
(~ 
~-

06bE.LlV1HEHHbl 1.1 
V1HCTV1TYT 
H.LlEPHbiX 

V1CCnE.LlOBAHV11.1 

.Lly6Ha 

_,f;/'''''"'''''" 

;I 
:I: -:I: • ·• s = ::r 
::s: ... ... 
"' • ... ... 
I 
A. 

! 
~ • lA 

~ 

vs)T1£ 

P- 1918 

M.A. MecTaHpHWBimH 

V1HTErPAnbHOE nPE.LlCTABnEHV1E nnH 
.LlBYXY:ACTV14HOi/t AMnnV1TY ,Ubi 8 

HEPEnHTV1BV1CTCKOM CnYY:AE 

r;u~ ~ 

·•'" 

/~'I !6~ ;V~ 
~~ 3f)1-:HJtj 



--
a

-;
r
t 

~· 

:r: .. " 'C .. '" ::. <0
 =
 

0 '" ]:J
 

>
 :r: 8 n 1
l 

f
o 

/ 
~c
f 

'1
3 

~
 

<0
 

(
l >i
 '" = i E
 '" = ::. =
 



'\ 

ji 

\. 
¢;i 

~ 
·'· 

i
'':i 

' 

' 

' . .-. 

8 pa6oTe
1 11 

'-PaJuleeBhiM 6bma npeJlnO}f(eHa cHcTeMa aauennsiiOillHXCll ypaaHeHHll, 

npHrOJlHBll Jlnll OUHCBHHll 38Jl8'tll Tpex Ten, KOrJla 'tBCTHUbl B38HMOJlel!CTBYIOT Me}I(Jly co-

6011 napHbiMH CHnBMH, 3Ta CHCTeMa liBnlleTCll 06061lleHHeM ypBBHeHHll nHnMaHa-illBHHrepa 

H HM99T BH.Q: 
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G

0 
~ (H

0 
-z) 

0 T 
23

(z) 

T
81 

(z) 0 Go 

T
1
/z) T

1
,(z) 0 

T(z) ~ t~z)+ f~z) +T(8) (z) 

r ~v 
If If V

1
f G

0 
(z) T

1
f , i,j • 1,4 3 .(; 

• (0,1) 

3Jlecb H0 - cao6oJlHhiii raMHnbTOHHaH Tpex qacTHu, V
1
f - noTeHuHan B3BHMOJlellcTBHll 

Me}f(Jly - H - 'tBCTHUBMH, Tlf - COOTBeTCTBYIOll.IBll V
1
f - JlBYX'tBCTH'tHBll BMnnH-

TyJla, a T - nonHall aMnnHTyJla Tpex 'tBCTHU. 

3aMe'taTenbHb!M 06CTOliT9nbCTBOM B (0,1) HBnlleTCll TO, 'ITO BMUnHTyJla pacCeliHHll 

Tpex Ten T , nocne peweHHll 3THX ypaBHeHHII, Bblp8}f(8eTCll qepe3 BMnnHTyJly T
1
f 

CHcTeMa (0,1) noaaonHeT nony'IHTb paar.o}f(eHHe B PHil TeopHH aoaMyweHHII H, KBK 

121 
6hinO UOK838HO B pa6oT8X , CcpOpMynHpOBBTb COOTB9TCTBYIOillyiO JlHBrpBMMHYIO TeXHHKy, 

)lHarpaMMhl nonHOCTbiO onpeJlenHIOTCll 38Jl8HH9M BepwHH, KOTOph19 HBnliiOTCll JlBYX'tBCTH't-

HbiMH BMfinHTy.llBMH BH9 MBCCOBOA noaepxHOCTH 1 H fl03TOMy .llnSI H3y119HHSI 8HanHTH'I9CKHX 

CBOIICTB 3THX JlHarpBMM CyllleCTB9HHO 3H8Tb 8H8nHTH'teCKHe CBOI!CTB8 Tlf 

I. Uenb HBCTOH!llell pa60Thl - JlBTb HeKoTopoe HHTerpanbHOf' npeJlcTaaneHHe JlnH 

JlByxqacTH'tHOII aMnnHTYJlhi aHe Maccoaoll noaepxHOCTH a aepenHTHBHCTCKOM cnyqae. TaKoe 

npe.acTaaneHHe MOMHO Hcnonb30BBTb a npo6neMe Tpex Ten. KpoMe Toro, ouo HMeeT H ca-

MOCTOHT9nbHhiA HHTepec, llOCKOnhKY Bb!p8)1{89T BHBnHTHq~CKHe CBOA:CTBB .aayxqacTHlJHOA. 

