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I.BaeaeH11e 

B nocneaHee apeM11 aoapoc IIHTepec K npo6neMe Tpex Ten. Tp11 aaa11MoaeilcTBy10nme 

qaCTHUbI - 8TO rrpoCTefirnaH CHCTeMa, KOTopaH II03BOnHeT n3yqaTb B38HMOA9tiCTBHe cno)K

H0H 'IBCTHUhl C BHelllHHM noneM (aae CBll38HHhJe MelKAY co6oi! 'IaCTllllhl B none TpeTbei!). 

f1pn 8T0M MH0rlle CB0i!CTB8 6onee cn0JKHh!X CIICTe M ( C 6onbllll!M 'Il!Cn0M Ten) MoryT 6h!Tb 

/1,2/ 
ITOHHTbl Ha OCHOBe aanaqif Tpex Ten • 

llaHHaH pa6oTa ITOCBHII.l8H8 HCCnenoBaHHIO CXODHMOCTll M8TO.D.OB, KOTOpbI8 ncrronh30BanHCb 

l]JBI perueHMSI KOHKpeTHblX aanaq a
11 

•
2

•
31

• llnH Toro, qT06hI CTano SICHO, qTQ c,nenaHo B 8TOM 

pa6oTe M C KaKOti ll8J1hl0 OHa BbIIIOJ1HeHa, HMeeT CMbICJ1 oqeHb KOPOTKO CKa3aTh O TOM, qTo 

HBM H3B8CTHO B H8CTOSUII89 apeMH O CXODHMOCTH M8TOilOB, 6nH3KHX K paCCMaTpnaaeMOMY 

/1,4/ 
3.[l8Ch H B 

A. MeTO/l ranepKl!Ha. f1yCTb )l8l!0 /ll!cpcpepeHUl!BnbHOe ypaBH8Hlle 

(1) 

C HeKOTOpbIMM rpaIUPfHhIMH ycnOBHHMH. Pemeane 'V MQ)KHQ pa3J10)KI!Tb no IIOlIHOH CHCTeMe 

1!3BeCTHb!X cpyHKUl!i! ef,n ' yaoaneTB0plU0IUIIX TeM )1{8 KpaeBbIM ycn0Bl!lIM. f1p116nm1<emrne 

pellleH11e ( 1) l!IUeM B Bl!Ae, K0H8'IH0II cyMMbl k '.S. n ) : 

'!'"'-~a¢. 
k = I k k 

(2) 

f1oaCT8Bngg (2) B (1). YMH0R<BlI cneaa H8 cpl (rae i= 1, ••. n) II 1!HTerp11pyg, nonyql!M 

Cl!CTeMy n11HeHHb!X ypaBH8Hllil. TaKl!M o6pa30M 38)l8'!8 ( 1) CB0)ll!TCI! K pellleHl!IO nnsr ak 

8T0H Cl!CT8Mbl, CXO/lllMOCTb CYMMhl B npaaofi 'IBCTII (2) K pelllel!l!IO 6brna aoKaaaHa 

B Ha116onee o6meM a11ae M11xn11HbIM/B/ an>1 cny'Ia11, Koraa k B ( 2) npl!Hl!M88T T0nbK0 Jll!C-

KpeTHhie 3H8'18HIIII ( 0TCyTCTBll8 Hel!pephIBH0ro cneKTpa). TaKIIM o6pa30M, Hanp11Mep, l!Me

eTCH noKa3aTenhCTBO CXO.UHMOCTH MeToaa CM8WHB8HIHI KOHc}mrypaUHfI B Mo.uenH H.uepHblX 060-

no'IeK, K0raa cpyHKHlllI N 'IBCTllll npeacTaBn11eTc11 B BIi/le K0M611H8llllll 0AH0'!8CTl!'IHh!X co-

CTOl!Hllli ?: , - pelll8HIIH ypaBH8HlllI lllpea11Hrepa an11 )lBl!lKeHl!lI OAHOH 'IBCTl!Ubl B H8K0Topofi 

6eCKOHe'IHOH noTeHUl!anbHOH HM8 (11M88TCII T0nbK0 )ll!CKpeTHh!H cneKTp) 

ljJ ( '1; '2 ; ••• 'N ) cl a!J ••• e ¢! ( r I ) <pi< '2) ••• <p e ( r N) ' 
!, 1 .. ,.£=1 

(3) 

E. MeToa EopHa-OnneHrei!Mepa ( Teop1111 aa11a6aTll'!eCKoro np116n11lKeH11/
61

). f1ycTb 

Tpe6yeTCI! HBHTH pellleHll8 ypaBH8HlllI lllpea11Hrepa ( an>1 np0CT0Tbl Mb! B3Hnl! cnyqafi ABYX 

nepeMeHHh1x
141 ) : 
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1 a2 

-2M
1 

cJx2 
1 a2 

. ~ ~ + ~ 2 (y) +:~ (x+:By )+V2 
(x - Ay )] ,1P(x,y),=•E'l'(x,y). 

