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Abstract: The diagram with four external lines 
in a two-dimensional nonlinear fermion theory,-analogoue to 

.. . 
Th1rr1ng's model, is oalculated to the second order of per-
turbation theory. It is shown that the corresponding s-mat­
rix element contains no ultraviolet divergences-and that 
hence the coupling constant is not subject to renormaliza­
tion. An improved expression for. the matrix element f.or 
the scattering of two particles, is obtained by means of 
the renoi-inta.11zat1on group method and turns out to b·e very 
similar to the corresponding .e,ra.ot result of Thirr1ng. 
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Following T~1rringlll we consider a nonlinear spinor 

theory, in two-dimensional space-time, with the following 

interaction Lagrangian· 
• f 

.. ·Lex;= 3--: y.,,x>rs"'t.poo1/-'cxJcr 11'1"'_xJ :_ .. _(1) 

Here 0- 0 = I and a- 1 <:r 2 cr 3 are the us_ ual 2:z.2 Pauli mat­, ., 
rices, with the-summation convention 

~-~ -

x q.enotes. "•· point in two-dimensional spac.e.:..t1me w-ith 
\ 

coordina~~s . ~o = t, x1 -= rz. and-If,_ iji _j are two-component sp1-> 
., . ~ ... - . . ' . 

v, 

nors., satisfying the two-dimensional Dirac equation 

( /\ ) - J\ - * 2. p-m tpcp):tpcpHp-wi)=-0 ; t.p=-t.po-, 
where 

(J) 

This choice of matrices corresponds to the' notations in[ll. 

The Lagrangian (1) is the oriiy possible expression 

which is symmetrical with respect to the interchange of 

two , Y,, '.s or two ip°rs {cf. the Appendix}. As proved 

in the ;_Appe:~d.ix, Eq. (1) can also be written in the form 
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which coincides, up to a nrunerical f~otor, with the li­

miting form of Thirring•s·lagrang:l.anlll, ~hen his two fields 

1/1 ax;d -rf'>··· coincide. 
,,I 'a :; •• " ~ '.,.. ,edJ,. T .i 

W6 ttill consider the s-matru; element ·corres'ponding .. 
) ·p 

to the sca.tt.er:tng of tvrn p~rticles, supposing m = o. 
The expres:;:,1.on of. thi.s element, following from· (1) has t'he · 

fo:rm s = ,:; ~ J ij., 'f 'J 'l',e ("jj ii} l'f'J'/'; ({') s Cf'+</ '-f'--'J) X 

X I;,f!J,;rd {p~/1 ~ f; 9} c0 )' di' dr'o/ 'I } ·.. ( 4) 
j :..f • ' l ~-•.. • ., • 

v1here dp ::: 4;;,,dp, . 
1 

the funoti·~n ·r. possesses the fol~ .. :.'.,': 

loi'!ing e.nt:tsyr.:r.netry properties 

~.1/t:1; f,1 ~ ~ -r;,,,,s c9; r:f',7/ -: ~ {~,,,. rp: 9: <J~f'}, · (5) 

and 1n the lc,rest approx1.ine,tt1on has the form (cf.for­

mula (A .. 4) :J~n the· .~,.ppendix) 

. r (1) n 11 , 11 n 
clf,oS cp:9~ f,'JJ::: ~/3 i1 ~yS:::: - ~ds x Cf" "lff3 • (6) 

To the first ·o:r.de:r tn g cme ean obtain ~n impro-
.,. • . . )'""-t 

ved formula. :f:p.rtt~il t.h~-l functtcm . J. , . without· carrying out 
,~ .... ";·•~.- . .,, .. ·..,•~~~'. 

an ans.l;ysis1 of t.h~, :Pf::~_:i:1ertic,f;. of,J;Jt~~ pne~P~,.~1c\t ~:reen' ~ 

function. T4~re for~, we .yrill ocmp-;;.t•? in. the following sec-
, - ·• ~ . . . ~ 

tion. the seoon~ ,o:r;~,;'.lT .per-:I:t~·b,;1,tto~n ,.~.·xpression for the. :func-.. ........ . .: ' . .} 

tion f and in Sac0 •• -3 vre. tr+ll o1?j;aln an improved formula , . 
· ~ · <.::·. ~, ·-~~. (, r'1>--· c:~. ~1 .~'i. ·1· 

b,:- meann of the rer.o:rma.11.i,:-::.at:ton g1:Qup method" 

! 