BMnnHTy Jlhl • 

HanHweM MaTpH'tHhlll aneMeHT onepaTopa B BH.ll9 

_. _., ... 2 ... 

8(; +k -; -; ) < PI -kl !t(z _(~)I~ > 
I I I I 2 2 2 (!.I) 
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OnepaTop t yJlOBneTBopseT ypas&eHHJO JlHnMa&a-WsHHrepa 

t -- v- VG0 t (1.2) 

rJle 
V - DOT&RllHBn B3BHM0Jl&ACTBHI1 0 aaBHCillUHA OT pa3HOCTH KOOpJlHHilT (Jlnll yJlofi-

cTBa B JlBnbBeftweM BblfiRpaeTCil JOKaBOBCKHft DOT&HnHan), a GO - cpyHKllRR f"pHHa, HMeJ0-
2 

waR BHJl (B CHCT&Me &JlHHHD, rJle h •·2m I • 2m 2 • 1 

JlnR 

HH& 

1 
G • 0 .. 2 (ii+Jt)2 

( 1.3) 

k -[z-·~ ], 

3aM&THM, 'ITO B (1,1) CRCT&Ma OTC'IeTa He cpRKCRpyeTCil, B CHCTeMe n.M, (p +t =0) I I 

< f I t I i > - MaTpHnbi nony'laeTCR xopowo aasecT&oe Bblpa>Ke&ae. 
.... .... .... 
p + k p -· k 

lieaaBHCHMOCTb KOMfiHHanHA ----,----- B -or--
(.. ' )2 L. L. 

E • z -• p f + f 
0 

B TOr Jla MaTpH'IHbiA aneM&HT ( 1.1 ) 6y JleT aaBHCeTb OT Tpex 

D03BOn>leT cpHKCHpOBaTb Bblpll>Ke-

cKaDRpHbiX KBaJlp&TOB: .. .. 
(p,-k,)2 

2 
(PI -k 1 2 
-r-> 

2 

(k, -kl ) 

i-1Tepapy11 ypBBH&HHil (l,:l), Mbl DODY'IHM p11Jl T&OpHH B03MyweHRft, COOTBeTCTByJO

x) ( 
lURB JlBarpaMMbi KOTOporo MO>KHO H306paaRTb B cneJlyJOweM BHJle CM, pRe, I ) • 

I·A ·Lh· 
k ~ ~ .. 

Pac. 1. 

MaTpii'IHble aneM&BTbl B HMnynbCHOM npeJlCTa&neHHR KR>KJloA JlRarpaMMbl nerKo &a

nacaTb, ecnR BCDOMHRTb, 'ITO >KRpHbiM DHHHI1M COOTBeTCTByeT cpyHKIIHil lp&Ha G0 , a TOR-

x) HepenHTHBHCTCI<RB JlHarpaMMbl OObi'IRO pHCYJOT B HHOM BH,LI90 a HMBBHO: TOHKHe 

nHHRR BblXO.a•T 89 83 O.QBOI TO-t:XR, 'a', Jta.I 88 pBC. J, 8 83 OTll.eii&HhiX TO'leK. 

YCDOBHMCI1, 'ITO B B9pWRB9 •a• fiyJleM DHCaTb KOHCTBBTy B3BHMOJl9ACTBHR B CTene

BH, 3Ha'leBH9 KOTOpOA paBBO 'IHCDY BXOJlllWHX B Bee DBBHA, TaltBM 00pa30M, nepBilR Jl&&r

pHMMa aa pac. I 6yJleT sroporo nopllJlK&, sropu - 'I&TBeproro nopRJlKil a T,Jl, 

4 

'f_', __ ., 

\ 

KBM DHHHRM - cpypbe - 06pl13 DOTeHURRnbHOit 9HeprHH :; 
2 

, H ltll>KJlOMy ·Tpeyronb"' 
.. k 2 ~-ll 

HHKY cooTeeTCTeyeT &eaas&CHM&IIt HMnyn&c k (eM. pac, I I, no KOTopoMy npoacxoJlHT 

HHTerpHpOBilHRe, 

BKDilJl OT Ka>KJlOit JlH&rpllMMbi B a - npeJlCTaBnBHHH ( C TO'IHOCTbJO JlO DOCTOHH

Hb!X MHO>KHTenelt) MO>KHO HllDHCHTb B aiiJlB CDBJlYJO!Uero HHTerpana/4 / 
ft•t n-:1 .. 

