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B nocneauee apeMH 6onhwoe BHIHvtaHHe o6patHaeTcn 110 Hccnenoeanue cn.ea cTnn t! , DhtTe-

K810lllHX H3 MO,Qenei\ Bb!CTURX CHMMe TpH fl B T90p1Hf anet-..·19 HT8pHLIX l.{8CTWU. OtteUb DA iiO IYIO 

ponb Hrp810T rrpH 3TOM p8.31IHY:JIUJ9 COOTH OW 9 HJHT M9>K/ly ~meKTpOMBl'I-IHTHblMH C BOiiCTB8MH 

aneMeHT8pHbiX l.f8CTHU 1 npe.llCK83J,IB8eMb19 aTHMH MO!lenSlMH. llo CHX nop riO.Ilp06 HO 11 C 11 CTe-

M8THlJ9CKH 6btna uccne.noaaHa nnwb MOJ.tenb SU 3 -cnMMeTpHH, a a ns:r oc T anbHbtX rpynn 

pBHra 2 nenanHCb TOnbKO Kp8TKl!8 38M8 48HHSI, no3TOMy 8 HBCTOSIUleil pa6oTe, cneay11 M9TO­

llYo p83BHTOMY llnSI rpynn bJ SlJ! 8 pa60T8X/ },
2

/ , DLJnOnH9110 OOU!ee IICCnenODllllll8 3neK -

TpoMarHHTH biX ceoilcT8 3 n eMeHTapHbiX '<BCTIIII 1:1 MonenRx G2 - II 8 2 -CH MM9Tpun. 

Monenb 

nnll xapaKTepHCTIIKH 8eKTOpOB COCTOliiiiii!, Sl8nli!OU111XCII 0 8 3 11C8MH HenpHBOlliiMbiX npep-

CTaaneHHi! rpynnbl G2 , KpoMe co6cTaeHHbiX 3Ha'!eHIIl! onepaTopo8 1
2 

1
0 

II Y 

HaM a npHuunne HYlKHbi ewe qeTbipe HeannHTH8HbiX K8811T08biX 'iiiCna, Ho TaK KaK nnll xa-

paKTepHCTHKH 683HCHbiX COCTOliHill! TeX npencTaaneHIIII rpynnbl G2 , C KOTOpblMII Mb! 6y-

Lt8M BCTp848TbCR 8 3'1'011 patioTe, LIOCT8TO'iHO COOCT8eHHbiX 3H8'1eHIIl! onepaTOpoB 12 

R y , Mbl f5yneM C'IHT8Tb 0 'iTO 6a31ICHb!8 COCTOIHIHil 8nOnHe onpene neHbl HatiopoM 

COtiCT88RHblX 3H8'ieHHtl 3THX onepaTOpoB, 

B KBBHToBOR TeopHII nonetl onepaTop 3neKTpOMarHIITHoro TOKa BLtpaJKaeTcll 8 8Hile 

6HnRH8AHOII KOM6RH8URR noneBblX onepaTOpo8 1/J R 

J- J/o.p • (I) 

rne M8TpRU8 0 onpenenR&T TpaHc¢QpM8UHOHHble CBOi!CT88 onepaTopa K8K OTHOCHTenbHO 

rpynnbl npocTp8HCTBeHH0-8peMeHHbJX npeotip83088HHA0 T8K II OTHOCHTenbHO 38LI8HHOA. rpyn­

flbl BblCWHX CRMMeTpHR, T,e, 8 HaweM cny'iae rpynnbl G2 , nocKOnbKY Mbl HHTepecyeM-

Cll 3LteCb TOnbKO CBOIICTB8MR j OTHOCHTenbHO BTOporo Knacca npeo6p83088HH!I, 8 RB-

HOM 8HLI8 tiyneM 8btnllCbl88Tb TOnbKO T8 88nH'!HHbl 0 KOTOpbl8 C8R38Hbl C rpynnol! G2 

