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1. B e e 11 e u H e 

CnHHOpHble nom1 B T8OpHH THroTeHH!I 31iHIIITeliua paccMaTpHB8llHCb MHOroKpaTHO/ 
1- 221 

B OTllH'lHe OT TeH3OPHbIX ( CK8ll!IPHhIX, eeKTOpHblX H T.11.) nonel! onepHpoBaHHe co cnHHop­

HblMH non!IMH Bbl3b!B8llO onpe11eneHHbl8 TPYl1HOCTH. BnepBble Teopmo <j,epMHOHOB B none TSl­

/3 4/ 
roTeHH!I nocTpOHllH 4>oK II HeaH8HKO ' 1 KOTOpbre BBenH B38HMO/1ellcTBHe cnHHOpOB C rpa~ 

BHT8UIIOHHblM noneM npH noMOlllll <j,opManll3Ma opTorouanbHbIX penepoB ( CM, 
1231

). C Tex 

nop B 6onblllllHCTBe 11ccne11OBaHHli HCnOnb3OBallHCb Te HnH IIHble M0/1H,PHK8UIIII T8Tpa11Horo 

<j,opManuaMa. rnaBHblM nyHKTOM 9THX HCcne11OBaHHl! !IBll!lnOCb onpe11eneHHe KOBapHaHTHOi! 

npo11aB011Holl cnnuopa. 

B H8CTO!II11el! CT8Tbe cmrnopb! 6y11yT BBe11eHbl KaK o6'h8KTbl, npeo6paayromHeCH 

no npe11cTaBneH11ro 

arv. TeH3Op cj" B 

Toll lKe 

3TOM 

rpynnbI 1 

CMbICne 

no KOTOpol! npeo6paayeTC!I <j,yuuaMeHT8llbHbll! 

cnHHOpbl OK83b!B8JOTC!I o6'beKT8MH. Toro lK8 

THna, 'ITO II TeH3Opbl (cKanstp, BeKTOp II T.11.). BMeCTe C TeM HMeeTCH cymeCTBeHHOe OT­

llH'lHe CnHHOpOB OT Teuaopoe: XOT!I 38KOH npeo6pa30B8HHH cn11uopOB n11ueeH II O11uopo11eu 

no cnHHOpHOMY nonro, B OTllll'lHe OT TeH3OpHoro OH 38BHCHT OT rpaBHT8UHOHHOro nong 

( MeTpHKII). npH'leM cnOlKHblM Hen11Hel!Hb!M o6pa3oM. 

/9/ 
C 0/1HOJ! CTOpOHbI, T8KOJ! no11xo11 OTBeqaeT 38MbICny IIJpe1111Hrepa 06xo1111TbC!I 6ea 

/9/ 
opToroHanbHbIX penepoB, HO B ncnonb3OB8nHCb '( - non>1, KOTOpbre T8KlKe lllllllb He -

HBHO CB!l38Hbl C rpaBHT8UHOHHbIM. C 11pyrol! CTOpOHbl, BO3HHK8IOIIIHJ! y uac "KopeHb 113 

MeTpH'leCKOro TeHaopa• 'l!"" MOlKeT paccMaTp11B8TbC!I KaK HeKoTopag M0/111,PHKBUH!I TeTpa­

/1bl, B OTllll'lHe OT TeTp8/1bl 'Lt<V SIBHO Bb!palKeHo 'lepea rpaBHT8UHOHHO8 none, o6a ero 

HH11eKca paBHonpaBHbl II OTHOCSITCH K O/1HOMY II TOMY lKe o6meMy 6aa11cy ( y TeTpa11 O1111H 

HHAeKc OTHOCHTC!I K o6meMy 6aa11cy, a 11pyrol! K llOK8llbHO opTOrOHBllbHOMy). 

B OTn11q11e oT o6mero TeTpMHoro <j,opMan11aMa e npe11naraeMoM no11xo11e rpaB11Taun­

OHHoe B38HMO/1el!cTBHe !IBHO Bblp8l!<88TC!I qepea rpaBHT8UHOHHoe none • 3To YI!- OOHO npH 

Dbl'lHCneHHH rpaBHTaUHOHHbIX aq,<j,eKTOB, npH KB8HTOB8HHH II np11 TpaKTOBKe ypaBH8HHli 3l!H­

l11Tel!ua ua !13bIKe nnocKoro npocTpaucTBa, 

fynTa
1241 

npe/1llOlKHn paccMaTpHB8Tb Sl!HIIITei!HOBCKHe ypaBH8HHH rpaBHTBUHH B B11/18 

6eCKOH8'lHOro p!i/18 no rpaDHTaUHOHHOi! KOHCTBHTe, Hllll{e Mb! nonyqaeM B38HMOAelicTBHe 

<j,epMHOHOB C rpaBHTBUIIOHHbIM noneM HMeHHO B Bl!/1e TaKoro oeCKOHe'lHOrO p!i/18, 

B § 2 11ena10TC!I sneMeHT8pHble 3aMe'laHHH O HH<j,HHIIT83HM8llbHbIX npeo6pa30B8HHHX 

T8H3OpOB B Teop1111 T!lrOTeHIIH 3l!HmTel!ua C y11apeHHeM Ha HX rpynnoeyro CTPYKTYPY• 3TH 
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npeo6paaoBaHll!I aanl!Cb!BaIOTC!I B TepMIIHax noKanbHblX Bap11au11il, 'ITO YA06Ho C TO'lirn ape­

Hll!I TOnKOBaHll!I ypaBHeHlll! 8l!HmTel!Ha KaK Ha !I3b!Ke Kp1rnoro, TaK II Ha !I3b!Ke nnocKoro 

npocTpancTsa. 3aKoH npeo6paaoBBHll!I cn1111opnoro non!I <-½' KaK BenH'lllHbI, npeo6paay10-

mel!C!I no npencTasneHIIIO TOIi JKe rpynnb1, 'ITO H TeH30pHble nom1, BblBOAHTC!I B § 3, 

B § 4 Ha OCHOBe Hafinennoro rpynnoBoro aaKOHa nony'leHO BwpaJKeH11e An!I KoBap11aHTHOl! 

npOll3BOAHOll CITIIHopa, B §§ 5 II 6 o6cyJKAaIOTC!I TpaHC!pOpMau110HHbl8 CBOllCTBa 611n11nel!Hb!X 

KOM6nna1mfi CUIIHOpoB, II CTpO!ITC!I B3a11MOA8HCTBH!I qiepMIIOHOB C rpaBIITaUHOHHblM II Apyr11-

MII nom1MII, B TTpnnOJK8Hll!IX 1-3 npHB8A8Hbl A8TBnll Bb!BOAB 381{01{0B npeo6paaoBaHll!I ~ 

II 1.I-'" II BblBOAa KOBapllaHTHOli npOH3BOAHOli, TTp11noJKeune 4 noCB!IW8HO COITOCTaBneHIIIO 

C TeTPaJlHblM UOAXOAOM n AaH eme OAHH KpBTKHl! BbIBOA 38KOH8 npeo6pa30B8Hll!I cnnuopa, 

2. BcT_lnnTenhHbie aaMe'laHHH 

B Teopn11 8l!HIIIT8l!Ha CHMMeTpH'lHbili T8H30p ~t'"(l.) 
xi 

, xapaKTepnay10mnil T!Ir0Teu11e, 

npeo6paayeTc!I no aaKoHy 

a_ It'" (x.') = O )(.
1 
t' a)('" Cj j>G (,c.) , 

6 o'/o..r ox6 c:J , 
,x.'t-t = ){I(+ cl!Z.X'(l-) ') ( 1) 

rne 4-BeKTOp ,t4(?<.) np0113BOnhHbIM 06pa30M 3aBIICIIT OT KOOpAIIHaT )(.t-4 , cl. 312.-rpa­

BIITaUIIOHHa!I noCTO!IHHa!I, Ecn11 ,r(,(.) 6ecKOHe'lHO ManhI, TO npeo6paaoBaHlte ( 1) MOJK­

HO npencTaBIITb B -anne: 

~car" =1~vex,) -ir"~1 = oc,~~>r(j/~ + a/~ ctr). (2) 

Bapnaun11 Tnna (2)xx/ <St= J}(;f!) -5-(x) Ha3b!B810T cy6cTaHUIIOHanbHblMII Bap11aun!IMHj 

np11 nx npnMeueu1111 cymecTBeHHbIM o6paaoM nonpaayMesaeTC!I conyTCTBy10mee npeo6paao­

BaHne KOOpAHHBT. 

2,a. TTepexoA K noKanhHbIM sapnaun!IM n BBeAeHne MaTpn'lHbIX 

06oauaqen11l! 