FD(ql)= 

n da I II d,BI.J+l 
l-=1 J•O 

[, aA: 
D (.a,(iJ) 

.. .. ra-l n-t 
R(a, ,8, q,,q2) -(~ e )E +( ~ ,81,1+ I 

'-"' [ l•t I 1•0 D(a, ,8) 

.. 
rJle JlDR yJlo6cTea eeeJieH&I o6oaHa'leHR11 

.. 
ql 

P r -k r a 
--2-

.. 
q = 

2 

.. .. 
P

1 
-k

1 

-r-
B ( 1.4) D(a, ,8) onpeJienaTenb MaTpHUbi 

.Bot +:a 1 +/3 12. • · -·,812 . 0 ''• :. ·. 
d D• I -·f3u . ' f3u +rz2 +,82a , ' - ,828 ' '• ~ ~. 

0 -·,8 28 , ' ,82a +:aa+f3u•··• '-

.. .. 

2 
>~t • 

\ 
I , 

( 1.4) 

(1.5) 

. 11 R (a ,,8, q!',q 2)- OKilAMDBRHhllt onpeJl&DHTBDb ODpBJlBDHTBDil D(a ,{3) H HMB&T BBJl: 

rJle 

.. .. 0 
R (a,{iJ, q • q ) •· I .B 

I 2 I .. 
B I=· -•f3ot q I ; 8 n-l •·-- ,8n-l' 0 q2 ; 

llerKo nposep&Tb, '1To
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B, I 
d 

B •-0 
I 

; 

I •·2,3, .•• ;.- :n -2. 

.. .. 
n-1 .. ll n-1 .. 2 2 R(a,,8,q

1
,'1

2
) 

~ [:tal (k, -E)+· :t fJII-+:1 (kl +:u· )],.. -----
k I •I I =0 ' D (a, fJ) 

n•l n-1 2 ,. 2 .. B .. ..., 2 

-(~a, )E+:(~ ,811+1 )v. .. A1 (a,,B)q, +A2(a,(i3)q2+Aa(a.,8Xq,-qll) 
1•1 $•0 • 

n-1 

- (l: a 
'""I 

D• I 
)E+: ( :t ,8 1)1'2 

J •0 J,j.+ 

.. 
.. ~ t 

Q (a, ,8 , • q , CJ 2 , E, 'll ) • : 
I 

( 1.6) 

.. 
3JlBCb BBitTOpa ql,ll o k I ' k I YJlOBneTSopsJOT aaa:oay coxpasesas B a:a>KJloll sepwase. 

MHBBMI1DB3anH11 DpOHCXOJlHT DO H93aBHCBMbiM BMDYDbCHM, KOTOpbie OCT8JOTCI1 DOCDB HHTer-

. pRpOBaHH11 DO /3 - cpyHKO:BilM, 

Al(a,,f3) • ,801 +: 
D(a ,,6!) 

0 

{3 01 

0 

~n-l,o 

5 

• ' {3 01 ' ' 0 •• , 0 

( 1.7,a) 

d 



1 
A 2 (a , f3) •· f3 •• t,n· +: D(a, f3) 

A 8 (a , f3 ) • -· 
D(a,tl) 

0 1 0 •••:: f3 n•l,n 

{301 
0 

d 

f3 •.. t,n 

0,' 0 .. ;::/3 •• ,,. 

f3 
Oo 1 .. d 

0 

B npHno>KeHHH (I) .rtoKaabiB8IOTCH cne.rtyiOUlHe Ba>KHbla HepaseaoTsa:x) 

D (a , {3 ) > 0 ; A 1 (a, • {3 ) > :0 ~ I • · 1 , 2, 3 • 

" 
( 1.7J5) 

(l,'~B) 

( 1.8) 