I 
' 
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2. Second Order Perturbation Calculations 

The second-order term in the S-matrix ~xpansion 
-=· , }:• .• ;~ ..... T, • 

$2 = f-jT (ltJ<)k~J}dxdy- = --

= - f Jrr ip(" )tT"'f tKJ'f e<J<rnY,(XJ f (yJIT"'~i:y )ity,tJ""',ft{jJif< 1) ' C" . _ 
contains two contributions of the form (4)-in .!hich the 

·- . 
following combinations of contractions 

and 
-.------:~ ., > -- ..... r()(~_1f.'<1..~,: Y''"J_'(~'! 

occur, respective1Y. ---The oo~re~p~~ding I' •s 
- . 
are of the 

and 

r' / I . -=-ilj,1K [ .,.. (1'• Qi ,Y"'Jr4[rr•d Cn ; ... ~Iii? -
,p,rs er, 1, M J . ~n1 . Ck• q ic ~-Q j 1 .. ·.. • • .• -

' (9) 
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: <.:··~, t ,. ~· f~;:.u) ... ~ .. .::J'·r 
; 

with T. ·=·-·p~p, ~~-·p+q . 'r"C2J~ ;·a.; rf, 
2.. '-.!I(' 2 ~ t 

and where use has been made of formula (A.6) forth:rear-

[' 
g .. 

rangement of to th~. permuted. ill.dices.· 

By means of Eqs. (A.5) and (A.8) the sum of· (8) and 

( 9) can be b~_p.11ght to tht:? :form,. 

(2, -<( I) . • 1-'1 _ . , J< - L _ I<, - · I\• f 2 ,o2. . .t ·Q2. J 
. ~p.,s"' ~-o-,.;la-r• JKf'c~+P)'(11AJ', ~. cl(+-Qhl<~QJ• -

'· :~·-'· · .•. ,. .. :. 

Ltii[" " " " _ 1J · dK ,. · 
- :n-2. tfl"1a-s+-1'txsxFrl'J (k+iJ2-{k-f)2-) 

where the ultraviol~t divergences cancel explicitly. 

A calculation of. the integrals' yield~ 
, ........ 

-~ .~; "··.; -·-' . 

2 . 2. (~ A A II ) 

r.~.~l = - ,!(~p• o-;r) ln ~•-c-J p"( Pa-•;{"" x f rp . C , ( 10) 

where ,f :. : . . 

e = l X(:~x). 
is a constant whieh,oontains an infrared ·d1verg~_n9e:.; ?~. 
the oase that-the particles with momenta p and p•, 

are real, 1.e. 
- Al 11,, 1, .I"\ 

lf'(p"JP = F ~-cp,-: '--' , .-,." , 
the second term in the r.h~s·. o! (io)~c·kn be: red~oed: to 
the :form 

1- ( er;~ "6 "J J C 
2r, r r ' 

by means o! Eq. (A.5) and may/be neglected if I'-· 1s 

··t.~ ~ ; : 

:-\ •:.:·· 



suitably normaxJ_zed. As 1:n elec trodynamfcs ;: the infra­

red divergense could be avoided by introducing formally 

a ·small mass : .. for ~the :particles. Howev.er this: would . not 

modify our further · results. . . 

Taking into account the antisymmetry ~! I' , ex~ -

pressed by Eq. (5), and the property (6), we obtain 

finally 

.(11) 

.,] · . 

. i ,.. ...• 
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.3. The Improved Expression for I' 
. ~:, :·.f. 
'?- ~-""-'i ;-{ . .... ~ '""·'-f •""Yf'f~- ~,. 

.. >-""'-·~ --~-
; ;·~ •.;,"' 

..,:_ toniparing '" :f"ormui~; ( 6 i'a.nd, (11)'~ aha? taklng;,into ac­

count"': the ab~ve remarlr'concern:iitjf'th'e t~rm 'w1t:h' fhe':-fitfra;;.;. 
...... . .i::.J/OI'. • 

red divergence, we may write 
..!- _;. t -~ < .. ... ,.. ·i·.: {: 

. :r. 
f f-.~-,j~ 

. ~f ,~ ! Cp{ '1 ~ Pi"( J "" ( er;,. ,o'lf§! ) f (f•f '11 f :'/} 
1;-l••::.: ·-:.- -?- ......... •-. !::· .i'. . ~_:,~.\~It,,~~_· 

.. --~· 

·'· 

rcp~~/)p/aJ·~ i-!. ~ 9,C..p)%(p~'l,)%_+- q_c,~,.,. I -(12) 
I · ..,, Cp+cp1 O .c•: · ' 

where c 1s an arbitrary finite -~bxi's.tant, corresponding 
....... .. '.) :~ i- •, 

to the arbitrariness in the definition of the-T-product · 

in (7). ,,. .. 
-· Let us now improve the approximating properties of 

the expression (12) by means of the renormalization group 

methodl 2 l. 