B AanbHel1WeM BM8CTO qiopMannaMa C cy6CT8HUHOHanhHblMH BapHBUll!IMH Mb! 6yAeM 

nonb30BaTbC!I SKBHBaneHTHblM eMy qiopMa/IH3MOM C IIOKanbHbIMH Bapnau11HMII 

x/ B HaCTO!Illl8fi CTaTbe ynoTpe6n!IeTC!I MHHMB!I Bp8M8HHa!I KOOpAHHaTa )I.I,= i. t , , 
H MeTE,_H'leCKHM T8H30pOM cneunanbHOli Teopnn OTHOCHTenbHOCTH cnyl!<HT CHMBOII Kpoue-

Kepa b I'"'. _ 
xx/ /25/ /26/ 

0 BapHaUHHX CM, • Haasa'Hll!I Bap!'au11ll B3HTbl H3 CTaTbH Mennepa • 
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(3) 

Tax, HH<pHHHT03HManbH8lI noKanbH8lI Bapuauun it"' 38ITHCbIBaeTClI KaK 

(4) 

Oco6o nonqepKH0M, qTO noKanbHhl8 BapHaUHH MOJKHO paccMaTpHB8Tb KaK npeo6paaosa­

HHlI TOllbKO Han q>yHKUHlIMH, 6ea H3M0llE)HHlI KOOpnHHaT. :Cho noneano npH HHTepnpeTSUHH 

Teopun Tnro-reunn 31lnwTeilna B nnocKoM npocTpaHcTse, npuqeM B a-roM cnyqae npeo6paao-· 

Bauun (4) (u nocnenyromue npeo6paaoBaHHn (7)-(10)) cnenyeT noHHMaTb xax npeo6paaosa­

unn THna xann6poaoqHhlX npeo6paaosauufi B sneKTponnHaMHKe. ITosroMy q,yuxunu A~ 
M0}!{}10 H83h!BaTb xanu6posoqHhlMH qiyHKUHHMH. B H8CTOHJlleil pa6oTe Mhl BCIOllY 6yneM nonb-

30BaTbClI noxanbHbIMH BapnaUHlIMH, H STO noaaonnT II OHHMSTb ace pe::1ynbT8Tbl H 

Bhl"IHCHOHHlI KSK OTHOClilllH0CS! nn6o K KpHBOMY npocTpaHCTBy, nu6o K nnoCI{OMY npocTpaucT­

ay. 

B nanbuellweM HaM 6yneT yno6Ha KOMIT8KTII8lI M8TpH"III8lI aanncb. Ha npOH3BOAIIbIX 

qiyuxunll ).~ o6pasyeM MaTpHUY 

(5) 

EcnH Tenepb BBOCTH CHMMOTpH"IHYIO MaTpHuy II '¼'"'II ' TO 3aKOII npeo6pa30B81IHlI (4) 
xi 

MO}!(HO KOMll8KTHO sanncaTb B aune: 

(6) 

rne CHMBon ~ osnaqaeT Tpancnouupoaauue. Auanornquo MOJKuo samrcaTb noKanbHhte sa-

pnauun 1t-v ( '}t4v ~v>-. = 'i,/ ) H BOKTOPOB A I"' u A14 

~1 = ll ~ ,.,,\\; (7) 

x/ 06paTHM BIIHMBHH0 ua TO, qTo B HBCTOHJllell pa6oTe CIIMBOnOM t 06oana•1aeTCH MaTpHua, 
Toraa K8K qacTO non <J- ITOl!HMSIOT neTepMHHBIIT MaTpHUhl ~-:i. 
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A.' l=ll W4\I ' 'h"'f\ = cYZ.(Af\-)t<>yP..:)' (8) 

/\. 1= \\ 1\.1\ . ~'Ir f\. =-~(f\.f>.., + 'Ndyf\.)' (9) 

rne A' H A• noHHMaJOTcH KaK MaTpHUbI - CTonoUbI, TTpuneneM TaK'.lKe noKanhnyro na­

pHaunro CKan,ipnoro nom, 

~*<9 = -~'7-lor'f . ( 10> 

/24/ I f"'Y 
Cneny,i fynTa , rpaBllT8UII0HH0e none oyJleM Olll!Cb!B8Tb BellH'IHH8MH Yl: 

dl""' = b + -ae.. ~v ( 11> 
0 t'" 7 

rne 1> rv -cHMBon KponeKepa, OH He TeH3op, n noSTOMY nono'.lKeHne nHneKcoa uecyinecT-

ll8HH0j Mb! HX acerna f5yneM llHC8Tb Cl1H3Y, BenH'IHHbl h!'"' TllK'.lKe He of5pa3yroT Ten-

3op, TaK KllK on11 npeof5pa3yroTCH cornacno 

k.= \\~"'II ·1 b°*k.= I\+!\+ c12.(J\h.+h.J\->!a.vh. J. ( 12) 

TaKHM of5pa3oM, h. np11of5peTaeT ll/lllllTIIBHbl!i llODllllOK llOJlODHO sneKTp0M8l'IIHTH0MY nonro 

HnH nonstM S:lHra-Mnnnca, OTMCTHM cest3b Me>KllY . a. a-1. 
cf t (1 ll k.: 

i=-1+~h.-' 
dlO 

i-i = ~(-x.h_\11.. 
n.=O •) 1 ( 13) 

rne ~ -MaTpnua h. B l'\.-T0fl cTeneH11: l\i,"-)l"'-= \,_l"6
• h6if't ... \{i,...,v • 3necb 

nepxn11e llHllCKCbl OK83!,!j3a!OTC!I CB8pHyTh!MH C nepxHHMll '.lKe, 'ITO CDS131lHO C npnMeHeHneM 

H8T8H30pHb!X B81lll'll!H, (TllKll8 CBepTKII HellpH81'11l8Mbl, Karna CTp0£tT TeH30ph! H3 TeH30poa) 

B JlllllbHef1111eM Mb! oyneM qacTo llpl!MCH!!Tb ll81lll'lllllbl C l!HJl8KC8MII 

He £!BllSl!Olllll8C!I TCH30p8MII, 

2p. fpynnoooe CB0!iCTB0 npeof5pa30llllHllfi 

ff• V 

lfanecTHo, 'ITO npeof5pa3oBaHH!I ( 1) of5pa3YJOT rpynny. Ha £t3hrKe HHqll!H11Te311ManbHhIX 