CcjlopMynapyeM OCBOBRYIO TaOpeMy, llOK838Tb KOTOpyiO 0'18Hb DpOCTO M8TOllOM Ma>Kopa

poB&HHSI llH8rp8MM, 

TeopeMa: o6nacTb aHanHTII'IROCTR ruo6oll .rtRarpaMMbl nops.rtKa 2n >:4 ( n - 'i&cno 

•TOHKIIX• nHHIIJI B ,[l&arp8MM8) BKni0'188T B C86ll o6naCTb 8HanRTH'IHOCTH ,[l&arpaMMbl '18T" 

<P +~<" )2 
B9pToro DOpll.rtKa RnR COBD8ll88T C H&JI, ecnH TonbKO E •· Z -• _! ___ !_ < 0 , 

2 -
np&MeHHll npoue.rtypy, YK838HHyiO B npllnO)K8HRH 2 .rtnH .rtHarpaMMbl pac, 1, np&xo-

llHM K .rtOKaaaT&nbcTBy T&Op&Mbl, TaKHM o6pasoM, .rtnH aaxo)K.rteHHH MRHRManbHoll aemecT-·-. 
B8HHOJI o6nacTR ,[l00T8TO'IHO orpaHH'IHTbCH R3y'I&RR8M 8R8nRTH'I8CKHX CBOJICTB ,[lHarp&MMbl 

'19TBepToro nopH.rtKa, 

2. AaanHTH'I9CKH9 CBOJICTB8 TpeyronbHOll llH8I'fl8MMbl B T90pHII DOml XOpOlllO H3B9CT" 

Hbi/B,B/, 8 H8lll8M Cny'l89 ypaBH9HIIH .rtnH OC069HHOCT9ll RM910T T8KOll )1{9 BH,[l, K8K .rtnll 

pemlTHBHCTCKRX llH8rp8MM ¢el!HM8H80 TOnbKO •sHyTp9HHH9• RMDynbCbl 'IHCTO MHHMhl8, 

OnycKaH pac'leTbl, npase.rteM nony'ieHHble peaynbT&Tbl: o6nacTb, B KOTopoll Q >:o onpe.rte-

nH&TCSI H8p8B8HCTB8MH! 

'· >: 0 
•. 1,2, a ,, 

ll 2 
(1+:(1< Op (lr >(I~ -• y'(l-·(t )(1-·(1) ,. 

(2.1) 

r.rte ( 1 38,[1810TCH COOTHOW8HH8M 2 ll 
m +:1' +:z 1 ,, 

2m,. 
(I • 

x) 
AaanorH'IHbl& ?BVaseHCTBa .rtnH .rt&arpaMM sepwaaaoll qacTR B TeopHH nona 6&~-

nH .rtoKaaaHbl HaKaHHWH • 

6 

,,,~~.~~. ·.· 
)'~,~~ 

l 

! I 

. 1\j 
','."; 

:(~:, 

i;,~' 

1:r·1
1 

'• 

'II\ 

i( 
/l, 

·\I 

l 
~ 

I, 
!t 

~ ,, 

I 2 

<:s•· 
m +:1' · +·z 2 

2m,. 

~ 

2,..\:za 

' - -;.-r--8 4t 

<.\·~)"=1, 

Pac. 2. 

.LlnH nony'!eRHH HHTerpanbHoro npe.rtcTeneHRH .rtaarpaMMbl n106oro KoH&'!Horo nopH.rt-

/ /S 6/ 
Ka Mbl npose.rteM Hccne.rtoBaHHe, uanora'IHoe pa6oTaM ' • 06oaaa'IHM 'lapea !;0 o6-

/7/ 
nacTb (2,1 ), Cne.rtyH By , MO)KHO HaiTH B8KOT0p710 KOMDn&KCBYIO o6naCTb 8H8nHTR'r 

BOOTH § DO 38,[18BHOJI B.8Ul8CTB8HHOJI o6naCTH 8H&nHTH'IHOOTH §0 , lllaJICTBHT&nbHO, 

nycTb § 0603H8'188T MBO)K8CTBO KOMDn&KCHbiX TO'I8K Z1 •·X1 +:ly 1 ( I ·• 1,2,3), .rtnH 

KOTOpbiX CYlll9CTBY8T T8K09 B8lll8CTB8HR08 >. , 'ITO XI· +:>.yj (;, § 0 , Tor.rta R3 nHH&JI-

