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flpHMeHeHHe MeTona BKB IlpH aCHMilTOTH'!eCKOM pemeHHH 

ypaaHeHHlt 

B pa5oTe IlOKa3aHo, 'ITO o5b!'!Hb!H crroco5 ( 5) IlpHBeneHHH ypaB

HeHHH_ ( 1) K _KBa3HKJlaCCH'19CKOMY BHny ( 2) IlpHBOnH'I K pHny 'Tpyn

HOCTeii, KOTOpb!e He' B03HHKaJOT, ecJIH HCil0Jlb30BaTb rrpeo5pa30B8.HH9 

(9). Ha OCHOBe (9) HaiineHa KBa3HKJlaCCH'lecKaH aCHMilTOTHKa rrpHcoe

J:'"IHeHHblX IlOJlHHOMOB nelKaHnpa, ccpepoHJ:IaJlbHb!X cpyHKUHH H BOJlHOBb!X 

cpyHKUHH 3ana'IH nayx ueHTpoa, ITpeo5pa3oBaHHe (9) rrpencTaBnHeT TaK 

lKe MeTonH'leCKHH HHTepec, 

TTpenpHHT 06'be.LlHH9HHoro HHCTHTyTa Sl,llepHbIX HCCneaoaaHHA. 

. .D,y6Ha. } 964 • 

Ponomarev L, I, 
P-1815 

'I'he Application of WKB Method to the Asymptotic 
Solution of Equations 

It is shown that the conventional method ( 5 ) of reducing 
Eq, ( 1) to the quasiclassical form ( 2 ) leads to some difficultie 
which do not appear if transformation ( 9) is used. On the 
basis of ( 9 ) there were found a quasiclassical asymptotics of 
the associated Legendre polynomials, spheroidal .. mctions 

and the wave functions of the two:. centre problems. Trans -
formation ( 9) is also of interest from a methodical point of 
view. 

Preprint. Joint Institute for N...tclear Research. 
Dubna. 1964. 
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BBeAeHne 

/1/ 
11aBeCTHo, 'ITO MeT0/1 BKE· noaBonHeT H8XO/111Tb 8CIIMITTOT11Ky petueHnl! 11 cot5cTBSH• 

Hbl9 3118'19Hlll! A YP8BH9Hllll lihypMa-n11yBIIITilll 

_j_ p(x):!!. + r(x, >..)y = 0 
dx dx ( 1) 

lip!! A>>. 1 
• ( B '18CTHOCTII, T8Kll9 38/18'111 .'18CTO BO3HIIK8IOT B KB8HTOBOJ! M9X8HIIK9) • nnl! 

9Toro YP8BH9H1!9 (1) H90OX0/11!MO llpl!BSCTI! K Bl!)1y: 

d
2
u dt2 + Q(t)u=O, 

qTo 11ocT11r8eTCl! aaMellol!: 

u 
y = ·-;::;~;:;:::;::

v' P(x) x' ( x} 

(2) 

(3) 

T8K K8K x(x) - llp0113BOilbHBl! <PYHKUl!ll, TO 11epexo11 OT ( 1) ,K ( 2) H9O/1HO3H8'1eH121, 11 

8Cl!MITTOTll'19CKO9 p9lll9Hll9 38BIICl!T OT Bl!/18 )((x) 

B OOIUSM cnyqae B npeJl<HIIX nepeMeHHblX II /1Ill! npeJl<Hel! q,yHKUIII! 8Cl!MITTOTl!'19CKO9 

peureHne, cooTBSTCTBYroIUee MeTO11y BKE, IIMSeT a1111: 

y = C exp l+:i f ..2!:___ y'r(x)p(x)-!7{x) I , 
~r(x)p(x) -a(x) -: p(x) (4) 

q =-,p(x)~., 1 
dx p(x)x'(x) 

, q'= _1_ • .i__ q(x). 
x'(x) dx 

(4') 

B KB8311Kn8cc11Ke npnHl!To npeot5paaoBaHne: 

t = X , y ==· 
VPlX) 

u 

(5) 

ITpn 9TOM B p83ITll'IHblX 38/18'18X. BO3HIIK8IOT cne11y10IU11e TpyAHOCTII: 8) HSOOX0/11!MOCTb 

'pyKaMn' npOl!3B0/11!Tb 38M9Hy f( f+ 1) ➔ (r +: ½) 
2 

B p8/11!8IlbHOM YP8BH9HIIII llipe1111Hrepa B 

/3/ 
U9HTpanbHO-Cl!MM9Tpll'IHOM none ; 15) C TOI! Jl{S CT9Il9Hbl0 CTporocTH 38M9Hl!Tb 

3 



m2 - 1 -+ m" B ypaa11e11H>1x i:tnSI tLTapK-acpcpeKTa B aToMe aonopoi:ta II B aa)la'!e o Mone-
/4/ - . . . 