npeof5pa3oBamr!i ( 4) ( nmr ( 6) ) sTo o.,naqaeT cnenyromee, 

Ooo3Haq11M pe3ym,TaT npeof5pa3011an11si (4) c :>!'=-At';_ qepe3 c{,. 9/" 11 pac-

CM0TpllM 113DeCTIIYIO D T90p1IH Henpepb!Bllb!X rpynn n11 cKof5o,rnyro onepau11ro 

'o* bl'< Clt'" - ?}'If b* a)'". 
~~~~a ~~ ~~o 

B COOTBCTCTBl!II C TeM, 'ITO npeof5p830ll8HIISI 1r" 
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o6pa3yJOT rpynny, peaynbTST CK060'IHO!l onepaUHH llOnlKeH 6b!Tb npellCTSBHM B BHlle (4) C 

H9KOTOpol! HOBOl! •cKo60'IHOll. >rc..t(_. . 

(14) 

(16) 

no npencTaBneHHSIM STOil )K9 rpynnbl npeo6paayeTCSI •ue COBC9M' T9ll30pH8SI B9nH'IHH8 

a TSKlKe ace T9H30pb1. Jlnsi acex 3THX o6t.eKTOB co6nronaeTcsi cooTHomeuue ( 14) , T,e. 

(16) 

J 

rne ~CIC. acerAa BblpalKaeTcsi onuol! H Toll JKe cpopMynoll ( 16). nerKo npoaepHTb STo 

nm, aeKTopoB A,f'i H Ay. H cKansipa If , npeo6paayromnxca cornacuo (8)-(10), a 

TaKlK9 H B o6meM cny'lae. 11 uao6opoT, paapewaa COOTHOW9HH9 CTPYKTypbl ( 6) C ~i6). 
MOlKHO BOCCTSHOBHTb 38KOH npeo6pa30B8HHSI T9H30pa C T9M HnH UHblM 'IUCnOM HHA9KCOB, 

ecnH nononHHT9nbHO noTpe6oBaTb, 'IT06bl 38KOH H9 38BHcen OT Apyrnx T9H30pOB H 6b1n nH­

H99H n OllHOponeu no ll8llHOMY T9H3opy H, KOH9'lHO, 'lT06bi npn nopeHU9BblX npeo6paaoaa··­

IIHSIX OH nepexollHn .B 06b1'1Hbll! nopeuneBCKUl! 38KOH. 

a. 3aKOH npeo6pa30B8HHSI CnHHopa 

B H8CT0Sllll9M naparpacpe Mb! KSK paa o6paTHMCSI K TaKOMY BOCCTSHOBneHHIO 3aKOHa 

npeo6pa30B8HHSI o6t.eKTa, OTnH'lHOro OT T9H3opoa,cnnuopa. TToll CllHHOpOM 6yneM nOHHMSTb 

'19Tb!p9XKOMnOH9HTHbll! o6t.eKT, KOTOpbll! npeo6paayeTCSI no npencTaBneHHIO o6cyxmaeMol! 

rpynnhI npeo6pa30B8HHl! «3-,.v TaK, 'IT06bl 3TOT 38KOH B 'l8CTHOM cnyqae nop9HU9BblX 

apameunll n cnanron, Karna 

] ( 17) 

nepexonnn B nop9Hll9BCKHfi 38KOH nnn nnpaKOBCKOro CllHHOpa 
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<i>* 41 =-')e).! oy\f + i.f 'aJ.}f 6r,J-~ 

Him B MaTpH'IHOll ¢opMe 

<ii~~ =-x"''"r'f + i.-:;- 1../\·6)~ 

npH ';J/2.'Jr'=c.il\x.V+c.t" (18) 

npH -ae>r = w~ vX"+ c_r'- ( 19) 

' 
rile (/\. 6 >=A.Jr, 6 p,~, T.e. yrnoBblMH CK06KaMH Mb! o6o3H8'188M (3JleCb H B 

JlBnbHellmeM) onepaUHIO ceepTKH no BeKTOpHb!M HH}leKcaM, He 3aTpar1ma10my10 cnHHOPHblX 

HHJleKcoe, nanee, 6 13 .,1.. =-i.{t r, °)('J._ -bj!-,1..) , npH'leM )'J... - 06bI'IHb1e JlHpaKoec1rna 

MaTpHUbl 

~,l )' r, + )' f '6 J... = 2. ~al~. (20) 

flpH noHCKe 38KOH8 uanOlKHM cnenyromHe orpaHH'leHH!t, 

a) IlpennonolKHM no aHanorHH C TeH30p8MH, 'ITO HCKOMhIA 38KOH COJleplKHT cnm1op 

nHneilnhIM H OJlHOpOJlHblM o6pa30M, 

6) nnst npoCTOTb! nonycTHM, '!TO HCKOMb!ll 38KOH OTnH'laeTCH OT ( 19) TOnbKO MOJlH-

<pnKaunell qneHa, coJl8plKamero MaTpHny 6clf> 
C npyrHMH MaTpHUBMH, 

H B HeM He B03HHK88T HOBbIX qneHOB 

a) flpennon0lKHM, 'ITO B HCKOMhill 38KOH, KpoMe cnHHOpHOrO HOnst, MOlKeT BXOJlHTb 

TOnhKO rpaBHT8UHOHHoe none 

I !'(\/ 
Hb!e OT I\, • 

h!'v 
, HO He JlOnlKHbl BXOJlllTb JlpyrHe nom1 H HpOH3BOJl-

flpeJlnono>KeBHe a) cna6ee COOTBeTCTByIOmero npeJlnonolKeHH!t Jlnst TeH30pOB~ •a HC­

KOMbII\ 38KOII, KpoMe JlBHHOro nonst, He JlOnlKHbl BXOJlHTb HHKaKne Jlpyrne non,r•, :Cho oc­

na6neHne ueo6xoJlHMo, TaK KBK ecnn ero ue JlenaTh, TO cnnuopoe nocTponTh uenb3stx/, 

/12/ 
'!TO COrnacyeTC!t C YTBepl!{JleHHeM KapTaHa , nellcTBHT8HbHO, ecnH B CHHHOpHbil\ 38KOH 

He BXOJlSlT HHKBKHe JlpyrHe non,r, TO n npe}lnonolKeHH!tX a) H 6) npH ueo6xonHMOM ycno­

BHH nepexo}la B o6bi'IHhIA 38KOH npeo6pa30B8Hn<l JlHPBKOBCKOro CHHHOpa npH >!" ( 17) 

HCKOMhIA 38KOH o6st38H HMeTb BHJl ( 19). OnuaKO npstMhte Bbl'IHCneHIISI HOK83b!B8IOT, '!TO 

npl! 9f:JKUH'1X >..I'\ o6mero BHJlB, OTHH'IHhIX OT ( 17), npeo6pa30B8HH!t ( 19) ue o6pasy-

x/ 3To yTneplKneHHe 6yneT cnpaaennnoo nalKe B TOM cnyqae, ecnH oTKa3aThcst oT 

npennono,KeHHSl 6) H MOllH<!muHpOBBTb l'ICKOMblll 38KOH, BKHIO'IHB B uero ace 16 MaTpHu 

IlHpaKa. 
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roT rpynny, B caMoM nene 1 npHMeaeaHe cKoooqaon 

<j,opMynblx/ 

onepan1111 c HcnonbsoaaaneM 

Bee BblpaJKeHHe BO BTOpofi CTpOKe (22) 

B <j,opMe ( 17), Karna A1. 11 A 'l 

(21) 

(22) 

- nnnrnee; TOITbIW npn qacTHOM BhlOOpe 

CYTb BHTHCHMMeTpH'Illhie MaTpHUhI, 3TO BhIPBJKeHne 

oopamaeTCH B 11ynb, TaKIIM oopasoM, l!CKOMU8 38KOH 11e MOl!<eT coanauaTb C ( 19) H non­

JKeH conepJKaTb nononm1TenbHhie qneHhI, KOTOphie KoMneacnpoaann Ohl mnnanfi rinea, Boa-

IIIIKlllHfi a (22) , H KOTOph!e Ohl oopamanncb a aynL, ecnn f\ -aHTl!CllMMeTpnqua. B COOT­
I I"'-' n.: • Henocpe.o,CTBeHHbIM aHanusoM MO>KHO Bhl-

i'2!C.'- / f. ,-,..,) I :-,._ 
BeTCTBHII C a) BBeueM B 38KOII none 

HCHHTb, qTo uooaaneane K (19) qne1rn --z;-......,_1..../\+/\ ·n.:6'/~ KoMne11cnpyeT (sa 

c•IeT a)l)lllTllBHOil qacTn Bapnaun11 h. ( 12)) ITHlllHHil qneH B (22)' 110, B CBOIO oriepenL, 

nopoJKITaeT (sa cqeT MYilbTHflHHKaTHBHOfi qacTH Bap11aunn h, ) HeHylKHbie uooaBKII npn 

CKOOO'JIIOll onepau1rn, couepl!<alilHe yJKe dl23, • 4TOObl noraCIITb 3TH BIIOBL B03HHKlllHe 

uooaBKn, np11xou11Tcsi uooaBnHTb a ( 19) ( nepao11aqanLHO c neorrpeueneHHhIMH Kos<j,<j,nnnenTa­

Mn) q11enb1, couepl!mmne h., ,rnaupaTnqHo, saTeM Kyonqno II T' .u. B pesynLTaTe TaKoil no­

ooaoil npoueuypLI MHOroKpaTnoro np11MeneH1I si cKooorinon onepaunn TaK 1 qToobI rpynnoaoe 

CBOfiCTBO yuoaneTBOPHHOCb C TQqlJQCTbIO )lO ace oonee Bb!COKHX CTerre11el\ KOHCTBHTbl ~' 

Mb! 118lll/1H IIOCKO/IbKO rrepBb!X rinenoB llCKOMOro saKOHa npeoopasoaaHHH: 

~~~ :-';}(L~()f4' + if <J\·6)CJ?-\!'L ((/\+A)-h-~~ + 
(23) 

+ ~ ((J\+?\),\-(--6)41- ~:: (h,.(/\+1')-~-6)<t'- i.~~4 
((t\+'K)-K'-6)'r+ ·" 

EcTOCTBeHHO Terrepb IICK8Tb TO'!Hblil IIH<pl!HHTe3HM8/lbllhliI 38KOH rrpeoopa30BBHIIH cnnnopa 

B <j,opMe: 

xi <l>opMyna ( 21) rrony•iaeTcsi YMHO>Ken11eM A vi" n B y)I. 
Taunn ansi MaTpnu 61'" 

Ha C00Tnoweane KOMMy-
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i*<\' =-'Jl2.>!o9l\' + '-f ([A+~(J\)1·6)'-\' , c24> 

rue /)JI\) -MaTpHua BHUa: 

oO 

11.(}.) =L_ ~m+n.c"'tt- h-~(J\+l\)·h (26) 

m,n=O 

TaK KaK MaTpHua /i caepHyTa c aHTHCHMMeTpH'IHOll MaTpnuell 6 ( B ( 24) BXOIUIT 

Zb· 6) == b. I"'" 6r-t,., 
) , TO uenecoo6pa3HO c caMoro Ha'Iana C'IHT8Tb MaTpll-

uy D,. aHTHCllMMeTpll'IHOli 

,..., 
D,.=-~ ' TaK 'ITO c.m~= - C.n.m (28) 

ITpHMeHHH CK060'IHYIO onepaumo H HCil0Hb3YH npll 8TOM ( 21)' naXOUIIM 

( c:.* <:~ ~* lt-) ,Y ia?.'L(,~ V I ~ 
0"

1
0,._~u,._~~2. 4' =-x "-ut.og'f-T 01.or(/\f6)-'x1 ?y,/\i6?Jli/-

- "-:,"- ([J\:1.-1\1.+~li~~1{1'.,_4.,..+ ~Li(l\'i)}6) o/ + (27) 