BOOTH Q OTHOCHT&nbHO z
1 

cne.rtyeT, 'ITO Q o/··0 0 '18M R llOK83biii88TCll H8W8 yTB8p-

)K.rteaae, 06nacTb 

z
1 

(I• 1,2,3) 

§ liBnli&TCll 8CT8CTB8HHOJI o6na.CTbiO ronOMOpcjlHOOTR B npocTp8.11CTB8 

/6,7/ 

3&M8THM 0 'ITO o6naCTb aH8nHTH'IHOCTH 8MMRTYllhl Ha M8CCOBOJI DOB8pXHOCTH, T,e, 

ll 2 . 2 
Kor.rta z 1•· z 2 •·-· m , onpe.rtenHeTCH aepeeacTB&MH m >.0 ; z

8 
>.-•41' • 

8 .rtanbHeliW&M y.rto6ao nepaDHC8Tb (1.4) B H&CKOnbKO RHOM (HO Rll8HTH'IHOM) BH,[l8: 

I I 

F (z 1 )" f . .;f, 
D 0 '0 

n-=1 n-11 1 n-1 n-1 , 

8(1- ~ a'· -·I f3 '· , ) llda'-TI d/3 
l*·l I 1•0 l.l+.ll-t 1toCJ 1.1+:1 n+·t 

il 2 
( ' f3''[ Q( ' {3' 2 2 ) 10 I.-~-n a ) I 1 a I ,. e, , m • " - 1 -

r.rta ( D +:1 ) - 'iHCnO B&pWHH .B .rtHarpaMM&, 

7 

(2,2) 



Uenecool5paauo oTaenbHo paccMoTPeT& auarpaMMhl, ana KOTOphlx 

aen&Ho - aaarpaMMhl, ana KOTOphiX n - He'leTHoe, 

n - qeTHOe, H OT-

OISoaHa'IHM cooTBeTCTB)'IOIURe cf>yaxuaa 'lepes 

A
1 

(a',fJ') 
'I~ •· -:----

!•.A (a'1 {iJ'~ 
1 

1•1 I ' 

I •·1,2,3 

F 
2k 

p -

( z I ) H F 2k +1( z
1

) nycTlb 

b·l 2 .llll.r , ) 2 
(I a'1• )m +:\ ~ f31 i+l 1.1 ... , . .., ' 

f A1 (a', {3 ·~ 
f•·l 

noacTaanaa B (2.2) To)l(aecTao 

A (a' • f3'~ I I 

1•· f,dJ]I 8(7]1 -·fA 6z',f3'·) 
0 l•t I 

I A 2 (a',fY~ I A (a',f3') 
l f d 'I 8 <'I -· ){ P'l 8 < 71 -· a > .)( 

• 2 2 a a t 
o I. A (a',f3') o "(a',-(3') 

l•l t 1•·1 
n- I 2 n•l 

2 
(I. a~·)m +:(I. f3,'u..,ll.l 
1•1 S•O ' . 

a 
X {,dp8 (p -· 

I. A
1 

(a' {Y·) ····l 
H HHT&I"pHpya liO p k pas liO '18CTaM, llony'IHM: 

111 .. f ( a 
Fa. < z, > • r I r r d71 dJ] d.. 1 d n 71

1 P > 
8 o - I 'I > o o' o I t 2 'I a. P I •I I . ' 

PoC'IIl [zt'lt +:z,'l 2 +:za'la+:P-i0)~ 
(2,S,a) 

F2k+l(zl) •· {.{,{. d71 d7] d7] f d . f2k('lt p)8(1-·f ·71) 
000 I 2 a•f' .I 

PoC'I,> [zl 'II+: Za'la·+:za'la+:p-·10).". 
( 2.8,6) 

3aec& 

Po('ll) • Mlj!l (-•7] Z -• 7] Z -•'f Z ) • •· 
~. 11 0 t 1 2 a a a 

(2.4) 

2 2 2 2 . 2 
•·7] 1 (m +:1' ) +:71 (m +:~t 2

) +· 21' 'Ia -· 2mln (ml.l'l ( +m1.171' +J& ''7 ) . 
2 ("•§ It 22 aa 

I. 0 

MRHHMyM no ' 1 a (2.4) aocTaraeTCa a o,15nacTH § 
0 

, rae 

saae ' 1 •· cos.e, a aaeT cneayiOmae sHa'leaaa ana p
0 

(7]) 161: 
'1 MO)I(BO saaaBSTlb B 

2 1 ' 2 
p~(7] 1 ) •·<1>(7]

