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А Ь s t r а о t ' 

In Seotion II а preliminary s~'stematics based on oorres

pondenoe between kinds of fundamental particles and pairs of 

1rreduc1Ыe representations of Dirao•s or Duffin-Kemmer•s al

gebra 1n spaoe-time and in isospaoe is proposed. In Section :цr 

an " i soalgebra of stronglys" i s defined and а theory of the un1-

f 1ed baryon-field a nd mes on-field is formulated. In Section IV 

s:rong and weak 1.nteract1ons between these two fields are 1nves

t1gated . An outlook on poss1b111t1es of further development of 

this theory i s g~ven in Section v. 

* * * 
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r. I n t r о d u с t 1 о n 

Most successfu1 attempt s · to systemat1ze the fundamenta1 
1 

V pёirtic1es are Ъased on s-ome genera11zat1ons and refinements 

of Heisenberg's o1d not1on of the 1sobar1c spin of the nuc1eon 

\1-J , 21\. The main object of these systematizations is the 

group of strongl.y 1nteract1ng part1c1es compr1s1ng the baryons 

(nuc1eons and hyperons) and the mesons (pions and kaons). On1y 

re1ative1y few attempts have been made t111 now to understand 

in this way a1so the struc t-ure of the group of 1eptons ( ~ -

mesons, e~ectrons and neutrinos) 14-8, 21\. 

ln Section II of the present paper we start from today•s 

experimental ~vidence that the ~agnitudes of spin and 1sosp1n 

which occur in the systeш o.f fundamenta1 part1c1es are ~~ 

and from the wel1 known fact that part1c1es with spin f 
z. or 

О and 1 ·are pr1mar11y characterized Ъу t~e set of four 1r

reduc1Ъle Dirac matrices r~ or Duffin-Kemmer matrices ~~ 

and not Ьу the matrices representing the components of the spin. 

The sp1n - matrices are ехрrезs1Ые in terms of the 

р 'з and appear to Ье of secondary or1g1n. 

t's or 

We assume that s1m11ar1y in the (threed1mens1ona1) isospa-

· се various kinds of part1c1es are pr1mar11y associated not 

with 1rreduc1Ьle sets of 1зоЬаr1с spin - matrices, but with 

irreduc1Ыe representations of the Dirac or Duffin-Kemmer al-

• 
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gebra. This makes а d1fferзnc e f 1rstly due to the ex1stence 

(1n threed1mens1o~al space) of the so called tw1n represen

tat1ons of Ъoth algebraз and secondly due to the ex1stence 

of t he 1rreduc1Ъle representat1on of the Duff1n-Kemmer algeb

r a Ьу 4 х 4 -matr1ces. We shall see that the correзpondence 

works qu1te well and enaЬles us to 1nterpret purely algebra-

1cally аlз~ such 1mport~nt quant1t1es аз the "1зoferm1on 

quant um number". Arguments 1n favour of the assoc1at1on of 

the four p~rt1cles [ [ [ . л w1th the 4 х 4 -represen+ 1 о, - ) 

tat1on of the Duff1n-Kemmer algebra 1n 1sospace emerge qu1te 

naturally . 11 

1/ The 1dea of the assoc1at1on of var1ous kindз of ele-

mentary part1cles w1th var1ous 1rreduc1Ъle representat1ons 

of the D1rac and th~ Duff1n-Kemmer algebra 1n spaoe-t1me and 

1n 1зоsрао~ was at f1rst expressed 1n our early papers lб-91. 

At that .t1me, however, emp1rica l data concern1ng new part1c

les were rather 1noomplete and so 1t was not poss1Ъle to f1nd 

use for some ex1st1ng 1rreduc1Ъle repres ent ations and to set

tle correctly the correspondence. 

----------------------------.--------------------------------
Accord1ng to the present emp1r1cal ev1dence there 1в so 

pregnant s1m1lar1ty Ъetween the f amily of Ъaryons and t .he fam1-

ly of mesons that 1t g1ves rise t o the con jecture that the 
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isobaric structure of poth these fam111es of fundamenta1 

partic1es is basica11y the same and is characteristic for 

the who1e group of str ong1ys. This conjecture mean_s 'that 

besidP.s the empir1ca11y known Л0 -meson (which has I = 1 

and represents the counterpart of the [
0
.-hyperon; we have 

to expect the exist ence of another aeutra1 me-son л' (w1th 

I = О 11ke the Л -hyperon). Thevret1ca1 arguments ~n favour 

of the existence of this "fourth pion" have been found езре

с1а11у 1n some versions of the theory based on fourdimens i o

na1 isobaric зрасе \10-~2, 211. In our scheme such arguments 

are connected ~ith formal advantages offered Ьу the associat-

1.on of the 4 х 4 - representation of the Duff1n-Kemmer alge

bra a1so with __ p1,.oDIJТ+ ,л0 , тr_ ; л-1 • 21 

2/ The fact that up to the present time no pion with 

zero isobaric ·spin has peen observed (a's а stable or sem1-

staЪle particle) 1з not necessar11y 1n contradiction with 

theories assuming tlle ex1.stence of а . л' since t.ne proper

ties of this particle (caused Ъу its 1nterac'tions with baryons ) 

can Ъе such аз to make 1t hardly observable in practice 1121. 

See also Section IV be1ow. 

---------------------~-----~--------------------------------

The (common) 1sobar1c structure ass1gned to both the 
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family of baryons and that of mesons c~n best Ье d~scribed 

Ьу а special "isoalgebra of stronglys". The def1n1t1on and 

propert ies of this algebr a are briefly considered in Section 

III. In sequence the equations of а unified baryon-field and 

meson-.field together with the aux111ary condi tion sat1sf1-ed 

Ъу the мeson-field are formulated there. 

Strong and weak interactions between these two fields 
' 

(correspond~ng to strong and weak 1nteract1ons о~ baryons 

with mesons) are considered in Section IV. А very ~ymmetri

cal Lagrangian of strong interactions (containing only one 

str ong coupl i ng constant) is constructed which gives (al

ready in s econd order) a t leas t the proper sequenc·e of baryon 

and meson mas s es wit h t he mass of JТ 1 essentially larger than 

the mass of t h e Л -triple-t $ 

The isoalgebra of stronglys contains an element R (spu

rion-matr i x ) which makes it poss1Ыe to write the Lagrangian 

of weak interactions Ъ etween baryons and mesons in а form si-

mi l ar to the Lagrangian of strong interactions. The eharge 
f f conservation and the selection rules /AU/=~, /AlJ= I, /4!31 = ~ 

follow automatically from this Lagrang1an. The possiЫlity 

of int roducing in а natural way parity nonconserving (but 

" comЪined par ity" conserving)' terms 'is co.p.nec t ed with the 

Ъ el1aviour of individual terms under charge conjugation. 
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Some perspectives of f urther deve lopment of this theory 

are briefly mentioned in Section V and s ome useful formulas 

are collected. in the Appendix. 

* * * 
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II. Irreduci:Ьle representations of the Dirac 

and Duffin-Kemmer algebra and their association with va

r ious kinds of fundamenta1 partic1es 

1. The a1gebra defined Ьу ~he re1ations 

(1) 

( r , \J = 1, 2, J, 4) has on1y one 1rreduciЫe represen

tation, given Ьу the usua1 hermitian 4 х 4 -matrices of D1-

rac. The (reduciЫe) matrices ()(К)). ( ). = 1, 2, J) repre

senting the component s of the spin of the partic1e described 

Ьу t he Dirac wave equation 

(у~ д,._с. +М)~ =О 

are gi ven Ьу tr1e for uu1a 

• . 1 
The magni t ude of tlle s pi n о, r) ~ I 

(2) 

(J) 

Rec ent exper imenta1 resu1ts 1ndicate tha.t not on1y the 

electrons, neutrinos, muons and nucleons bu~ a1so the hyperons 
., 

have spin ;[ • Thus we can assume that а11 fundamenta1 

fe rmi ons are associated with the unique representation of 

the Dirac a1gebra in space-time. 