+ \?Je. <J.b:,.~(t\1)-~
1
£\~2)-ct \;_ '6.9 ~V\2.) +JQXi o1~(/\~1-6) ly 11 

rue 'b* L\ osHaqaeT sapnaumo ~ 38 C'IeT aapHaUIII{ BXOUS!IIUIX B Hee h_ , aapbnpy­

eMbIX cornacHO ( 12). ITocKOHbKY Mb! XOTHM, 'ITOObl npeo15pa30B8HHH ( 24) ol5pa30Bb!B8/lll npen-

cTasneHHe rpym1b1 npeo6pasosam1fl 

npnpaBHHTb sapllBUllH (24) 

~~\/ , TO cneuyeT peaynbTaT cK06oq1101i orrepau1111 

(1>~'1.b~j_-<o~i.i~,) ~ == b~C.Ktv '' 
(28) 

rue }. C.K. CHO BB naeTCH cpopMy/loli ( 15). Ecnn B neayro '!aCTh IIOUCT8B11Th DbipaJKe11ne 

( 27) n pacnncaTh npasyro 'IBCTh, TO s TaKoll q,opMe ( 28) 6yueT cnylKHTh HCTO'IHHI{OM U/IH 

nonyqemrn peKyppeHTHblX COOTHOll!eHHll MeJKUy K08<pq>llUHeHT8MH c.,,, I'\ • 0CHOBHbie MO­

MeHTbl Bbl'IHC/leHHf1 BbmeceHbl B ITpn11ox,e11ne 1. Ha HallueHHblX peKyppeHTHblX COOTHOll!eHHll 

c.neuyeT, 'ITO c::.. l'W\t\. MOlKHO onpeuenHTh npu IlOMOIUH npoH3BOUHIUeli 'PYHKllllll 
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00 

C:r(x,~)=.L,_ CmnJlm~t· ·, (29) 

m,1i.=O 

ITp!!B0A0M H0CKOnhKO nepBblX xoacjlcjlmmenTOB: 

c:. =-.1_ 
Oi. 'iS ) 

(30) 

C. = (:-1.)n+:1.. (2.n-1)lt (n-f' .... 
1.1'\. (1n+~)H 1 ' 

ITOHDn0HHe B (29) xopnen CBHA0T0nhCTByeT, qTo BB)l(HYIO ponh AOn)l(Ha nrpaTh MaTpnua 

"(. ::: ✓1.+-x\t , KOTOpaH OAH031!aqHo OIIpeAem1eTCH CBOHM pa3nO)l(0Hil0M B pHAX/: 

" , ~ 11 ~ ½( t-1) · · {y - n +i) n h"'+ ... = 
"t.=1.+2~n-8X. n +···+ n! ~. 

(31) 

ITpeAcTanmrn 3HaMeHaTenh IIp0113BO)lHlll0l! cjlyHKUIIH ( 29) KaK IIHTerpan OT 3KCIIOH0HTb! ' 

MO)l(HO orrpeAenHTh MaTp11uy B Bl!Ae: 

(32) 

rAe KBaApaTHbJe CK06KH 03HaqaroT KOMMyTaTop. 

HTaK, AOKa3a110, qTo 3BKOH npeo6pa30BaHHH Cill!HOpa no npencTanneHHIO rpyllllbl npe-

aJtY xx/ o6paaonanm1 Tenaopa 
O 

MO)l(HO aan11caTb B mme: 

~*ut =-~AS'o;tt' + i.f <.J\-6)\\'+ 
c,O 

i.~ ( I < -a.."t.. ,.,_ -O.."(. \. + g J ac:t. e · ["', J\+J\}e . 6/ ~ 
(33) 

0 

xi T.e, n 11nnexcax: 'l..t,IV::. ii""+ 1i_, ~h.t'\/ _ ~ o(_"L h!fkf v + 
xx/ B ITp11nO)l(81!lili 4 )laH Jlpyroii Bb!BO)l 3TOro )Ke Cill!HOpHoro aaxo11a, OCIIOBaHl!bll! Ha 

TOM, qTo 06m11e npeo6paaona1111H 1111Ayunpy10T opToro11anhHbJe npeo6paaonaH1111 11an nmpcjlepe11-

u11anaM11 d ~ 1-1: 't.t'" ci"-v . 
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0TM0TUM, 'ITO ecnu OTK838TbCSI OT npennonOl!C0HllSI 6), TO B (24) MOJKHO BBeCTll 

qneub1 u c npyrnMn MaTpnuaMH ( csepx scerna ueo6xonnMbIX 'lneuos, npncyTcTsy10mux B 

( 24) ). TaK, npu llOUCKe 38KOHa MOJKHO 6bmo 6b! BBeCTU nononH11TenbHbie 'lnenbl, KpaTHbie 

MaTpHilaM 1 n "S' • 3TH H00/lH03H8'1HOCTll MOlKHO llHTepnpeTnpoBaTb K8K nepexon K 

npyruM o6'beKTaM, TaK, 
{,t,.. ~ \ V+"hW 
\.oJ-"-ti;-r- 4' 

Ee sapnaunSI 3anumeTCSI 

sseneM nenuqn11y ~V w , 
3Ty Bennqnuy 't'y,w 

K8K 

, 11peo6pa3y10my10cS1 KaK 

Ha30BeM cnnuopoM c necoM V+W¥s-

<i:,"' "'?v,w=-~('!+W'(i)(/\)'fv,w -'£)..S'ol'4'v,w+ ;_f <.04-A)·ivu/v}~4
> 

TTepnb!ll 'lnen B npasoll qacTn B03HHK 3a cqeT seca, HeTpynuo nposepnTh, 'ITO rpynnosoe 

CBOl!CTBO CHOB8 co6n10.t1aeTCS1. CIIHHOpbl C secoM H8XOASITCSI B TaKOM OTHOllieHHH K cnmm-
. /27/ 

paM, KaK naseCTHhle T0H30pbl C necoM OTHOCSITCSI K Ten3opaM 

B 38Kn!O'le,HHe STOro naparpaq,a OTMeTnM, 'ITO 38KOH npeo6p830B8HHSI nemt'lllllbl "(, , 

onpe.t1enenaoll q,opMynoll ( 31), MOJKHo 3anucaTb B sune: 

<ci.,. "t. =-x}\Yoy'L +~A't + ~ "'-(/\.-A.+'ill). (36) 

C IlOMOillblO COOTHOmeHUSI 

't t'.\ + ~ rz. = ~ "'C.(l\ +'i\)- 1 G,+K)'t (38) 

MOlKHO 38IIHCb!MTh npany10 '18CTh ( 35) B pa3nll'!Hh!X q,opMax ll • B '18CTHOCTH, cnenaTb 

ee SIBHO CllMMeTPll'IHOll, BbIBOA (35) n (38) CM. B TTpnnoJKeunu 2. 

4. KonapnauT~pou3nonuaS1 cnnuopa 

/3/ /4/· 
B OCHOBOITOnara10mnx nccnellOBaHHSIX ~OKS H Hsa11eHKO H ~oKa cnuuop K8K 

reoMeTpuqecKHll o6'beKT onpeAenSinCSI He Ha OCUOB0 ero none.t18HUSI npu o6meKOBapnaHTHbIX 

npeo6pa3onannSix, a 11a ocnose ero nose.t1euuS1 npu napannenbHOM nepeuoce, 'ITO no3sonn­

no onpe.t1ennTh KOBapuaaTny10 npou3sonny10 cnunopa. 

Harne onpeneneane KOBapuanTaoll nponaaonaoll cnnaopa 6yneT npSIMhIM cneACTBHeM 

no.nyqen11oro Bb1me 38Kona npeo6pa30BaHHSI cnunopa (33) npu o6mnx npeo6paaosanuSix, 

KosapnaHTHYIO npOH3BOAHYIO Tenaopa O/rHOCUT0nbHO if'(V MOJKHO onpenenHTh K8K Ta­

KYIO MOA1Iq>RK8UHIO o6bI'IHOll npon3BOAHOll, npnMeneune KOTOpoll K T0II30py npUBO/lllT CIIOBa 
/23,27/ 

K TeH30PY na eAHHHIIY 6onee Bb!COKoro panra , TaKoll IlOAXOA 9KBHBanenTeH noAxo-
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llY c ncrronh30MHHeM rrapannenhHOro rrepeHoca, HO a 0Tnn'l11e oT rrocneanero OH 6onee 11B­

HO CBII38H C rpyrrrroBb!M CBOilCTBOM T8H30p0B. AHanorll'lHO KOBapnaHTHYIO np0113B0llHYIO c1111-

Hopa Vr-4\f Mbt onpeaennM KaK o6'l>eKT, KOTOpbtil rrpeo6pa3yeTc!I no rrp!IMOMY 11po113aene-

HHIO B8KTOpHoro (no l!Hll8KCY I"' ) 11· CI111HOpHOro (no Cl111HOPHOMY 11Hll8KCY Y ~ ) rrpell-

CTaBneHnH, T.e. 

