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BB9Jl9HH9 

J;'sm 38U8'1 J!:BaHTOBOil M9X8HHKH npHBOJlliT K T8K H83biB89MOil 38U8'19 llBYX 1191!TpOB, 

T,e, K II8XOli<U911HIO BOIIHOBbiX <jlyHKUHil H ypOBHeil SH9pi'HH 38plVK9HHOil '18CTHUbl, llBHlKyiUei!­

CSI B none UBYX <jJHKC11pOB8HHbiX KYIIOHOBCKIIX U9HTpOB C 38pSIJl8MH z
1 

H z
2 

'• 

YaCTHbiii cnyqal! SToll aaAa'IH - MoneKyngpHbill Bon nonopona - nccnenonancg MHOI'H­

MII 8BTOp8MH (OTMSTHM, '11'0 eme AO C03A8HHSI. KB8H1'0BOll M9X8HHKH ST8 38A8'18 6bin8 pac­
/1/ 

CM01'peHa B AHCCepT8UHH llaynH Ha OCHOBe CTapoll 6opOBCKOll T90pHH), B H8CTOSIIU99 

Bp9MSI HM9101'CSI 'IHC/19HHbl9 paC'ISTbl HSCKOIIbKHX HHlKHHX TepMOB/2•31 (TaM lKe npHB9ASHa 

6H61!HOI'p.a<jlnsr), KpoMe 31'01'0 cymeCTByeT MHOlK9CTBO npn611HlK9HHbiX MSTOAOB p_emei!HSI 

L, C. A. 0., U. A., 

CllpanennHBbi TOIIbKO npH R >>.1 
B8pHaUHOijHbill, TeOpHSI B03MYIU911Hll). KOTOpbie, OAHBKO, 

nnn R « 1 ( R -pacCTOSIHHe M9lKAY neaTpaMH),. 

B naHaoll pa6oTe aaAa'la ABYX ueHTpon paccMoTpeHa c noMOIUbiO KnaanKnaccHqecKoro 

npH611HlKSHHSI, Xopomo HaaecTHO, 'ITO MeToa BKB s<jl<jleKTHBeH npn 6onbWHX KBSHTOBbiX 'IIIC­

nax, OllH8KO MOlKHO OlKHA81'br 'ITO npHM9HHMOCTb KB83HK/18CCHKH B ll8HHOM cnyqae 6yA9T mnpe, 

'IBM nepBOH8'18ilbHO nOCT8B/19HHbie rpaHHUbi, 1'8K K8K H3BSCTHO, 'ITO a· nona OAHOI'O KYIIOHOB• 

CKOI'O USHTpa KB83HKII8CCH'I9CKH9 ypOBHH SHSpi'IIll COBnanaiOT C TO'IHbiMH H9 TOilbKO npH 

D >:i-)1 , HO H npH 

CSI K STOll 381l8'19, 

n ~-1 , a aaaaqa anyx ueHTpon B npeAene R .. 0 H R.... CBOilHT-

llpHMeHeHne M9TOAa BKB B paHJtHX pa6oTax HaTanKnnanOCb 
ua cnoeo6pa3Hbie Tpyn-

HOCTH, CBSI38HHb19 C paCXOilHMOCTbiO <jla30BOI'O HHTSI'pana lli!SI_ u· -TepMOB. llpH'IHHa STHX 

TPYilHOCTeil neJKHT, no cymecTny, B HenpanHnbHOM Bbi6ope KB83HHMnynbca141, KOTOpbiii, 

K8K li3B9CTHO, onp9A9119H H90AH03H8'1HO ll nonyCK89T T8K H83biB89M09 npeo6pa30B8HH9. 
m; . . ~~ .. · 

naHrepa • Pa3/IH'IHbl9 8BT0pb1 ( BunnbCT9TT9p. KpaMepc, XennMBI' ). npeononenann 

3TH TpyAHOCTll no-p83HOMy, HHOI'A8 BSCbMa OCTpOyMHOX) . HO 91lliHOI'O M9TOA8 npeAI!OlK9HC 

He tlbmo H, nepOSITHo, nosToMy MeTOil BKB n nanbHeilmeM K SToll aaaaqe He npHMeHSIIICSI, 

B naHuoil patloTe noKaaaHo, 'ITO npH npaBHI!bHOM Bbl6ope KB83HHMnynbca STH TPYil­

HOCTll H~ B03Hl!K810T H 6118I'OAapg STOMy YA89TCSI nony'IHTb 38MKHyTOe pemeHBe 38Jl8'1H BO 

