ( 1.1 ) u 'ITOI5ht r I' 

TOpoM, 15yneM C'IHTaTb, 'ITO rrponssenena Heol5xo.w.AaH CHMMeTpHsauuSI, B 'laCTnocTu, 

Obtn SpMnTOahtM orrepa-

2 2 5 2 
Sll= x11 + f(pll(px) +(xp} pll)l2 =xll+· f pll(px)+i'T f pll 

(1.5) 

§ 2, noKBIIbHOCTb IIO KOMMYTHPYIOUiefi KoopnHHaTe 

PaccMOTpnM orrepaTopbt 

rll = A ( x
2

) "p. n 

rll Taxne, 'ITO 
:(rll, r., J ~-1}, HO [rll , Pv ).fi8,z.,npnMepbt! 

y, .; "• 2 0 rll = l( 1 +: 1 + U p ) xll + f p p. (px) + .:1 .• 
(2.1) 

B xaqecTae rrapaMeTpoa orrepaTopa cxarrSipHoro rrong 

HHH sTnx orrepaTopoa (ooosHaqag nx To~e qepes r 
</> ' oepeM COOCTaeHHb!e 3Ha'le-

IIHCbtaaeM a anne: 
), narpaHlKIISH CSMOa3aHMOil9HCTang 38-

4 +. 
~3= [ d r E(r) </> (r) if> (r) </>(r). 

C IIOMOWbiO <f>YHKUHH IIpeoopa30aSHHSI OT II011HOI"O HS60pa OIIepaTopoa 

py Xll' f.L=-1,2,3,4, MO~HO abtp83HTb </>(r) 'lepe3 cf> (x) 
·~~-

(2.2) 

K IIOIIHOMY Haoo-

cf> (r) = [ d\ < r I :X > <P ( x ) • 

<l>yHKUHH <xlr>' COCTaanSieT OpTOI"OHSI1bHyiO H IIOl1Hyto CliCTeMy 

<jlyHKllliH 9pMHTOBhiX onepaTopoa rp. ), IIpH'leM <rjJi::>,;,<xlr>* 

Dnpaxa, 

(2,3) 

<I>YHKUHii (KaK col5cTseHHbie 

; ynoTpe15neHhl oooaHaqeHnH 

5 



lJepea </>( x) L 83 BbtpaJKaeTCH cneAYIOIUHM oopaaoM: 

L Jd• rryd 4 'd 4 "d 4 "'E()< I"" I·"*< 1.,,. B 
3
=· . f IJ. X · X •· X ••• r f X,;;< r X -~ r .X •• ·> (2.4) 

• </>( x') ,/:( x'q </> ( x·~~-), · 

T.e. TaK >Ke,KaK a oohi'IHOil TeopHH c HenoKanbHbiM aaaHMOJleiicTaHeM c <jlopM<jlaKTopoM 

F ( x',. x·~ .. x·~~l = r /, E (r) < r I x';:,. < r I x'~;:,. * < ~ I ·x·~~ ;:,.' (2,5) 

HeT HeooXOJlHMOCTH nepenHcwaaTb aero TeopHro B Hoaoll napaMeTpH3BUHH (nonHwll narpaHJKIIaH, 

ypaBH9HHH )lBH>K9HHH H Up,}, 4JII3H'I9CKBH pOJib OUepaTopa f p. HCqepnbiBB9TCH TeM, 'ITO He-

JIOK8JlbH09 B38HMOJl9ilCTBH9 (2,4) HBJIH9TCH JIOKBJibHblM C TO'IKH 3p9HliH KOOPJliiHST rp. 

nepeUIIIU9M (2,5) B HMnyJibCHOM npeJlCTBBJI9HHII, YMHOlKSH 009 CTOpOHbl (2.5) Ha 

exp i [(p'x')- (p"x'}+(p"'x"')] H HHTerpHpysr rro x', x", x'": 

F ( p,' p ", p "') = r ,d r E (r) < r I p '> < r I p ">* < r I p, > : . (2.6) 

3JleCb <jJHryp1IpyiOT <jlyHKUHII npeo6pa30BBHHH <rli>>:=Jd'x <r I x> exp i (px) TpaHCJIHUIIOH-

HBH II nopeHUOBCKBH IIHBBpHSHTHOCTb T90pHH BblpSlKSIOTCH B IIMnyJibCHOM npeJlCTSBJlE!HIIII npo­

IUe, '19M B KOOpJlllHSTHOM: <jlopM<jJSKTOp JlOJllK9H liM9Tb BHJl (cM/
61

): 

F(p', p", p") =-8"(p'-p"+ p'") F ( p'2, p'" 2, (p'p'") ) •. (2.7) 

3pMHTOBOCTb L
83 

Tpe6yeT, 'ITOObi 

F ( p, 2 , p ,,~, ( p' p'") ) =· F~ p ,, 2, p' 2, ( p'" p,)) • : (2.8) 

. 3a)l8'1a, KOTopan oy)leT pewaTbC!I, COCTOIIT B CJI9JlYIOIUeM: KSKOBbl JlOJilKHbl Ob!Tb <r IJ?>: H 

<jlyHKUIIII E(r) H F , YJlOBJieTBOpHIOIUIIe (2.6) c y'leTOM (2.7) H (2.8):. 