Kyn>1pHOM 11O11e BOJlOpona ; B) paCXOJlllMOCTb q,a30Bb!X IIHTerpanoB i:tnSI (J • -TepMoB B 
. /5/ 

cny'laSIX a)-6) ; r) 11enpaBl!nb11ag q,asa BOnHOBhlX q,yHKUIIH I!pll 6onbIIIIIX apryMeHTax 

n) 11enpaB11n&11oe IIOBei:te1111e BCl!MIITOTl!'leCKIIX perne1111fi B OCOOb!X TO'!Kax ypaB11e1111g ( 1), 

ITon'lepKHeM eme paa, '!TO nepe•mcne1111bie TPYAIIOCTII BO311IIK8JOT nllIIIb BCnencTBl!e IICIIOnb-

30B811IISI npeo6pa30B8HIISI (5) II IIIIKOIIM o6pa30M ue CBSl38Hbl C OObl'lllb!MH np116mrnceHHSIMII, 

, np111!>1TbIM11 B MeToi:te BKE. 

1. Bb16op npeo6pasoaa1111g (3) 

CymecTayeT np11Mep naurepa nn>1 ypaa11e1111>1 llipei:t1111repa B ue11Tpan&11O-c11MMeTpll'IHOM 

!IO ne
17 

I' KOTOpbt!l llOK83bIB8eT, '!TO ynoaneTBopem,e n) 8BTOM8Tl!'leCKII mIKBHAllpyeT TpyA

IIOCTb r), 

YcTpaHHM I!pO113BOn B BhI6ope (3), IIOTpeooBaB, 'ITOOb! 8Cl!MllTOTll'lecKlle peIIIe1111>1 Beer-, 

i:ta l!Men11 npaBllnbl!Oe IIOBei:te1111e B OCOOblX TO'IK8X, HafineM BIIA. x(x) 1 IICXOASI 113 8Toro ye-

nOBMSI._ 

IToaene1111e peIIIe1111g ypaauenHH (1) B perynHpllbtX ocoobIX TO'!Kax onpei:tenHeTcH xapaKTe-
/8/ n · 

p11c:i-11'1eCKIIM ypaa11e1111eM ITycTb p(x) =· X (noMeCTIIM AIISI npOCTOTb! 118'18l!O KOOpi:t11:-

11aT a oco6yro TO'!Ky). Torna (ycnoa11e peryngp11ocT11 ocooofi TO'IK11): r(x) =·..!.n_ ,+:_'_1_+~.; 
x2•n . xt-n 

Peryngpuoe peIIIe1111e ypaBHellllSI B OKpeCTIIOCTII X = 0: 

y uxp(l+c 1 x+ ••• ), (6) 

P = - n-1 + v-ro + cn-l)"' 
2 - 2 

l'Icnon&syg (4'),_MOlKIIO IIOK838Tb, '!TO peIIIe1111e (4) o6nanaeT 8TIIM·cBOHCTBOM, ecn11 B (3) 

nono)KMTb: 

ITp11 n = 2 

x(x) =lnx • y= 
u 
n -1 x-r-

nony'!11M npeo6paaoaa11He naurepa
171 

t=lnr, R(r) = ~ 
v• 

(7) 

(8) 

ITpeo6pasoaa1111e ( 7) ycTaIIaBIIIIB8eT IIOK8IlbllOe COOTBeTCTBl!e TO'lllb!X II IIpl!OlllllKe!lllb!X peIIIe-

11111! B ocoobIX TO'!Kax, ITp11 n = 1 ( npoCThte 11yn11 B p( x) 

Tl! 11sMe11e11m1 nepeMeHHhIX 6yAeT npeo6paaoaa1111e 

t=x(x) =f ~; y(x) =y(x(t))=u(t). 
p(x) 

4 

aHanoroM (7) ~o Bcefi o6nac-

(9) 

f 
.i ·• ii 

l 

111 

I 
'ti 



MolKHO y6enHTbC!I, 'ITO rrpH T8KOM BbI6ope x(x) HI! 0/IH8 H3 TPYllHOCTei! 8)-n) He 

B03HHK8eT, .T8K K8K,06ec1ie'111B ITp8BHJlbH0e rroaeneHHe B oco6oi! T0'IKe, Mb! TeM C8Mb!M Bbl-

6npaeM na nnHei!Hoi! KOM611aau11n peweHni! ypaBHeH1111 (1) T0JibK0 onHo - peryn11pHoe, 6ea rrpn-

6 "' OT oco6b!X TO"eK,..I, MeCH npyroro, 'ITO HO ecne'IHBaeT npaBHJlbHYIO ~aay B/18JIII ~ 

Ecn11 lKe IICIT0J!b30B8Tb ( 5), TO llJI!I p IT0JIY'IHM: 

(10) 

'!To, oqea11nHo, He coarran8eT c (6). 