In the theory under consideration, .the admissible fi­

nite multiplicative counterterms to the_ Lagrangian are of 

the form 

SL ir: cz( 1. J ipptf' + (a2-1 Jg fcr"f fffl;tf . 

The introduction of such counterterms is equivalent to the 

following finite renormalization of the Green's function 

d and the 4-v;rtex function.f' .... 

d1 ➔ d2. ,::; -a1 d1 ' ,.., -.. rr _, -:,.,.J. r ·. 
J 1 1. 2 - -2 1 / (lJ) 

' 
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(here d is th,e ... s:ca.lar part of the Green• s function: 
'.t~'.~_,.... .• ~. 

G Cpl= dc,1.;ip ): ... Th0; <h~ansformations (lJ}- have· the .s~me , 

form a.s ·the __ ,renorma._l.1zat-1cm transformations J_.n- :,the four".7,, . .-, 

dimensional>rio:nlinear meson theory., wliioh is obtained from 

the- two;...charge mason theory 12 1 by,:~;,,itching off· the meson 

nucleon coupling. 

The functional equations a:z·e of the f~rml_Jl 
~" -.·. 

(14) 

(16) 

• ..-·· ,..., ., ..... -l. •• ~ 

.;,.·.' • • -p •• 

Here - x1 ,. •_-t ,x6 are _the dime_ns:tonless, scalar,_ Jndependetlt 

arguments-:-o.f • tl;le function f , which call f of example· 

be chosen in the following manner 

(17~ 

where the normalization momentum ..1 is such that 
,• ~ 

(18) 



'J. \ 

,,, 

- ...... :••r, - 10 --
. ~.~ .. 

..,. --.:-· 

The function l/'. int_;rodu_eed irl (16) .. plays the role 
. , , -'. , - , . .., j ::; :; .', , , "., L ~~, . . ": -~::: .... ~ 

df an "invariant charge". Eqs. (14), (15), (16). lead to 
. . ···:. . . 

the following functional and differeqtial. equations for <f. 
:~-

· <fCx/g)~ ~{~,JJy;-Cf JJY' tJ~J) ·. 
. ·. . •·.-• ,. "';J· (19) 

O'f (X,£_J _ {L) (K,;J_) ,:,;._. . · ), 
- r - ':I:" ( q r ( x-.,_, q) • ax X . 0 · 0,. · 

(20) 

where 

p .. I 
P'cgJ =oJ'fCJ,iJ}/J=i. 

(21) 

As·. us~l, the function if} . . in the r.h.s. of Eq. 

(20) is to b.E3 replaced by its perturbation-theoretical 

approxi~ation. We nill consider the approximation linear 

in g. As the expansion of _g_. starts with terms proportional 

we !D~Y replace 'f 1n (~l) b~ the_ expression for 2 
tQ,. g ' 

• ',. ; .. ,.,.. I( 

r -obtaine(].. in Seo. 2 7 which, by (17) and (18) can be 
. . ., ., • ~ .· •• ,.1· '. 

written as 
~'-f . ·,-,) .. ;j 

. . . 9 . . . 4xs-x_6 . , (22) r l2J . X ~-'1) = f:.--- fn .. :·. ., J'-
(X'1.,· ... ,,0 .·.:r,. {X,fX2l-~f-.X'l-"'s-X6 

·so that 

,! . 

From'(20) it fdll~ws, that 

m (2, ·o 
~ <J.<= . 

' ' .. . ' 

\ 
1iff11f-~•:1 ~·~. -~1··. 
'" 'f"C x,o} ='j_ •.. 

The result (2.3) is remarkable, 

the first-order appr;ximation i~ g, 

.. ~, .. ~fi:>~' r.2.3)-· .. ·•··. ... , ~-: .,, ;_ ., .. • - ~· ~ ,i.;.. . . 

·as 1 t s_h·ows, that in 
.... · .. 

the coupling constant 

1s not renormalized. This corresponds to the absc:rwe of 

I 

I 
l 
l 
l 

. I 
j 

.ii 
"! 