• I I ' • •c ' '' ,;,> < , 2 ,,, <. ' ''"l {d r E(r) <rl p':><r p">"<r p ">= u p -p +:p F p , p , P P (2.9) 

Bo3MOlKHO 3BJlaqy c<jlopMyniipOBSTb B pa3HbiX M8TeMaTH'19CKIIX <jlopMaX. YMHOlKHM ooe 'ISCTH 

(2.9) Ha '<r0 II?'">: H npoHHTerpHpyeM nci p'~. , nonh3YHCb nonHoToll <jlyHKUHll<rlp>. • Tor)la 

3BUB'IB CBOJliiTCH K <jlyHKllHOHBJlbHOMY ypaBH9HHIO, KOTOpOe B H3M9H9HBbiX 0003HB'I9HHHX 

IIMeeT BII)l: 
E(r)<rli>><rlq>=·F(p

2
,q

2
,pq)<rl p +q>.: 

(2.10} 

Oomell Teopiiii pemeHHH <jlyHKUIIOHSJibHbiX ypaaHeHIIll HeT, pemeHb1 TOJibKO HeKOTopbte TIInhl 
171 

ypaaHeHHJl , 0JlHH OOIUIIJl npHeM 3BKJIIO'I89TCH B Jlii<jJ<jlepeHUIIpOBBHHII ypaBHeHHH. 

norapii<jJMHpyeM ypaBH9HIIe (2.10) H 0003Ha'IIIM fn E(r) =·e(r) ' 

fn <rl p>:=~(p): 

e(r)+:'P (p) +:'l' {q) =·'l' (p+:q) +f(p2, q2,(pq)). . . . 
llH<jJ<jlepeHniipyeM (2.11) no P,\ , ,\ =·1,2,3,4: 

a · a 
-- 1I' (p) =·.....--- 'l' (p+:q) + f' .. 2p, +:f" q,. 
a P,\ ' a p,\ • · " " 

6 

,fnF=·f H 

(2.11) 