2. The Duffin-Kemmer a1gebra defined Ъу the rP.lations 

(4) 
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has three 1rreduc1Ьle representat1ons. The tr1v1a1 __ one, 
(О) 

pi-L ::: о 1 1s of no use for wr1 t1ng f1rst ord~r wave equat1ons 

an·d so we can d1scard 1t. The represe.ntat1ons 1 

~1-' 
11 

and Р~ 

are g1ven Ьу the known herm1t1an 5 х 5 -matr1ces and 10 х 10 

-шatrices respeot1ve1y. 

The (reduo1~1e) matrioes ~р>~ representing the 

components of the sp1n of the part1o1e described Ьу the 

wave equation 

( ~f-A- а,.... + m) 'f : о ,: (5) 

are g1ven Ьу 

б( Р) -х : - i, t: л F i) Р Р- r v 
(б) 

As we11 known, the particle described Ьу the wave equation 

(5) has. on1y spin zero states in case of ~,.,.:::. р~ and on;J..y 
/1 

sp1n one s.tates 1n oase of р,_,. = р r -al though we can f1nd О 
' • 1 

аз we11 as 1 among the e1genva1ues of 1)oth ·matr1ces (5 ( р) 

and <J(pJ • 
' 1 

The set of matr1ces -~~ - 1s assoc1at~d w1th meso;1s 

(pions and kaons). The only kno1rn part.1ole whioh oan Ье аз-

soc1atedw1th ~'f 1s _the photon I1J, 141. 

J. The Dirao a1gebra 1n 1sospace~ ·def1ned Ьу the re1at-

1ons 

{ PJ 1 Р k} = '- S J k ( j 1 k : 1, г 1 з > (7) 

t 

t 
' 

1 
t 
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has two une quivalent irreduciЪle representations 

( 1 ] (~J 

Р · J 
:: 'С (, f j ::-Tj (8) 

where 1> J are the .Paul1 2 х 2 -matrices. The 1sosp1n mat-

rices tJ can Ъе formed from the .Р 's 1n the same man-

ner as the G'(v)X from the у 's(formula (J)). The two sets 
• о о (11 '(Z.J 

of tj ar1s1ng 1n Ъoth unequi'V'alent cases of fj and р j 

are equtvalent and give th~ unique (1rreduc1Ъle) repr~senta· 

tion of the isospin i . We shal1, therefore, not use the 

зuperscripts over tj . With our special choice (8) we have 

in Ъoth cases . 

i t о = -'[;
. J z. J 

Consider the matrix 

Using (8) and (9) we get 
(1 J (aJ 

Uc J' J :: 1 , UЧ' J ::: - 1 

(0 (tJ 

(9) 

(10) 

(11) 

But the matrices U(j'J and U<}'J , Ъeing multipla of the 

un1t matr1x, cannot Ъе changed Ъу any un1tary transformations 

and so the values :t· 1 of U(CJ) character1ze the two unequtva

lent representat1onз of the algebra (7) 1nvar1ant ly.~ 

It 1s now obv1ous that according to our programme we 
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have to assoc1ate t he representat 1on be1ong1ng to u(,) с 1 

w1th the two charge-douЪlet s (N+, 11
0

) and (К+, К0) whereas 

the representat1on Ъe1ong1ng to U( ,) = -1 with С ::=:: 
0 

, :=: _ ) 
and with С ;~е ~ ant1 -к , .к :. ant1 -к ) • The charge-o о - + . 
operator can then Ье written genera11y . 1n the form 

ч. '!) = t 3 + ~ и ( f') • 
(12) 

' 4. The Duffin-Kemmer a1gebra 1nШospace, defined Ьу the 

re1at1ons 

~j ~k~e +~е ~k ~j:: sjk ~е+ дек ~J 
C1J) 

has four unequ1va1ent 1rreduc.1Ыe representations. F1rst1y 
(О) 

we have the tr1v1a1 representat1on 
(f) 

~i =О , then two repre-

sentations Ьу J х J -matr1ces ~ . SJ 
d (f.) 

and ~j which can Ье 

chosen as fo11ows 

щ ~о - 10) (/) с 1 о) "' ( о о) 
~. :: .п. -1 о 1 '~{ Jг -1 о -1 ' ~j :: о о о (14а) 

z . О 1 О о 1 о о о -1 
(2) (1) 

~. =- ( . (14Ъ) 
J J 1 

and f1na11y one representation Ьу 4 х 4 -matr1ces ~j of the 

form 
/ 

о о 1~ (о о o-t) (о о о о) 
( i 0000 1 1 0000 1 о о о 1 (15) (о о о 1 1ft= {2 о о о 1 J ~ э = 

• ,= Гг о о о о 

0-1 о о 1 о о 
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The 1sosp1n matrices е. can Ъе expressed 1n terms of the 
~ 

~ 's 1n the same manner as G(A) 1 1n terms of the р •s (for-
(o) r (oJ (о) . 

mu1a (6)). With ~J· W·e have of course BJ· ~о and. е =о • 
(4} <z.J 

The two sets of ej ar1s1ng 1n the two cases of ~J and ~j are 

again equivalent and give the unique (1rreduc1Ъle) representat-

1on of the 1sosp1n 1. With the spec1a1 choice of (14а, Ъ) we 
(f) 

1 

have ei: ~ j 
1 

1n Ъoth cases. In case of ~j the 9j 

and w1th · the spec1a1 choice of (15) take the form 
щ 

ej := (~ j ~) . 
In each of the four representat1ons the matrix' 

1s again а mu1t1plum of t he un1t matrix, viz 

(о) (0 <t.1 
1 u, 0 =о, и<~>=-- и<~'= j ) u{~ > =о. 

are reduc1Ъle 

(16) 

( 17) 

(18) 

It 1s now c1ear that according to our programme we have 

to E~>ssociate the J + 1 h.yperons I: + 
1 
!:' 

01 
r: _ j л with the 1rreduc1b-

~ '. 1е representation S 
J 

, since on1y 1n this case 1t 1s роз-

siЪle to define the charge operator Ъу the formula 

(19) 
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(formal1y 1dent1cal with (12)) and 50 to ma1nta1n the same de

~1n1t1on of the charge 1n the whole family of baryons. The ma:t-
,, 1 

~ices ~J find their use also 1n constructing the Lagrangian 

of strong interactions where t hey produce the term respons1Ъle 

for the prooesses [: ... ~ Л +л. 

The arguments just mentioned cannot Ъе used s1m1larly 1n 

favour of the existence of л' and of . the assoc1at1on of ~ J 

also with Л+,Л01 Л_j JТ ~ J) 

J/ Even if there would exist on1y the triplet JТ + л0 JТ _ 
<fl 'гJ ' ' 

associated with ~j (or ~j ), the same def1n1t1on of th~har-
ge cou1d st111 Ъе used for the who1e group of strong1ys. The 

f (1} <ZJ 
term I" и~ ( or ~ и~ ) name1y wou1d give no contribution 

t o the pion charge and current inasmuch as л_ is an antipar-

t1c1e of Л+. Indeed, the 1dent1f1cat1on Л+: ant1- Л-, JТ0 :: 
. - + 

anti- ]Т0 means an aux111ary condition for the pion wave f unction 

~:rr in virtue of which. "!л~,.,.. ":!д= - ':!лPfJ- ':!л = О • 

С S е е е • g • 1 81 or 115 1 ) • 
-------------------------------!8'8 ____________________ ...... _______ _ 

. 
There are, however, other forma1 arguments 1n favour of the oon-

jeoture that Ъoth fam111es of stronglys have the same isobari c 
(f) (lJ 

s tructure and that the representations fJ 1 fJ 1 

and ~ J are 

chaз:acteristio for the who1e group (of зtronglys). We shal1 meet 
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with <Зome of such arguments below. 

From t he rema~ning representations of ~1 the trivial 
(0) 4 

one 1 ~ J. 
1 

can Ье associated wi th the photon and the representat-
m cz.J 

ions ~j and . ~ j with leptons. In case of leptons we have 

two poss1b111t1es: Either we can try .to . assooiate the represen
<н 

tation ~i 1 say' with. the triplet ( е+ 1 v = anti- 1)' е_ ) 
(l,} 

and then ~.; with ( f+ fL _ anti- fto и._ ) or to associate 
<1> ~ . ) о ' r aJ 
~ i with the triplet ( f+ , v , е,_ ) and then ~ j wl th 

( е+ , anti- \) , /'-'--) 116,171• Note that tn the first 

oase no ohange in the def1n1t1on of the charge operator 

'{.·<~>-= е3 + ~ U(O ts neoessary tnasmuch as е+ ( fJ- + ) is an 

antiparticle of е_ ( !J-- ) • See also footnote J/. In the 

second case the charge operator must Ъе redefined for the lep

tons : <i,Ц) = 8 3 .. See however Seotion V-for another poss1b1-

11ty. 