R C AOCT8TO'IHO XOpomeil TO'IHOCTbiO, 

x) 
HanpHMep, KpaMepc npHMSHHn cnoeo6pa3Hbiil MeTOil perynSipH38IUIH <jlaaonoro HH­

Terpana. V.HTepecuci, 'ITO Hnesr MeTona a o6m11x 'lepTax auanorH'Ina Hnee peryngpHaauHH n 
KB8HTOBOil T90pllll nO/lSI, 
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1. 0CHOBHbiO ypaBHOHI!SI 

YpaBHOHI!e liJpel!IIHrepa aal!&'<H aayx UElHTpoa a aTOMHbiX eal!Hl!Uax h = e = m = 1 

!!MOOT BIILI 

- Y, ,\ rfr + ( -2!.. -~ ) v = E rfr • 
rt r2 

B BbiTSIHYTbllt 3JIJIHUTH~ecKHX KOOpLII!HaTax 

(= r1 + r 2 
-R-- ; 11=~ ; ¢= arctg...!_ R X . 

ypaBHOHIIO pa3LIOJISIOTCSI, HOpMI!pOBaHHOO peWOHI!e UOJiy'IaOM B Bl!LIO 

npl! 3TOM: 

-· 

r/1 =. N • X (() : y ('I ) elm ¢ .. 

_!!__ (( 2-11~ +:( -·p 2 ( 2+ b'{+:A-~ ) X= O, 
d( d( ( 2-·1 

__!_. ( 1- 11 21 :fl + ( p
2 'I 2 +: b 'I -·A 

d7j d 'I 
~ ) y ~ o. 
1- '12 

3aeCb A - KOHCTaHTa paaaenOHIIH 1 

YpaaHOHI!e aHAa 

P2= 
R2 R 2 
-E=-

2 4 

b =· R ( Z
2

- Z
1
), 

W =·E +: Z, Z 2 
R 

K I 

b'~· R < Z
2 

+ z,>, 

UOJIHaSI 3Heprl!SI • 

_.2_ p ( x) ___ir_ +:r (x) y = 0 
d x dx 

3a~eHOil JI03aBHCHMOrO nepeMeJIHOrO II <jlyHKUIIH 

t = x(x) y= u 
.jp(x) x'(x) 

UpHBOll~TCH K <jJOpMe, HOOOltOIIHMOil LIJIH Upl!MOHOHHH KBa3HKJiaCCHKI! I-

nocKOnbKY X (x) 

d
2
u 

--+:q(t)u=O. 
dt 2 

npOli3BOnbHaSI <jlyHKUHH, TaKOe Upl!BOIIOHI!e HOOLIH03Ha'IHO. 

(1) 

(2) 

(3) 

(5) 

(!I 

(6) 

(7) 

(8) 

(71) 

. . . ~I . 
KaK UOK838HO B paOOTe , B cnyqae; KOraa p (x) II MOOT npOCTbiO Hyll!'I ( KOTOpb!e 

npeACTaBJIHOT COOOil OCOOb!O TO'IKll ypaBHOHHSI (7)), cneayeT Upl!MOHHTb npeo6pa30BaHHe: 

t=(.~ 
p(x) 

y(x) = u (t). (81) 

TaKaH aaMeHa, YBOllH OCOOb!e TO'IK!I ypa!3113llliSI (7) B t.=·;t;oo , ooecneqHaaeT npaannb­

HOe UOBO.llOHl!e. KB83liKJiaCCH'IeCKlllt peWOHHli B OCOOb!X TO'IKBX II ItpaBIIJibHYIO <jlaay B.llBJlll 

OT TOqeK OCTSHOBKH. 
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1 
KpoMe Toro, KaK 6yaeT noKaaaHo, (8 ) aaeT TaK>Ke npaaHJibHoe.noaeaeHHe TepMoa 

1 ' ' npH R .. o n R .. oo , HcnonbaySI (8 ) H aoaapamagCb K npe>KHHM nepeMeHHbrM, nony-

'IHM KBa3HKJI8CCH'iOCKll0 peWOHl!!I (4) H (5) B Blll!O: 

., 
Y(.,l.= c= exp l+i (, Q('ll d., I,. 

o,/1-71 2 V.Q('II. - '1, 

Q('ll:=-v{ p2'12+:b"f/-•A 2 !i _ m ] [ 2 
1- '12 (1-'12)2 =· -p

2
+: P -A+:b'l 

C!i-: 

X ((I:= ..;.;•_,1 -~:R((I. 