TTpeacTaBHM CIIMBOJl l<OB8pH8HTHOil 11pOH3BO)lHOl1 B BHTJ.e: 

(38) 

Teneph 110llCT8BHM (38) B (37) H HCl10Jlh3yeM aaKOH rrpeo6pa30BaHH!I crrnHopa (24). Toraa 

Mb! HallTJ.eM cnenyromnll aaKOH rrpeo6pa3oaaHn!I: 

b*~=-x)<oy~ -~or}!.-r; +~ [((f\+l\\.s) r.] + u; , r 

+ i:-a~(A+b..')-o). 
(39) 

B 11pell110llO}K8HHH, 'ITO r"' U8JlHKOM BbtpalK88TCH qepea h.~" ( 110TJ.06HO aq,HHHOll CBH3-

HOCTH llllll T8H30POB B pHM8HOB0ll reoMeTPHH ) (39) rrpeacTaanneT co6oil HeOTJ.HOporJ.HOe 

yp8BH8HH8 TJ.Jl!I orrpeTJ.eneHHII rt' , PaanOlKHM T'J-4 110 110JlHOH CHCTeMe MaTpHU nHpa-

Ka: 

(40) 

Ecnn pa3JlOlK8HH8 (40) 110llCTaBHTh B (39), TO MOlKHO Hal!TH 'l8CTHoe peweHHe H80llHOPOll­

noro ypaBHeHH!I (39) B BHll8 (CM, TTpHnoJKeHne 3) 

(41) 

(41') 

13 



nocnennee Bbtpal!<OHlle 38ITHCaHO qepe3 Tp9XHII/19KCHblil CllMBOn KpHCTo<pem1 nepsoro po-

/23 27/ ,-, 
na ' , 'I TOO bl ITOK838Th poncTBO nonyqennoro Bbtpal!(9HllSI nnsi .1. l"' C TeM BbtpalKe-

/ 18/ 
Hll9M, KOTopoe 6btn0 HailneHO B T0TpartlIOM ~lOpMamrnMe ( CM. ,POpMyna ( 8)). nonqepK-

HeM, 'ITO rt' (41) HS C0/19plKHT HllK8KllX HODblX BSnll'lllH H ITp9/1CT8BnSl9T CODOil pSl/1 ITO 

CT9IT9HSIM rpaBHT8llHOHHOro nom, ( CM, pa3nOlK<HIIIG ( 31) nnn "t-

r. =.i...f -~o h.t'" +-ae.,.Q~60 h-°r,+Lo \f0 tP> _1._, ol.6.,_ tfP>_ .1. 0 1J.6 16f> r- Lii l ~ ;,i. ~ ~ 2- n.. o6n: ti ~ n. . n. + 

:l_ (42) 

+O(c!e.~)5611c1-• 
06mee peme1rne ypaBHeHHSI ( 39) cocTOHT H3 ( 41) H o6mero pemenm, onnoponnoro 

ypaBHemrn, COOTBSTCTBYIOmero (39), 

n dii111, T' I n J..~ J..'lf p."f 'r = 't' + ct..r + \'.)r"-'L of'+ c.. .l"'J..~ -r t.. 6s" + 

+ d "l'-f> . s 
.f"d. t ~r "s + a.1" ~s ' 

(43) 

rne C(,'1- n Ci~ , B.J"'ck H df"'J.. H C...f"J.f- -KonapHauTHbJe BeKTopbt, Ten30pbt BToporo 

H Tp9Thero paHra, COOTB9TCTB9HHO ( CM, TTpHnOlKSHHe 3). B OTnH'llle OT ~ -npocTel!­

wero B03Moi:rnoro pemeHnsi Heon11opon11oro ypaBHennsi - see ocTanhHhte qneHbt s (43) 

MOlKHO C'IHT8Th nn6o paBHb!MH nynro, nnoo OTITH'IHb!MlI OT 11ym1 II IIOCTpOeHHb!MlI H3 K8KllX­

nn6o nonxom1m11x noneil. Bsenenne Kosapna11Taoii npo113nonuoil no11e3110 nnn nocTpoe1msi nu­

BapnaHTHbIX B3allM0/19ilCTBlll!, TTpll aTOM BKITKl'l0IIHe B KOBapHaHTHYIO npOll3BOIWYIO pemeHIISI 

H90/UIOPOl1HOl'O ypanue1msi, H8ilpllM9p ( 41), SIBITSISTCSI neooxonHMb!M, qTO KacaeTCSI OCTallh­

HblX '1119HOB, BX0/1SIWHX B ( 43). TO OHH He HOOOX0/1HMbl, a COOTB9TCTByIOmHe B38HM0/19l!CT­

H!I ncerna MOlKHO 3anncaTh B HHBapHaHTHOil ,j,opMe OT/101lhHO. 

TTpoBeneM aHanornro, 311eKTpoMarIIHTHbl9 B38llM0/19ilCTBHSI Bcerna Ta!O!<e BKIIIO'l810TCSI 

qepe3 "Konapl!OHTHYIO npoH3B0/1HYIO' Or-ieA.r On1rnKO Bb16op 8TO!\ KOBapnaHT-

HOil npol!3B0/1HOI! B Taxol\ )!{9 Mepe H90llH03H8'19H, HH'ITO He uemaeT D3HTb BMSCTO 

0~-1.c.AJ" 'KonapnauTuy10 rrpon3non11yro• d.l"'-i.~i\~+ k "'6v t\,t' n T.n. 

Heonno3H8'1HOCTh B (43) B TO'IHOCTH T8Koro )Ke Tllna, HanpnMep, T0H30p c.r-''-r-- MOlKHO 

peanH30BaTh B BH/le C. p,J...[!, == 'iJ t'cl..o!!>R-~~;oc:1-R , rne R -cKa1111p11a>1 KpHBH3Ha, 

3To npHBeno Obi K nononHHT9Jih!IOMY 'HSMIIHIIManhHOMy' B38HMO/lel!CTBIIIO C rpaBHT81lHOII­

HbIM noneM qepe3 n1,1cmHe ero npon,:mo!:ntble, 

u -'A ,, , r-•r Mn! npnMeM, '{TO KOBapllaHTHa!I npOH3B0/lH8!1 CllHHOpa 9CTh ~ t.\ - • 

a<pllHHa!I CB513HOCTh rJ" ll89TCSI BblpalK9Hll9M ( 41) • B3allM0/19l!CTBllSl 1 K KOTOpbIM 8TO llpll­

BOIUIT, oyneM H83b!B8Th 'MHIIHManhHb!Mll'. Taxoil Bb!OOP KOBapHaHTHOil llp0!13B0/1HOil yno6e11 

eme II TeM, 'ITO D 8TOM cnyqae 
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'vj'\(ljily)=o~(~l\') ; v'r (l\'~s't') =or(_~ "lSslt')) (44) 

· vr("t"}.~""l\') == (n~ or +rr; )( "i!~(y ~>-l\-'J, (45) 

Vrl"t"}. ltJ~,.,~sl\') =~~ar+-r;j')(_"{_f~ 4' ¥)\'tsl\'J, (46) 

"trl·1.v'" '1.
6

-c 'f 6,._~l\')=~~t6r--dr+'i>:r;s+11~Tr~)~"'1rf!>'ttt 6'Xi=l\' ). (47) 

Kooap11aHTllblO npo1I3B0/1Hbl0 B (44)-(47) Bb1qncm110TClI C yqeToM pacnpenenHTO!lbHOro 

CBOl!CTBa, HanpHMep, 

IT ,.,, v). ""' cJ--1\ , pao1'a 11y1110·. PH 3TOM KooapHaHTHalI npOII3B0/11!/llI OT I..- • KaK 't'YHKl!IIH OT O r ' 

(48) 

qTo MO)Kl!O paCCMaTpHD8Tb K8It CIIO!lCTDIIO nerKO npooeplIMoro DB>Kl!OrO TO>KAOCTBa 

(49) 

Bnn_KooapnaHTHblX npo1I3BO!lllb!X (44)-(47) cornacyeTClI C TOM, qTo BhlllllCBHHble KOM61I­

l!BUII!I npeo6pa3y!OTClI KBK CKanllpb1, BOKTOPbl II TOH30p (cM. cnenyromnll naparpaq,). B 

CXO!ll!OM MOCTS <popManH3Ma OpToro,ianbHb!X penepoB <PoK
141 

38Kpemrn Bllll KODapnaHTl!Oli 

npOll3DO!ll!Oft C l!OMO!llb!O ycnoonll (44) II (45). TaKoro pona Tpe6ooaime OCTBBII!!OT B 

( 43) llp01I3BOII TOIIbKO B Bbt6ope a_, r , a (?, = C. = cl = a.,5 = 0 • 0Jl!IaKO OTMOTIIM, 

ttTO UCKnroqeHHbie H3 KOBaplI8HTHOfi npon.3B0.[lHOi1 tJn8Hbl MO>KHO J3BeCTH B n:unapnaHTHbitt 

narpaH>KH8H Ka.K HOBble He38BBCHMble B38RMO.llB!iCTBHSI, 

B 38Kll!Oqea11e BKpaTue 06cyn11M CllllHOpbl C BOCOM 

q11a B (39) ooilnyT !lOllOIIHHTOllbHb!O qneHbl 

(f ( 34), nm! 3TIIX D01111 -v,w 

B peaynbTBTO llll!! CllllHOpa C BOCOM B KaqecTBO npocTeilmeil a<pllHHOil CB!l3HOCTII cnenyeT 

B3SITb 

(60) 
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no aHanornH c TeM, 
1271 

'ITO HMeeT M6CTO nm1 T0H30pOB ( CM. ' CTp. 55). TTpnMeHe-

HHe KOBapHaHTHOll npOH3BOJ:lHOli K 6nmmei1Hh!M KOM6nHaUHllM ~" 'VI 6yneT naBaTb pe3ynb­, 
Ta Thi, OTilH'IHbie OT ( 44)-( 47). 