11TaK, 8 otiweM cnyqae tiHnHHel!Hy!O KOMOHHBUHIO onepaTopo8 H 1/J MOJKeM npen-

CT88HTb 8 8Hile nnHeiiHOA KOMf5HH8Uilll KOMflOH8HT H8KOTOpOrO 'iHCna Henpll801liiMblX TeH-

30pHblX onepaTOpo8: 

I, 1., Y) T 
• 1,1., • y 

( 2) 
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ToT <jlaKT, 'iTO ace aenwii!H b l a ( 2) B03 HHK810T 11 3 np!!Moro npoH3BeaeHH!! npeacTaaneH n A, 

no K OTOp bl M npe o6pa3y!OTC!! o/J H o/J 
1 

n03 BOnSJ e T HBM C p83Y orp 811H'iliTb B03MO>KJ!ble 

3 Ha"e""" IIJ. I 
, TaK K a K B MoaenH G 

2 
- c nMMe T p HH onepaTo p bl n onel< <jlyHaaMe HTanb-

1 7 

H biX 'i8CTHU npeo6 p 83YIOTC SI n o npe a c Taane HH SI M 
D (0,0) 11 D (1,0) r pynnbl 

n e rKO BHll9Tb , l.fTO Hl-1Jl9KC l,d a ( 2) npo6eraeT 3 Ha 'i e HH!! Ill , I 71 , I 14 I 11 

G2 

I Zll . 

B aneKTpoMarHHTHbiX a 3 8HMo.aeH:cTBIH1X co x patHIIOTCSl I<BBHTOBbie qHcna T peTbe A: KOM­

nol!eHThi H30TOIIH'ieCKOrO Cn11H8 II rllnep38pSia8 , no3UMY B B b lp8>KeHHII nnH onep8TOp8 

9 nBKTpOM8rHHTHOrO TOK8 MOrYT yq8CTBOB8Tb TOnbKO T B KOMIIOHBHTbl HeiipHBOllHMblX T9H-

30pHbiX onepaTopoa, nnH KOTOpbiX I • • Y • 0 , OTc10aa H8116onee o6mee B bipa»<elllle Al\51 

onep8TOp8 3neKTpOM8rHHTHOrO TOK8 38nHWeM B Bllae : 

ltl 171 11•1 lt•l 
J • f,(x)To,o,o +f2( x)TI,o ,o+fs(x)TI,o,o+f,(x )Tooo+ 

(3) 

1271 1271 1271 
+: fa (x) T2,o,o + £• (x) TI,o,o + £7 (x)To ,o ,o 

rne B !!BHOM Bl!)le p83neneH8 38BIICHMOCTb OT npOCTp8HCTBO-·BpeMeHHbiX nepeMe HHbiXo 

B HBC TOHw e e apeM!! aocTaTO'<HO TO'<HO y cTaHo aneHo, 'ITO <jloTOH sanHeTC!! cKanHpoM 

OTHOC HTBnbHO ITO,llrpy nnbt 

SU 
2 

, anH r pynnb l G2 

u 

u 

- cniiH8, 3Ta noarpynna, 6 yay'<H caMoCTO!!TenbHOA rpy nno A 

/ 4/ 
COCT8BneH8 H3 Cn e ayJOlliiiX reHepaTOpOB 

y3H
1 

+·3H 2 •- !H, +·} Y (4) 

u, - 2vYE 5 
u • 2y3E_

5 

/3/ 
Q 6 o 3 H8'1 e HH!! 3 aeCb T8KII e »<e,K8K II B pa6oTe , ~OTOH 6yaeT CK8n!!poM OTHOCIITenbHO 

3 Toil noarpynnhl 1 ecnH 

l u J I . . o. ±,• 
(5) 

nocKOnbKY B B bi p8>KeHHe an!! 
BXOa!!T TOnbKO KOMnOHeHTbl HeUpHBOaHMblX TeH30poB C 