R((l ;.[. -P
2

(
2+:b'( +A 

.; -·1 

1- 'I 

.; 
exp I +:i r. R(t"l d.; I 

.;, 

m - Y, 
-..-----,.. I , 
c.;::..u :" 

(9) 

m• ]~ (9') 
I· (1-.,2)2 

(10) 

(10') 

nerKO Bll.llOTb, 'ITO 3TOT BH.ll KBa311l!MllyJibCOB COBnaaaeT C l!lt KJIBCCII'IOCKHMII BblpaJKOHII!I­

/7/ x) 
Mil B MOTOLie faMl!JlbTOHa-.SlKOOII • 

YcnoBIISI KBaHTOBaHI!SI .llJI!I KBa31111MUyJibCOB · R(,;) II Q(7j) 

KOHCTaHTb! paaaeneHHSI A.; II A"f/ , KaK <jlyHKUllll KBaHTOBb!X 'IIICOJI 

MeTpoa -p
2 

11 R , a paaeHcTao At:= A - 3JieKTpoHIIb!e TepMbi 
'• ., 

2. Ycnoans KBaHToBaHIIH 

2 

.ll810T COOTBOTCTBOHHO 

n.; , n
71

, m 

E=E 
n.; n 'I m 

11 napa-

(R) • 

8 ypaBHOHIIl! (4) <jlyHKUlll! [Q(7j)), 11rpaeT pOJib 3#0KTIIBHOro UOTOHUHaJia Upl! Hyne-

BOil 3HOprHII KBaHTOBaHIII!, 8 3aBliCIIMOCTII OT 3H8'IOHIIll napaMeTpOB 
2 

p I! A npn m .;o 
IIOTOHUIIBJI MO>KOT IIMOTb Bll.ll l!Jll! Il Ha piiC. 1. 

x) 
06bi'IHO a MeToae BKB npiiMeHHeTcs npeo6paaoaaHne 

u 
. t =X 1 y = J'Prxf 1 , (8') 

'ITO UpiiBO.lliiT B aaHHOll .aaaaqe K· KBa311liMUYnbCBM,· KOTOpble OTJIII'Ia!OTCI! OT (9') II (10') 
. 2 2 /6/ 

aaMeHoft m .. m - 1 • B paHHIIx· pa6oTax . IIMOHHO 3To a npHBOLIIIJIO K TPYIIHOcTnM, 

ynoMHHYTbiM ao BaeaeHIIIi. AHanorH'IHbiM o6paaoM (8') aaaano m 2- 1
18

/'MecTo m 2 
npn 

KBa311KJI8CCI!'IeCKOM paCCMOTpeliHI! 1IJTapK-3<jl<jleKTB B aToMe BO.llOpO.lla II TaM "?9/'b!JIO 

ycTaH"OBJlOHO, 'ITO npaBI!JlbHb!ll peayJibTBT UOJiy'IaeTCH Upll OTOpBCbiBaHI!ll O.lllllll!Ubl • . 

(ApryMeHTaUIIH npH 3TOM 6hma npiiMepHo Ta JKe, 'ITO " npn KpaMe«f.coacKoll aaMeHe ( 14) 
f( f+ i) .. (f +' Y, ) 2 B p8LIH8Jlbi!OM ypaBHOHIIH .llO paOOTbl naHrepa/1 /• 

nonyTHO OTMOTIIM, 'ITO nocneaoaaTeJibHOe npHMOHEHHe MOTO.lla BKB K i>TOMy BOIIO-

po.ua np11 ncnonbaoaaHHII (8') npHao.unT K aHanorii'IHbiM aaTpy.uHeHH>IM. YKaaaHHbie pe­

ayJibTaTbl aBTOMaTH'IOCKII nony'IBIOTCI! UpH HCIIOJlb30BaHIIH (8') • 8 'IaCTHOCTII, npn 3TOM 
2141 

Cpaay JKO B03HHKaeT a aMelia f ( f +: l ) .. ( f + :Y, ) • 

5 



,, 

B enyqae 1 cymeCTBYIOT ABe o6naeTII xnaeel!'leeltOI'O JlBII>KGmill . '1 <'I <.'1 II 'I ('I <'I 
. I 2. ~ a •· 

pa3Ae1IeHHble nOTeHnllallbllbiM 6ap&epoM, np11 p2 >> 1 9TO COOTBeTCTI3YeT np116nH>KeHIIIO 

pa3aeAeBBhiX aTOMOB. Cnyqal! II 

aToMa. (Oeo6bll! cnyqail 

OeTaHOIJKH'· CTaHOBliTell 

m=O 

'II =·...;·1 

npn p '<< 1 coOTaeTeTByeT npn6nniKenli:o o6'!>eAnnennoro 

113f>6pa>KeH 118 pne, 1a, np11 9TOM ~tpallHIIMn 'To'lltaMII 

'14=·1 ). 