In the next two Sections we shall 1rivest1gate more thoroughly 

the group of strongly interacting particles. 
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III. A1gebr a of strong1ys i n is ospac e 

Fie1d of baryons a nd fie1d of mesons 

1. According to our assumpti on concerning the i sobario 

structure of the group of strong1ys, ьoth the fam11y of baryons 

and that of mesons are assoc i ated in i sospace with t~e same re

duciЬle set of matrices GJj ( i =- I
1
Z,3) which can Ье written 

in the form of the direo t sum 

о о 

(l) (20) 
wi = \о Pj о 

1 
о ~J 

Let us try to charaoterize a1gebraica11y the matric es ~~ . 

We r emark , first of а11, that these matrioes fu1f 11 the fo11ow

ing r e1ati ons: 

~ (C.vj Wl< We -:- djl< c..Je) :: 0 1 
(21) 

[ VJ j , А k] = L.f, j k е u; е (22) 

[ Лj, Лk] =L~jke Ле (2J) 

лj(.Jk+ лku;j = (J.)j ..\k ..-wk лj = 8jku (24) 

where L denotes t he s um over а11 s1x permutat1onз of th e 
. Р 

1 

l 
1: 

r 

r 

е 

t 

с 

а 

w 

о 

f 
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1nd1ces From (24) w-e get 1mmed1ately 

(24а) 

Let us consider, converse1y, the a1gebra def1ned Ьу the 

.re1at1ons (21)- (24). As we are interested on1y 1n such 1ts 

representations in which the matrices лj are algebraica11y 

express1Ъle 1n terms of the GJ 's, we need not conзider 

those (patho1og1ca1) 1rreduc1Ыe repreзentationз in wh1ch the 

Л•s are 1rreduc1Ыe and at the same t1me the w•s.are redu-

сiЫе (zero matriceз). All representationз of the k1nd we 

are interested i n can Ье formed as direct зums of representations 

with 1rreduc1Ыe 6J'з. But it is poss1Ьle to show that the 

on1y irreduciЫe sets of ~j which be1ong to the algebra de

fined Ьу the re1at 1ons ( 21) - ( 24) are the following: 

4/ ~he proof 1 з contained in the equationз · 

[ GJ · uJ =о J ) J ) 

3 
и = u 1 

( { c..>j , wk}- 2 Jj k) · U ~ о , 

( UJJ <.Jk ие + we wk wi- JjkUJe - Jek 4)j )(1- tJ 
2
") = О 
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~ 

1nd1ces j, k, е From (24) w~ get 1mmed1ate1y 

(24а) 

Let us consider, converse1y, the a1gebra def1ned Ьу the 

.re1at1ons (21) - (24). Аз we are 1nterested on1y 1n such its 

representations in which the matr1ces ~j are a1gebra~ca11y 

expressiЫe 1n terms of the · с...>' s, we need not consider 

those (patho1og1ca1) 1rreduc1Ьle representations 1n which the 

Л•з are irreduciЫe and at the same t1me the w•s.are redu-

ciЪle (zero matrices). А11 representat1ons of the k1nd we 

are interested in can Ье formed as d1reot sums of representations 

with 1rreduc1Ыe 6J's. But it is possiЫe to show that the 

on1y 1rreduo1Ьle sets of ~j whioh be1ong to the a1gebra de

fined Ьу the re1ations ( 21) - ( 24) are the fo11ow1ng: 

-----------------------------------------------------------
4/ ~he proof 1 з oontained in the equations · 

[ w · ul =о J ) J ) 

з 
и :. и, 
( { (..)j ) U)k}- 2 Jj k) . и == о ) 

( U)j (.Jk ~е+ we (.Jk U)J- JJk UJe - d'ek Ч)j )(1- и~) :: () 
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w'btch, bes1dё,s.- many others , can Ъе deduced purely a1geЪra~ 

1оа11у from (2i) - (24). The deduct1on of ·- t:hes-e equat1ons 
... ,. 

and а aore deta11ed 1nvest1gat1on of the propert1es of. the 

a1gebra w111 Ъе g1ven in а separate paper Ъу one of the au- ' 

thors (M.L.). 

То character1Ee formal1y the peou11ar oompos1t1on of 

o~r reduo1Ъle set of the vJ -matr1oes (20), we must state 

some more cond1t1ons wh1ch are sat1sf1ed on1y Ъу these ~

matrioes as а who1e (not Ъу а11 the1r 1rreduc1Ъle parts ~n

d1v1dua11y). In th1s respect we oan ment1on that for our c.J

matr1ces (20) there exist а un1tary and symmetr1ca1 matr1x 

Q w1th the p~operty 
т 

Q (..Uj::: GJj_Q · (25) 

Us1ng (22) - (25) 1t 1s then розз1Ъlе to зее that Q 

fu1f11s a1so ·tье re1at1ons 

т 

S2Л · =- A · Q 
т 

..QV =-UQ • (2ба,Ъ) 

J d ' W1th our spec1a1 representat1on (8), (1') and (20) the mat-

rix Л . takes the f orm 

о - .{.,1:~ () 

_Q = {t.-c ?. о о 

. ' ,, 
о (1- ze H'~z.- 1) 1 (27) 
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if two arbitrary phase eonstants are fixed convenient1y. 

11Ve ca.ri see that the existence of Я requir~s that in 
U) 

the direct sum of irreduciЫ~ w 's the matrices "'}· and 
(2.) 

w. 
J 

occur in pairs 

possiЫe presence of 

for our (С) -matrices 

and hermitian matrix 

(if they shou1d occur at а11) • Yet а 
{О) 

Ц)j cannot Ь е exc1ud~d thereby. However, 

(20) there exists further а Wlitary 
о 

R which fu1fi1s the re1ations 

(28) 

[ R,/. ]= о 

.Q. Rr .. - R. .. J2-

(29) 

(30) 

where 

(31) 

{О) 

It is easily . found that such an R.. сап exist on1y if c.J. 
JUJ 

and if to each . ~! а pair ltJi 1 
does not occur in ц;. 

J 
is pres ent (and converse1y). If again two arЫtrary 

phase constants are choвen conveniently, the matrix 

be1onging to our 

the form 

~ -matrices (20) can .be written i n 



; 
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о о о 

о - j 1 
о 

R=:(~ ~+) \о 
w: w: 

1. = о о 1 ' 
о ) (.., . L 

о 
п и Ot (J2) 

Ther e exist finally two sets of uni t .ary and hermitian 

matr i ces У· 
а 

and I · 
J 

(reflection operators) with the pro- . 

pe:rties 

~ (...)1< =(г.Sjk-1)WI<YJ ~ 

(no summation) (JJa,b) 

zj wk =(1-г.дjk. )c..>k lj 1 

. Q yj т = yj Q ) Q l; = t. j Q . 

From ( 22)-(25) and (JJa,b) then 

(J4а,ь) 

YJЛk ·=( z 6jl<- t)AI< Yj, 
(no summation) (J5а,ь) 

-z j Л k == С z Sj k - 1) :\ k l j 
and 

[ YJ , UJ =о , { t. j , И} =о. (Jба,ь) 

In our special r epresentation these matrices can Ье expressed 

in the form ( no summation) 

- ~j о о . ) . о - Lтj о 
У· : \ о rc; . о 1.. . -= ~'С . о о 

J О OJ ~~;'-1 , j oJ О (1 - ZS')(<~j'- 1)/ (J7) 
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Notice that, so tha t fr om ( 29) 

[ У3 > RJ = о 
(Jбс) 

All t he mat rices _Q , ~ , L. j and R will prove 

useful in the theory of the baryon- ft el d and meson-field, 

t he matrix R ( spurion-matrix) especially f or formulating 

the laws of weak 1nteract1ons between baryons and.mesons. Ве-

fore pass i ng on to these poi nt s l et us j ust r eJ!lark that the 

matrices .:\ · 
J 

(belonging to the w -matrices (20)) ·· aan 

Ъе expressed i n the form 

о о 

Aj =- t, t j ke ).~c.Jk c.Je - t· о 
- J 

о о 

(J8) 

(J8a) 

2. Now, we can intr oduce а un1f1ed b~on-field rf.x,) 

and meson-field ~(~ ) , each wi t h eight components i n 1зо

зрасе ( and four or five c omponents in space- t ime respectively) . 