(4) 

TTp11 mo6oM <pl!KCl!pOBBHHOM x MO)KHO paano>Kl!Th 'I' ( x,y) no nonHoMy Ha6opy co6cTaeH-

Hb!X <pyHKUIIJl <l>k (y,x) ypaBHeHl!l!: 

2 

-- ~ + ( '✓.2+ VI+ v2) <l>k (y,x )= 1\ <l>k(y,x). (5) 
2 M 2 d y2 

TTpn6n11>KeHHOe perneHne ( 4) l!MeeM B Bl!Ue cyMMbl C KOHe'!Hb!M 'IHCnOM 'lnenoa n 

'I' = i 
k=I 

cf\ ( X )' <f\ ( y,x) • (8) 

B OTnH'!He OT paano>Kel!HII (2) K08<p<plll1He11Tbl B (6) 11an1110TCII He KOHCTBHTBMH, a <pyHKI!lll!Mll 

OT X • TToncTaBnllll (6) B (4), YMHO>Kal! cneaa Ha <I>, H IIHTerp11py11 no y 'nony'IHM 

CHCTeMy u11q,cj,epeHUl!anhHblX ypaa11eunll un11 cf\ • TaKl!M o6pa30MI aana'!a ( 4) CBOUIITCII K pe

IIISHIUO 9TOfi CHCTSMbI. 

HaM ue H3BeCTHO UOK838Ten1,c·rao CXOUHMOCTII (npll O ➔ ~ ) TBKOll rrpoueuypbl, OUHBKO, 

oHa · npeucTaan11eTc11 onpaaua11uoll, Korua a 3aua'!e HMeJOTCl! Manbre napaMeTpbr, uanpnMep, 

OTHOllleHl!e MaCCbl aneKTPOHa ( Me3oHa
17 

I) K Macce l!Upa, MBnOCTh ,rnepr1m UBll>Kel!Hl! cno>K

HOll 'IBCTIII!bl no OTH0lll011HIO K paCCTOl!HHIO Me>KUY ypoBHl!MII BHyTpeHHero UBll>KeHlll! H T.u. 

B. Bon11oay10 cj,yHKUHIO 38UB'IH ( 4) MO)Kl!O HCKBTh B anue pa3nO)K0!:H11 no cj,yHKUIIIIM <!)k (y), 

He 38BHCSIIIlllM OT X : 

'I' = i 
k 

cf\ (x) <l>k (y) 
(7) 

_! ~ + V (y) <l> = Ii, <l> • 
2 "\i d y 2 12 k k k 

(8) 

3TOT MeTOU nocneuuee apeMI! ace '18lll0 HB'Il!HaJOT ncnOnh30B8Th B TeOpHll ,mepHblX peaKunll 

(cM,, HanpnMep/
31

). 0 CXOUHMOCTII 8TOro MeToua HBM ll3BeCTHO ffillllh. '!TO OH, no-BIIUIIMO

MY, noqTH acernn CXOAHTC51 xy)Ke, qeM MSTOA E. 

r. 8 pa6oTe
141 

Obina UOK838H8 CXOUHM0CTb MeTOUOB 6 II B un11 0/lHoro 'IBCTHOro cn:y

'!al!: O/lHOMep11oro /lB1l)Ke11n11 uayx 'IBCTIIU, CBll3811Hb!X Me)Kuy co6oll 6eCKOHe'!HOll up11Moyroni,

HOll noTeHu11an1,noll l!MOll ( TOnhKO UHCKpeTHblll cneKTp) BO anernneM none. EbinO noKa38HO, 

'ITO 8TB 38/lB'!a MO)KeT Ob!Th perneua 6e3 ncnonh30B8111ll! OObl'IHblX napaMeTpOB ManoCTn: 

cna6oCTb B38HMOnefiCTBHH, ManoCTb pannyca B38HMOA0fiCTBHR M0)KAY qaCTHUBMH, ManoCTb 