Henollh3YR ahipl;l>KeHns J:tnll A npH R >:>) 1 a R << 1, npaBeAenllble, nanpiiMep, 
/16/ 

B , MO>KHO IIOKa38Tb, 'ITO B 9THX ABYX npeAOIIhHbiX Cny>JBRX aBH>KeBRe KBa3HKnaeeii'IHO 

a enyqae I B neaol! II· npaaol! liMax1cooTBBTCTBeBI.IO; ecn11: 

( n
2 

R 

B enyqae 

n'· 
2 

p2 

2 
p >>: 1; 

A >>:t i 2 A •. b 
p - T. 

m2 
«1-'12« P2-Ar.b 

2 -
P -A +: b 

p 
I 

2(2n2 +:lml +:1 > 1 . 
1 

a 2 (2n;+lml + 1) »' 

'IHeno-eynel! BOJIHOBOil ljlyHKilllll B Ka>Kaoi! R3 liM), 

II , een11 

p2 « 1; A<O; 
. 2 
m 2 . . . 

1- 'I >>.p 2_A+:b 
__ P __ « 1 

p
2
-A+:b '' 

I :A I;. ( n +:lml I 1 n +:1 in1 + 1) >>i 1 
'I 'I 

n -·'IHeno eynell lPYHKitiiR a o6meil SJMe), 'I . 

(11) 

(11') 

(12) 

(12a) 

B aTIIX npeaen&HhiX cny'lai!X ycnoaHSJ xaaHTOBaHIIll MOryT 6biT& npoeTo 3anlleallbl 

KaK yenoa11!1 Ha ljlaaoahle nHTerpanhi no o6naeTR KB8311Knaeenq;ee~oro ABII>KeHIISJ a. !Ca>KJ;tOi! 

113 liM Hnll B o6mel! !IMe,eooTBeTeTBBHHO, nnSJ Ka>Kaoro 3aAaHHOI'O TGpMa E npn 
. . nen m 

113MeHeHIIII R cnyqaJ!. I Henpepblali:q nepexoaRT a II • 0AHaKo o6bi'IHbte tenoai!SJ 

/11/ • • 6 KBBHTOBSHHSI np11 9TOM, pa3yMBOTC!I, He Cilli!BaiOTeSJ HB Bepilli!He ap&epa, noeKOIIhltY 

B 9TOil. o6naeTII OHII B006me HenpllMBHIIMbl, 3TO CB!I3BHO C TeM, 'ITO npll IIX BblBOAe 

a o6naeTII II He y'IIITbiBaeTeSJ aaa6ap&epaoe oTpa>KeHne, a a ·o6naeTn I npeae6pe 

raeTe!l noa6apbepHblM nepeXOaOM, 06e yKa3aHHbl8 nonpaBKH, 6yayq11 9KCliOHBHitllallhHO Manhl.,. . ~ . . 

MH Baann OT aepWHHbl 6ap&epa, eTSHOBS!TeSI aee&Ma cymeCTBeHHbiMH B611113H Hee.~nocneao-

BaTellhHO npHMBH!I!I MBTOa o6xoaa TO'IBK OCTaHOBKH B KOMnneKeHOll nnoeKOCTII 1 npeanO>KeH-
. ·. /12/ 

Hbil! UaaaHQM , 11 nenon&3YII ycnoane HenpepbiBHoeTH TOKa (KaK aTo Aenanoe& KeM6-
/13/ . . . 

nOM . ), HeTpyaHO nony'IIITb (eM, np111IO>KOH11e) HHTepnon!IUHOHHbiO ljlopMynbi, cnpaaeAnR-

Bble annoTb ao aepwnHbi 6ap&epa, B enyqae I 

cos ( cu
2 

+:w;·) =·-· cos ,\ cos ( cu
2 

-• cu;- ) · (13) 

nnn 

ctg cu ctg cu'·=·ti ~ 
2 2 2 

6 

i! 
,! 

a enyqae II 

coscu 0 a -· sin f cos ( "' -·cu •.) 
111111 . 

ctg cu ctg cu'-· tg
2

(...!!._ --•- ), 
4 2 

(14) 

Bee o603Ha'leHIIll aaHbl B npllnO>KeHIIII, npll R .. ~ ,\ .. 0 i npll R .. 0 f .. 0, . 