I. y - 0 , TO nerKo aH.neTh , qTo ac e rna 

lu. ,J 1·- o 

H3 Tpe6oaaHH!! KOMMYTBTHBHOCTH onepaTopa 

wHe COOTHOWeHH!! Me»<AY a enH'IHH8MH f I (X) 

f 
2 

(x) • 0 , 

c onepaTopoM U + nonyqaeM cneay10-

f
3
(x) •./3 f,Cx). 
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f (X) 
• 

..;'!...t (x)~..j14f 7 (x). 
3 • 

(6) 

AuanorH'IHbte cooTHo weunH n o n\"IHM, pac c MaTpHBan KOMMyTaTop [ U _ , J I . T aKHM o6pa-

30M , BM9CTO <j>opMyl!hl (3) n o•:_v 'M 9 M Ill!!! Ollep8TOp8 91!9KT pOM8rHHTHOrO TOK8 Cl!9JlYIOW99 

B blpa>KeHHe: 

(7) 

!21 I I 21l 1 l21l 
+ j • (x) [ To.n, o -..j 23 T ,,o,o + -./ 14 To,o,o I .. 

nonb3YstCb 3 TH M Bhtpa>Ke lH! eM onepBTOpa ::meKT pOMarHHTHOrO T OK8 1 MO>K9M B bl l.fHC n HTb ero 

M8TpHt.tH bte 3neMeHT f,J Me>l<ay pa3Hhi MH COCTOSIHHHMH , llp11 IIOMOlltH TeopeMbl BH rHepa-3K­

K8pT 8 B cnyqae 6apilOUOB nonyqaeM : 

MH, 

paMI<: 

- _l_a 
..jTI • 

<n I J I n > -a + : _
4
_ a 

I 3-./R a 

<E0 IJIE 0 >• a1 + _4_a 
3-./14 

<E. -J) IE-> • a + _!..._ a 
I V 6 2 

a 

+' + 
<I I J II > - a - • _1_ a . - · _1_ a. 

1{62v'J4· 

<I 0 I JII 0 >:- ·a +_4_a > 
I 3vTI • 

<I-IJII.-·>Q s +....La _ , _1_ 8 
I ..jf, 2 V 14 I 

<AIJ IA> e a0 

<I. 
0
1 J I A> • <A I J I I.

0 
> • 0 , 

(8) 

HBJ'HUOTCSI COO TB8TCTBYlOWHMH npHBe.O.eHHbJMH MBTplPoi.HbiMH 3neMeHT8-

J.13 <j>opMyl!bl ( 8) ll0l!Y'I89M Cl!9JlY!OWH9 COOTHOlii9HH!I M9>KilY 6 apHOHHbiMl! <)>opM<j>SKTO-

+ + 
(9) 

<pI J I P > ~ < I. 11 I I. > 

<E IJIE->-< I -IJII. -~ 

I I 
- 0 ~ 0 0 , , 

<n J n> · < ;:;. IJI.:: >·<I. IJII >. 

0T6p8C biB8R B Bblp8>K9HHH Lilli! onepaTopa 91!9KTpoMarHHTHOrO TOK8 'll!9H (<j>H3H-
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/5/ 
qeeKH 3TO 03Hil'189T OTeyTeTBHe eynep38pSI>KeHHbiX '18eTI!U )

1 
TIOTIY'I89M KpOM9 

TOr'), tfTO 

2<piJip>+2<:CIJIE-> - -3 <n1Jin > 

( 10) 
<AI JIA >- 0. 

noeneJlHee npeaeK838HI!e S!BmleTeSI 0'19Hb eHnbHbiM apryMeHTOM npoTI!B MOllenH G ~ -eHM-

M9TpHH 1 T8K K8K M8TIOB8pOSITHO 1 'ITOISbl Bee 3TI8KTpoM8rHHTHble eBOileTB8 A '18eTI!Ubl 

HC'J93nH. 