The wave f unctions 
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У. 'У. . у...., ~...... у у у у 
N+> No> ..:,. 0 1 .::.._ 1 [-t-1 [ 0 1 L-1 л 

CJ9a) 

and 

~ 'i ':! l.:f lj' lj' "! ':! 1 
1<+ 1 l< 0 1 deo! .)f_ l JТ+J JТо1 JТ-1 JТ 

СJ9Ъ) 

are to Ъе def1ned as simultaneous ·e1genfuct1ons of the 

mutu~lly commut1ng operators. u, ). 1 
and Л 3 С or 't -= Л 3 + "I tJ) • 

These three operat-ors form а complete set an.d are all d1a-
' 

gonal in our spec1al representat1on g1ven Ъу С2О), С8) and 

Cl5). Consequently, in this repres~ntat1on, each of the e1-

gen~uct1ons (J9a,b) has only one nonzero 1socomponent, e.g. 

~N and ~~ ~ only the first one, ~N and 'jk only the + к.r о о 

second on~i etc. The general ~(.Х. у and lj1 (.Х..) can then Ъе 

wr1tten as !ollo~s : 

ут т т т ~т т т т . т 
= ( N + 1 N о , ~о 1 ...::...-, L: +; L о , L. _ 1 1\ ) } 

(40а) 

'::fт =(<k+)~ (ko)~ (Je0 )~(Je_)ТJ (JТi")~ (JТ0 )~ (Л_)тJ (Jr1)т). 
(40Ъ) 

T.he symbols N+ 1 • • • or (K+)J •• • denote the usual 

D1rac or Duf!1n-Kemmer wave funct1ons. The s1mpler symbols 

К+ , ••• are not used 1n С 40Ъ) ( instead of (К~),... ) вince 

they are reserved for othe.r purpose Csee ( 47а) Ъelow). 

j _ 
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\Ve sha11 make t .he most natura1 assumption that the . 

mass о! the free Ъaryon (meson) is the same, viz М (m), 

in а11 its 1sobar1c states and that the observed sp11tt1ng 

of , mass-va1ue~ 1n the Ъaryon-fam11y as we11 as in the ·meson-
o . 

~ . 
fam11y arises from strong and electromagnetic 1nteract1ons. 

The free f1e1ds у and "::f then fu1f11 the wave equations ' 

(2) and (5) .respectively) _(with ~t--'- = ~~ ) and the commut~

tion re1at1ons 

[ ':fl.J(..) ~.,(&(') J = d'~ь S <"!J,,{.x.- .x'J . 
d.ol 1 о, /, . d р 

where ((5 ~ ~ + v 'J =- У т ( z д z..- 1 ) and 
оч ' r~ 

t{ р) = Ро 
J Ро/ 

(41')-

(42) 

(43) 
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The indices а,Ъ = 1, • •• , 8. The indices с1. > f3 = 1, ••• , 4 

or 1, ••• , 5. We have a1so {'t'a.(~J)'t'e,fx.J}:oJ["ra.~t.()) lff,~u4J=o, 

Ъtit {j;..~~)/ JI&~.A:,Jj "f; tJ Ъecause of th·e auxiliary condition 

(46). From (42) and (46) we oЪta1n -name1y 

[ 
· 1 /r r~; ? 1 

Xt,~), YJ(J (.к'; J :=: r Qa:l (и ( Yl-.x) в,~ С( IJ 

!ntroduce new . fi~ld functions 

<о.> с- т у :: Q ~ 
) 

(о.) Q -т 
':f "'" в~ (44) 

.and 

l ,; (с ) -:z 'а. ) 
Т = L "ff ' 

~ 

(С) (а.) 

\.:f =lrvf (45) 

where с and в are the we11 known unitary matrices with the 

properties · С v т=-- v С Ст с::: -С В~ т ""-А В В т= В 
Of-L Of-'" 1 1 rf-J" t" ~ J 

These functi ons fu1f11 the same equat1ons .(2), (41), (5), (42) 

as ~ and lj • Further, 1! the e1ectr1c current four-vec-

tors are defined Ъу the usua1 formu1as 
(1") . - (':f) . . - . . 

'Jr'" ::tQ,: Yof-4-~"fl : ) _ 'J~ =Le. '1PrL~~J . 
where : ...... : denotes the norma1 product, we eas11y find 

. (а) Са.) 
that the stibstitutions "ff- у 

1 
lf- f 1eave . the 'J 'в 

(С) (С) 
unchanged, whereas 'У- ~ J ~ - 'f change their signs. From 

(27) -and (J7) we see that in our spec1a1 representation t.?vQ,... 1 
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(С) с -Т (С ~ -Т 
so tha t у = у , l:f = В ':f , Clearly 'f ccJ and i.j\cJ are the 

charge-conjugate fields о! 't' and ~ . 

The physical 1dent1ty о! Jeo with anti- К~ , о! Лt,о 

with ant1- Л_ 0 and of Л 1 w1 th anti- л' can Ъе expresзed 
+} 

Ьу 1mpoз1ng on ~ the зubs1d1ary cond1t1on 

I.J ' Q.. ) -:: ':1 (46) 

'and Ьу adaing а :tactor ~ 1n the above formula for J (I.JJ 
t:. tJ--

and з1m1lar (quadratic) quant1t1eз. 

We зhall assume, аз uзual, tha~ all 1зocomponentз o:r ~ 

tranзform 1n the same way 1n зpace-time. S1m1lar aззumption 

will Ъе made аз eoncerns the 1socomponentз о! ~ 

that we зhall зuppose that tl1e (1so) componentз о! 

are all pseudoзcalars. 5/ 

• Thiз meanз 

(47) 

--------------~-------------------------------------------

5/ These (simplest) asзumptionз are not neceзaary for 

the app11cab111ty of our formalism. Generally, the operators 

~:r ordinary-зpace reflections of ~ or у could contain 
.. 11 

various 1зo1nvar1ant !actorз, di:tferent :rrom unity, like e.g. 

( 2 V l- · -1) or С 1 - 2 Л + u2) • 

In virtue of (5) and (42) ер satisfieз the equati~nз 
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' (З~дfА--m')Ф=о, [Фа (.х.),ф;с~'))=L JaE>д(mj.X -.У..') . 

In our representation (20) · the oomponents of ф 

noted аз 
1 

k+) '<о 1 Jeo) Je_J л+, л_) JТ~ :/Г 

will Ъе d1e-

(47а) 

Only the quanti t7 ф (not ':f · ) will ooour direotly 1n the 

· ta81'ang1an о! strong and weak 1nteraot1ons• The oondition (46) 

. . '""' yield~ ф . = Q ер~ т = ·ф which means the f ollowing с ond1 tions 

!or the components (47а): 

* Лt о =Л- о _, +, л'* · = л' 
' 

~:(~:)=е~~) =с~ ~х~: )*: i t~k* 
(46а) 

We introduoe ~urther the Harrisch-Chandra operators in 1sos.pace 

Ьу the de!inin~ relationз 
(' + (' + т 

wj (A)k ~е= L j oke , L j Lk = ojk , L j Q = _L j . (48) 

Ву these relations the L· J are determined exc-ept for а sign 

which is ohosen conveniently in the following. Denoting . 