1 
)[,.. (_ +.!..) + ~], ecna 

'1, 71 2 'Ia 
"11--.!...l.::.!!l.<(L-+:!..); 

'II '12 'I• 'It '12 

2 2 2 
P0 (7] 1 )•·7] 1(m+:l') +:1J 2 (m-l.l) +:41' 'Ia•' ecna 

2 2 
P0 (7] 1 )•·7]

1
(m +:1.1) +:71 2 (m +:~t) 

• I ecn• 

8 

..!:.>~ 
'Ia 'II 

+' 

..!!!.. > " c.!.. + 

.. 
'~a 

'I a '11 '12 

·fl"' 
\.' 

p 0 (7]1 ) 
2 2 2 

'It (m-1') +'12 (f! +·m) + 4,., 'Ia 
m 

ecna .!:... > ..!:..... + 
'It '12 'Ia 

a cP)'HKUHa 

<1> ('It ) e 'I I 'I 2 +· '12 7] a + 'I I 7] 8 • 

3, B 'IBCTHOM cny'lae, xor.ua MO)I(HO cf>axcapoaaT& B ol5nacTH £l 0 xaxyiO-aa6y.ub nepe

M&HHyiO, cxa>KeM z a , uenecoo6pasao nonb3oaaTbCa aayMepHbtM npe.ucTaaneaaeM, xoTopoe 

nonyqaeTCa HS ( 2,2), ecnB )''ITeM TO>K.UeCTBO 
'1\~\ D•l 

I I 

1 - r r. d 'It d 'I 2 8 c 1 -·'I -·'I > 8 <'I 
A 2 (a; f3') ) j dp8(p -· 

tA (a', {3')- .. 

A a z +:I. a' -m'+I. fJ'· 1} 
a t•t t looO 11+1' 

o I 2 2 

l•t I 
t A1 (a'f3'·) 

1•1 

H npoHHTerpapyeM no p k pas no qacTaM: 

3aec& 

/

1 .. </>('lp) 
Fn(z) • fd'l

1
d'l

2
8(1-'1

1
-'1

2
) {,dp --~2k~-':1.:-:c ... c-----li 

0 0 -.. ['It z I +'I 2 z 2 + p -·1 0 I ' 

I I ¢2k+f.'l. p) 
F( 2k+l) (z) e {{,d'l

1 
d'/ 2 8(1-'1 1 -"1 2 ){,dp 

0 0 -.. ['It z l + 'I 2 z 2 +p -·1 0 l 

'I e. 
I 

A 1 (a'·, {3') 

A1 (a'·,f3')+A 2 (a'1 f3'·) 
H 'I e 

~ 

A 2 (a'1 (:3') 

A 
1 
(a' 1 fl')+ A

2 
(a',f3') 

B saKniO'IeHae aaTop Bbtpa)l(aeT rny15oxyiO 6naroaapHOCTb A.A. !Ioryaoay, A.H. Taa

xenaase sa HHTepec K pa6oTe H CTHMynapyiOwHe o6cy>K.ueaaa, 

nPVIJIO)KEHVIE 

,llna aoxasaTenbCTBa nono>KHTenbHOCTB D ( a, f3) aocnonb3yeMca neMMOA AnaMa-

pa181. KaanpaTH'IHBH MaTpHua A c aewecTBeHHbtMH xoac',:>cf>auaeaTaMH HMeeT nono>KHTenb

HbtA JJeTepMHH8HT, ecnH yJJOBneTBOp!IIOTCSI ycnOBHSI: 

a
11 

> 0 ; 

ana 

a
11 

>10 ; 

n 

a > I. I a 11 I ; 
II I• I 

a 1,2 ... n 

I .f I 

n 

a
11 

> I. I a
11 

I , 
1= 1 

I o/ l 

i ~ 1, 2 ... n • 

3AM9THM
1 

q:TO 3TH ycnOBRSI .llOCT8TO'IHhl 1 HO H9 He06XO,QHMhi. 

