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- ABSTRACT

The dispersion.relaéion for the elastic spin-flip forward scat-

tering of pions by deuterons is derived and compared with the expérie

mental data by means of Chew's impulse approximation.

Unlike the for—-

mer treated case of the elastic forwaxd scatteringlwithout spin-flip

thewoontribution from the non—obserVable_regio

n in the»dispefaicn re-

lation is now large hnd .allows a determination of the pion-nucleon

from dispersion relations for pion scattering

investigations show the practical possibility

tes in the framework of the’theory’of.dispersi

however, it iéinecessary to perform expliéiﬁ&

tion because of thé .divergences appearing in 4

the non-observable region.

on free nucleons. The

for treating bound sta-

vﬁﬁéfa@élytic‘OOntinuaﬁ

he matrix elements of

on relations, for which,



I. Introduction

In two preceding papersI)’z) we have derlved the dispersion re-—
lation for the elastio no—spin—flip forward scattering of pions by
<unpolarized deuterons and compared this with the experimental data<

by means of Chew's impulse approximation. It was shown that the dis—

L»

persion relation is consistent with the results of the 1mpulse appro-

'u\‘

ximation, but a detailed test of the _theory was not possible,beoause
hthe contribution from the non-observable part turned out only as

small Therefore it was suggestea in Ib tc investigate the case of

<<<<<<<

elastic forward scattering with spin—flin since for thar tho contribu-f

tion from the non—opservable region in the dispersion relstion must

BRI . ™

be large and comparable, which followed from the corresponding resultsﬁ

%
Lo8

of the impulse approximation.

P

_ In the present work we derive the dispersion relation for the_
suvgested case of elastic spin-flip ferward scattering of pions by

deuterons under the same assumptions as in Ia. Like there it is neces-?

.))

sary. to perform axplicity the analJtic continuntion because of the,‘
divergences appearing in the matrix elements of the current with res—:

pect to the deuteron system in the non~observab1e region, which is done

'again by means of Bogoliubov s methodj)

(\J.

' vable region yields a continuous contribution (withouu pole contribu-

. As in Ia the whole non—obser-‘

tions) that is calculated in a’ sufficient apnrcximnticn. As in Ia the
dispersion relation is again independent from the pion charge
| The comparison of the dispersion relation Wlth the results of

the impulse approximation‘requires‘ss in Ibpthat +he contribution
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I) F. \Les~nluhn, Z.Katurforsch. (in print), hereafter reffe}ed t0 as

2)5§6 "Kaschluhn, Nuclear Physics (inprint), hereafter rcifeﬁe& to as

3) N.N. Bogoliubov, B.V.Medvedev,M.KsPolivanov; Problems of ‘the Theo-
ry of Dispersion Relations, Gostekhisdat Mescow (in prin+),shortenu :
2d translation into German in Fortschr.d. Phys., bkademie-Verlag "
Berlin(in print).
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from the non—observable part must be’ equal to “that in the dispersion

relation Ior the Sum of the spin-flip amplitudes for’ forward scatte—l’ﬁ”

ring o positive and negative plons by" free ‘nucleons, whioh, How —* ”'f
ever, is Cas known) a pure pole contribution, sopthat/the required |
accordance is'anite:ainon-triVial?matter: Now thé contribution From ‘
the nén-obsérvable part in”the dispersion relation’ for the eYastic =~
spin-flipffo§Ward‘scatteﬁingwof piofis by deuterons resulting from“the =
analytic continuation shows indeed.the required béﬁéviéur~¢vé£'tﬁe:&ﬁo§*
lehranéé'of energ§:'In?other_words:the dispersion"relationiforlspin— .
flip éaattéiiﬂgidr piohs by deuterons allows a determination of the
pioﬁ;nncleonpco&piing constant usiﬁg Chew's inpulgééapprokimation.