OTl!Olllelllll! Mace, ManoCTl, auepr1111 /lBll)KeHlll! cnO)KHOll 'IBCTIIUbl no cpaa11en1110 C pac<;TOl!HlleM 

Me)Kuy YPOBl!l!MII BHyTpeuuero UBH)Kel!l!l! II T.u. TTpn STOM Obin /lOK83aH He TOHhKO caM <paKT 

CXOUHMOCTH, HO n oueHeHa ero CKOpOCTb, KOTopag 

HOCTh B036y>KU0Hllb!X BllpTyan1,11bIX COCTOl!HHll m 

oKa3anac1, uoaon1,110 6on1,rnoll (aaceneH-

1 
nauaeT KBK --;;-s-)• 

E 

B /lBHHOl! pa6oTe /lOK83b!B8eTCl! CXOUHMOCTh MeToua B B Mouenn, Korua uae 'IBCTHI!bl 

CBll38Hbl Mexc11y co6ol! KOHe'!HOll n0Tenu11an1,noll IIMOll (nMe8TCl! nenpepb!Bl!b!ll cneKTp) 11 8TB 

4 



cnOMHaH qaCTHUa HBXOilHTCH'B CBH38HHOM COCTOHHHH B H9KOTOpOM BH61IIH6M none. KpoMe 

Toro, TIOKa3a1,o, 'ITO HaCeJieHHOCTb BHpTyaJibHbIX B036yJK/l9HHb!X COCTOlIHHli Tipn )lBHlK9Hl!H 

TBKOfi CJlO)KHOfi 'l8CTlIUbl BO BH9lliH9M none y6hIB89T KBK ~ C 
( li,m - E )2 

B pa3)leJie 2 paCCMOTpeHbl BOJIH0Bbl9 <pyHKU<lll <t>n ' TIO KOTOpb!M TipOH3BO)ll!TClI paano

lK~HHe (7) II COOTBeTCTBYIOIUHe co6CTB0HHble 3Ha'!eHHlI 0n . B pa3)lene 3 TIPIIBO)llITC!l oueH-

Kil )lJI!l K09cpcpnune11TOB CM01UHBallH!I w /lllcp<pepeHUHBJibHblX ypaBHeHHli )lIIlI <pYHKUHli ¢ 

B pa3)leJie 4 TIOJiy'IeHa oneHKa )lIIlI HBCeJieHHOCTII BHpTyanbHblX aoa6yJK)l9HHblX COCTO!lllllli 

CJIOlKHOli 'IaCTl!llhI. B pa3)leJie 5 paCCMBTp!!BBeTC!l B03MOlKHOCTb o6pb!BB CHCTeMbl )lll<pcpepeH

!IHBJibllbIX ypa1rne11nli <p 

2. BoJIHOBbJe cpyHKUHH <I>. H co6CTB9Hllbl9 3Ha'I9Hll!l 0 n 

llma KOIIKpeTH38UIIII )laJibH9HIUHX pacqeTOB Mb! BhI6epeM TIOT9HUHBII 

HOli TIPHMoyronbHOli lIMhI: 

TipH 
\y\ ~ a 

\y\< a 

BOJIIIOBbJe <pYHKUHH HM9IOT BH)l: 

c,. 
KnY y <-a e 

,r, (y) = l c 2 sin ( kn y +·I>.) npn \y\ < a 
n C n e•Kny y > a 

r)le 8n 

I c2n I :::.:1 ctn I = I ch I ; k
2

=2M 0 
n 2 n 

K; = 2 M 2 ( V0 

311aqeHH!l k onpe/leJI!IIOTC!l H3 ypaaHeHnli 
n 

TIPII H9'!9THOM n cos k a=k
0
/y2M

2
V

0 
(lgkna 

n 

Ilpl! 'I9THOM n sin k a = k
0

/y2M
2 

V0 
; ( lg kn a 

n 

0 n ) • 

> 0 ) . 
< 0 ) • 

(9) 

(11) 

(12) 

3a)la'!a' TBKHM o6pa3oM, CBO)lllTC!l K HaXOJK)leHl!IO 3Ha'!eHHli kn > 0 ' npn KOTOpbIX 

q,yHKUll!l r, = cos kn a ( sin kn a) npH )lOTIOIIHUTeJibHOM yCJIOBllll lg kn a < 0 > 0) TiepeceKa&TC!l 