(2 .12) 

~~~ 

'l p 

·~1\ 

I 
I~ 

I 
1\ 

\\ 
·I 

·, 

"I ,, 

, ' '. 
3AeCb f" oooaHa'laeT npo1I3BOJlHYIO no nepaoMy apryMeHTY, aHanqrH'IHO f'' =a f I a ( p q ) • 

3aM9THM, 'ITO a•P(pi-:q)/ap,\=-a 1I'(p+:q)/aq,\• nonOJKHM Tenepb p
1

=·.p
2 

=·p
8

=·p
4 

=·0 

II 0003HS'IIIM a 'l' ( p ) I a p A B aTOll TO 'IKe qepea a A • nonyqaeM 

• /q.\ 'l', (q) =a,.\- q.\ f','(O, q2' 0 ).': (2.13} 

Oooaaa'IIIM f''(O,q2,0)=-·V(q2) , 4>yHKUHIO 'I', (q) Tenepb MOJKHo BbrpaaiiTb qepea V(q 2), 

pemaH coaMeCTHO '19Tbrpe ypaaHeHHH (2.13}, MoJKHO peweHHe 

(2.14) 

nepaoro ypaBH9HHH 

H T,Jl, nonyqaeM: 

1I', (q) =a,
1

q
1 

+:W (q2) +:Z (q2, q
8

, q
4

) 

Z -npOH3BO~HBH <jlyHll.llHH, \Y(x)=JV(x)dx) ) UO)lCTBBIITb BO BTOpoe 

. 2 
'I', (q) =~ ar.\ q,\+:W(q ). 

Tenepb HailJleM aaBHCIIMOCTb oT r • B (2.11) noucTaBJIHeM (2.15): 

Croua a,.\ 

HO, e(r) 

e(r)'+:W(p
2

) +:W(q 2
) =·W(p +:q )

2
) +:f(p 2,q 2 ,(pq)). 

He BXOAHT H noaTOMY OHH MoryT ObiTb npOH3BOJibHbiMII <jlyHKUIIHMH 

OT He AOJllKHO 38BIIC9Tb, CooTHOW9HII9 (2,16} BblpBlKB9T <jlyHKUIIIO 

(2 .15) 

(2.16) 

, KaK BHA-

F qepea 

w ; nonaraH a (2.16) p=-·q II un<jJ<jlepeuUIIPYH nocne aT oro no p 2 , nonyqaeM, 'ITO 2W'(i>
2 

)= 

=af(p2, p2·, -p2)/ap 2=·F· 1 a F ;a.p
2 

• Ha caollcTaa apMHToaocTn (2.8) cneuyeT uellcTaiiTenbnocTb 

F(p2, p2,-p2). CneuoaaTeJibHO, W'(p2 ) TOJKe ueilCTBIITeJibHBH <jlyHKUIIH, B ocTanbHOM oaa 

COBepWeHHO UpOH3BOJibHB, 

¢yHKUHII <rl p>;_exp ( r arApA +:\V (p 2)). AOJl>KHbl oopa30BblBBTb opTorOHBJibHYIO 

II nonaylO CHCTeMy, ilnH 3TOrO onepaTOp, COOCTB9HHbiMII <jlyHKUIISIMH KOTOporo OHH HBJIHIOTCSI, 

JlOJIJKeH ObiTb spMIITOB~M. Hal!ueM: er.o, uttjJ<jlepeannpyH < rl p >: no p,\ 

_a_< rIp >;=·(a' +:W'· 2p, ) <r I i> > • (2.17) 
a P,\ '" " 

YpaBH9HH9 (2,17) MOJKBT paCCM8TpHB8TbCH K8K ypaB?.9H49 AJIS! COOCTBBHHOH <jlyHKllllll onepa-

Topa ;._=·i-J-+2ipA W'· C COOCTB9HHbiM 3H8'19HH9M a,,\· , nep:abill onepaTOp iiJ/ap,\ cuenaH 

apMIITOBCKII~ HO BTOpoll Torua H93pMHTOB BBHAY ueliCTBIIT9JlbHOCTII W'(p 2) , OnepaTop t,\ 

apMIITOB TOJlbKO npa w• •. o • Torua AJIS! A9llCTBHT9JlbHOCTH COOCTB9HHbiX 3H8'19HHll Hauo 

'ITOObl a,,\ ObiJIO 'IHC:o MHH,MbiM (yAOOHO BbiOp8Tb a,\ =·i r,\ ), 

0K83b!BB9TCH, 'ITO xp.. - 9AHHCTB9HHblll H3 BC9X KOMMYTfiPYIOIUHX OnepaTOpOB KOOPAH­

H8Tbi, UpH KOTOPOM 009CU9'1HBB9TCH 0)lHOBp9M9HHO JIOK8JlbHOCTb 0 spMHTOBOCTb H Tp8HCJIHUH­

OHHQ-JIOp9HUOBCKBH IIHBBpH8HTHOCTb B3BHMO)l9l!CTBHSI, 

HacKOJibKo oomaM HBJIS!eTCSI peweHHe <jlyHKUIIOHaJibHOro ypaaHeHHH, Ha ocaoaaaHH KOTopo­

ro CJl9Jl8H STOT BbiBOA? 3auaqa ObiJI8 CB9Jl9HB K AH<jJ<jlep9HUHBJibHbiM yp8BH9HHHM H peweHH9 

Hal!ueHo a xnacce uu<jlq,epeHUIIpyeMbiX <jlyHKnall. Ho <jlyHKnHs <pi r>: JlOJIJKHa ohiTb cooCTaeu­

HOft <jlyHKUHel! Oll9p8TOpa BHJl8 (1.2). B T9X CJIY'IBSX, Korua OH HBJISI9TCH AH<jlq,epeHUH8JlbHbl¥ 

onepBTOpOM B HMnyJibCHOM np9ACTBBJI9BHH <jlyBKUIIS! C C8MOrO Ha'laJia npeJlliOJiaraeTCH AH<jl-
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<j>epeHnHpyeMoil. CneaoaaTellbao, ecn11 orpaHH'IHBaT&CSI xnaccoM TBKHX onepaTopoa riL , To 