Its value is gz/ﬁ. ¢ = I8 as‘fOund by Davidoh and Goldberger4a'from

the dispersion relation for spin—flip scattering of pions oy free'
nucleons, at whichihaerror is of célrse a little larger in our case.‘°’b

 The present investigations show,that it 1is practically possible

also.to handle bound;states”ingtheﬁfrsmework'of‘the theory of disper-
sion'relationsgffor which, hoﬁefer, it is neoéSSary to carry outﬁEXPIie»
“cildy the analytic oontinuation becausa of the’ divergences appearing Iﬁ .

.the matrix elements of the current in the non—obserVable region.

Ay v
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2 Thespin—FlipAmpntude

- As suggested in section 4 of Ib we define the spin—flip amplitudei'
for the elastio scattering of pions by deuterons by ‘ B }

'_! 2.
Lad

" i r*’ S, tT!x,)_s <X lTlx,, SF @
T is the usual transition amplitude for elastic pion—deuteron scatte—

’
ring, o’ and c' final and initial momentum of the ‘pion and x

4) W.C. Da.vidon, M L. Goldgberger, Phys.; Rev. 104, 119(1956)



and 7( the spin functionshior the triplett states 2.lWe suppose

as in section 4 of ib, that the deuteron 1s polariged (contrary to!p -
- Ia) perpendicular to the scattering plane 1n the direction of q:<q;-w
As uouallyB) we choose that frame in’ which the sum of the initial |

- and f£inal momentum of the deuteron vanishes

o,

B+F =0, @

For the dispersion relatlon derived in the next section we need

Ay Al ba

the antihermitio part of the spin-llip amplitude (I) in the nonobser—

_ vable region. The antihermitic part of the transition matrix T is ge—

. KX <
nerally given by (compareB)‘ and Ia (IB) for notatlon) _“‘. l;

(&?) ol aR L
= T(“{ 2L E’;S [15(0}1'(’*"‘?;"‘7((_" +<(,n{13(0)|P‘3,>g (e §M4+(5’+?)L +{M"'+"‘) (3)

e

“§<‘P;3ch(°3! F 1/"")( P QJh(jg(Q)‘P,fn)S (E‘("YM"'*-( Q)‘-’QM 4P S‘S«

where we have already used the fact that according to I& the scattering

'amplitude is diagonal in the 1sotopio spin 1ndices of the pion. Since -

,we shall restrict us in the following section for practical ‘reasons to
forward soatterlné, we’ may take over direotly the results from Ia, |

‘that in tae non—observable region only the two—nucleon—terms contriJﬂ
bute, Tﬂg ﬁegaeéﬁéenersl matrix element of the current is egaiu“gireu'

by Ia (20). Moo A : Cold T R L {}fl,'.,_;_,“ ‘t

~ The calculation of the antihermitic part of the spin-flip ampli—v

tude (I) using (3) yields in the non«observable region after carrying

44444

out the. summation over spin and 1sotopic spln states of the. two-nucle—?

T L PRI k¥ 2

on system and specializing to forward scattering (oompare the correspo~

nding considerations in Ia 1ead1ng to Ia (27))

Seemvensi e U7 Lo el Ly

Ly TN ' o
- —— ——— o ——ean .

5) We remark that (I) corresponds to the .second term in the geueral
expression Ib ()) exhibiting the spin structure of the transition -
matrix. : :




4.

A(Eﬂ) MTV % '{_V'if’_??z;ibf(‘f"‘z)*’Brﬁ'ﬂl‘ig(Eszy*‘;(E ] (4>‘

with

L 30.Wi 5y.u*'
_%_S & sm( ) R
Bcﬁ,ze wwz @ T
(o< E<:m) Ez is defined by Ia (30) and the investigation of the pos-

sible contributions from the 1nd1vidual. S —functions in the non-obser-}
'vable region can be performed 1n exactly the same way ‘as. in section 3 l
of Ia. We notice, that contrary to the no— pin—flip scattering ampli—

“tude Ia(27) the two 3 -functions 1n (4) have the ‘same sign whioh

2 _
‘ will ‘be very important in,the following. Further the wave functions
%Et:'*zs | of the continucus spectrum of Ia(B) may again be replan-;~
ced exactly by plane waves due to Ia (43) and the calculation of the -
matrix. elements in,(5),using as in Ia the Hulthen function Ia (44) for
¥p . leads to the, expressions Ia (45), (46) The results from secti-@
on 3. of Ia (especially those remarked at the end) concerning the di- |
vergences in the matrix elements of the current in the non-observablev
.region are valid‘here.without any change and the‘analytic continua—_nsv

,tion will be performed in the following section in the Same way as

in Ia seotion 4 for the case of no—spin-flip scattering.