C np!IMb!MII f2 = kn !v'J.M;V~- ( CM. p11c. 1). lfa prrc. I Bll)lHO, 'ITO npn JII060M Vo ( JI106oli 

HBKJIOH np!IMhIX f 2 )aHa'!eHHlI k. MoryT 6hITb TOIIbKO HHJKe COOTB0TCTBYIOIIIHX 3Ha'!eHnli 

)lII!l 6eCKOH9'IHOli !IMhl k ~ = n -"-- • TT pH STOM OTiyCKaHHe )lllCKpeTHblX ypoa11eli B KO!leq-
n :la 

HOli !IMe TIO cpaaHeHl!IO C 6ecKOH9'IHOli TipOHCXO)ll!T He 6oIIbIUe, '!eM 118 
1T 

4 M 2 a 

KpoMe Toro )lJilI HBHM911bWero pacCTO!IHH!l 

oueHKy: 
2 

A kmio AE, > 
mm 

(13) 

/',. E min M9lK/lY ypoBH!IMH !IMhl (9) nonyqaeM 

-2 

(1+_2_) 
1T 

( 14) 
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llns1 KOacpqmn11eHTOB C2n MO)KHO npOCTO nony'lHTb OU9HKY, HCXOJUI H3 Toro, qTo M8KCHMYM 

Mony,rn BOnHOBOl! cpyHKUIIII <P: B 6eCKOHfftJHOii flM9 C WIIpHHOii 2a JJ,On}KeH 6b1Tb 6onbwe 

MBKCIIMyMa MouynH <Ii (y) 
n 

C < ~1-
2n ra (15) 

Henpe..Jllin;i1.u,1.ll....£.rul.KJ'.ll, BonHOBbie cpynKnn11 IIM8JOT B11n: 

Ak sin (k'y+c/1) npn y<-·a 

'1> = Bk sin ( ky + s.J np11 I y I< a k ( 16) 

Ck sin (k'y + 83) np11 y > a 

rne k'•2= 2M
2 
(0 -V

0
); k

2
=2~1 2 &, 

113 yCHOBII!I nenpepb!BHOCTJI <Ii II <Ii' npn I y[ = a MOlKHO nony'll!Th: 

k 

k' 
<!>yHKUIIII ,t,k )lOHlKHbl 6b!Th HOpM11pOB8Hbl 118 

118 Benll'IIIHY K03cpcp11nneHTOB A k II ck 
181 

2 
1T 

>[~[>~
- Ck - k 
8 -, cpyHKUH!O, 3TO 

3. OueHKa KOacpcp11u11e11ToB 3auennen11>I 

(17) 

npl!BO)ll!T K orpaHll'l8HIIIO 

<l>yHKUHII 

/4/ 
ypaBHeHnll 

<t<xl B pa3HOlK8HIIII (7) onpeueH!IIOTC!I 113 CHCT8Mbl IIHTerpo-n11cpcpepe11nnanbHblX 

(19) 

3uech IIITPIIXII y </, O3H8'I8IOT npO113BOU!lbl8 no X , TTp11 11ccneuOB8HIIII HaceneHHOCTH Bb!CIIIHX 

cocTO!IHHll I :.pmJ' BBlKHO 3HaTh Bennqn11y KoacpcpnunenToB W • Mb1 6yueM noupa3yMeBaTh, ·qTo 

HHJJ.eKChI k I m n B (7), (8), (19) MOryT npo6eraTh KBK UHCKp8THbie, TBK n He-

npepbIBHbie 3H8ll9HHH, a COOTB9TCTBYI0llIHe cyMMhl 03HaqaroT cyMMHpOB8HH9 no AHCKpeTilbIM 

3H8'I8HH!IM H HHTerpnpoBaHne no ·11e11pepbIBHb!M, Lln>I oueHKH W OK83b1B89TCH rrone3H0H 

To'IKBMH Mb! o603H8'IHM I':pciH3BO/lHbie 110 y • <topMyna (20) 11onyqena HHTerpnpoBBHl!eM 110 

'i8CT!IM C yqeTOM TOI'O <pBKTB, 'ITO 11pn n1060M KOH8'iHOM X V1 H V
2

paBHbl HyHJO 11plly=~=• 

l1c11onh3YH (20) n (14), (15), (17), (18), 11onyqaeM cneny10II1ne oueHKn nn>I VI 

CB!I3h MelKny ne11pepb1BllbIMII k H k '. ; 
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rae V., f 

np11 

I I 4 1.1, ( ) 
wkk' < -,---- v v 1 +: v 2 , 

rr ( k - k ') "' ., 
f I f I dy 

f ( V 1 + V 2 ) dy < V~ V2 

k - k ' 