II ljlOpMynbl (13) R (14) nepeXOAliT B 06bi'IHbiB ljlOpMy1Ibl KBaHTOBaHII!I, To'IHO Ha 6apbepe 

,\ = f =-:- ~OpMy1Ibi emnaaiOTe!l II eoanaAaiOT TaM C yenOBll!IMll KBaiiTOBaHH!I, nony'IBHHbiMH 
· /14/ x) 

a aTOM npeaen&HOM enyqae a pa6oTe KpaMepea a 11TTMaHa · • 

2 
3ljlljleKTIIBHblll IIOTBHIIHan l R(~ ). ypaBHBHHSI (5) IIMeeT BIIA 06bi'IHOl! oenHn1I!ITOpHOil 

S!Mbl, ll09TOMY yenOBII!I KBSHTOBaHHSI MO>KHO HanHeaTb epa3y; 

.;2 
cu1 =~r(n 1 +Yz); cu;= (.R(.;J.d.;. (15) 

e. 
npH 9TOM. B enyqae m =/ 0 . Beer a a .;

1 
> 1 ( e I - MBHbillllil nOnO>KHTen&Hblil KOpBHb . ypaBHBHIISI 

R(~ ,. 0 ) , EenH m =·0 , TO .;1 .. -·1 npH p2 
.. ~ , npe .; I< 1 HII>KHHll npeaen aon>KeH 

6hiT& nono>KeH =1. 

3, Bhl'111ene1111e E II A 
•· 

Bee aenii'IHHbi a ( 17) Bbipa>KaroTeSJ qepe3 nonHbie annHnTII'IeeKIIe IIHTerpanbi, Ho ·a 
. . " 

npeaenbHblX cny'la!IX - R .. 0 II R .. ~-npome 11exoa11T& 113 onpeaenea111!, Henon&3y!l anSI paa-

1IO>KBHIIII B P!IUbl COOTHOIDBHH!I ( 11) II ( 12), (B 'laeTHOeTH, IIHOI' aa O'IBHb yao6ao npHMe­

HS!Tb enoeo6 3oMMepljlen&a/
151

). 

npll R .. ~ MO>KHO KBBHTOBBTb He3aBHeHMO B KaJKnoil S!Me, yenOBH!I (13) caeayTe!l K 

cu2=·1T ( n2+:Yz); cu'- ~r(n'·+:Yz), 
2 2 ( (13) 

TorAa rny6oKo noa 6ap&epoM lao 4-ro nop!IaKa) nony'IHM: 

A,=p 2+:2p(2n +lmi+:.;),...R(Z +Z )+:Yz(2n 1 +:1)(2n 1 +:lin 1+1)-
j~ 1 1 2 

. 2 2 

--1-R(Z
1

+ Z
2

)(2n
1
+linli-J),...,_1_ R (Z

1
+Z) (2n

1
+lmli-1)-

2p 16 P a 2 

(16) 

-_1_(2n +1)(2n +linl+1)(2n +2lm1+:1) +_3_R(Z +Z )(2n +:lm1+:1 )
2 

8 p I . I I 16 p 2 I 2 I 

x) B oKpeeTaoeTII ~a~&epa(E-u0=s .. ll) (13) aaeT >.=-f+s, a/14/-..\=-f-+:s fns 
T,e, pe3y1IbTaTbl eoanaaaiOT e norapHljlMII'IeeKnll TO'IHOeTbl00 HO 3aTO ljlOpMynhi -(13) II (14) 
nepexoaSJT a o6bi'IHbie npaauna KBaHToaaHHSJ, a 1141 enpaaeanHao numb a6nH3H 6ap&epa, 

7 



/ 

A =·p 2 -2p (2n +:lini+:1)-R(Z -z )+:~(2n +:1)(2n +:lml+:1)+: 
1) 2 2 I 2 2 

+: - 1- R ( Z
2 

- Z ) ( 2 n +:1 in I :+:1) +:_1 _ R 
2

( Z - Z )
2 

( 2n
2 

+:1 in I +:1) +: (16') 
2 p I 2 16 ·p 3 2 I · 

.. 3 2 
+:-ip ( 2 n

2
+:1 ) ( 2n

2 
+lm I + 1 ) ( 2n

2 
+:21 in I +: 1) +:Wp2R ( Z

2
- Z 

1
)( 2 n

2 
+:1 in t +: 1) 

_· AHallOI'H'IHO B npBBOll S!Me c 3BM!')HOll z I .. z2; n2 .. n;- • BblpaJKeHHSI (16) H era•) nesnB>I-
. . /16/ 

ABJKe AnSI n
1
= n

2
=·m = 0 

( n =·n
1 

+ n 
2
+: lm I +1 ) . 