+ 
LjФ~JТj LJ у: LJ (49) 

we then find that 

1 ( ' ) i. ( . JТ; = li' Л++ JТ_ , Л~= li' ·Л-т- JГ_)) Л3 = Л о 

1 ar 

Fj 

с~ 

11 

t1 

1 
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t and similarly for L. . We find also that 
( . J 

.i. L-+: 1 
• • Ф - л' ..L L+ 1 

'· t.J - Л с 5о ) 3 J VJJ - ) з . i ......,d т -

Finally we see that л~= JТ. л~= л' frOII с 46а ) . J d ) о 
The operators Lj fulfil (besides the defining relations · 

(48)) а series of other useful relations which are collected 

in the Appendix together with the above used properties of. 

the original Harrish~handra operators '1~ . 
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IV. Strong and weak 1nteract1ons 

of baryons with mesons 

1. Consider the fo11ow1ng eight expressions of the Yuka

wa type: 

а J = : ~ i., ts ~ У!!. : g1 =: ~ L tsl t.r Е : > 

1 - . 1 
а 1 = : у L (s у л:_ 

1 - . 1] '. 
Е>. = : У~.-оsтУл., 

а г. == : У i. d"s ~ Ф .Ь : , . g t = : 'fi L (s l. Ф];. : ' 
а~ = : У ~ d"s Ф 1\ : 1 · f, ~ = : tfi L ( s ~ Ф Л : · 

(51) 

. With our assumptions concern1ng the transformation properties 

of у and ';j , а11 · these eight expressions (51) are 1n

var1ant under proper Lorentz transformations and ordinary 

space re!1ect1on 

У--6\~ , Ф--ф. (Р) 

Under the charge conjugation 

tr'- tr't,)-= r_г. Q (~Т 
1 
ф- с#С)= 1-z. Q ф+ Т 

(С) 

they ·go over into their hermi tian con:jugates. · Inasmuch as 

the quant1t1es а~, ь1 , ai, ь• 1 are a1ready herm1t1an, they 

are 1nvar1ant under (С). А11 the eight expressions (51) 

are further 1nvar1ant under rotations and У -ref1ect1ons 

in isospace (see Appendix (А 16, 17)) . The four а' s are 

€ 

v 

} 

i 
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also invariant under the Z-reflections (А 18) in isospace 

whereas the four b's are in this case pseudoinvariant (chan

ge their signs) . 

From the point of view of our formalism the quant1t1es 

(51) must ре considered аз the simplest 1nvar1ants and iso

invariants, quadratical in у and linear in ер • We the

refore expect that the Lagrangian of strong 1nteract1ons w~ll 

Ье а certain linear (more or less symmetrical) comb1nat1on of · 

just these quantities (plus its herm1t1an conjagate). 

For .s1mpl ic.1ty as well as physical reasons we assume that 

ther e is only one "strong" coupling constant, i.e. that the 

coeff1c1ents with which the quant1t1es (51) enter the Lagran-

gian can Ье only + G or О. It 1s, however , easy to show 

that we can assign zero c oeffic ients neither to all a's nor 

to all b's . This can Ье s ~ en as follows: The most general seit

mass oper..:•.t or of the Ъaryon which can arise from any ~harge 

·independP,nt interact ion of the baryon field у with the rne-

son field "f has, independently of any perturbation theory, 

obviously the form 

<fM ""М00 -+ М 1 о Л + М01 тJ -t- Moz.Uz.. 

If .all the a's (or all the Ъ's) were absent from our Lagrangian, 

it would ?е 1nvar1ant (or change only its sign) under the 

"reflections" у -lj ~, ~ ~ lj '-j • Then, o:f course, the equa..;. 

tion . 

z: d'MZ· - дМ (no summation) 
J J 

would Ь~ va~id for the corresponding s~lf-m~ss operator and 
) 

therefore the term linear in И (which ant~commutes with lj) 
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wop1d Ье absent froш J м. This term, ~owever, expresses 
\ 

the JDaзs-di!!ere:iice ~tt~ween N 
,--. 

and ~ which ~s just the 

1argest in ·the baryon fam11y. Thus neither the_::_.a' s nor the 

Ь'з can Ье dispended comp1ete1y. 

А convenient Lagra:-ngian ot strong interactions seem·s 

to Ье the . !o11owing rather symmetrical comЪination о! the :in;.. 

varia~ts (51): 61 

( 1) [< (!_ / pl р 1 {J 
1 

] ~ h ' '<i ,=6 ' a1 - o1+a.- o1)-(a, ·-oz +а?- ol) + . с. . = 

= G [ ~ L (s (!! ( ~ - l:>. + Л~ 1 - у J] у -

·- ~t. &'s[~ (~ -_l) +Л( 1- ~ J]Ф} + h. с . 
(52) 

-----------------------------------------~---------------~---6/ Another possible speci al !o:nn. of the Lagrangian ~ ... , 

is considered in the Appendix. 
-----~------~------------------------------------------------· 

This Lagrangian leads to the !o11owing expressions for 
~ 

the second order se1f-maзs · operators (which can .'~е computed . 

eas11y- using the formu1as co1lected in the .A.ppendix): 

6'м<г.) = м·сs + з гл - го и+ 4 uz.J , 

&n;<~J=m<zo+зг А. - z.6U'J . 
(53а, Ь) 

The- tactors i and Ш are t~e usua1 second order se1f-masзe~ 

о! а Dirao partic1e and а pзeudoзci:йar neutra3. particle 1n 

pseud\oзca1ar 1nteract1on. As we11 kriown f 18, 19J · 11 1s pos1t1ve 

с 
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( l ogarithmically divergent without cut-of-f) whereas -m 

negative ( qua_dratically divergent without cut-off). Thus 1n

sert1ng _into (5Jа, Ъ ) the appropriate eigenvalues of Л and 

U we obt-ain the following second .order mass-spectra ot 

Ъaryons and mesons: 

М+ J MCZJ = 

= М+ 5М for N and 

= М+37 М f or r: 
=М + 45М f or Г"7 

...::..., 

1\ ., 
m+<fm'z.>~ . 

=m.:1oJml for к, 

=т- г.ofm/ f .or л:/ 
., -l 

= 'm-5llml tor JТ. 

The degenrat i on о! the N~ and Л -mass level -1s obvious-

ly an accidental featur e of the sec ond order perturbation cal- . 

culation. Of c.ourse, also the other Crather faтouraЪle) f~atu- · 

res of these mass- spectra oo uld Ъе more or less acc1dental 1n 

the same sense. Nevertheless we see that а Lagrang1an wh1ch 1s 

а very s1mple and very symmetr1cal comb1nat1on о! the 1nvar1-

.ant s .( 51) can 1n pr1nc1ple cause the d1st1nctly u:nsymmetrical 

d1str1but1on of t he exper1mental mass values 1n the Ъaryon and 

meson fam1ly. 

Especially 1t does not seea 1mposs1Ъle that the actщil 

mass ot л' 1s greater than the swв of the masвes ot л+ J л_ 

and Л" о In th1s сазе л' .could never Ъе observed Ъecause 1t 

would decay practically iilstantaneously 1nto Л++ л_+ Л.о There 

would. Ъе no trouble with •too much gammas" even 1f the mass 
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of л' :would Ъе greater than the mass of J Л0 , since 

л 1 cannot decay into JJТ0 because in this state I 'F О . 

Notice that using the !ormulas (А 7, 8, 9) we can 1mmed1-
(.-j) 

at·ely wr1te down ~ 1n the customary notation as follows: 

ИJ l~- N: -'(- ') .(-'-J. = L G -zCN'(s'E. )Д- у ::::: ts"E.. ;:=: !J. + Zt- f (5 х ~ )!; -r 
i(н j/) 1 3('М ,._,) 1 

+ Z: JV (s N 1i + У с. t s а::. л -
1 - > 3 -- z <Ntsk)л - z:(Z ts L 'tz k*) Л -

-1 (NtsiJ<)f_ + i (::= tsi L т;{(*) I.} + h. "· (52а) 

We see that ne1ther the usual term (AL(s f. )!1 nor the possiЬle 

terms (,~L tsA) л' and (~ L ts ~) JТ 1 are conta1ned 1n (52а), 

because the contributions to these terms coming from var1ous 

a-1nvar1ants just cancel each other. However the presence о! 

these terms in the Lagrang1an (i.e . as primary 1nteract1ons) 

is not necessary because the processes l -=А+ л А=::::. Л+ JТ.I 
) ) 

l ::::: 2 +л 1 result from combinat1ons of the remain1ng 

pr;tmary 1nteract1ons like e.g. L ~· AI-r anti-K-::. JТ +#+ 

anti-K ::::л+#!\ , etc. 

2. То construct the Lagrang1an ~(w) of weak interac

tio!lS be~1!_e~n baryons arid mesons we 1ntroduce f1rst of all 

the quantit1es 

k 
..,." 