( 1.1) 

,LlnH M8TpHllbl d ycnoaaa ( I. I) Bb!UOnHHIOTCH, 'ITO JJOK8SbiB8eT HepaseHCTBO 

D(a, ~) > 0. 

g 



B Bbipa>KeHIIV. .nns1 A 3 (a, fJ), 0 l,n-t ecTb MIIHop, cooTBBTCTBYIOlllBll aneMeHTy 

(l,n-1) 11paaea (-l)"f:J, 2 {} 2 ~···f3n. 2,n.I ,rroaToMy A 3 (a,f:3)>0, 

.QoKaaaTenh!:TBa OCTBnbHblX HepaaeHCTB 113 ( ),8) TBK>Ke IIpOCThl, ecnH BOCIIOnb3yeM

Cll paanO>KBHIIBM orrpe.nem<Tenl! 0 (a , {J) , .llnSI KOTOporo llpHMBHIIMO peKypeHTHOB COOTHQ

WBHIIB flK06H; 

2 
O(aj:>) = (f3o I+ a I+ f3t2 )0 II (a,f3)- {31~ 022(a,f3)' ( 1.2) 

1.fTO naeT 

0 (afJ) e (f3ot + a I) 011 + f3,2a 022 +f312f328a 3033 + 
( 1.3) 

+f3 12 "' {3n-3,n· 2 • 0
n-2,n-2 +·{3,2{323''' {3n•2,n-1 {an• I +:fJn.l,n)' 

3.1l8Cb 0 11 {a, {:3) - MIIHOp, COOTBBTCTBYIOlllllll aneMBHTy (I,)) B .llBTBpMHHBHTB 0 (a, fj) 
1 

022 (a, (3) - MHHOp, COOTBBTCTBYIOlllllll IIBpBOMy aneMeHTy B 0
11 

(afJ) , 0
38 

(a, {:3 ) - MHHOp 

nepaoro aneMeaTa a 0 2 /a, (3) 11 T,.n. B cany neMMhi AnaMapa ace 0
11 

(" (> ) nono>Ka

TenbHhi, no.ncTaBnllll paanO>KBHHSI (•.3) B (J.7a), npHXO.lliiM K HepaaeHcTay A,(a,f3)>0. 

Aaanorii'IHO .1lOKB3hiBaeTcll nono>KHTenbHOCTb A 2 (a, {3) • B aToM cny'lae y.no6ao aocnonh-

aoaaThCll .nn11 0 (a {:3) paano>KeHIIeM Tllna (I. 2), HB'IHHaSI OT nocne.naero aneMeHTa, T,e, 

aneMBHTa, HB KOTOpOM nepeCeKBIOTCSI IIOCne.nHSISI CTpOKa C IIOCne.nHHM CTOn6UOM, 

3BM9THM T8K>K9
1 

t:JTO 

aA
1 

(a,f3) 

> 0 =l, ... n-·1, 
af:3,,, +, 

nPHnO:>KEHHE 2 

B c11ny aepaaeacTa (1,8) 11 nono>KHTenhHOCTH m
2
(e-E) Bhipa>Keaae (1.6) .nn11 Q 

MO>KeT OOpBTHTbCSI B Hynh TOnbKO B TOM Cny'lae, Kor.na XOTSI 6hi O.llHO z
1 

- OTpHUBTBnb-

Hoe 'lllcno, Ecn11 z 1 > 0 (i = 1, 2, 3) , TO cPYHKUHll Q - rronomHTenhHa, 

nycTb .llnSI cPYHI<HIIll Qn II Q:· , COOTB9TCTBYK>lllHX 

H 0' ( r Ll9 n < n 
1 

• ) 1 HM99TCH HepaBeHCTBO 

x) .1lll8rp8MMBM 110pS1.1lK8 

2 2 2 2 , , 
Qn•.(z 1 m ,IJ. ,af3) > Qn (z 1 m •~' ,a·, f3 ·), 

( II .1) 

x) n 
OpH.OOK 3.ll9Cb 03H81J89T "'HCnO BepWHH B .OHBrpBMMe. 