noTpel5oB8B1 'ITOI5bl BblnOTIHIITIOeb eOOTHOW9UH8 

0 0 +. + - -
<I. IJ II. > - ~[<I. IJII. > + <I. IJII. >J .• (II) 

B biT 8 K810UI8e 1!3 H30TOTIH'I8eKOR HHB8pH8HTHOeTI! el!nbHbiX B38HMOll8AeTBHA 1 nerKO B bi 'IRenHTb 

113 (8) nnR aToro eny'laR 

+ +. 
<I. I J I I. > • <p I J I P > <I. IJII. > --< = IJIE > 

H 

<n I J I D > • < E 
0 

I J I a 0 > - < I. 
0 

I J I I. 
0 

> - 0 I 

( 12) 

'ITO H8XOllHTell B RBHOM npoTl!Bop e'IHH e a KenepHMeHTanbHbiMR ll8HHbiMH. Ho eaMbiM HBTe-

peenhiM !IBn ReTell TOT <jl8KT 1 'ITO B MOll8TIH G ~ - eHMMeTpHH UpH H8HI5onee Oi5UI8M BHll9 

onepaTopa aneKTpoMaraHTHoro TOKe nonyqaeTeR 1 'ITO MaTpH'IHbiA aneMeHT nepexoJla 

I. 0 
.. A + . y (eM. (8)) oiSpamaeTeR a aynb 1 B TO speMR Kal!: aKenepaMeaTanba.o :noT ne-

pexoa RBTIR8TeR rnaBHbiM enoeof5oM paeU8ll8 '18eTIIUbl I. O • 3TO RBHblM o6p830M UOK83bl-

saeT, "'TO Mo.nenb G~ -eHMMeTpHH HenpHM9HHM8 B K8'19eTB8 OeHOBHOR MOllenH BbleUieil 

CHMM9TpHHe 

B enyqae neeaaoeKanRpHbiX M830HOB neno ynpomaeTeR 1 TaK KBK onepaTop R 

OTp8JK810UIHi! aeeOBYIO llll8rp 8MMY B H8'18Ue KOOplliiH8T 0 eoBU8ll88T1 K8K nerKO BHll9Tb0 e one­

p8TOpOM 38p11llOBOrO eonpRlK8HHR. 0Tel0ll8 eneayeT1 'ITO 

l
1 

(x) • · i
3 

(x) • 0. (13) 

3To epa3y Upi!BOllHT K eneayiOUIIIM eOOTHOUI9HI!HM M8lKllY M830HHblMI! ljlopM<jl8XTOp8MII: 

+. +· + +: . - - - _, 
< 1T I 1 ITT ~- < K I ) IR >- _, < 1T I J I ,. >- - ·< K I J I K > 

<"
0 

IJI•/ > • <'I IJ Iii> ·<K
0
1J!K

0 
>• <K0 IJIK 0 >•<~r 0 IJI ~ > -o. 

( 14) 

JlerKo TBKJKe Bl!lleTb 1 'ITO aaJKe npa H81!15onee ol5meM BI!Jle onepaTopa sneKTpoMarai!THoro 

TOKe MaTpi!'IHbln aneMeHT nepexoaa "
0 

.. 2 y o6pamaeTeR B Hynb 1 'ITO eme 15onee 

6 



llHCKpeauTupyeT Moaenb G2 - CHMMeTpHH. AHanorH'IHYJO rrpoueaypy MOlKHO rrpuMeHHTb H 

an" seKTOpHbtx Me3oHos. Pe3yiibTaT 31l9Cb TaKoll JKe KaK H s ( 14), ecnu caenaTb rroacTa-

rr,K,K ,TJ-+ p, K*,K*, </>. 
( 15) 

KpoMe Toro n e rKo rroKB38Tb, 'ITO B paccMaTpnsaeMoll Moaenn G
2 - CHMM9TpHH 38IIpe-

meHbl npoueccht 

"' .. 0 
7T + :y 

( 16) 

liTO O II Q: Tb H8XOilHTCH B SIBHOM rrpOTHBOp9t.U:IH C 3KCII9pRM9HT81IbHbiMlf .U8HHbiMH. 