W kk '.1 < ~ 
" 

f ( V
1 

+ V 
2 

) dy 

(21) 

(21a) 

CB!!3b MelKUY <p n II 'Pk , C00TBeTCTBYIOl!.\IIMII /lllCKpeTH0MY H Henpepb!BH0MY cneKTpy: 

I wkn l ; IW I< 2/2--Mi V (V + V) 
nk yrra I k - kn I ar I 2 

I wkn I; 
2,)2-· Va, ( V1 +:V2) I I w, I< -- I f< v, + v 2 ) dy 

n . ,r;;a- i'. k min 

CBSI3b MelK/lY 'Pn ll '?m ,co0TBeTCTBYIOIUIIMII JlHCKpeTH0MY cneKTpy 

I \Vmn I< 2 M 1 Va, ( V1 +:V2) < 4 Mt Va, ( V,+· V2) --
a I kn-kml 

Tr < Im - n I -· 1 l 

I Wmn I< 2 MI I ) d 
Va,(V 1 +V2 ) l -- r ( v, + v2 y 

/1,. kmln a 

4>opMynaMH (22a) 11 (23a) Mb! 6yaeM nonb30B8TbCSI, K0rua 

Var ( v, +: V 2 ) > I J ( V 
1 

+ V 
2 

) dy 

kn - km I 

4. OueHKa I 'Pm I 

Va, (V, + V2) 

i'. k min 

(22) 

\22a) 

(23) 

(23a) 

I • 

Jlng Tex m I anSI KOTOpbIX 

1 7/m X 

E,m- E > Q Mb! M0lK8M C 
-TJmx 

II0M0IJ.\b!O <pyHKUllfi gm~ e 

g = - e 
m2 r,;- , rue rim= v'Ul,(0,;;-IQ I SIBMIIOIUHXCSI qaCTHb!MII pemeHHSIMll 0JlH0p0JlHb!X 

ypaBH8Hllll! 

g~'- - 2M 1 (0m- E) gm= 0 
(24) 

38UIIC8Tb 'PYHK!lllll ,f, B BIIJl8 (aaeCb m npo6eraeT KBK /lHCKpeTHbie, TaK II Henpepb!B-
/9/ m 

Hb!e 3H8'I8Hllll) : 

<I> = g r 
m m t.oo 

N 

+ gm f gm I :S 
2x l k=1 

rae ki =· 2 M 2 V0 • 

N 

~ I ,t, :s Wmn '?n +· f wmk ,f,kdk I dk + 

2 n=l ko 
(25) 

wmn 'Pn + J 'II mk ¢, k d k I dx, 

kO 
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l1cnonb3Yl1 COOTHOlllemrn: 

I g,m 
1 

\ f \ g m.-1 dx = \ g \ f \ g m
1 

\ dx = 
• m2 X ~ (26) 

II (25) J nonyqaeM un11 MBKCIIMYMB Mouyn11 <p 
m 

cpyHKUllii I1pll li,m > E 

N 

<p ,, =· f 
ri"!: 

!I I \Vmn I <p + r \ w mk I <pk dk l, 
n,, m 

n•·1 n 
kO 

(27) 

rue ~ m HeK0Topa11 aenli'll!Ha M8Hbl11Bl1 I. 

BbIUeilHM B (27) COCTOl1HHl1 C 3Heprneii Bblllle E. 
/4/ 

n nepennllleM (27) a MBTpH'lHOii cj,opMe : 

rue, MBTpll':IHbie aneMeHTbl 

<p=B<f,+f, 

B onpeuensnoTCl1 TBK: 

fm 
8 mn =· --,,., I wmn I, 

m 

an.ecb m n > s H MOryT Ob!Tb KBK llHCKpeTHb!Mll, TBB; H nenpepbIBHblMH, a nm, 

W mk s <f. N 

5': N k• 

_m_ ! I I w I <f, + f \ wmk I <f, k dk l 
7/m2 n=1 mn m 

kO 

Jlmr MBTpHUbl B cnpaaeunl!BO COOTHOlllemrn: 

rue !R.➔ 0 C pOCTOM s (cM, TTpnMeqan11e I)• 

Pelllasr (28) HHT8panHHMII, nony'lHM 

2 
cf, = ( l+·B + B + ••• ) f • 

l1cnonbsy11 HepaaeHCTBO 30, nonyqaeM: 