nony'leHHOe pemeaae SIBJISIQTCSI OO!IliiM, 

§ 3. noxan&HOCTb no ·xoopaHHaTe C~mi!Aepa 

I. BLrpaJKeane xoopaHHBTbi CaaiiAepa siL 'lepes 1 n ~ H nepeCTBHOBO'IHhle 
COOTHomenns:r Ob!Jlll BbinHCBHbl B § 1. nocKollbxy [ SJl • s,_. ],ro 

, TO HeOOXOJlHMa ,ripyraSI tjJop-

Mynnpoaxa nonHTH>I noKan&HOCTH asanMoaeilcTans:r no xoopannaTe Cuailaepa. EyaeM HyMepo-

aaT& CTenean cao6oabi nons:r aa6opoM coocTaeHHhlX sHa'leHnil OJlnoro 113 onepaTopoa siL 

HanpHMep, s 1 II Tpex apyrux onepaTopoa, KOMMyTIIpyiO!IliiX C HIIM II MelKJlY COoOil (npnMep 

xoaxpeTHoro Bhroo·pa nx 6yaeT JlBH nosJKe). B aToM npeacTaaneann sanumeM noKallbHOCTh 

L88 no cot5c TBeHHbiM sna'leansrM s1 , ocTaBnsrs:r nponsson&Hoil saancHMOCTII tjJopM<j>axTopa 

OT ocTan&HbiX napaMGTpos. Tpet5yeM, 'ITOobi L
8 3 

a npyroM npeacTaaneana, xoraa nnaro­

aanen s2 , 6Lm noxanea no c<!t'icTseaaUM 3Ha'leHHsrM s
2 

11 T.Jl. B npHMeaeann K onepaTo-

paM xu aTa nponeaypa aaeT oobi'IHyiO noxan&HOCT&. 

2. Onaaxo ttpel!(Jle scero Haao ot5ecne'IHTb Tpaacns:rnnouao-nopeanoacxyro HHBapnaHTHOCTb 

asanMoael!CTBIIII, noxan&aoro XOTSI obr no onaoil 113 xoopnuaaT Caaliaepa. JlnSI aToro uaao 

saaT& coocTseaabre tjJyaxuun sf' . Oxas&maeTCS! B03MO>KHbiM He TOIIbKO aailTn ax t5es npeasapu­

Ten&aoro saaans:r Tpex nonommTen&ahrx onepaTopos, uo u nony'IHT& asToMaTn'!ecxn aau-

6onee npocTbre TaKne Tpu onepaTopa. 

Ypasaeune nmr coocTsenuoil <PYHKUHII )( onepaTopa s HBlls:reTCSI ypaBHeHHeM B ·'IBCT-
II&rx npo1!3BOilHblX nepsoro nopSIJlKa, ecnn ero samiCilTb s Jl x) 

nMnyn&cnoM npeacTasneunn : 

nycT& CHaqana 

(;_a_+E
2

r. ~ p,L~+-J-if 2 p > x (p >~p xCp). (3.1) a Pu Jl >. " a P).. ~ IL 1L 
IL npumrMaeT ouuo us saa'!eiinil I, 2, 3, CoCTaanM ypaaHeHnSI uns:r 
~/ . 

XapaKTepHCTHK, CM. 

~ 
dt 

2 2 
f p#L + 1 (3.:l) ~ ~ f2p p. 

d t Jl a 
a .f.IL 

--U:...~ c - i P. --2.... r p > x 
dt Jl 2 u • 

113 nepBblX '19Tblp9X ypasueanli HBXOAIIM Tpll T8KIIe IIHTerpana p /../:p2+<m2'a· (. 
· a IL a 

npot5eraeT saa'leans:r He pasabre IL • JlenH nocneaiiee ypasHeHne ua IL -Toe, aaxonuM 
, m al/f, 

a 

/9/ HHTerpan c y'laCTHeM x . 06mee pemeaue ( 3.1) 3anuCb!BaeM B BHne : 
·IV 4 

X e·(p~ +m
2

) exp(- i m p#L arctg pi' I m ) 

X U ( __ Itt_ " _!_e__ 
yp• +: m2 'V:rl'. +:m2 

IL u· 
~.~·'b..> 
yp2+· -· , Jl - ..... 

X 

(3,4) 

x) /8/ 
B acnollb3oaanoc& xoop.nHHaTaoe npeacTaaneane. CooTseTcTayromee ypaaHeane 

a-roporo nops:rnxa aaTopbr pewanu TOIIbKo a paauux '!acTaux cny'las:rx, 

8 

.• , 

rue U - npOH3BOllbH8Sl ¢yHKUHSI CBOHX apryMeHTOB, a, {3 , y ue paauh! It • Bna U onpe-

uens:reTCSI, ecnn noTpet'ioaaT&, 'ITOObl X t5wna OI!HOBpeMeHHO COoCTB9HHOil ¢yHKJlHeil npyrnx 
x> 

onepaTOpOB, KOMMyTHpyromHX C S#L , npn nrooOM HX Bhroope apryMeHTaMH U OYAYT 

yKa3BHHble B (3.4) KOMOIIH8UIIII,.-0HH AIIKTYIOT npocTeilmHil BbiOOp - 9TO onepaTOphl 

P. /.J:~:2+·m 2 . , a •liL • Hx cot5cTseHBbie tjJyaxunu nponopunouan&Hbl 8 ("a-· p /.jp2 +: m2 ) 
a Jl a Jl 