'IHTellhHO OTmi'IBIOTCSI OT nony'leHHblX B 0)lBaKO AilS! ypoa-

Hell aHeprnn ycnoane A =A ABeT 
-~ 1) 

z 2 z z 
E =--·--1 

- --•- +:~ n ( n - n ) --2
- , 

2 n2 R 2 1 2 Z R 2 , 
I /9/ 

T.e. npaaan&Hoe BblpBJKeHne Allli nnHellHoro a<jl<j>eKTB tllTBpKa npn ~ n 

.<F> 
Kaa;m;.. 

KnBCCHKB eepHa H 3AeC& BHe I'pBHHU npnMeHHMOCTH, 

ilpii R .. 0 nony'!HM ( f_ = n 0 + fin I ··; N =·n 
1 

+ +:1 ) ' 

"'o =·17 ( no+.~ ) ' 
(14) 

. 2 2 2 
A = -· ( f + ~ ) +:~ p [ 1 - __ m_ 

1) (f +: ~ ) 2 

2 

I . 1 R 2( z.- Z I ?[1 - 3 nn 2 l, (18) 
-3 !12 (t+:li) 2 

- Z +:Z · 2 m2 
yA = _1 __ 2 - ( n +:~) -14 _P_ [ 1- J __ , 

C V -"1 E • I f + ~ ( f' -!;"': ~ ) 2 

(IS') 

__ 1_ R~Z1+~2 [ 1 - 3m
2 

1 
16 (f +:~ ) 2 ( f +" ~ ) 2 , 

2 2 
( Z

1
+ Z 2) R2 z1 Z2 (Z 1 +:z 2) [ 1-· 3m 2 

1 E =--· ---
2 N2 4 N8(f+:~ )3 (f+:~)2 

(19) 

a xopo!lleM cornacnn c 
/9/ 

4. Cny'!all Z, = Z 2=- 1 

llmr MOileKynl!pHOI'O IIOIIB BOAOpOJlB ycnOBiili KBBHTOBBHIIS! (13) .II (14). CHilbHO 

ynpomaroTcSI: 
no 

W
0

=·17 tn0 +:~ )+(-) 

w =·17 (n +:~ )+:(-)n°~ 
2 2 2 (20) 

«>
1 

=·17 ( n
1 

+ · ~ 

8 

}'· 
;I 
' 

·( 

r 
( 

1' 

!I 

f 

{ 
I J,, 

II,, 

\.: 
··' 

-I, 

1. 

n0 =·2n 
2 

AnSI CHMMeTpH'IHOI'O TepMB, n0 =·2n 
2 
+:1 - Allli BHTHCHMMeTpH'IHOI'O, HallJleM 

pacmenneHHe aTIIX ypoaHell noll 6Bp&epoM rrpn m =· 0 • Hs (20) ·HaXOAHM: 

ti w =· ~ tip + a w 2 ti A = >.. 
2 a P a A (21) 

ti w = ~ tip + ~- ti A= 0 , 
1 ap a A 

·tip=A ~I a("'2 •"'il (22) 
aA a(p,A) 

~~ 
a A 

a( "'•·"' I>=--~ _....!!.__ • 
a(p,A) 4 p 2 

K=2.:...i..B(~ ). 
p p 

(22') 17 --. 
4p 

/171 l1cnon&3yli (6), (16') II CBOHCTBB snnHnTH'IeCKHX HHTerpanoa , nony'lnM: 

· 8 p e 
~ E = _1 -"-'- ( ---

2n2 +'1 -2p 

) e 
17 n 2n + 1 

2 

H, TBK KBK C TOll JKe TO'IHOCTbiO, 'ITO ll ljlopMynB CTnpnHHra 

TO npH n• >> 

n2+ ~ n2+:li -
~<---) -n2 

e 

/18/ 
nony'IIIM ·<jlopMyny pB60Tbi .. : 

. 2n
2 

+ 1 

ti E = ~ _<_4_p _) ..,---.,.-
n n

2
! n

2
! 