5. CaollcTaa 6nnnHei1HhIX KOM6nuaunl\ 

lfa ( 24) BbITeKaeT, '!TO 

i"' (__¼14'J = - :J(Z_~Yof(ty lt-1) 
7 

(51) 

s~(4l~t'lt')=-~}torC~~r'-\')- ~ (/\-7v~1!!,.),,.r,'f'br,"f, c
52

i 

'f>*l'4' s,,w"t')= -~)/ asl~ 0rv't')-~ (_/\-7'. +lA. )rr-~ (;JfbV 'f -

-~ (l\-1.+i~\,v, 4' «:Srj!'"t', 
(53) 

b* (4' 'l(,-~s-l\') == -~)lc\,(i.v '6,r~s\\')-~ (J\-"fZ+'l~~f> 4'or,Y/t', (54) 

~if (_lji ~sC\') == -~ )-.f'c)J(_411s~), <55> 

h~(lV1rVi\')::;:-:x.N'o.l'(.tii'€rVvlf)-ce.,\~ 't'l'~ "'Ir~- (5a) 

?(?_G ~ '\ -_ _ - y /\-/\+'l&.,t'fi <\1'6~ Vvo/. 
CnenoBaTenbHO, aenH'IIIHbl "'1<\' II ~¥5"1 npeo6pa3y!OTCSI KBK CKanllpbl, a OCTanbllbie 

BenH'IHHbl He npeo6pa3yroTCll no T6H30pHbIM 3aKOHaM. KaK T6H30pbl 6ynyT npeo6pa30BbIBaTb­

t"" r-y'-
Cll KoM6HHBURH, nony'Iel!Hb!6 nyTeM yMHO>K6Hllll Ha HeTeH30PHYIO aenH'IIIHY "I:. ~ "t <f 'l!v't' .. ,,-
H "l ""~" ~5o/ cyTb, no o6bI'IIIOli TepM1monornH,KOHTpaaap11aHTllbie B6KTOpbI, 

"C,1'4-''l..vr-, ~ 6 A,i.. If - KOHTpaaapnaHTHhlli aHTIICHMMeTpll'Illhlli T6H30p 2-ro paHra, a 

t'.1..- r 
't.: (\1 '¥,J.. 'ily'f -cMema1111h1li TeH3op 2-ro pa11ra; caepTKa nocnen11ero T0H3opa ecTb cKa-

llllp, KOTOpb!li BXOJ:lRT B narpaH>KIIBH J:lllll cnHHOpHoro nom,. 

6, B3aHMonelicTBHll cnnHopHoro nonll 

TTnOTHOCTb narpaH>KHBHa J:lOll>KHa 6b!Tb He CKam1poM, KOTOpblli npeo6pa3yeTCll cor­

nac110 ( 10)' a OTHOCIIT6llbHblM CKam1poM C B6COM 1, KOTOpblli mnj,HHIIT03HMBllbHO npn 06-

IllHX npeo6pa3oaa1111llx 113Me11SieTc>1 Ha nnaepreuunro: 'i>* :af-= -71<. (>f~_Y~) . Torna non­

Hbili narpaH>KllaH 6yneT HHBapnaHTOM. 3Ha>I TpaHcq,opMBUHOIIHbie CBOl!CTBa 611mmeliHbIX KOM-
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6neauHll CllHHopoa, nerKO nocTpOHTb nnoTHOCTb narpaH>KHBHa nne B38HMonefiCTBHH CllHHop-

1 ~ A HOrO llOilH C rpaBHTBUHOHHblM t\,: H OIlHOBp0M0HHO 3Il0KTpOMarHHTHbIM r nonHMH 

-i 
~=-{_½°trv[tiilr~..,-f..,-,eA~~-<tJ(tv+rv+i~f\Jlrl\'1+m4'¥:be.ti'f .~57) 

TTyTeM. HHTerpHpOB8HHH no '18CTHM MO>KHO npHB0CTH 3TOT narpan>KHaH K 6onee npOCTOMY, 

HO ee C8MOCOnpH>K0HHOMY anny 

OTKyna cpaay }1{0 cnenyeT ypaBH0HHe nHpaKa B rpaBHTBUHOHHOM none 

(59) 

narpae>Keaa nnoTHOCTb (57) (a OTilH'IH0 OT narpaHlK0BOfi nnoTHOCTH B q,opM8IlH3Me opTo­

ronanhHblX penepoa) sraeo Bbrpa>KaeTcsr qepea rpaeHTaunounoe n npyrne nonsr n npencTaa­

nsreT co6oll 6ecKoue'IHbtll pnn no cTeneusrM rpaanTaunonuoro nonsr h!'" ·. HallneM ua-

qanbHbte '1Il0Hbl psrna. nnsr 3TOrO BOCllOIlb3Y0MCSI pa3IlOlK0HHSIMH 't,,,.y ( 31) 1 r J-' ( 42) H x/ 

'.bt.t ~=1+~h-i+iO~c\i.~+~'> CK-:)h 1ht+ih~+~~1-f,h~~+~h 1ltt3h~-6h.✓,<6o> 

('J).d ~r ~ = i - ~ h + ~2.rhri +2.h )+ ·· · 2.. l g,1 1 
(61) 

h I J..J.. I - Lolfl \\-cl L _L.lp,Lf,llLlJ. h -' J.~hJ!,lfL'lS"bl ~J.. T 
rne 1:h ,l'\..-z.-n. n: ,n~-n n: n 1 4-n n,; n.. orna 

;f. =-\~~t'~v-~~J\~'t'-~v+ieA~ ·Yr~tsrv+ ~ (h14..,-b,Jti.J+ 

+ ~~[orv(h9;+1h~-h""h.-h~fhfVJ1- mlt'"'[i-~~h., + ~,. (~,+ih.9.)) + 
-;;e.'L - ,_v6, i6S' O 1_ :,\ 

+¼f-1"..,"-S'l\'ls).l"'tyn., o~n + ,,__?Je.;. (62) 

TTpononlKast paano1Ke1me ( 57), nerKo uar'lTH n nanbnellmHe 'lneHbI psrna. B nnnellnoM 

='t'" npn6nHlK011HH no "'-~ B38HMonellcTBHe q,epMHOHOB C rpaBHTOIIBMH YlKS pacCM8TpHBa-

110Cb124•281. BLinHcaHHbJe B ( 62) qneubr BToporo HopsrnKa no X nO3BOIlHIDT paCC'IH-

xi (60) cnenyeT na 

'!)...t ~=~'I { (1J..l.)4-(l~-ll.)'1-~~~~'6f> + ~(c~/F-1~Y+&~J.J.~f,l'jlfjS~ _ f:J,lr,'¼f,'6~lt'<f~ 
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TSTh rpaBBTSUBOHHYJO COOCTB8HHYJO auepruro, KOMUTOH-aq,q,eKT rpaeBTOHOB BT.A, HeTpyn­

HO 38UBC8Th B B38BMOA8IICTBBg C npyruMH nonBMB, HanpBMep, DC8BAOCKangpuag CBH3h 

C nceBAOCKanHpHhlM noneM ~ 38UBW8TCH KSK 

~ = i.t "1ls<i' 'f (l).u i y-r. (68) 

11eTblpex,j)epMBOHHbl8 B38BMOA8IICTBBg TSKlK8 BhlrUHAHT 0'18Hh npocTOl npucyTCTBB8 

TSUBOHHOro nong B8A8T TOUhKO K nosen8HBIO (-:h-et i )-:\: : 

~ =- ~ ~~ C't'i. CJ/,_)C.if'!, ¥£t) +~v C.4°'i. "1Sr-4't)L GJ':!, ~r 'l'i,) + 
(64) 

+t,-(Qi.6j"V~~(l\'':!,(\.v'i'it) +." j <...~i )-1. 

rpaeu-

ITon'lepKH8M, 'ITO 1 -MaTpBUhl B ( 64) cyTh OOhl'IHbl8 'IBCUOBhle nupaKOBCKBe MSTpBUhl: 

~t''l,..+l~lt'=~<c,I"" ! 
8 38KUJO'l8HB8 npueeneM pe3yUhTST KBanpupoeaHBH ypaBH8HHH nupaKa B aneKTpoMar­