1< 

в -
в 

wh 

·d' : 
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ti 
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ne 

Ье 

~ 
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i L-r nф )(.о+ k'o 
l<<s > =- - . w /'{ = \fi' ' J.(. -- -- z. 

+ 
(

,-, + • ' '"=-' - N 8 = L R ~ = ..::.. _- · fV + , '---'. - + > 

-- ...... Гг 1-U 

(54) 

в 1 + 3 о+ л/о 
<s> = з"' ~ ~ RY = rz . 

which are identical with the 11kew1s-e denoted quant1t1es of 

tl'Eзpagnat, Prentk1 and Salam (5). 
у./ 

Secondly we define the eight quant1t1eз а 1 1 . . . ' 
simply Ъу r eplacing in the eight expressionз (51) the quant1-

ties JТ л' L and 
-) } ...... J1 Ъу к, K( s), ~ and B(s) respectively. 

the Lagr angian ';l <\М Ъу replacing 1n Finally we construct 
(~) 

~ ne Lagrangian ~ the quantities а1 , ••• , Ъ2 Ъу the 

. .. , ъ2• (and G Ъу g ), so that L(w) new quant i t ies а~ , 

Ьесоmез 

= d { (jJ L rs [ ti ( ~ -~ ) + k' ( s > ( 1 - ~ ~ -~ -

- 9 L t5 [~c~ -_j)+Bcs>C1- У )]Ф} + h. с-. (55) 
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и (w) 
Let us now see what are t he formal properties of this~ . 

w w (w) The new express1ons а1 , •. • , Ъ2 and therefore L too are, 

of course, aga in invariant under proper Lorentz transformations 

and under the space reflection (Р). However they are no more 

i~oinvariant Ъecause К and В are no iso(pseudo) vector·s - """"' 
and К(з) and B(s) are no isoscalars. Nevertheless, 1n virtue 

of (Jбс) the quant1t1e-s а~, ••• remain 1nYar1ant at least 

under the reflection у- У, у, ф-- Уз ф • This means that we 

have automatically the charge conservation 1n weak interactions. 

We shall see below that the add1tional operator R 1n front 

of Ф and ~ 1n. (54) plays а role s1m1lar to а charge con

serving spurion with isobaric spin ~· 

Now let us consider the charge conjugation. Using the va

rious formulas collected in the text and in the Appendix (see 

especially (JO), (А5Ъ) and (Аба,Ъ)) we find that all the eight 
w w expressions а1 , ••• , Ъ2 go over into their hermitian conju-

gates so that 'i<wJ 1s invariant under (С). Notice · ьowever that 

the components of К are ~seudohermitian whereas К( ) is her-
~ , S 

mitian so that also the quant1t1es " al, ъw 
1 are pseudoher-

mitian whereas ai~ Ъiw are herm1t1an . Thu&, effectively , 

the terms а~, Ъ~ are absent from L(w) because they just 

cancel with their hermitian conjugates. 

As well known, the Lagrangian L(w) need not Ье invariant 

' 
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under (~9 . In such а case we expect that 1t w111 Ъе 1nтar1ant 

at least under (Р . с). It 1s еазу t o conзtruot such par1ty 

non-conserт1ng (Ъut 11 comb1ned par1ty" conser:v1ng) terms to 

Ье added to the Lagrang1an (бб ). We see that under (С) the 

quant1t~es 1а~, etc. go over 1nto m1nus herm1t1an conjuga

tes so that the herm1t1an express1ons (1а~ + h.c.), etc. 

are pseudo1nтar1ant under (с). They are, of course, st111 

1nvar1ant under ( Р) and thus pseudo1nvar1ant under (Р~с). 

Therefore we must further replace 1(r- Ъу 1 to obta1n her-
w /W 

m1t1an express1ons (1о(1 + h.c • .), ••• , (1~г. + h.c.); 

( 
,w 

1nvar1ant under (Р. С) . Not1ce that 1n t h1s case (1o(f + h.c.) 

= о·.) From t he quant1 t1es 1 Cl(
1
w , etc. an express1on L' (w) 

11ke (55) can Ье constr ucted. As we are not about to oons1der 

1n th1s paper the nonconser "~{ation of par ity 1n weak baryon-me

~on 1nteract1ons (but only t he pos s1Ъle 1sobar1c structure • 
of the Lagrang1an) we shall born ourselves to the Lagrangian 

(55) wh1ch 1s 1nvar1ant under both (Р) and (С) separately . 

- We s~ll not cons1der 1n deta11 the phys1cal consequ

ences of t:he Lagrang1an (55) but shall Ье sat1sfied Ьу show-

1ng that 1t conta1ns the select1on rules\6U/=1 1 /~JJ= ± 1 /дi,J= ~ 
for the decay of hyperons. Us1ng the .formulas (А7, 8,9) we 

can 1mmed1ately w:ж1te down · L(w) 1n t·ье oustomary not a t1on 
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•аз followз: 

(W} i - - 11 
'i -= -t ~ (~ ~5 Е) k' < s > + (л ~ s л) к < s > + 

+ ~ (NrsN')W<s> + . ~ (~ ~s :=::-)1-<'<s) 

- ~ (Nt~W)B(s>- ~ (~ ts iт:l k'*)B,s>-

- _i ( fj \1 L; k') в + 1.. ( ~ v . 't 1.. '(, k'*) в -
~ 0.1- - z 0 5- z. -

-(Лts~)g+-L<Ёts "'~)2! -Ct ts в , s,)д-

-<ьrs.§)л' ... (Лt5в <s ))лj . h.c . 
( 5 5а) 

The termз which cozstain JТ can Ье arranged аз fo llowз: 
. -

{,d {- f. + t5 (JJ+Лo+ ..fi Мо JТ-r) + ~ i:p t5 ( П N+ :тr_ - N0 JТ0 ) -

- _1 r (.--. {";;' ....-. :тr ) - . г.:........ ,..._... ) w: L о t s ...::.. о л о + 'l z. ..:., - + - L - t 5 ( ._. ~ ~о JТ -· - ,_:_, - ]Т о -

- Jz i\ у 5 ( ~ s о л о + ~ z -л+ ) - ~ л rs ( ~ }J + л_ - NOJТ о)} + h. с . 

Thiз expreззion 1з juзt of the заmе form аз the Lagrangian 

of weak 1nteract1onз between baryonз and pionз conзidered re

cently Ьу Ning Hu /20J. We зее that the зtаtез of the decay 

productз, 1nto which the particleз ' ro r: and Л can '-+,L- 1 -
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decay (at 1east v1rt ua11y) Ьу our · primary weak interactionз,· 
1 1 1 1 1 have а11 I ~ 2 and r3 = !' i !' - 2 and i ~ respect1ve1y. 

No term is present among our primary weak interactions which 
- J . J wou1d cause the decay 'L_--N0 +:Ji_(with I- 2 , r 3 =- ~ in 

f1na1 state). The contributions to suc·h а term just cance l 

each other .in our Lagrangian. As shown Ьу Ning Hu, this is 

not а defec t since the decay of L _ can Ье accounted for 

Ьу cooperation of the strong and · weak pr1mary 1nteract1ons wh1ch 

are a1ready present 1n our Lagrang1ans L(w) and L(s), for 

1nstance • 
'L_--'L 0 +Л_-- лi++П_+л_-Nо+Л_. 

То obta1n the express1on (55) we assumed that а11 terms 

of the "str ong" Lagrang1an L(s) have t heir. counterparts 1n 

L(w) . If we abandon th1s con jec t ure and assume 1nstead that 

e.g. the terms with K(s )and B(s) are not effective in weak 

1nteract1ons ,w e obtain much simp1er Lagrangian of weak in-

t~ract·ions 1n which tr1e term (1 d !П )f:._~5 JJ0 Л_ is present. 