2 

<p < f t n ( 1 + :Jl • + !R. + ) f • 

(28) 

(29) 

HMe8Mf 

(29a) 

(30) 

(31) 

(32) 

TTp11 UOCTBTO'lHO OOilblIIOM s !R.<< 1 Mb! MOJKeM orpBHH'lHTbCSI B ( 32) nepBblM '1Il8HQM na 

CYMMbI, CTOl1IUeii B CKOOKOX, 

(33) 

KaK noKasano a TTpnno>Kennn 2, fm YObIBOeT C pOCTOM m ( npn UOCTBTO'lHO OOnb-

yobIBBeT Ob!CTpee 'leM =~- . TaKHM 06-

- - E 2 
ObICTpee = ~ I a aepo11Tnocn, I ¢ I npe6b1-

@m - E m 

lllOM \ km - k 
8 

\ KOK = l , a ( Bf) m 
(&m- E)km 

p830M, <pm YObIBBeT C pOCTOM ffi 

BBHHSI B m -OM BHPTYBnbHOM B030Y>KlleHHOM COCTOl1Hllll - naceneHHOCTb Bb!ClllllX ypoanel! 

C 
(34) 



ITpll amjlcj,epeHUllpyeMhIX vi H v2 HaceJJe1mocTb Bb!CIIIHX COCTOl!HHH Il81l8eT C POCTOM m 

/4/ 
H_ eme OhrcTpoe 

5, 0 CXOllllMOCTll M_!:~ 

EbICTpoe YOb!B8Hlle ,rnceneHHOCTII B11pTy8JJbHb!X COCTO<IHllfi, IIOK838HHOe B npe)lhlllYII(eM 

pa3aene, C8MO no ce6e He l!BJJlleTCl! llOCT8TO'lHblM OCHOBHHlleM nponeaypbl o6pb!B8 CIICTeMhl 

6eCKO!le'!HOro 'IIICJJa ypaaHeHIIH ( 19). JJ.eno B TOM, '!TO B onpeneneirno C B (34) 

BXOlll!T HeH3BeCTHb!O H8M BeJJH'll!Hbl rpn (En.,;_ E , II09TOMY Mbl He MO>K9M OU9HllTh a6conlO'r-

HYJO aenl!'nrny norpeumocnr, BHOCl!Mofi OT6pacbIB8eH11eM ypaaHeH11fi llJlll rpn c En> E •' HC

IIOJJb3Y<I TOJJbKO oueHKY (34). 

B cny11:ae 3a.naqn O CBR38HHOM COCTOHHHH CnOJi{HOfi qaCTHI(bl Mbl M01K9M BOCIIOnb.'.30-

B8TbCl! orpaHH'leHHOCTb!O IIOJJHOH BOJJ!IOBOH cj,yHKUllll CHCTeMbl 'I' < L )lJll! oneHKll ;;,n C 

E < E 
n s 

BeJJH'lll!la L 38BHCl!T OT KOHKpeTIIOro BIIJl8 noTe!IUll8JJOB vl2; VI; v2 , HarrpHMl!P, 

B cnyqae, KOrlla vl2; VI; V 
2 

- Ilpl!MOyronbHbl8 l!Mbl, I<apTH!l8 pacrrpellOJJeirnll IlOTeHUll8110B 

ua ITJJOCKOCTH ( x,y) HMeeT Bllll, rrpe1lCT8B1!8IIHbIH 118 pnc. 2. Bocrrom,3yeMCll TeM cj,aKTOM, 

'!TO cpy!IK!,ll ll qJ O,D;HOMepHOf'O llBIDKeHHH J.J.BYX qacTHU, CBH38HHblX IIOT9HI(HanOM V
12 

BO 

BHeIIIHeM none v; + v2 coanallaeT C cj,yHKUHefi JlByMepHoro llBH>Ke!IHll OJlHO~ 'l8CTHUbl B 

none V
12 

+· V
1 

+ V
2 

, BocnoJJb3yeMCll T8K>Ke TeM, '!TO M8KCHMYM MOJlYJJll 'I' 
00 

cpyHKlllIH 

llBYMepHoro llBH>KeHHII Oll!IOH '18CTHUbl B 6eCKO!le'!HOH (aayMepuofi) Ilpl!MOyroJJb!IOI! l!Me, C 