B HMnyn&Cl!OM llpSACTaBneHHII (ecnn HX C06CTBeHHbl9 3Ha'leHHS! 0003H8'111Tb 'lepe3 "a ), 

MoJKao npoaepHTh, 'ITO aTH onepaTOpbi KOMMyTnpyroT c sJl • 3aec& Mbl He t5y.neM nsnaraT& 

nposepxy opToroHan&uocTu 11 nonHOTbi coocTBeHHhlX tjJyHxunl! X , xoTs:r <>TO H ae s:rsns:reTCSI 

Tpnauan&HbiM. CoocTseaahle 3Ha'leang piL xpaTau f , Tax 'ITo piL/f npHHIIMBeT ueilhle 

3HB'IeHI!Sl, BbrpaJKeHne ans:r COOCTBeHHOl! tjJyHKUHH onepaTOpa s0 MOlKHO nony'll!Tb 113 (3.4), 

npocTo aaMeas:rs:r piL Ha p4=ip0 • B CBli3H c aTnM arctg· B (3.4) nepeXOI!IIT B Arth 

( B cny'lae p
0 

< m ) n cneKTp co6cTaeHHhlX 3Ha'leaul! s
0 

nony'!aeTCS! aenpeph!BHUM. 

3, 3anumeM saauMoneiiCTBHe, noxan&aoe Ton&KO no PIL 

I. "fda ,~a, da ,, "'( , , ") -as=·- I rr "' rr .. rr ••• '*' Pu ; " ., " .,. rr ... 
PIL (3.ti) 
"'" ( ,, ._,+:( , ) "'( ,,, 

''I-' PJl •" 1·'1-' Pu.,' "·· ·'1-' PJl, ""1-• 

Ecnn Jl =·0 , TO cyMMa nonJKaa oDITb saMeueaa unTerpanoM; 11 o6osaa'laeT Tpol!xy 

"a , "{3 , "y. B nonuoil aaanorau c nepexonaMn OT (2.2) K (:.1.4) 11 ganee K (2.10) nony'laeM 

ycnosue Tpaucns:rnnoaaol! n· nopeanoacB;ol! nuaapuaHTHOCTH L
83

: 

f da , da ,, ... ( , ,,, , ,. . '"'- . 
• 71 • " ···.., PIL; " ·, "• " "1 < PIL rr • p ><p#L 11 .. , .q >. =· 

(3.6) 

a·<pJl11 IP + q >: F(p!q2,(pq)), 

fiOJlCTI!BnSIS! CIOAB 

<p~ 11 1 p >: =· N ~Imp#! arctg"'LI'm 
·51'4 

( p2 + m2 ) n 8 ( 1T _, p a ) , ' 
IL a.f·IL a J:p2 +: m2 

JL 

(3.7) 

nony'laeM tjJyHKllBOHBn&HOe ypaBHeHHe 
·51' 4 

<I>(p ; rr; 71 "/3 11 ;" ) i[(p
2 

+:m 2)(Q_2 +:m2
)) exp imp (arctgJ-+:arctg _.9IL) 

IL P a y q JL 1L 1L m m 

·51' 4 \3.8) 
p +·q 2 2 

=ll 8 ('[z-ma . a )N[(p +·q ) +m ), exp[ 
IL +: a.. 2 2 •. 

im piL arctg~-J,F ( p , q , .(pq) ). 
a.fiL (p#L +:q,. )2+:nf' IL IL 

3.nec& "p 0003H8'189T 

lfTPa' 

COBO:teyUBOCTb 

,.f3,.,.YJal Pa : P/3 Py 

p p vV: + m2 yp2 +: m2 1/r/:, +:rrr IL . Jl ,.. 

m 

x) H - . t5 anpnMep, TaKBM onepa'ropoM MOJKeT biT& nrot5ol! reaepaTop nopeHiroscxoro spa-
meann B ImOCKOCTII, He couepJKamel! 1L -oil OCB (noCKOIIbKY KOMMyTIITOp erp C 1L -oif 'xoM-
noHeHTOl! nrot'ioro 'leTDipexaeKTopa paseH eynro). 
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H aHanorH'I'HO rr q 

rr {3 ' ,. y 

YpaBnenne naeT cpaay smeyro aaBncnMocn, 

,., 
<I> OT apryMeHTOB "a 

<l>•lli'i(u-, Pa+:qa )cl>(pfl;" 
a.ffl a J(p + q )2+m2 P 

ll fl 
UOCKOilhKY' OCT8HbHhle <i>aKTOpb! OT l!HX He 38BHC!IT, 

"q)' 
(3.9) 

norapR<pMnpyeM ,ypaBHenne (3.8) 

¢ +'!'(p) +'?(q) ='l'(p+:q)+:f. 
(3.10) 

BBenenhr noH!ITHhre -1> n F 1 
o6oauaqel!H!I nng norapn~MOB ~ynxnnfi 

'P(p) =·impfl arctg~ -+fn(p~ + m2) +·fnN 

HafineM onuo na an~~epeunnanbnbrX ypaBnennll, KOTopoMy nonqnn!IeTC!I ~HKUH!I ¢ 
HCKnioqag H3 'IeTblpex COOTHOWennli 

a¢ lap =·(p 2 +:m 2 f~ acp;a,.o,._ 
a fl P 

1
a"-/ap =-,p(p 2 +:m 25 31 ~ p acp;a,.a 

'I' fl fl fl a a P 

npOH3BOaHble a cp/ a If~ ( a UpHHHMBeT BCe 3HaqeHH!I, KpOMe p fl ) , nonyqeHHOMy ypaBHel!Hro 
2 2 

I Paa¢/apa+: P,+:m a¢/ap =·0 
a,1 fl pfl fl 

JlOH~Ha yaOBHeTBOp!ITb paBH8!I 