[ A

3. ‘The Dispersion Relation

~ The dispersion relation for the elastic spin—flip forward scatte-
ring of pions by deuterons,which uill be written down for the present

' again for v<0; has unlike Ia (47) ‘the form
AEmim O EBAEEE
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D(E,7 ) is the hermitio pa.rt of the spin-flip amplitude (D, The sub-
traction needed for convergence with respect to large ‘B! in the oase
of no—spin-—fl:l.p scattering ia unnecessa.ry here (compa.re also ))

As in Ia. (50), (51) We cén write the contribution of the second
term in (6) that yields the non-observable part after the analytic

continuation T > h’}"

J in the fcrm (we suppress in the following
the P-symbol) i '
“ E,(® a2 L% Fox - A’
T ‘1 S“- 'US (Z )’/ S AR ‘YIZD, ' SR ’ (7)
Coee a2y - A3 s b. “ <.
lS 45 = :/,_ “as ﬂ?‘ Al %T_%(‘) T
i‘;:i Y

340~ B30 -t >0

‘where P is given by Ia(36) and E (z)+vy Ia(40) ‘
The analytic continuaticn ‘t' f’mz'“ can be performed: in’‘exactly:.

the same way as in Ia (52)-(56) 'ai.nd (7) becomes like Ia(57) = * o

L .‘LE’*“’S('“/” P SA Z() L ®

(ev/!)& : B o I .
with ) | »‘ | |
Ly mK-x 4. " L ' L (10)
Z(x) (1 K) (1 M1=)[f.~. fz,*'g " ». S
'Lf‘ "?-fz.f}
(f.z. f)? ( 7{'&- ‘j )1(5(1 x\) (
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The functions fI’ f ~and g as well as the constants P and F& are ;W.

- . Yo

given in Iz (58), . (59), L2, and. /3 by Ia (44) '?_”_#_; »
. Then the dlspersion relation for elastic spin—flip scattering ap-

pears: in the final form B PN

"' A(El) ¥ J“"‘/&E’“’/sj P S SIS B SR
e 5°**2<"’ an

wher%gz(x) is defined by (I0). tad 'fﬁvf' kR

4, Comparison W1th the Impulse Approx1mation
o . R . " o . . B '
- For comparison of the.dispersion relation (II) with the results

of the impulse approximation we calcuiate atAfirét integral over 2(x)
appearing in (II) which can be done rglativély easy in a suffiéient |
approximation. We neglect the sﬁéil quantity K;’( = Q,023) in (I0) -
and replace the secoﬁa'brabket involving thé;ratio m/MSby I. The. . ...
erfor’resultiﬁg'from these is smaller than 5% especially - as we.
shall see immédiately‘f'Z(X) is large- only for small x. wé~eonsiderfw+

the function

K A | |
) [‘“ *’3 | ,(f:fn;(‘f"“?f, , 5;&-3 (E/m)‘—-x (12)

The function

2 ()= Z(M(E/m) -xﬁ e, @

S N N
x RPN

1ndependent from E is represented in Fig. I.
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The two diecogtinuities}at X = O 05 and X = 0-45 come from the )

function arc tg Ebﬂq/({f-ja] (compare Ia, especially footnote-

I5) continued .analytically according tc Ia (56) A
From Fig. I we can see that Z(x) contributes to the integral

only for such x where it is possible to neglect in a sufficient appro—;_

ximation x4 ~against (E/m)2 in (12) Furth&more we contend us with the
estimate : -
LAY R S o ’ .~ VS
Sz(x}dKnSS | ' | (4
based on Fig I, so that we get finally | ' LT
.z, s i .i . . AN :
Sh Z(x).= 3, 5.———. | L (15)