-2p 
e 

(23) 

(24) 

<l>opMyna (24) cnpBBeAnnaa npa R >>'1 H .riro6biX n 2 ;. ljlopMynB (23)-npH nro6hrx R 

(AO 6Bpbepa} H n
2
» 1 . llnsr OCHOBHOI'O COCTOliHHli (23) ABeT; 

a (24) 

I": pH R =· 9 (23'} ABeT 

tiE=:..i..R 
17 

•R 
e (2~'} 

4 ·R 
tiE=-;- R e • (24') 

tiE =-2,0.!0"3, (24' }-tiE= 2,3.10 -3, TO'IHbiH paC'!eT/3 / t.E =-1,7.!0"3; 

6e·s· iiepexoAa K npeAeny no ljlopMyne (22) 
-3 

tiE=-1,9.10 j TO'IHbiil C'!eT Ha MBlliHHe H3 ypaB-
-3 

HeHHH (20) tiE= 1,5.10 j XYA!llee cornacite (24'} c TO'IHbiMH pacqeTaMII no cpaaHeHHIO 

C (23'} ot'J'hl!CHl!eTCS!, nO-BHAIIMOt,;ly, TeM, 'ITO rrp"~ R =-9 eme He AOCTIII'B8TCH BCHMIITO-

TH'IeCKBli o6naCTb, 

5, CpaaHeHHe c TO'!Hb!MH pac'!eTaMH 

CHCT8Mbi TpBHCU8HA8llTHbiX ypaeHeHHll (13), (15} II (14), (15) pelliBilBCb 'IIICil8HHO 

H8 aneKTpOHHD-BbPIHCnHTenbHOii M8lliHHe MeTO.ll,OM MHHHMH38UHH AnSI 8 nepBbiX TBpMOB 

9 



MOiliiK)'llHpHOro HOHS IIOAOpOAS II CHCTCMI>l Zt1 ; Z•·2 
~ 

Peayn&TaTI>t npeACTallnBHbl 
/3/ .. 

ua pnc,2 11 3, TaM :me AllH cpaeueunH npneeABHI>t TO'IHI>te ASHHI>Ie pa~oT , 8nAHO, 'ITO aaHHI>te xopo.-

WO COIInaaaiOT npn R <<1 ll R >:i> 1, ll TSKlKe TO'IHO HS OSpbepe npn Rc R 0 (collnaaeHHe ll)''IWBB 

npH R > R
0 

), 8 HenocpeacTBBHHOll o6naCTH no o6e cTopoHI>I 6ap&epa coanaaeHne xy:me', OHO 

ll)''IWB anH 1T -TepMOB, 'IBM a1111 u -TepMoll, a cpeaH nocneaHnx nyqwe anst p, d, •• ,::-TepMOB* 

l!eM nns S -TepMOB, - KSK H cneUOB8110 OlKHllSTb OT KB83HKI18CCHKH, 0UHSKO OTHOCHTBilb-

HSH OWHI'iKS HHrue He npeBOCXOllHT 5%, (KpoMe TepMa 1 su· Z = 1; Z c 2 , rae own6xa uocTn-
1 2 + 

raeT 10%). Ha pH c. 4 npHaeueHhl TBKlKe TepMht 2p7· H 1 S7' CHCTeMI>I 11
2 

, paCC'IIITBil-
/3/ 

Hhte 3-st cnooooaMn: 1) TO'!Hhlll pac'!eT ; 2) pac'!eT no ljlopMynaM (20); 3) no ljlop-

- 1111 
MY118M 06ht'IHOII KIIB311KI18CCHKII 8H.IIHO, 'ITO KBSHTOBBHHB no ljlopMynaM (20) llSBT 

nyqwee npHI'inHlKBHHe, 

6, 8onHOBhte cjlyHKUHH 

. . 141 . 
Mcnonbayst peayn&TaTht pa60Tht , BhmHweM HOPMHPOilBIIHhle sonRoswe ljlyHKUHH aaaa-

'111 ABYX nenTpOII B o6naCTH KllaauxnacCH'!ecxoro usn:meHIIst Anst npeuellbHhtX cny'laes 

II II 

8 cnyqae rny6oxo noA 6apbepoM B nesoll stMe (K =·-·2 E) 

" 2 I( 

'1/J ( f, 7J, cf,) := ,a12 Tn n n m 
1 2 

.; 
cos( [;R(.;)df-~) 

v'f ~l v' R(f) . 

7J . " cos({, Q(7]) il7J -'4 
~y':Q(7])' 

CooTBBTCTIIBIIHO B npasoll SIMe c aaMeHoll: K. -+ x' n -+ r{ ; 7]1-+ '~a • 

B cnyqae II Bb!COKO HSA 6apbepoM: 

·~ 7J 
" \1 . 2 " (-A) 

1/J ( e, 7J, </>I ·=--v-2 .j R(Z + Z
1

) 
Nfm 11 · 2 

cos({-, R(.;l de -'f ! . cos( [8(7]1 d7J -,j! ) 
v'·~"""l ~ .; 1 - 7J • I!Q(7i'l 

(25) 

(26) 

MolKHO noxaaaTb, 'ITO (26) np11 R .. 0 coanaAaeT c HOpMIIposaHHhiMH sonHOBhtMII ljlyHKUHH-

Mil BOllOPOAOnOU06Horo aTOMS C 3apHAOM Z +.Z 
I 2 

, a (25) npH SCUMnTOTH'IB-R ... oo -c 

CKUM BblpBlKBHllBM BOilHOBOfi ljlyHKUUII 311BKTpOHa, ll3011HpOBSiiHOrO STOMa B napai50I1ll'!BCKIIX 

xoopuuaaTax. 