TaKnM o6paaoM, nonyqaeTC!I 

¢ B Cnny (3,10} KOM6HHBllH!I f+:'JI(p + q) -~(p)- 'JI (q) •; 

Y'P8BHel!He, KOTOpOMY' JlOH>KHB Y'llOBHeTBOp!ITb f : 

4 2 

(I pA_L -_!!!__a_)f=g(pfl,qfl), (3.11) 
A=t apA Pfl apfl , 

rae cnpaBa ~nrypnpyeT H3B9CTH8!I ~Y'HKllH!I OT PI! H qfl , noCKOnbK~ afJapA= f'" 2pA + f" . qA1 

TO (3.11) MO>KHO npeo6pa30B8Tb K Bnay: 

2(p2 +: m2 ) f'•• '+:( (pq) + m 
2 ~ ) r· ~­ = g ( p fl'qfl ) • 

' P,_, (3.12) 

... n r···!IBH!IlOTC!I HHBapnaHTHb!MH n UOSTOMY (3.12) He HMeeT pewennfi. Hanpn-
, 

<l>ynxunn 

Map, cornacuo (:J.12) f"' 
Bbrpa>KaeTcg qepea HHBapnaHTbr p , f ,., , (pq) n ewe qepea 

~Y'HKUHH, 38BHC>InlH9 TOHbKO OT pll H q fl • 3a.MeTHM, qTO npn 1/m =f=O ~HKllH!I 
g(pfl • q,_,) = 0 n cymecTByeT pemeune (;:.const 

COOTBeTCTByiOmee KOOp)lHHBTe Xfl 

4. HTaK, noKanbHOCTh no Koopnnuaro Cnafinepa OKB3hlBBeTCR necoBMecTnM:ofi c TpancnR­

nnounofi n nopenuoBCKofi HHBapnanTHOCTbiO Teopnn. Ecnn nocTaBnTb ce6e neHbro BBeCTn 

TaM· He MeHee STy KOOpJlHHaTy B TeopniO, TO Haao nn6o OTK838TbC.!I OT HHBapHBHTHOCTH 

(nhlTB.!ICh KaK-TO npeoaoneTb TpyaHOCTH 
c uapymenneM aaxonoB coxpanel!HR (eM., uanpn-

Mep
151 

) , nn6o o6"bHBHTh nena6e>Knoll 
neKOTopyro nenoKBilbHocn, Teopnn. Mo>Kno nonbrTaTb­

CR, HBnpHMep, onpenenHTb MHHHMBHbHO HeJIOK8HbHOe B3BHMOaeliCTBHa, ewe COBMeCTHMpe 

c HHBapnaHTHOCTbro, 3To nocnennee nanpaBnenne npnBonnT K H3BecTHhlM npo6neMaM o6brqnofi 

~eHOKBHbHOli TeopnH, UeHTp8HbHOfi H3 KOTOpbiX .!IBJIHeTCH npnqHHHOCTb/10/ 
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§ 4. noKBHbHOCTb B CJiyqae Ht'!KOMMYTIIpYIOwefi KOOPUllHBTbl 

6onee o6mero Bnna 

l. Ecnn onepaTop r fl TBKOB, qTo ypaanenne ann co6cTaennoii .pyuxunn X HBnsteTCH 

ypaBHel!ne:M nepaoro nopnaKa, TO ee H8XOJKaenne npeaCTBBHHeT TOHbKO Bbl'IIICHI!T9HbHbl9 

TpyauocTn. B aTOM cnyqae X UMeeT TBKOH OfilllllH Blla 

x(p) = eiJI<ptt•Pfl·r
2

' U(pa 1 (p 2); P,si(p2); 

KonKpeTHbrii Bna ~YHKUnfi '!' n 38BHCHT OT arraa <\>YHKUHH 

py I (p2 )). 

A (p 2
) n 

(4.1) 

B=B 1 (p 2)+:B/p 2Xpx) 

B ( 1.:t), U - npOil3BOHbHBH ~YHKUHH, a f3 Y ue pBBHbl fl 

PaccMOTpnM co6cTBeHHbre ~HKUnrr 6onee o6mero Bnaa: 

'l'<p .,. ) 
x(p) =e ll u(,.a(p), "t>(p), "y(p)), (4.2) 

rae 'P n "a HeKOTOpble <\>YHKUI!Il BCeX qeTblpex KOMUOHeHT HMIIYHbCB, HeH3BeCTHO, HBH.!I-

eTCH HI! ( 4,2) COBepmeHHO 06lllllM BllaOM C06CTBeHHOH ljlyHKUilH ouepaTopa \ 1.2), 

PaccMoTpHM BaanMonefiCTBne Bnna (3.5), rae Tenepb ,. -co6CTBeHHbre auaqennn one­

paTopoB 17(p·) , KOTOpb!B llOH>KHbl KOMMYTilpOBBTb C rl! , ¢yHKUHOH81lbHOe ypaBHeHHe nony­

qaeTCH TBK >Ke, KBK ll panee. norapnljlMHpOBBHHOe ypaBHBHJile HM99T Blill1 (3,10), rne Tenepb 

'P -nenaBeCTHbie ~YHKUHll, KBK n f (p 2, q 2,(pq)) n cp(pfl, "P • "q) , rAe ,.P" I "a (p ) ; "[/P); 

"y(p)l. 

Pewenne ero, KBK n B § 3, uenecoo6paauo na'IaTh c ncKniO'IeHnH ljlyuxunn ¢ (ueuoll 

UOHBHBHHH npOll3BOl1HhlX OT lJ' ll f BMBCTO CBMHX STHX ljlyHKUilli), <l>yHKllHH cp nonqn-

nneTC>! llBYM ypaaueunnM B 'IaCTHbiX nponaBOAHhiX nepaoro nop.!IIlKa. Onno na nux nonyqaeT­