Then the contribution from the non—observable part in (II) becomes

“"t«.;/s(%/s) [ G % S P ol o
T S‘“’:AZ(’(‘). ,-0'?1 MEE L (16)

&I‘

The. comparison of the dispersion relation (II) with the impu
approximation requires as in Ib that the contribution from the non- .
- observable part in (II) must be equal to that in the dispersion rela-
tion: for the sum of the forward spin-flip amplitudes for scattering

of positive and negative pions by free nucleons, i.e. equal to



QE%a-T;!iT’lm - l%fz.g— | G
(m)"E R M 5 =)
where we have neglected as in Ib the small queptity (mz/zm)2 against
£, y - B
Indeed the quantities (16) end.(IJ).afe:iniace§éance within
the needed accuracy in the whole range of energy, i.e. the dispersion
relation (II) is compatible with the results of the impulse approxi-

mation. ' ~

5. Conclusion.

In the iast'section it was shown that the dispersion relation
(II) for elastic spin—flip forward scattering of" pions by deuterons: -
is compatible with the results ‘of the impulse approximation in Ehe
whole range of energy. For ‘the value of the pion-nucleon couplfdg’ T

Qa"
constant determined in this way ‘'we can take directly the: result of

“Davidon and Goldberger ¥ e
Dt T (18)

jf/ﬁcra:f@
where the error in our case is, of courSe a little larger than that
lfollowing from determination by means of dispersion relations for
scattering of. piono by free nuclecno.

‘We empﬁsize once more that the comnarison of the dispersion
relation (II) with the impulse approximation is quite & non-trivial .
matter, since the contribution from the non-observable part in (1)
is a continuous one, that ‘comes in the main: from the first S —func-
tion in (4) (compare Ia), whereas the contribution from the non—obser—
vable part in the dispersion relatiol For the sum 02" the spin=flip

amﬁlitudes for forward scattering of positive and negative pions by

T e . 2 . o pE
! : : BT



free nucleons is a pure pole contribution that corresponds to the'
“eecondhwlé h - function in (4) Nevertheleas we got accordance within
;rthe requisite accuracy, for the analytically continued functions in.
‘:u(IO) shewed quch 2 behaviour, that according to Fig.I essential con-~
tributions to the intenral in (IO) came only from small x. We remem-—
ber, that in the case of no«spin—flip scattering there was necessari-
ly a difference in sign in the two: contributions from the non~observab%
le parts which we had to compare in Ib, since in the relation Ia (27) |
corresponding to (4) the S «iunctions have different signs, The
contradiction was solved in such a manner, that the two before-mentio~
ned contributions from the non—observable parts were only small and
not testable within the accuracy of the impulse approximation (compare
Ib , section 3). | | h

We notice further on, that very likely the contribution from the
noh-observable part in the dispersion relation (II) is rather insen-
sitive to the special form of the wave function fol the deuteron grounﬂ
state (for that we have chosen for simplicity the Hulthen iunction
Ia (44) ) or to the special form of the corresponding twp—nucleon.po%
tentialvreepectively. This we can expect from the analogykto the wei“—f
known fact, that in the low-energy two-nucleon problems only the short
range and the great strength of the nuclear forces are mportant
(The modifications arising from the exlstence of the D-state are cere.'
tainly unimportant with regard to the accuraoy of the whole methoa,.

Concluding we .can say that the present investigation show the
practioal.possibility.of including beund states in the theory of dis-
persion relations, fer which, however, it is necessary to carry out

explicity the analytic continuation because the divergences appearing

T e et e g A
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10,

‘ 1n tho matrix elements of the current in the non—observable region.
'So the onTy problem remains to give a theoretlcal account for the
special 'renormalisation prescription" a°sumed in Ia for the matrix
‘elements of the current With respect to the deuteron sys%em.,r
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