10 

Torna tSy.neM roaopHTh, "'TO nuarpaMMB n -ro nopll.llKB MWKopapyeT .llBarpaMMy n'--ro 
, 

IIOpSILJ.KB HnH .npyrHMH cnOBBMH: o6naCTh 8H8nRTR"'HOCTH § ~- naarpaMMbl n ·- ro nopg.n-

K8 COLJ.9p>KRT B ce6e o6naCTh BHBnRTH"'HOCTH §, LJ.HarpaMNbl n -ro nopiiLJ.Ka, 

HnH COBIIBLJ.89T C ·aell, T,e, 

f:'J., S f:'Jn' {II .2) 

nycTb .nuarpaMMB C n'--ro 110p11LJ.K8 COLJ.9p>KHT <JJarypy, B300pB>K9BByJO H8 pac, 3a, 

a LJ.RarpaMMa n -ro nopst.nKa nonyqaeTCB &3 aee aaMe&ol <ParypY Sa <Parypol 86 {pac. 3). 

& 0~· ~~·. .. ... -
\, ~ 'j.l 

ilif,l 
• .. ... 

'L h 
Q. ' Pac. 3. 

BhipWKeaae { 1.6) noKB3biB8eT, 'ITO LJ.nll ycTaaoane&HH aepaseacTBa ( II. 0 npa T8Kol aaMe-.. .... .... . .. 
HB LJ.OCTBTO"'HO IIOK838Th,"'TO MRHHMyM 110 k OT f(a,Jl,k,q~) 6onbWe, "'BM op(y, .. q 1 ) 

npH IIOLJ.XOLJ.Silll9M Bb160pe y , r.ae 

. .... .. .. 2 2 + t .:2 ,.. 2 2 .. ... :1 ~ + .. -2 .J 
f(a,{3,k,q 1 )e·fl 1 (q~+m )+·fl4 (q~+:m')+ai(k +m )+:a 11 [(q.t-k) +:11 h·n,[(q

2
-k)+lt 1~ 

.. ..2 2 +2 2 .... 2 2 
¢(y,q

1
) c y 1 [q

1 
+m lot-: y 2 [q

2 
+:m ]ot-:y

3
[(q

1 
-q

2
) +:1' ] •• 

.QeliCTBHT9nbHO, 

min f (a , /3, k , ~ ) • ( f3 1 + 
.. I 
k 

a
1
a

2 

~ 
fcl 

)(q: +:m2)+·(f3 +:~)(q2+ 
2 Jl 2 

2; a I 
1&·1 

m 2) +. 

3 

a2aa [(q -q )2 +:1J.2], +: 

2 
al 

a-
:t a, 

2 
m +' 

a (a
1
+a

2
)+a 1(Ia

1
) 2 

2 ···' " +' --
~a, 

a 
1
ecna onpenenaM 

r, 

I 2 

ata2 
13,+:~ 

I a 1 
lc:·l 

·--t 
y2c-p2+ 

11 

f. a I 
1•1 

ala a 

T::-
fcl 

a2a a 

~ 
1•1 

Ya 



TO 

min f(a,tl,k,q 1 ) ?.¢(y,q 1 ). 
k ( II. 3 

8 TOM CJJyqae, KOr.lla O.llHH H3 .llB)'X q
1 q1 ) COOTBeTCTByeT 

_.2 2 
q,>-(m+,..) 

BHeWHeJI (cxa>KeM l 

JJHHHH, TO HepaaeHCTBa ( II. 3 ) BbinOJJH!IIOTC!I , ecJJH TOJJhKO 

-+ -+ -+ 
.[leJICTBHT9JibHO, .llOfi)'CKa!l-+ B f(a, tl, k, q I ) H </> (y 0 q

1
) {:J

1 
c 0 H y

1 
~ 0 COOTB9TCT-

B9HHO H CpBBHHBa!l min f(a,tl,k, Q ) C rj>(y, q
1

) , r.ne 
k_. I yt -=0 

a a -+2 ~ a a -+2 2 a a -+ -+ 2 2 
min f/-lc ~ --'-2 -[q +(m+f.L) l<~-(tl 2 +-1 -3-)(q 2 +m )+~[(q 1 -q 2 ) +IL I+ 
k to fa t ~al ~a 

1=1 I I= 1 
2 2 a ta3 a 2 a 3 

+ a 3 f.L +(a 1m-a 21L) H )' 2 = f-J2+ --;>'a= -r::--
~ a 1 ..... at 

fa J I= 1 

, npHXO.llHM K Hepa-

B9HCTBy 

min L1 _
0
(a,fJ ,t, q-+

1 
) > </> ()',~ 1 l • 

k-+ 11- Y1 co 

ecnH 
-+2 2 
q > _, ( m + IJ. ) 
I-
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