cn KaK ycnoane coaMecTnocTn qeTbrpex ypaaue:mll 

_!.2.__ = I __lj:_ a "a (p) A= 1,2,3,4, · 
a P.\ a.;, a "a<P> apA 

171 
• cp • paCCMBTpllB89MblX KaK anre6palil'i9CKHe ypaBHeHHH C HeH3BeCTHbiMll acp/a "a 

rn. 8 § 3 n. 5. nonyqeHHoe ypaBnenne 

D( "a (p), "{3 (p), "r (p). ¢) = 0 (4.3) 

D (PI ' p2 ' p3 ' p 4 ) 

Bhlrn!Iai!T K8K npnpaBH9HHhlli HyniO ljlyHKUilOH8HbHhiH onpeneHHTellb U Bblpa>KaeT ljlaKT ljlyHK-

UllOH8HbHOll 38BHCHMOCTH cp OT ljlyHKUlilli 1T a , 1T {3, "y , }lpyroe yp8BHenne llMeeT ana-

HOI'Il'IHbiH BHil: 

D ("a (q)' "f3(q), "/q); ¢ ) =0. 
(4.4) 

0 ( qt' '1;. • qa ' q • ) 

B cuny nawero <jlyHKnnonanhnoro ypaanennn n KOM6nnanllH f+':P(p+:q)- ip (p)-'P(q) 

Jl0H:>KH8 noaqnHHTbC>I ypaBHeHll.!IM (4.3) lil (4,4), nepBOe ll3 Hli!X MO:>KHO 38UHC8Tb B Bllne: 

4 
(I £1 (p)~ )[f (p~ q,2 (pq)) -'l'(p+q )- 'l'(p)]=O. 

A= I A a PA 
(4.5) 
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Yepea flip) o6oauaqeuhl anre6pauqecxue uononueuuu K aneMaHTaM cTon6ua ¢yuxuuoHanb-

uoro onpeuenuTenu B (4.3), couep>Kamaro nponasouuhle aq,lap>. • OnepaTop ypasHeHBu 

(4.5) 38BRCHT TOnbKO OT p , onep8TOp BTOpOrO ypaBH6HRH (4.4) TOnbKO OT q , npnqeM 

~· nocKOnbKY 'JI(p+:q)-'P(p)- 'P(q) 0)lBH8KOBO 38BBCHT OT p R q , TO BOny-

qaeM, qTO f )lOnmHB OARHBKOBO 38BRC6Tb OT p B q • 3THM ncqepnhlBaeTCu ponb 

BTOpOrO 'yp8BH6HRH, 

3aMeqag, qTO af/ap)..=·f'• 2p).. +:f',' q).. :II qTo a'JI(p+:q)lap)..=a 1l'(p+:q)l2q)..l 

snuuM, qTo npn p
1 
= P2 =·p

3 
=·p

4 
=·0 uennHelluoe ypaBHaHne (4.5) unu nurn ¢yuxunl1 

"a , "'{3, ')-, · f 1 'P npespamaeTCu B npocToe ypasueune: 
, 

,. • 2 r a>. < f < o, q , o > q >. + · a 'P ( q > I a q>. - b >. > =· I). , (4.6) 

rue a>. u b).. o6oauaqaiOT 3HaqeHBH fl_\(p) R a'P(p)lap).. B TO'Ilta p=-0 , 3aM6T:BM1 

qTo b>. MoryT aasnceTb OT onymeuuoro Bhlme nuuexca co6CTBaHuoro auaqemni p p. ; a>. 

OT aero H6· 38BHCHT, HO aaBIICHT OT HOMapa P. Bhl6paHHOil: KOMUOHaHThl KOOpAIIH8Thl (B cll)'i-

qae (4.1) a>. .. s,..>. ). 

s 
Tenep&, xax u B § 2, M01KHO J!hlpa3BTb tp 'iepe3 ¢YHKUIIIO (' ,( 0, q2, 0 ) E -• V ( q 

2
) J 

pemaH uu¢¢epeuuu~n&uoe ypaaueHBe ( 4.6). C noMom&ro cneuyromux IIBTe;rpanos xapaKTepucTn+ 

qecxux ypasueHBll dq>. I dt =· a>.: 
2 2 2 2 

aa (a q ) -· a % =· C a ; a q - ( aq ) =· C 

aan11meM ·pemeuue a suue, yuo6uoM unH uanouellmero: 

'P(q) =·(ab)(aq ll a
2 

+:W(q
2

) + 

2 
+ Z ( a a ( aq ) - a qa a#( aq)- ilq{J; 

2 
By( aq)- a q y ) • 

W(:r)=-f.V (:r) d:z. 
2 

06oauaqeuug: (a b) =·I a>. b >. 11 aaanoruquo ( a q) :a a 
>. 

B8H ¢yHKilBH OT yK838HHhlX apryMaHTOB B, B03M01KHO, OT p • ,.. 

(4.7) 

Z - npon3lWJtho-

no)lCT8BBM HalluaHHOa IJl B (3.10) 11 aanumeM rionyqaromeecll coOTuomeHI!e B auua: 

"' ( P,_. ; ";. ; ,.q) +' z (p) +:Z ( q) - z ( P· +:q ) = 
(4,8) 

··f.(p2, q2,(pq)) +: w ((p +:q >2 > -w (p2) -W(c~J2). 

noxameM, 1TO 116B8B qaCTb 
2 2 

( 4,8) He M01K6T 3BBBC6Tb OT :BHB8PBBHToB P , q B (pq) 

Bnii ( p + q) • 3TO 6yueT 03uaqaTb, qTo o5e qaCTB UQp03Bb paBHhl npOB3BOJibHOll KOBCTBHTa, 