2. O6wni! ann peweH11i! 

nn11 npeo6p830B8HH!I (9) scerna a(x) = 0 'IT03T0MY M0lKH0 cp83Y H8ITIIC8Tb 06-

WIil! BHll 8CIIMITTOTH'leCKHX peweHl!i! TpexMepnoro ypaBHeHH!I lllpe1111Hrep8 (HJIH renbMrOJibll8 

npn V(,;)= 0, El= k
2 

): 

( 11) 

BO acex K00p/111H8THbIX CIICTeMax, rne OHO paanen11eTCli, ~TO B03M0lKH0, eCJIII nponasenea11e 

/9/ 
K09q>q>IIUl!eHTOB naMe rrpe/lCT8BIIM0 B BH/le : 

(12) 

- onpenen11TeJ1b IIITeKKen11), 8 rroTeHu11an V(,;) - B Blllle 

( 13) 

B 3T0M CJIY'l8e 38/18'18 CB0/IIITC!I K peweHHIO CIICTeMbl yp8BHeH11l!: 

(14) 

n Ea 

~ <p (<; ) l - V (<; ) = r (<; ) , 
I lJ I I I I I I 

(15) 

HcrrOJib3Y!I (9), (4) II (4'), HOJIY'IIIM aCHMHT0Tl!'leCKl!e peweHH!!, H8Hp11Mep, B o6JI8CTII, rne 

r
1

(,;
1

)>:0: 

xi MolKHO rrpenJIOlKl!Tb cnenyrowyro 8H8JIOrHIO : cTporyro 38BIICIIMOCTb q>83bl Kone68HHi! 

CTPYHbl OT X8p8KTep8 rp8Hll'IHbIX yCJI0BHfi, 

5 



X = I 

c, 

v'f<f~ ~,,a, l 
' '>1 

ros < r d, . v,, (O 
,o .. , 

TT 
4 

0 . 
,, - COOTBeTCTBY!OWl!tt KOpeHb ("ToqKa OCTBHOBKH') ypaBH9Hll!I 

( 16) 

'1 ( ( I ) = O ) ' 

Co6cTB9HHOe 3HaqeHHe ( 

I 
(11m1 ypaBHeHll!I IlJpeA11Hrepa) II KOHCTBHTb! p83AeneHirn ( II 

2 

f 3 HaXOA!ITC!I 113 KB83HKnacc11qecKHX ycnoa11ll KBBHTOBBHH!I, KOTOpble pa3n11qHbl B 38BHCH-

MOCTH OT 3H8K8 fl II Bl!AB 3<p!p9KTHBHbIX noTeuunanoB r I (,;I ) • 

3, HeK0Topb1e qacTHbJe cnyqa11 

1. YrnoBa!I <pyHKUll!I ypaBHeHH!I IlJpeAHHrepa B U9HTpanbHO-CHMM9Tp11qHOM none YAOB

/4/ 
neTBOp!!eT ypaBHeHHIO 

KoncTaHTa pa311eneH11!1 A 

- _1 _ _ a_ sin e av + ( m 2 
sin 0 ae ~ -A ::- -;-,,:- ) Y = o • 

sin e 

non*Ha orrpenen!ITbC!I 113 yc~OBll!I: 

<f, d(JJ-A 
2 

m sin20 = 2TT(ne+:½) 

( 17) 

(18) 

(HHTerpan ITO 06011M 6eperaM pa3p938 BOKpyr ToqeK BeTaneHll!I KOpH!I HOA IIHTerpanoM), OT-

C!OAa ( r = ne+:lml) rronyqaeM 

2 

A = -• ( f +: ½) ( 19) 

xi 
11 BCl!MITTOTIIKY np11coep1111eHHb!X rronl!HOMOB Jle*aunpa, HOpM11pOB8HHb!X Ha en11u11uy 

y v' 2e + 1 
TT 4 2 

y sin0 y(f + ½) -• _m_ 
sin 

2 
0 

e 
. cos(fd9y(f+½)"-· m

2 
_,TT ) (20) 

0
1 

sin 20 4 · 

2, Ypaaueu11e llipen11Hrepa sneKTpoHa B none nayx <p11Kc11poBaHHhIX 38p!IAOB Z 
1 

11 

, /10/ 
z 2 ( 3anaqa 2-x UeHTpoa, CM,, Hanp11Mep, ) pa3nen!l9TC!I B BblT!IHYTb!X snnHITT11qeCKIIX 