! 
} 

' 'i 

l 
j 

[ 
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.. c ... 

Let us now improve the expression for the function· 

r c6rrespotid:trig' to th~r ~Sa:€te':t1ni; of rca.; ·_particles .. 
In tlii~(-ease '.ix1 = x 2··=··,:tJ ~ i;•:'~ :·o. · Introci~c:a.ng tliJ •ri.6-
ta.t10:H" · 

• ...... 
•,,. 

we obtain from (22) . ,, , .. 

rc2'cx,:rJj ~ _1-#r·J(;)::•., Jeer= en (;:;!}2. \ .. '.,,: 
Ta.king into ,a.ocount (23), Eq; '"(15) yield~' the. following . :· ,.·• :i 

Lie different.1a.1·,:equat:ion ·for··· .fcx.,H,(j J ,·. 

fx e~ r{x,~_,J)=: :~:1,,rt2~{1) ;,j)/7:;.1.= ~ffef;/fJ)_ 
In the r.h.s.,only terms proportfonal to, g have been 

retained~ 'An,, e1.~i1isntary 111:tegration '6:f' ~his equation; . ta.kL · 

ing Into·-'i&count·; tiie ihitia.l condition .. f(l) ·= 0\ yieids 

. ,1,:x. ~: .. . '-' .,rc~,~·J>:::=[(x~:~) 2 ]-,

3
/,; 

0);' V 

:·•J:JJ:.·11 . .;_;· i '.\'J:' ,_,. /·j- ," ··:.':c ~· '['.'cr~~:)t.J~-~1 ;·~1·. -3/j; 
·-·~·c-r-f .· .. ,., r(i,,a ,.,,,q) ""'· .. . .. ,, ' (24). 

· · · · · I T I · · · (p+- )4· · 

\.,...... . . : ... :· ' . 1,... .. .. ' •· .. ;. 
'·Note' that the·. o:b.ly approximation nia.de in the deriva-

tion": ·o:rf.1'tiiis . formit'iit \+a-;.i. tb:e. negieot 'of '.~higher powers' c,f 
g .. Thus, in a cert~tif·sen.$~,;-,the result (24) may be con-: 

sidered as exact in the limit of sma.i1·· g,- in contracfis--
tinction·~frbm ~th.~''iiiHia::t reshitt"h~-tained by means' di the 

·\. ,-, ·, .. , ·, · ............. · .-_~-..·~r.< ~ _,_::-•:_~:_,·:-· ·.·.. .., . .,.._. ., · · 1 

... • • •• i.~~t':·:: 
• • •, •. : ., ,:;,:.., • • ') ~--~ ' • ;;' ' • ~- • " • ., • •• • ~ 

renormalization gr_oµp _me.~_b,oct, .... w~;t;~.b, are .i-~~1d .. q:ply in 
• • •• , • ' ·, • ~ "··· • • :., • > • • , .. 

a.symptotic regions of the momentum variables. Th;ls feature .. 
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is due to the vanishing. mass of the partitrles of the 

,P -~ield.*;.,r• . 

. Formula (24) o·losel.y resembles Thirring' s _result. 
, . ' . . . . . . ~ - . 

(Eq.. 14. l.1 (. in I ~-I) in the . 11~1 t of small A ~ g. "' Suppos-
. ,,.,/- .. . 

ing that the correspondence between our results and tho-,. 

se of Thirring will- remain valicl.':_.also in higher orders in 
~ . 

g, which 1s a quite plarsible assumption, ~s tR,_e. two, 

models differ only in their symmetry·: propertit:s, we may 
- . . ' 

conjecture, that.taking into account the higher orger ap-
.. A,.,. .. 

prox1mations, we will obtain'the following result .,. 

[ 

. - L 4 r:.c.f q " 

r . . . . .. . (p~p)s(p_ ½J'-] JI. o <r .• 
cp~11r)11""' · - · 

,_ ... ' {ptf}'t . . '._' . • (25) 

Th~s woul~ mean, t,h~t the charge.does not·s:uffer any l'e-:-
. __ ., ,, . ... ~ ., ~- • ' t . ~ . . . . ' . . '.,. 

norm?,li~a.tion and, that Eq •.. (2J) remains valid .. to ~l.l Qr-
,. . -~ . ' . . .. , __ ,. . ' '-~ ..,_. . ~ ., 

ders. 