The terms in the !irst four rows in (55а) 1ead to the 

decay о! K-mesons into pions via baryon-ant1baryon pairs and 

strong pion-baryon interactions. Note that in our forma1ism, 

in contradistinction to the scheme of weak 1nteract1ons pro

posed Ьу d'Espagnat, Prentki and Salam f51, we obta1n a1s o 

weak 1nt er act1ons between (N, := ) and К (see 2nd to 4th row 
1 

of ('5а)) which fo11ow the se1eot1on ru1es 1.1 U\ = 1, 1<1,!.1 =-zJ 



- Jб -

1 д r 3 1 .= ~ too. On the other hand we do not obtain the non

convenient term like (Bi.-v .~~ в) п which would 1nduce the anoma-
_. os """' -

lous decay ~--- No +Л_ 
Finally let us remark that the poor symrnetry properties 

of our 11 weak11 Lagrangian (55) are in full accordance with the 

principle that the strength of the 1nteract1on is а descending 

function of the degree of symmetry of the corresponding La.g

rangian. The 11 strong11 La.grangian L(s) is invariant under all 

rotations and reflections in isospace, the Lagrangian of elec

tromagnetic 1nteract1ons is invariant under rotat1ons around 

the third axis in the isospace and under the reflection through 

the 1;2 - plane (and therefore als o under the refle?tion through 

t he or1g;1.n) and finally L(w) is i nvariant only under the ref

lection through the .1,2-plane in 1s ospace. Cf. also 141. 
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v. С о n с 1 u s 1 о n 

We have seen 1n Section III that а matrix-algebra 1n 

the threed1mens1onal space can Ъе defined which characterizes 

the 1sobar1c structure of Ъoth .the !amily of baryons and 

that о! mesons and enaЫes us to descr1Ъe all _ Ъa.rron's (mesons) . 

Ьу one universal Ъaryon f1e1d у (meson f1e1d l.j } • 71 

7/ The relations def1n1ng this matrix-algebra 1n.1aospa

ce can eas11y Ъе genera11zed to relatiens def1n1ng а quite 

analogous a1gebra 1n the fourd1mens1ona.l space-time. As w111 

Ъе shown 1n а separate paper Ъу one of the authors (M.L •. ), 

the elements о{/-"- of this "fourd1mens1ona1" a1gebra (couilter-

parts of the element s GJj of our 1soalgebra) admit as their 

1rreduc1Ы e r epres entat i ons just only either the Dirac mat-
' . 

ric es 'tt-'- or the Duff in-Kemmer 5 х 5 -matrices ~f'-'- (not the 

10 х 10-matrices ~ ~ ) • l\.n _ element ..,v' ex1sts 1n this four

d1mens1onal algebra which 1s an exact counterpart of the e1ement 

u о! the 1soalgebra and "take_s the va1ue" 1(0) for "'f'L = r,..,. ер~). 
Poss1Ыe physical 1mpl1cat1ons of this new algebra are studied 

with the oЪvious aim -of further un1f1cat1on of the descr1pt1on 

of the whole group of stronglys - Ъу 1ntroduc1ng ~ mult1-

component field Х, of strongl,ys which зeparates 1nto the 

baryon field ~ and meson field l..j. One сап hope that , also 
. . (JJ(-d} 

а mo.re de!ilii te !o:rm of .the Lagrangian "(. will emerge frcm 
' 

·this theory- о! the u.niversal ,"strong field" Х 

------------.~,.----------.:..--~-------~---------------------..а.-
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The Lagrangian o:f strong interactions can Ье expressed 

in terms of the whole fi elds ~ and ":f in the formof the 

very symmetrical linear comЫnation (52) o:f ·the simplest 

Yukawa-type invariants (51). This symmetry, however, becomes 

hidden or disappears in the customary notation (52а) using 

the wave functions of individual baryons and mesons. Thus, 

although the Lagrangian contains only one coupling constant 

G, the strength o:f interaction of the baryon with the meson 

is different in their different isobaric states. The splitting 

of the mass values in the bary~n tamily is caused Ьу the in

teraction with pions a s well as with kaons4 Similar conclu

sion has been drawn also Ьу Ning Hu f22f trom another point 
1 . 

of view. The fourth pseudoscalar pion J.r (with I = О), as 

introduced in this paper, may well Ъе unobservaЫe in practice 

due to its large mass and its aЫlity to decay rapidly into 

JТ++Л_+Л0 . 

The Lagrarigian of weak interactions ot baryons with 

mesons can Ье written in а closed form quite similar to the 

Lagrangian of strong interactions. А. special operator belong

ing to the isoalgebrg provides automatica1ly for the charge 

conservation and at the same time for the selection rule 

[L1J/ = ~ • Th~;,. group ot symmetry operations in isospace admit

ted Ьу this weak Lagrangian is just the minimum admissiЫe. 

Now, аз concerns tr1e other particles, not belonging to 
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begiю 

senta 

ot st 

prese 

This 

secon 

tatio 

Ьу an 

the r 

alway 

·va1ue. 

patho: 

repre: 

с f-1--r 

fini t: 

f or tl 

vanisl 

' :0 

тез( 

:fx·e•:: 



- J9 -

the grбup of str ong1ys: The first question is, if tJ.1e a1gebra 

defined so1e1y Ьу the re1at1ons (21) - (24) (i.e. w~thout 

the addit1ona1 conditions requiring the existence of J? and 

R which can Ье regarded as characteristic on1y for the strong-

1ys) is competent for the who1e system of fundamenta1 part1c1es. · 

\'l e be1ieve that the answer is affirmative. As mentioned at the 

beginning of Section III, besides the three irreduciЫe repre

sentations which find their use in the description of the grpup 

of strong1ys, there exists 1n the first р1асе the tr1via1 re

presentat1on in which а11 matrioes LJj 
1 
Л j and U are zero. 

This r epresentat ion cou1d correspond to the photon. In the 

second р1асе there exist a 1so "patho1og1ca1 11 1rreduc1Ыe represen

tations in which wj (and U) are zero whereas ).j .are given 

Ьу any no!'ltrivial irreduc i .JJ.e s et of spin matrices sat1sfy1ng 

the relat1ons (2J). 

If· we add the requirement that the charge operator should 

a1ways Ье giveп Ъу the formu1a ~=Аз+ i U and that its eigen

·values can Ъе only О and + 1, we see that from amongst the 

pathological representations only that with Л =1 rema1ns. This 

representation can now Ъе associated with the lepton triplet 

( ~-т , \) , е_ ) without any necessity of changing t he de-

f1n1t1on of the charge operator in case о! leptonsJ/Provisions 

for t11e mass-difference Ъetween fL and е as we11 as for the 

vanishing of the mass of v can Ъе made in the same manner as 

I.t can Ье also associa.tt:d wi tl1 tl!P. Sch\vin~er boson-

}'т ее to Ье assoc2дted wi 1:11 tr•e г;ravi ton. 
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in the pap.ers \5\ a nd/or \211 . 

Finally let us note that also the "four dimensional" al

gebra (mentioned 1n f ootnote 7)) admits "pathological" r epre

sentations in which <:Хр- are zero matrices whereas the spi n 

matrices ()f-1-"' (corres ponding t o Aj ) are nonzero. Such re

presentations can Ье us ed to write the wave equations of non

strongly :tnteract i ng partic les in the -form reoently proposed 

Ьу Feynman and Gell-Mann (2J( . 

One of the authors (V. V.) i s grateful to Profess.or Ning 

Hu and Cho.u Kua~g Chao for valuaЬle с omments on this paper . 
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А р . р е n d 1 х 

·е-

n-

d 

g 

"" L+ /._,+ лi wl< Le.-= о 1 j "'"' Le =о 1 i и =о , 
LjYI<=(ZJji<-.1JLJ } . · 

(no summations) 

Lj I k = ( 1 - 2 Jj k) L+j 

(А4а, ъ· ,о) 

(А5а, Ъ) . 

L j { k' 1 I z,} = о 1 L +j ~ j [ k' ) 7 ,J = о . (Аба,Ъ) 

Fu:rther we have the deo ompos1t1ons 
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and finally trte useful formulas 

~ z.. z 1 . l u.>j = 3-tU -zЛ ., Aj =2.Л- 4 И ::=Л(А-t1) 1 . 