HHTHOM u rpaBBTSUBOHHOM DOUHX (68) 

[~t~)t(or-rt/tehJ~Ji~@v-r..,-ie~~+l-+i'lr).t"ff:;_v~g-mjtt>=O, 
rne R. -cKangpuag xpuBu3ua, 3To ypaBHeuue BnepBwe 6wno BwBeneuo $oxoM (B ,j)op­

Manir3Me OpTorouanbHblX penepoB), a YAOOHYIO CBCT8My npoMeJKyTO'IHhlX BblKUSAOK nng ero 

/8/ 
BhlBOA8 MOlKHO ualtTB y lllpenuurepa , B uameM q,opMaUH3M8 Bhl'IHCU8HBH npoBOAHTCH 

auanoNI'IHO, 

ABTOpbl npB3HST8UbHhl M.A. MapKOBY 38 o6cylK!l8HH8, 

ITPl1nO)KEH11E 

K Bbrnony 3aKoua npeo6pa3oBaHHH CDHHOJ?.8 

B nocnenaHe nea 'lneaa ( 27) BXOAHT npOB3BOAHbl8 OT MSTPHDhl ~ • EcnH BOCnonb• 

30BaThCg npencTSBU8HH8M (26), TO 

-x [}!~ os~(,\q_)-}!2.a1/l(/\1.)1 = 11(/\c.v.J-
oo 

-L_ ~m+Mi.'-wii,~i.~J \r. (l\'l.+'j\_) · h~ + H" • ((\,_+~'!.).'by~} -
~t1:0 (n.1) 

I 

->lt. @r~~- (A1.+"f:..1.} h.tl. + h~ .(~1.+'Ki.) :)rW'-)1 + 

+ t~~ [(f\/f,)(f\2.-'K~-(A9.-A;,(f\1~'K1)+(A/AN/\tAJ-(f...2.+i~~-1-'A~~, 
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rne B nocnenaeA CTpoxe B 6011bWHX xpyrnblx cxo6xax CTORT apryMeHT fl 

Tenepb Bbl'IHCnHM BapHSUBJO 'bj.'l. b.(/\.1) . 11cnonb3yH ( 26), nonyqaeM: 

oo m-1 

i~/l(J\J L ;,e.l'n+tlC.111n.L_ \-c-b~ h,. \,.m-'L-i._ (A~-+A1.)·'rr° + 
m=~ ~=O 1 
n.=O (n.2) 

c,,O n.-i. 

+ L a~+ti.C-~n, L. h.m{i\1.+AJ · \{ .1,; h, .h,n.-'l.-1. • 
~o ~~ ~ 
n=--i. 

nonCT8BHM c10na 'Slth. B3 ( 12). Pa306beM I\,. Ha CHMMeTpH'iHYJO H 8HTRCHMM0TPff'iHYJO 

'i8CTR: /\,. =½(J\,+t\i)+,\-(/\l -1t,) . npu 8TOM 8HTRCRMM0TpH'IH8H 'iSCTb ners:o Bbl­

HOCRTCH Hapy:>Ky, nocne H8CllO:>KHblX 38M0H nepeMeHHblX CYMMRpOBSHRSI PSlllOB npRXOARM K 

00 

i~./1(/\1.) =-L '31!.m+tl+1.C.mn}!1 [o.v~·V\1.+'K1.}t + ~-(t\i.+/\~·\Jtt\,]+ 
hl:Q 
t\.=0 

fll~ 00 oc l 
+1\ocj,k+t+1.+ ~a cj,~+e+ [oc.l1k+tj;?R)+k+t+t ~{J\fK~.\t-(A,.+A.~-~-

"""o lc.=O k=i 
t-=o t=i. e.~o cn.s> 

- ~ (/'-.,.-7'.,_)t.(/\~+ 1 ~~!""A;J-f ~1'..,_+!l.;)(/\,-~~-~tM?i·~. 
noncTSBHM ( n. 1) R ( n,3) B ( 27), R pe3ynbTaT DpHp8BHH0M BB pH SUHR ~~ 't' , KOTO­

pyJO MO)l{HO 38DHC8Tb B BHne: 

~~<t'=-~}!o,~ + ~(fi(/\u}6)'f-
(n.4) 

- ,.f~~(J\1.i\1-/\,_J\~·6) + }!1.oy(/\'i.·6)-~o/,l\i.·6)] 4'. 
CpaBHRBSH xos¢,j,RnHeHTbl, nonyqaeM peKyppeHTHO8 COOTHOW0HR8 
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Ilonara11 n (Il,6) j =0 , e.=O 
T0B, HBX0JlHM 

H yqHThlBBll BHTHCHMMeTpHqHQCTb K091j,~mxHen-

k 
2-c.o,k+i. +C..o,k. = -L._ C:o,"t.C.O,k-'t -¼ S'ko . crr.a) 

't=O . eo 

IlpHMeHHM MeT.QJl np0H3B0Jlll!UHX diyHKUHII. IlycTb ':9{,l)=L Cokx'- . ,Torna H3 (Il.8) 

uMeeM ( qi (,o) = 0 , TaK KaK C.00= 0 ) . k:::O 

2..~~) + 'f("') =- lf'!.(,c.)-t. 
X 

nanee, nonollCHM n ( Il,6) k. =O . TorAa 

~1.+~ .. -
~(,{)="!" 

c.j,£H_+ce,j+1-1 C.to ~jo-\c.jobe.o=C.j 0C.oe.- 4.-~jobeo 

c rr. 7) 

( Il.8) 

rr. ) """' · m t\. 
Bne1111 Tenepb Ilp0H3B0lllllUYIO ~YHKUHIO llBYX nepeMeHHblX \:9-\X,'f =~C"'"){ 'j- . ' 

G-(x.,~)=-E,(~,~,c;(Q,'J)= 'f('J) , H3 (Il.8) HBXOAHM: '"
1
"·

0 

G-~,'f)-&(x,o) _ G-Q<,lj,)~&(O,lj) _ ~ G(x,o)+ ~ G(Q,tJ,)= crr.e> 
';J, 

= G-(x,o)~(o,lj,) - i 
OTc1011a. cneayeT, ~o 

G-()l,~) = l ~-~ 
~1+1.. +~1..+lj 

(Il,10) 

HaKonen, o6mee peKyppeHTHoe cooTaomenue ( Il.6) Bhlpa>KaeT cne11y10mee o6mee cnoilcTno 

npoH3B0llllIU8il ~YHKUHH &(?c, lj, ):: 

~+1:)¼,1:)-(i+1j)Gs<i<,l!) + (1.--\-)C.)G-~:,i:)-(i+lJ,)G-(l;l,r} _ 
"!--l;r )(.-~ (IT.It) 

-~ G-QC,~)+ i &(lj-,~=G(x,~)G-('j,,i)- ~ . 
. t 

3TO C00TH0IU8HHe nonyqaeTCll UYTeM yMHolKeHnll (Il.6) HB xJ ~kc H CYMMHP0BBHHll 

no J k e. OTO 110 C>0 C nocne11y10mHMH 3BMeHaMH BHlleKC0B B B3-

MeHeHBeM nopn)1Ka cyMMHp0BBHBll, MolKHO y6eaBTbCll B TOM, qTo npoB3B0JllllUBll ~YIIKllHSI 

( rr. ·10) neilCTBHT8IlblI0 ylloBn8TB0pl!eT C00TII0!IIBIIH!O (II. 11). 
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TIPlinO)l(EHHE 2. 

3aKou npeo6paaoaauua 'l., 

1) Tenepb BhlqHCIIHM Bapuanuro IIpOH3BOllhHOA ¢yHKllHH 

Bapbupya KaJKJlOe ua h. cornacuo ( 12), HMeeM 

"?>""~ =-~}J'oy+ - ~ (/\-t\)t + i t°'-'K)+ 
= ~ (TI,12) 

+t L_@k+tu+ i.I_Sk+t+ ~ f €k+e}~k+t+i ~- (/\+f\).~ • 
k=O k=-1. lc.:O 
lsO t=O [=i 

TipoH3BO)l!l 3aMeHbl nepeMeHHb!X cyMMHpOBSHHB H H3MeHeHHB ll0pBJlKS cyMMHPOBSHH!l, MO)!{HO 

nonyqHTh llpOH3B0)lB•lllYID ¢yHKnHro Jlll!I IIOCl!e)luen CTpOKH ( n.12) B Bll)le: 

OC 00 

F~,';1,)={~e\u-f+i+ ~L.BkH +½-L sk .l~kuf.= 
~-0 k=1 ~=O 4~J ff 
t:O l=O l=-i. (n. 13) 

= 2.+){+lj r u x)--.H.~ .,, . 
i.Q'-~) L,~ ~ J J 

B qacTHOCTH, B HHTepecyromeM uac cnyqae t(h.)= "L (31) STa IIpOH3BOJl!llll8!l ¢yaK­

llH!l paaaa 

Ha ¢opMyn ( n. 12) n ( n. 14) cnenyeT aaKoH npeo6paaoaaam1 "( ( 35). 