These last remarks apply unco:p.ditionally to Thirring• ::,i 

model and show us, that -the latter possesses the following 

rema.±kable preperty: in con~Ji'.1s.tinction· from all hither­

to c,~nij;!.d~r~4 f_te14 theo:1:i~~ 1_
4 

l. ~his model does not _lead .. . . ... , . . 

to 1nconsisten·cies of th~, we~k coupling approximation or 
..... '';.i. ,.. : •. • •. ';t. :-- ·,.,,.:,: • .... • • • • • • 

to _tp.~_ .. appearance of 11 ghost, .. 4ifficult1es~ •. 
. ~-. . . --· " .:... . , .,· 

--------------------
* The-result (24) :l,s also a.counterexample :to the 

recipe g1v~n:\n16 1 for ~btai~ing- momentum asympt-~tics. Cf. 
~_.,detailed dis·cussion ·of -this· 'proble'm in [JI\~ ;, ; " .. 

.. i 

1 

l 
I 

l 
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Appendix 
~,- , .. :- ·:~ .. ,,·.. ';~- ... ~- r:.-..... ~ 

:~-~ 
.,, 

-• 
In thi.s Appendix we collect all the formulas from 

'\ •• ,"• )_., •• •-.~•. : :::.- •: • • •~ ~••{~ • ••,r ;'I 

the algebra of 2 x 2 o -matrices which were employed 
.. · · •• ,; -1~ ~~· : --~- _ - ... ·: i •. , .... , • _ __; _·hr .. ··~ 

in the main text. The defining properties· of the e;- -
~~.;.: ..... 

matrices are 

Cfo: I rs"'r:rP+ <5"Pc:, "'- = 2 '8 o<f1 
. , 

... ('• 1, z, 1 It.l) 
i 2. _ • 3 

(j (j - '0- , ... (6' )2= ':i 

Repeating an argument of Pau11 I 5 I, it is easy to_ show, 

that 
3 

L l i "' ,C' 0 (Y : '1( 0. I O I 

f" <T/' . (TIT f:f ,. 
i=" . (A.2) 

Consider now the direct product of two arbitrary 2 x 2 

·matrices A and B. Introducing (A.2) into 

A °'P-Bos : A olOo'' s"' 'p sos' 'B S'S ) 
we obtain 

3 

A "'l313at = 1I 6" ;~ (A cr'° BJ c1S , 
i:. 0 

.(A.J) 

Formula (A.J) allows us to prove easily the symmetry of 

the Lagrangian (1), since it 10plies (the sum over n 

is· according to Eq. (2)) 

M h h (jtl 
6' «fl 11 ro = - er clJ o/3 . (A.4) 

. l 
' 

I 
l 

I 
l 

I 
1 
'.l 

l 
l 
I 
l 
l 

I 

l 

J 
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This equation, together With the ant1commutat1v:Lty,of 

the operators· tp and if proves the sy~metry of L 

with respect to an interoh;ange of. two· y., 's or two ;p 's. 
·A 

Substituting illto (A.J) · the ,.,matrix vec,tor a.. in .. pla-

ce of A and B ,,e obtain (~f. the definition (4) of a.) 

,-... , 
! _.. 

(A.5). 

,'.( 

(the sums over n and m a.re according to the rule (2)) 
'1 .. .. A 

(c:r,, d q·,., )«p ( o-t1g tr"")yi = Lr (a 8 J tf~;J a;,a, 
or, taking into acc-ount (A.4)' 

(A.6) 

and . . 

4 .. .., •11 -- ~ - . . • WI A ,,· ' a.~ "' ., - ,, ,, 
T ( ,s a. Cf ) t:if ( <S a. (f JirJ-= ~ er"'[ <Y YP + o..d.I alf/3 ►. 

which, tbgether with (A.5) 7~elds 

We record here some :formulas in which the 

stand~between spinor operators. First of all, not~, that 

Eqs. (A.2) a.nd (A.4), together with the a.nticommutat:tvity 

of the spiriorm, imply (l').secondly, for any matrix vector 
I'\ 

O- that doos not depend on the momenta P,P',q,q 0 we 
. -

have the identity (under the sign of the integral) 
a . 

If (f 1 J a. ,p fr/J ipc7'} a tpq,J-= - ¼- 'f (p')<fH'f('l Jyl Cj'I cr:,pr;'JJ > (A.8) 

which is a consequence of (A.5). 
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