_!_ GJ · L L+ 1 L L+ " 1 U г. З . J k · J wk = 9 wJ j k GJk = 1- л- 2 · 

(AlOa , Ь, с) · 

All these relations and the fundamental equations of the 

algebra and of the f~eld theory 1n Section III are 1nvar1ant 

under arЫtrary unitary transformation 

o--uou+ wi t h О = wJ· Л J. И R У· I .; 
1 ) 1 1 J ) <J 1 

Q -uQuт, Lj-uLj, ~--uy, Ч--и'J. 
~otice that especially t .he definitio'ns of the quant1t1es 

1 
Лj 1 JГ, Lj /• 1 k'J 1 к-, 511 Bj 1 B(S) in terms of LJ 1 wj , R., ~ 
and ф are' inyariant under ( u) , as necessary. Thus the 

whole theory is independent of any special choice of the re

presentation of the isoalgebra. Of course, the representation 

in which the matrices U, Л and Л 3 are all diagonal is phy

sically distinguished аз most convenient because the eigen-

'l~ 1v = .sf-'V , 1v1; = р '· 

~~=~, ~~v,.~)=pv > 

1 ' d') ,Al1г. ,o,t:, 

• 

' 

~ 

р 

Th 

Us 

ер 

ma 

~ 

an 

il! 

Th 

ps 

la: 

fo: 

1.5 

re: 

in: 



•, . 

- 4J -

(А12а,Ъ) 

(AlJa,Ъ) 

These relations are similar to those Ъe-t:ween wj and !к· 

Using t he de f1n1t1on (44) of ~aJ and (AlJЪ) we find that 

. А-..(а.) -1 1+ ( o.. J 1 (lo+ · )т . +Т 
1 = 4 J/iii f ~~':f= 4~:1 Pr-1f'J-Q =Qcp · 

The trans!ormation of '-j oorresponding to an inf',initesi-

mal Lorentz transformation is 

. 
~ --( 1 + ~ 1fv ()(P )f-LV) IJI J ( ~ r)fL V= -i[ r,.,. 'Pv]) (А 14) 

and ao oording t o our a ssumpti on t he transformation correspond

i~g t o t h e total ordinary spao e refleotion is 

-
Then we eas i ly !ind that ~Pr- ~ 

(Al5) 

is а veotor, ф/-L = 1~ ':f а 

pseudoveotor, i::f ':f а soalar and ф а pseudosoa
(a) 

lar in spaoe-time. We also find tha t lJ <о.> С ф ) trans-

( ) 
(а} 

forms in the same manner as 1.:J ф • The с ondi tion ":! = ".J . 

:i.s t her efore invariant under Lorentz transformation and space 

reflec t ion . 

The transforma.tion of ~ (or 'f ) oorresponding to 

1n!in1tes1mal rotation in isospaoe is 
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у (or I.J . . ) -- (1 + ~ 1 jk А jk) У (or у ) (Аlб) 

where 

Л j k = Е jke Л е = -1.- [ ), j 1 Лk] = -1, ;..z. Г '-'>j' с...\. ] 
If we further take as the transformation corr.esp.oвd11!lg to re-

flection of the J -th axis in isospace the Cd'Espag:aat-Prent

_ki) reflection 

"f/ С or lj ) - YJ У С or ':1' ) 1 
СА17) 

we !ind thВ.t J<. 

\? VJJ 'fl, (fi ;\ j t~, 't' wj ф, ~ Aj ф, ~ wj У' 1 ~ Л.j 1.J 1 I:j 1 JТj 
are all , 1sopseudovectors .and 

~~ ; 9V~,~ф,yVфl ~~ ~ ~V tJ , А,Л 1 

are 1soзcalars (o·:r. the formulas (А5а,Ь) and (JJa,b) - (Jба,Ь)). 

· If however we take i nstead of СА17) 

у ~ or '-j ) - 7_ j у ( or 'f ) 1 (А18) 

we find that 

~wj "У, lflv.Jjф 1 Чwj '1, r:j, лJ 
ar.e 1sovectors, 

~ лi У, \fi ЛiФ, \! лj '1 
are iзopз~udovectors, 

УУ, УФ,~~, 1\, л' 
are isoзcalarз and 

't'VY, 9UФ> ~UIJ' 
are iзopзeudoscalars. 
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\Ve find also tr1at in both cases (Al7) and (Al8) the func

tions у ~ а..) and ·"'1 (o.J transform in the same manner . аз ··l..f and 

~ so that the condition ~ = ч'&1 is also isoinvariant. 

With а Lagrangian ~(1 ) of the general form 

~J 0 '= [ (G .a + F. ~)+ h. v. 

we obtain the following expressions for tl1e seeond order sel:f:-

mass operators: 

"\ 1 1 1 1 1 
-t- л L- 8 6/ G 1 -г G г.+ G ~ ) + 8 G 1 { G ~- G ~) + г, G ;:,( Э G l- Z G г)+ 8 F1 ( F1 - 2 Fz. ) -

-10G~z..+ 9F:-r:'}+И[12G1 F1 +4G:F/+3Gz.Fz +G:F;]. 

+ U г. [ Ч Gi ( G 1 - Z G ~- 2. G;) - ~ G: ( G ~ +_ G:) - G ~ ( 3 G l-+ 4 G~)- F1 ( F1 - 8 F г, ) + 

+ F'"- 5 G1"- ~ F z.. _ _!_ F'z,j} 
1 l- ч г. ~ t 1 

d m ( z_ J = ffi i 8 G: ( 4 G: + 3 G ~ + G;) + ~ ( 3 G ~ + G ~~ + F11~) + 

+~F(4F -"-3F':)-G --F ---zF . +-F "' 5 2, ,~ 1 JtJ} 
1 z, 1 z., 2 z, 1 2. z., • 
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Ins ert 1.ng 
1 1 1 

G- =G =-G = -G =-r =-F =F = 
1 1 г. г. 1 1 z. 

1 =::11 ,1, -

F = G I1G =h l J . J 

we get the special formulaэ (5Jа,ь). 

Another 1nteresting special Lagrangian 
0) 

~ is оЬ-

tained with 
1 1 1 1 1/ 1 

G1 :::- G, = Gz. =- Gг_ =- F1 :: -z F1 = Fz. =- z Fг,: = G 

namely 

( ~ ) { 1 1 р l .1 h 
';!, =G [<a1-ьt)-(a1 - 2 f,1)+(a" + ь, ) -- ( О. г_ + 2 Dz,)J+ • с. (Al9) 

This Lagrangian yields t!1e se lf-mass operat ors 

s м<iJ =- 'м ( 3 6 + s л - 15 и -~ u ~) 

Jm <г>= m(Чв + fг л- iJ U2 ) 

and the mass-spec tra 

m+dm(ZJ= м+ д/v1 ( i!, ): 

3 -·=М+ 13-М 4 
for N, =m-11 ~JmJ for к, 

for 11 -= m-ЧSimj for л' 
) } 

=м+ збм· 

=м+ 4t м for r ==-rn-6oJm/ for л. 

з
= M + 43fM for ,..-, 

....:... 

Now the Л -N mass-differea.ce becomes very l arge whereas 

the:::: - L . ' and JТ - Jf mass-differences are r ather small. 
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This could possiЬly Ье amended bl а better mothod of calcula

tion . 

Written in the customarynotat i on t he Lagrangian (Al9) 

reads 

(1) • { J - 3 - ..--. - . -
l;f ~ 11G -;;-(Nvt:: 1: #)л- -;-(Z v Т: · о.:::..)Л +Z(t\ у r )Л+ 2t-(L v xL )JГ+ 

'"' йJ- ,..... t. . 0s- - os -- - -~s- - ..-

+l.(fivt"k)I:-.i.(zv ·'t't-1:' lt*)L.- ?..(}Jv /{)Л-
~ oS'- ....... е 05 ...... l- . ....... а5 

" ( z r s z > тг t. 2 <л 6 ~ л J :тт]-+ h. с . 
1 

We see that the meson jТ 1 is primarily coupled only with :::=::: 

- * f urther that the coupl ing ( Z k L: ) is weaker and Л 
) 

than (N К L. ) whereas ( Z К* Л ) is l acking ent i rely. This 

could 1nh1Ыt t he production of ~ 1 and of Z + 2К. On the 

ot her hand t he product i orl of Л + К and L + К is enhanced. 

Ву t he method ex plained in Section IV/2 а "weak" Lagran

gian corresponding t 1o (Al.9) can a.lso Ье constructed. As concerns 

the terms con t aining JТ 

sign of the term Л v В Л . 
05' - -

, it diff.ers f r om (55а) only in t he 
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