Moaenb B 2 -cBMMeTpHH 

AHanorH'-IHO cnyqaJO rpyrrrrht G 2 6yaeM C'IHTB'Ilb, 'ITO 6a3HCHbte COCTOSJHHSI HerrpB-

BOilHM btX IIp91lCT8Bll9HHi! rpyiiiibl B 2 BIIOIIH9 Ollp91l9II9Hbl Ha6opOM C06CTB9HHb!X 3H8'19HHJ! 

orre paTopos H y 

OnepaTop aneKTpoMarHBTHoro TOKa B paccMaTpusaeMoi! MoaenH B 2 - CH MM9TpHH 

Ollp91l9IIHM TBKIIM lK9 o6pa 3 0M, KBK H B Cnyqae MOil9llH G 2 - CHMMeTpnu. 

nonb3Y51Cb T9Mll >K9 C8MblMH apryM9HT8MH, K8K H B cnyqae MO.ll91Ill G
2 

-cHMMeT-

pHH, nerKO yCTBHOBBTb , 'ITO CYMMHpOB8HH9 B <!>opMyne ( 2) ll OlllKHO BblllOIIHSITbCSI IIO rrpe)l-

CT8Bn9HHHM 

' 
Ill , 141 , lSI ' 110 I • 1141 H 1161 nocKOllbKy B IIp91lCT8Bll9HHSIX 

D (1,0) H aeT aecoa c KBBHTOBbiMH qHcnaMH I z • · Y Q 0 , rronyqaeM, 'tfTO 

HBH6onee o6mee Bblp8lK9HH9 ' llllSI onepaTOpa 3II9KTpOM8rHHTHOrO TOKB B MOil9IIH B 
2 

CHMM9Tpi!H 6ylleT I!M9Tb BH)l! 

noarpynna U - CIIHH8 lliiSI rpyiiii b l 

( 17) 

/ 4/ 
B 2 cocTasneHa H3 cneayJOIUHX reHepaTopoB 

U cy3E_
4 

( 18) 

!13 CKBIIS!pHOCTH <!>oTOHB OTHOCHT9llbHO 3TOi! IIOilrpyrrrrbt ll0IIY'I89M Cll91lYIOIUH9 COOTHOIU9HHSI 

M9lKilY B9IIII'IHH8MH f 
1 

( x) 

7 



fa(x)• · f,(x) 

f
6

(x) • ·- •y 5f
8

(x) ( 19) 

II B b!paJKeHHe ( 17) U llSI onepaTopa 3 11e KTpOM8rHHTHOr O TOK8 CBOUI!TCSI K C n enyiOm e My : 

I 1l lal Ito I !tal 
J • j1 (x)To,o,o. + j /•)TI,o,o + :j a<x) [T1,o,o + To,o,o. I · + 

(20) 
!t<.l 1 tul 

+ j (x)[ T - • - T I .. 
, 2,o,o vs oo,o,o, 

00ilb3 Y S!C b 3TI!M B blpaJKeHHeM o nepaTOpa 3 11eKTpoMarHI!THOrO TOKa, M O JKe M B bi '!I!Cili!Tb e r o 

MaTp H'!Hbie 3 11eMeHTbi MeJKny pa3 Hb!MH cocTOHHHHMH, O p 11 noM OWH TeopeMbi BHrne pa-3KKap­

Ta B cny qae 6 apHoHoB nony'!aeM cneny 10mee B bipaJKeHHe: 