npe]!{Ue BCaro, 113 apryMaHTOB ¢YRKUBII z aeiibasr cocTaBIITb IIBBBpnaHTa. Ecmt 

5hl 3TO 6hlnO B03MOmHO, TO, H8UpBMap,. ¢yHKilBOH81IbHhli1 OJ!P6Jl6IIRT61Ib 
2 . 2 2 2 

D(a~(aq) -a q2, a
8
(aq)-a q&'•a

4
(aq)-.a_q4 ; q > 

0 ( ql' q2' qa • q • ) 

paauMCll 6bl · uynro. Ho ou paseu 2 a 4a1( aq) , qTo He pasuo uymo. 
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Ecnn. 6bi ua apryMeHTOB ¢yuxuun 9 Momao 6hlno cocTaBBTb p2 unu q 2 , To aTCT 

03Haqano 6bi, qTO OAHBM H3 apryMaHTOB ¢YHKUHR U B ( 4.2) M01KHO B3RTb p 2 , 0TCIO)l8 

uanee cneuosano 6bl, qTo P 
2 

uonmuo KOMMyTupoaaTb c r,_. • OuHaxo B CHny noCTyiiRpOB< 

HOJI 6nH30CTB r,_. K "'t , 
rfl. He MOmeT 6biTb nepeCT8HOBOqHhlM CO BC6MB OU6J?8TOpBMB 

p 1 p 1 p_ 1 p •1 O)lBH R3 KOMMYTSTOpOB 
I 2 .. 4 ) 

[r ,p2l.f-O x 
C p AOn1KaH 6blTb 6nR30K K ih , U03TOMy 

U· 

0T (pq) ¢YHKUBR 9 M01KaT 38BHCeTb B TOM cnyqae, ecnu H3 ¢yuxuni1 JT(p) 

MOmHo UOCTpOBTb p 1 , p 2 , p3 , P 4 , B H3 11(q)- q
1

, q
2

, q
3
q.(aaTaM M01KHO o6paaoaan,(pq: 

3To HaB03M01KHo, XOTH 6bi no BbiWaHanomeuuoll npuqnue.· 

TaKHM o6pa30M: 

9=Z(p+q )-Z(p)-Z(q) +C 
(4.9) 

f =·-•W((p+:q)
2

) +W(p2)+:W(q 2 ) +:C, 
(4.10) 

Ha ( 4.9) BllnHO, 'ITO ¢YBKUirB "'a ( P) uonmHhl COBU8A8Tb C apryMaHTBMB Z , CM, 

(4.7). nonaraSI B (4.10) q=-•p n uu¢¢epeunnpys no P2 
y6e]!{UaaMcll, qTo 2W'(p2) = 

a£(p
2
,p

2
,.p

2
)lap

2
uell:cTBHTanbH8H ¢YHKUHSI B CHny (2.8), B OCT8nbHOM W· HZ HpOH3BOIIb 

Hbl6 ¢YHKUHH CBOHX apryMaHTOB, 

TaxnM o6paaoM, Hawe ¢yuxuHouan&uoe ypBBHaHBe yuosneTsopllaTcu, ecnn co6cTseuuas 

¢yuxuuu x HMeeT Biru: 

X (p) =·exp [(abXap) 
a2 

+ W(p 2
) +·Z ].xU, (4.11) 

rne a>. - npOII3BOnbHbie KOHCTaHTbi, b>. - npouasoJibHbie ¢YHKilHB Pp. ; U H Z - npouaaoru 

Hbla ¢YHKU BH Tpex apryMaHTOB a a ( ap)- a
2 

Pa , a of fl. ( Z KpOMe Toro M01KaT 3BBBC6Tb 

OTpll ), 

nocTpOBM COOTB6TCTBYJOD!BJI onepaTop KOOp)lHH8Tbi, Cp, § 2. 06bi'IHhlM CUOC060M, 
171 . 

CM, § 3, n. 51 H8XOJlliiM B cnyqae fl.=· 1 

2 
( a2 

) a
1 

I I 
>. 

a,\~ -(ab)-2 W',(ap)lx=O. 
a P>. 

CooTBeTCTByromBil: onepaTop r 
1 

r=I a>.i~-.2i(ap)W 1 
,\ u P).. 

x) 

( 4.12) 

l4.13) 

npHMep KOOpnBH8Tbl0 He OTHOCRDtailCH K paCCMaTpHBB.eMOMy· H8MB· Knaccy; 

2 [ 2 I -'111 [ · [ g , p ]od (a -·P. p I p ), OTKyna g,_. , p. c·IT • CneuyeT OTM6TBTb, qTo g , g 1 ,l. 0 
I' II IJJI Jl II /12/ . . p. V 

B ; C UOMOD!b!O HIIUBC8HHOrO Bb!Ufi;f KOMMy• 
sonpexB own6oquoMY YTBepmneunro 

TaTopa [ g , p I 
fl. " , Momuo noKa3aTb, qTo [[ gil , g 111 • ·p >. J c- i ( P,_. B11x-•P11 ~>.> / p2ti· 0. 
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HMeeT KOBapHaHTHblil BHil ( 1,2), ecnH A =·a 1 'll=·-2ial W'{p 2
) H a2=aaaa.=Oo 

B 3anHCH (4,13) nepBbte cnaraeMbte spMilTOBht, ecnH a>. nellCTBHTen&Hbte, Torna nocnen-

Hee cnaraeMoe spMHTOBO Ton&xo ecnH W' = 0 • llpyrHMH cnoaaMH, aceM nocTaaneHHblM 

Tpe60BSHHHM H3 paCCMOTpeHHOI'O Knacca onepaTOpOB (1,2) C C06CTB9HHOII ~YHKUHeil (4,2) 

ynoaneTBOpHeT TOnbKO onepaTop X~ 
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