OCJIOB8HIIeM B Bll)le Ilpl!MOyroJJbHl!Ka (c M8KCHM8Jlb!IOII IlJJOII(8):lbJO), KOTOpb!H MOX(JIQ BITHC8Tb 

B AECJJ.E (pnc. 2), oOJJbIIIe q, • ITocKOJJhKY 1P = __ 2__ , rile r, p - llJJHHhI CTopon 
00 ..;;:,--:p 

aToro rrpl!MOyroJJbJIHKa, TO Mb! MO>KeM ITOJJO:>KHTb L = _2__ . B cny'lae noTeHUHaJJOB 

vT.T 
vl2; vl; V 

2 
llpyrofi cj,opMbl Mb! MO>KOM HCnOJJb30Ba'l'b B K8'18CTBe BCilOMoraTeJJbHO~O noTeH-

uuana He rrp!!MOyroJJbHY!O IIMY, a llByMepHb!H OCUIIJJJJlITOpHblH IlOTeHUH8JJ, B KOTOpOM qJ ocu >'II. 

llnll oue!IKH cj,yHKUHII 'Pn nocTymIM cneayJOIUHM o6pa30M, B cooTHomeHHH 

2 N 
f 'l' ( x, y ) dy = k 

2 . 2 
¢. ( X ) +:~, 'Pk ( X ) dk 

2 2 0 
n=l (35) 

aaMeHHM a npaaofi qaCTH non HHTerpanoM 'II Ha L B Kpyre, B K0Topo11 BilllC8H8 B 06-

JJ8CTb, rile E > v;2+ v; +- v2,a BHe aToro Kpyra B J,OIIUOHTPH'leCKllX KOJJbUeBbIX OOJJ8CTllX, 

rile V12+. vi + v2 - E < 0 , 3aMeHHM q, H8 L e , rile (} - 118HMe!lblIIee 3Ha'!eHHe 

Yi 2 '+ V1 + V 2 - E a KOnbueaofi o6nacTn, r - paccTOl!Hrre llO ue11Tpa Kpyra, H nony'!eHHhIII 

nHTerpan o6o3Ha'!HM P • TaKnM o6pa30M nony,rneM oueHKY llJJll cj,yHKUIIfi 'ii, 
N 

p > }; ¢2 ( X ) + f rp_ 
2 

( X ) dk • 
n=1 n k k 

( 36) Mb! MO>KeM CllJinaTb BbIBOll, '!TO 

(36) 

rrpe11e6pe>KeHne a cncTeMe Ha OCHOBaHHH (34) ll 

(19) cpyHKUIIllMll rpn C 11,n > 0. IIpllBOllllT K OlIIHOKe, a6conJOTHal! BeJJlI'IIIH8 KOTopofi CTpe-

MIITCll K Hynro C poCTOM 
1 

E • ohICTpee, '!eM 
(E. - E ) 

10 



V=o 

V-=o 

/ V=V1/ 
V= o 

PHC, 2. 



6, 3 a K n JO 'I e H 11 e 

LloKa3aTenbCTBO CXO/llIMOCTII npouenypbl (7) npencTaBnHeT HHTepec He TOnhKO B TOM, 

OTHOllleHHH, 'ITO Mb! nonyqaeM yBepeHHOCTb B KOppeKTHOCTII MeTO/la, KOTOpb!M Mb! nonb3yeM

C!! B KOHKpeTHb!X paC'IeTax, HO II IIOTOMY, 'ITO Mb! IIPH, STOM ny'Illle Y3HBeM B03MOlKHOCTII 

MeTona, yKpenngeTC!I Hallla IIHTyllUll!I B npencKa3aHl!II HOBb!X S<p<peKTOB, CBH3811Hb!X C IIOBe

/lel!lieM cnolKHhIX 'IaCTIIU (na>Ke B 38/la'Iax C 'Il!CnOM Ten oonb!lle Tpex) BO BHe!IIHeM none. 

113 38/lS'I STOI"O HanpaBneHIIH, KOTOpbie HaM npencTaBnHeTC!I Ha116onee IIHTepeCHb!M 

BblilOnHHTb, MO)KHO H83B8Tb: 

a) /lOK83aTenbCTBO KOppeKTHOCTII oopb!Ba Cl!CTeMbl ( 19) IIHTerpo-n11<1><1>epeHUHanhHb!X 

ypaBHeHIIH nnH 38/lS'III pacceHHIIH cnOlKHOH 'ISCTl!Ubl C KOHe'IHOH SHepr11en CBH311, Lln!! STOI"O 

cnyqag B /lSHHOH pa0OTe nony'IeHO nlllllb 0b!CTpOe Y0h!BSHlle HaceneHHOCTII Bb!C!IIIIX B03oy

>KneHHblX COCTOSIHHfi. 