<p IJIP >• a _, __!__a - .Y 2 a 
1 - 2 T e 

y5 
1 <niJin>•a +: - ··&2 1~ 

-• IJI-• 1 <:=. c >.• · a
1 

+:_a v5 2 

- . - 1 :r 
<E: IJ I E: > =•1-· --=a2 +:v -•a 

y 5 5 

< ~+iJI~\-b - · lH - Y>vjb 
1 2 35 a 

<~0 111~ 0 >:- b1 +:2y 3 b a 
35 

- · - T <I IJI~ >:-b,+Y,b 2- · y,v- ba 
35 

+" +" '"'T"" 
< X IJIX >:- b1- ·Y,b 2 - ·Y,y~ ba 

35 

<X-IJIX - ;. - b1 +:Y, b2- ·Y,vj b
3

• 
35 

(21) 

rne Mb! B B911H COOTB9TCTBYIOWHe 0603H8'!9HHSI UllH npHBeneBHbiX M8TpH'!HbiX 3119 M eHTOB, 

nerKO BBUeTb, 'ITO B3 ljlopMyllbl ( 21) BbiTeKaiOT cnenyiOmHe COOTHOW eHHSI M9lKUY 6 api!­

OHHbiMH ljlopMijlaKTOpaMB: 

<n I J I it > - < E. o I J I eo > 

+: +: +: +: 
<~ IJII >' • <X IJIX > (22) 

<~ IJII-·>:-<x-IJIX-; 

8 

Ecn H 'IlleR j 1 C'!HTaTb aUUHTI!BHOA KOHCTBHTOA II OT6poCHTb ero, TO KpOMe COOTHO W • 

nuA ( 22) nony'IIIM ewe u cnenyiOmHe : 

<p i J i p >+< c IJ I 2 >J h=-2<n1 J i o > 

+" + - : - 0 
<X IJ I X >+< X IJ I X > ~ - Y,< .l I J I ~ 0 > . 

( 23) 

BH.aao , ttTo nn sr Bbin o n HeHHH cooTHoweHRH 

0 0 + : + 
< ~ I J I I > - Y, [ < ~ I J I I > + <I I J I ~ >J. 

H906XOUHMO , '!T06bl j < • · 0 , a Torna 

< .lo i J I I o>~ o. ( 24) 

3 n e c b BHTe p e CHO OTMe T I!Tb, 'IT O '1119 H j 8 H91lb3H OT6p 8CbiBaTb, T a K KaK B paccMaT p H J 

9MOJ! MOUenH HM9HHO 3 TOT '1119 H OT B9 '!a9T 3a pa3HHUy aap HUOB II M arHHTHblX MOMeHTOB 

+ + -nel!Tpoaa 11 npoTona, a TaKJKe qacTHn I 11 X , . ~ 11 X 

To JKe ca M o e M O JKHO cKaaaTb 11 o '!neae j
2 

, T aK xax B c n y qae j 
2 

• 0 n o n yqa 

< n i JI :n > •O 

< ~ 
0 
I J I A > • · 0 • 

(25) 

'ITO HaXOUHTCH B SIBHOM 11pOTllBOp9 '!HII C 3KCU9p BMeHTanbHblMB UaHHblMB, 

B cnyqae ncesnocxanHpHbiX M eaonoa n MeeM : 

i 1 ( x) • · j 
2 

( x) • j , ( x) • · 0 , ( 28) 

a B TOM Clly'!ae COOTHOWOBII H M 9 lKU Y M930HHbiMB ljlopMijlaKT OpaMB npBHBMaiOT BHII : 

+ : + : + : + : 
<" IJ i ir >: • -<D IJI:O > < D u I D > - - < "- IJ I;,.-·> 

<" 
0 

I J I ;,. 
0 

>I • < '7 I J I ~ >! • < K 
0 lJ I K 

0 
> • < K 0 I J I j(o > • 0 

( 27) 

+ : + : 
<K I J ll< >' - - · < K I J I K > 

Pe3yllbTaT UllH BOKTOpHbl X M930HOB nony'la9TCSI T 9 M lK9 CaMbiM, KaK II B ( 27), ecna c n e­

naTb UOIICTaH OBKy (15), 
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