2) <l>opMyna (36) nerKo nonyqaeTc!l Kax cnencT.Bne Toro, qTo nponaaoiwmag ¢yuxnng 

Jlll!l "t b. + Cl."(_ pa BBS 

3) OTMeTHM TSK)!{e, qTo TeXHHKB IIpOH3BOJlBIIlHX ¢yHKIIHA Yll06Ha Jlll!l nu¢¢ep;,unupo­

BSHH!l ¢yHKllHA OT MSTpHll, HaIIpHMep, 
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c,-c:, 

l> f(.k) --L ee.k+t+i g Ji'. c} k. it 
r- k=O k+l+:L '.14 • 

l=O 
ITpoH3BOUHman ~YHKUHH B 8TOM cnyqae PSBHS 

c,a 

H ~,lJ-)= L ~k+t+i B Xk 'J-e. = f~1-}(t,J) 
k:o k+t+i. X-lj- • 
f.:=.o 

ITPHnO>KEHHE 3 

K BWBOUY KOBapH8HTH08 npoH3BOUH08 cnuaopa 

IToUCT8BHM p83HOJK8HH8 (40) B ~OpMyny (39). Torua aanueM: 

b*e1.,.=-x>J'c)fa.}\-~or}._f.a_f , (IT.15) 

£* a.~ =-;ie)!o1~-cl.of'V.~ -f~--'K+1AJ"'ya.; , cn.rn) 

'b*a.f! =-~}!o.r~ -~o/>l. a.'l- i: ar(A~+1Ll)ol~ -

-'i (/\-f\+2./l)J.,~; + ~ of, (A-A+'l.fl)y f,, (IT.17) 

~-'k Cj.,J.s =-a'No,.a!!-~o )l.qfS - ~(A..$...+2.ba ( \a!b, (IT.IS) r , J • ~ r :i . .,.y J r 
b* a.; =-~>!'oJ' a.~ -';}e. 014)\P. a.~ . cn.10) 

Tenepb nponaaeueM aaMeaw: 

a't = @ ,_,-J.. 
J. J-1f-' ' (n.20) 

a!/ ="lf~ [c.J"~'b + \ (01S~r4'i>-)~1"J+ ~ 0--, ~r'L-,-drt. .... "C~nJc.<o~ rn.20 

a.:a_, ~~ c~m 
}t - <l t'P. '- . 
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Torna ypaaueHBH (IT,16)-(n,18) c y'leToM ( 7), (36) H (36) npuMyT aun: 

i~ et'¥>= -?12-~ dfgt"f> - ~c" ~+GA) ., 
J"f" (IT.23) 

o~c~1t= -X~df c,_."6~ -1to.t'}l ,c. .r~~ -""£o~}i.~.c,r"'f->b-

- ~ o1i)..V-. c.ftY~, cn.24) 

~* drp. ~ -~ }.Y <>9dt'\2> -~Ct\J +clf\)rr, . (n.25) 

TaKBM o6pa30M, Mb! npumnu K KOS<p<pHIIH8HT8M a.I"' , ~ .t4cl , C f1.l.f!> , d r.t B Ol,i ? 

KOTOpbte npeo6pa3yIOTCSl K8K KOB8pH8HTHbl8 T8H30pbl ( T8H30p C /i elf!, - 8HTBCBMM8TpH'l8H 

no BH1!8KC8M el..~ ) , 

nPHnO)KEHHE 4 

C9nocTaaneHue c cj,opManH3MOM opToroHanhHbIX penepoB 

0TM8TBM, 'ITO ecnu BB0CTB M8TpBUbl i"" = 't!"'v~" . TO OHB 6ynyT IlOA'IIIHSITbCSl 

nepeCT8HOBO'IHblM COOTHOID0HBSIM 

(n.20) 

KOTOpbl0 CBCT8M8Tl!'l8CKII BCHOilb30B8IlBCb np11 B3Y'l8HHB CUl!HOpOB, H8'1l!H8Sl C nepBblX pa, we 

/ l-4/ J\ IA 
60T , nmr BB01!0HHbIX MSTpl!U )' T - B CBny ( 49) TO>K.[J.0CTB0HHO BbIHOHHSl0TCSl co- • 

OTHOID8HH0 

(n.21) 

TaKoe COOTHOID8HH0 nnsi o6o6meHHbIX 'i-MaTpHU BnepBbl0 61,mo nony'leHO <l>oKoM
141

, 

Il0Il0]1(0HO B OCHOBY uccnenoBSHBH CHHHOpOB y lllpenuHrepa
191 

B mBpOKO ynoTpe6nHeTCH, 

<l>aKTB'l0CKB (n.27) eCTb npyrasi 38IlBCb TO]Kll0CTB8 (49) nnH 'KOPHH H3 MeTpB'18CKOrO 

TeH3opa•. 

nanee, 

KOp8Hb B3 

'IIIHS Cl.mv 

B TeopBB THrOT0HIIH npu n1060M nonxone C CilllHOpSM npBXOllBTCH B3BH0K8Tb 

~I'"' . B ¢opManB3Me opToroHanhHhrx penepoa
1231 

KOpHeM HBnsieTcsi aenu­

- TeTpana, TaK 'ITO 1"" = a. WIJ-' a__l''tlV u {v i:l'ICt'dXv= d«j, hi d'!ht 7 
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rile ct~ m::: O..Y'IIV dllv -1lHq>q,epeHuHanb1 KOOpllHHaT B noKanhHO opToroHanbHOM peue­
mV 

pe, flpH 3TOM npH o6mHX npeo6p830B8HHSIX a; npeo6pa3yeTCSI TOllbKO no HHlleKcy 

v • a d!j-m. aoo6me He npeo6pa3yeTcSI, 

Y Hac KopeHb n3ane'leH cneuaanbHbIM o6paaoM ( 31). EcnH llnSI cpasHeHnSI Haru noll-

XOll TOnK0B8Tb B TOM JKe llyxe, TO MOJKHO nepel!TH K cneuaq,nqecKOMy noKanbHO opTOro-

d !j-1" = 't.',\V d x:" . TSK 'ITO ~~v~x,.axv=ti~t-'cl~"'· 
01lH8KO B OTllH'!He OT TeTp81lbl rz,'4" SIBHO Bblpa;KeHo qepea rpaBHTSUHOHHOe none 

HSllbHOMY penepy, BBOllSI 

hr"' , ero HHll8KCbt paBHonpaBHbt, H npa o6mHx npeo6pa30BSHHSIX "t..~\/ npeo6paay-

d x r =dx~-c)ldr>l.d):s H (35), HSXO/lHM, eTCSI no o6oHM HHlleKCSM, Hcnonh3YSI 

J«;ir '!TO ToJKe npeo6pa3yeTcSI: 

d'!'" ~ 't1
t'"~

1)dxv = d"- ~ (/\-A42~rvd'!v. (IT,28) 

TaxnM o6pa3oM, ·npa o6mHx npeo6pa3oaamrnx 1lnq>q,epeHunanb1 J~t' npeTepneaaJOT 

HHllYUHpOB8HHoe opToroHSllbHOe npeo6p830B8HHe: • napaMeTpbI' - t. (" ~+ 'l.. ~~ }'4\1 -
8HTHCHMM0TpH'IHbl, :Cho CBOllCTBO no3B0llS10T 3aMeHHTb /\ B o6bl'IHOM nopeHU0BCKOM 

cnHHOpHOM 38KOH0 ( 19) HS ~ 0-7' + 'l ~) , 'ITO TSKJKe ll88T 38KOH ( 24), 

HTax, eme OllHH BbIBOll cnnHopHoro 3SKOHa cocTonT B cnellyJOmeM, 1) Perna" ypaBHeHne 

't.'l. =-i=1.+c1L.h., B BHlle PS!ll8 no -;ie_h. . HSXOllHM "(.. B q,opMe (31). 

2) C nOMOlllblO ~h, ( 12), cnellySI flpHllOJKeHHIO 2, nonyqaeM ~*"t (35). flpn 3TOM 

B03HHK8eT M8TpHU8 -~ ( 25) nnH (32). 3) 0TC!Oll8 H8XOllHM opTorOH8llbHOe npeo6paao­

B8HHe ( IT.28). 4) 3aMeHSISI B o6bt'IHOM 38KOHe llHp8KOBCKOro cnnHopa ( 19) /\ HS t (f\-7' + 2/l ') . npHXOllHM K HCKOMOMY 38KOHy npeo6p830B8HHSI cnHHOpa ( 24). 

Ecnn npn noMOll!H Taxoro npneMa o6o6maTh TeH30pb1 cneuHSllbHOI! TeopnH OTHOCH­

T0llbHOCTH, TO nony'ISTCSI He o6bl'IHbte TeH30pbt, a B8llH'IHHbl, npeo6pa3yJOmnecg no 38KO­

H8M THna (62)-(54). HanpnMep, BMeCTO BeKTOpHoro 38KOH8 nony'IHM 38KOH (52). 
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