6) PacnpocTpaHeH11e noKa3aTenbCTBa Ha TpexMepHbIH cnyqaft, 

ABTOpbI Bbipa>KaJOT onaronapHoCTh C.H.CoKonoBy 3a none3Hbie 06cy>K/leH11!! BonpocoB, 

CBH38HHbIX C TeMOH /lSHHOII paoOTbl, 

TTp11 

np11 

TTPJ1flO)LEH11E 

2 
3anu!lleM ( B )mn m, n :, s ) , 11cnonh3YH (29) B BIi/le: 

( B_;n) 
". I l'. p ~ I \'/mn I { :S +J d kp -,,.. v71! p>s P 

I w mp 11 w pn I 

I w I 
mn 

= B 1 
mn!W 

mn 

{I +Jdk I S: 
p --:;j2 

p>s 

\Vmp I I w pn I < 

< B 
mn I wmn I 

I I +Jdkp 

p>s 7 
p 

wmp I I wpn B mn 

a< -"-MOlKHO rpyoo OUeHIITb 
2 

9{ B 

41.I~ 
2 

~ 

9{ < [ f ( V
1 

+ V 
2 

) dy J I :S + [ dkp I 
B 

a 
2 I wmn I 2,,_ p >. 

a > -z-"Y~rno 38M8IIUTb B O.n.2) 
2 11 2 

2 r.1
2 a Ha -r 

(1.n.1) 

- E (l.n.2) 

Cornacno (1.TT,2) ~.yobmaeT c pocToM s • B neficTBl!TenbHOCTII ~. y6bIBaeT 3Ha-

'Il!Tenbno 0b!CTpee, 'IGM STO cneuyeT 113 ( l.TT,2), 

12 

h 



ITP!inO)FEHHE 2 

11 .D.m1 fm(m >s) npl! E
0 

> V0 I! a > -z- nonyqaeM: 

I 
n=l 

< 2 rm I.I I V0 , ( V1 + V 2) ;_ 

a T/ 2 k n=I 
m m 

2 rm M I V., ( V 
1 

+: V-
2 

) 

a T/~ km 

T/ 2 k 
m 

(2.n.1) 

Ilpl! a<--;.-- ( I! m HenpepbtB ) B cpOpMyJle (2n I) CJleJiyeT Jll!lllb npOl!3BeCTI! 38MeHy: a ➔v¥ 
ITpl! E 1!3 uenpepbtBHoro cneKTpa I! )lOCT8TO'IHO OOJlbllll!X m > S TBKIIX, '!TO 
v., c v1 : v

2 
> 

< f ( \ + V
2 

) dy 
km-k • 

N 
f = 2.l:'..,M 1 V.,(V1 +v,)l ,/;l.I 

m 77m2 V" km a n=·I 

ks 
+_2_ r __ km_,:/J_k __ dk I < 

.J;;-kO 

< 

npl! m 

N ka 

l ~ +2.J 

+ 

3)19Cb k onpeJ1en>1eTCS1 1!3 COOTHOlllelll!SI a 

JJ.n,i Bf l!Me!JM npl! E • JlllCKpeTHOM 
N 

(Of)= I 
m n>s Bmn f n + J, Bmn f n dn 

a npl! E 0 1!3 HenpepbmHoro cneKTpa 

1T 

7 
m 

k 
0 

( Bf )m = ..!:..:.. ;I W If dn 

N 

I 
n>s 

J Wmnl~+JJl'(..lf.dn I, 
kO 

(2.IT,2) 

(2.IT,3) 

"l! ks mn n 

Benl!'ll!llb1, cTomnl!e a qll!rypHux CKOl'iKax a (2.IT.4), (2,IT.5). y6uaa10T c pocToM m , no-
C 

8TOMy ( l) f \,_ < ---::-r , rile K0l!CT8HT8 C pirnua Bblpa>Keill!IO B cpl!rypHblX CKOl'iKax 

(2.IT,4) 

(2,IT.4) 

(2,IT,5) 

T/m E 
(2,IT,4) (2.IT,5) npH m s I! E • JlllCKpeTHOM l!Jlll s HenpepbIBHOM cooTaeTcTaeHHo, 
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