KOOpAIIHBTBX, Ecn11 C00THOWeHll!I Me*AY napaMeTpaMI! ynoaneTBOp!!!OT ycnoBl!!IM KB8311Knac-

xi 1-1cnonb30B8Hl!e (3) np11BOAIIT K <pa30BOMY IIHTerparty 

ef> dlJJ-,A + ¼-,m 22 ¼ = 2TT(ne +:½), 
· sin 0 

KOTOpb!ll paCXOAIITC!I rrpll m =0 • ITo3TOMY o6bJqHo K0HCTBHTY A =-f(f +:1) 6epyT 113 TQqHo

ro peweHH!I ypaaue1111ll ( 17), Ho Tor11a nnll rronyqeHl!ll npaa11nbHhIX KBa311Knacc11qecK11x pewe

Hllll pan11anb110ro YPBBHelll!!I HY*H0 11cnonb30B8Tb He (5), a (8), K0T0poe II npl!B0AIIT K 38-

Meue f(f + 1) ➔ (f +.½ Y2
• Ecn11 *e c caMoro 11aqana np11MeH!ITb K 06011M ypae11eHll!IM npe~ 

o6pa30B8Hll914?), TO, 11cnonh3Y!I ( 19)' Cp83J:: nonyq11M rrpaallnbHhlH pe3ynhTaT, np11aeneHHbill, 

11anp11Mep, B 
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·B 

/. . 

2 
R ,_ f 

. 4 . 
R 

2'' 

T·E 

' 1 
. _(npHOJIII)KeHfie .·aaneinix _lleH'I'poB), 

( n~HOnH,;;eime. OJJH3KHX ueuTpoB) 

... ·e .:. ·/ . . . 7/ . • -

. co:yR~,;)d(~f\ co~~/2iQ(71)d71-f) 

·ve-1 vR(.;). ·•vl-:11 2 vQh) 

b';,;o R(Z 2 +·Z
1

) 
d•, '• 

b = R(z·-,z ) 
. 2 I 

-: 

(21)· 

\ . 

(22) 
.,im<p ; 

(23) 

I: 

R,. :::- ,_Pll.CCTOSIUHe. MeJ1()lr, 3BpS!t:lBMH!. A . -KOIICTaUTa pasae- .· 

n -r'naBuoe KBllIITOBoe ·•rncno. 

'' 'PSl/:lbl /:lJJSI .. A ''. no CTeneUSIM 
/12/, . 

2 
p B aTi!x npeaenbIIhIX • cny:~"x nan ht, uanpHMep;. 

'/ - < 
2.; 

. , . - .. , . .2 2 R ,2 .. 
Ecrm .. aneKTpou uaxoaHTCSI: B ueripepbIBHOM _cnE:KTpe; TO _:..p ... -s. c, _ k · 

' ' ... · 4 " . 
. k . -H~llY~b~-- aneK'tpoirn. '.llmi' p,aaHBJlbIIOll BOJJHOB6ll ,PyIIK~IIII ! uopMHpOBllHHOll ua 

f ·f HMeeM . e 
~s < r R(.;}d.; --~-) 

, f1 · , (24) 

/ 

. . . . .\' 

.!IJJSI.yrno,Boll ,PyIIKUHM: 

I 

(cBSI3b':{'H 'k
2 

c~/
12I

)~~PH 'R:O ,·_,; .. -~- ·11;➔ -cosO (24) ii (25) nepe-

., ·_xo';l"T: B __ nopMHPOB~IIIIble • BOJJHOBb1e · 'PYHKUHH.' u·enpepbrnuoro · cneKTJJ~ aneKTpou_a· B KynouoB?KOM 

:'no;~; (BnepB:'1e,,p~;~1 Bo,nn~Bhrx',p;uKunil (24) .H (25) 1;1bt'IHCJJSIJ11ICh e:paooTe f1Hn11/
8I_- oe~ < · 

saMenhr m
2--1 .. ni 2 ).:; 
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,, C / 

: 3. Dp~ ·Zi"'' 22 m,Q , q:>opMyn1,r' (24) )1 (25) A~IOT ,a7HMilTOTU~y ccj,;;p?ll/l8J1b~b;X 
. . . · . . · · - . . . · - ' :. · · , · , xi 

unil,' T.e. perneH11il ·ypaBHeHHlI renhMrOJ1bll8, B ,3J1J1HilCOHJ:18J1bHbIX' ·KoOpAHH8T8X • .- Dp11 9TOM' 
> < - /- ' ; ' s > C ,, < • • ,..., , ..,, ~ > • > 0 > " , , • 

llHTerpaJ11'.I B (21)-(25) .,Bh!p8lK8IOTClI qepe3 3J1J1HilTH'leCKHe. , 

B.-3;K;i~'l8~H-e BbIP8lK8!0 ,' rny6oKyro 6naro.i:1apHOCTb H npH3H8TeJ1bHOCTb' c.c. -
·· 3a nocTOHHHO;; BHHMaHH~ . n 6on1,my~ no Mom~-- B' pi160Te. ' 1 ' : .. _-,,. . . ... - -- ' ':. 
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