¢>yHKUHH (25) ll (26) llpll e .. 1 ll 7J -+.! 1 HMBIOT npaBIIIlbHOB IIOBeaeHHe: 
l:2 m/2 2 m/2 

t/1 ( ,;, 7J, cp I ,. ( ., -.1 I . ( 1 -·7J I : • 

AHanorH'!HbiM o6paaoM un11 aonaoBbiX ljlyHKUIIli HenpepbiBHoro cneKTpa (nocne aaMeHbt 

,. p 2 -+ -•s 2 ; aopMnposxa Ha /) · -ljlyHKUlliO OT . k; s =-~k j k - HMnyllbC 3119KTpOHa) nony-
2 

'!liM: 

10 

X(,; I 1-.fk 
" 

2 
If 

'\I 
Y(7J)o=I/..1(-A) 

" 

.; 
cos (f. RW :ilf -·-r ) 

.;: e ~ 1 -.fRTIT. 
7J 

cos((, Q{7]) d7J -..; ) 

o/l-7] 2 . y':Q(7]1 

n p 11 n o :m e H n e 

(27) 

(27') 

··a) 81>tseaeM ycnoBHH KBaHTOIISHHH anst noTeun11ana II . (eM, pnc, 1) c y'leTOM Haa-

6ap&epaoro_ oTpameanst n an11 noTeannana -·c y'!eToM noa6ap&epaoro nepexoaa, 3aaaqa 

TaKoro poaa nMeeT TO'!Hbrl! CMbrcn sonnan sepwi!Hbl 6apbepa, rae xoaljlljlunl!eRT uaa6ap&ep-

.aoro OTpameanH (cooTBe'l'cTseaao xoaljlljlnnuea'l' npoxomaeanH 11 noa6apbepHol! o6nacTn) He 

Man, H )''IBT ero He npeACTSBnsteT npeB!>IWeHDe TO'IHOCTll KBB3HKnSCCH'!eCKOrO npu6nu:ateHHH, 

nocxon&Ky, oaHSKO, IIOn)"'BIOI!llleCst ljlopMynbi Bb!COKO Haa 6apbepOM (u .COOTBeT'?TBeHIIO rny­

l'iOKO noa ·oapbepoM) nepexoastT B Ol'ibl'!Hble npSBllna KBSHTOBSHllH, UX Mp:atiiO paCCMaTpiiBSTb 

KBK UHTepnonHUUOHHb!e, 8 paCCMBTpUBaeMOM Ha.tioapbepHOM cny'!ae Cyl!leCTB)'IOT aBe ael!cT-

BllTenbHble U aBe 'xoMnneXCHO-conpgmeHHI>Ie TO'IKH 'OCTBHOBKH' Q(7])=0: 7] =·a i 7] c-b ; 
· I . 4 

7J c·a +:i {3 (eM, puc, 1),· Hcnonb3)'11 Me'l'oa KOMnneKCHOi! TO'IKH OCTSHOBKll, npeanomeH~ 
2.3 - /19/ 

Hl>lil noxpOBCKHM II XanaTHllKOBbiM , MO:H<HO yCTBHOBDTb CBH3b Memay KB83llCnSCCH'IBCKU-

Mll · peweHHHMll, B3HTI>IMH OT paanii'IHblX 'I:'O'IeK OCTBHOBKH: 

7J 2icp 7J I( cf> +J/1'·) . 7J 
-

1 
expli{.Qd7]l-ie 

0
__l_expl-i{,Q'd7]l-•e 

0 0
-1-expli{.Qd7] 1,,. {n,l) 

1/Q a y':Q a y':Q b 

7]2 
cf>o c· {, Q d 7] ; 

b 

<~?;·= {, Q d7] 
(n.2) 

a 7]2 

(aHanorH'!HOS COOTHOWt!HIIe anst BOnHbl, OTpa:ateHHOi! HBUpBBO, nonyqaeTCSI0 ecnn BOCIIOI1b30BBTb-· 

CSI KOMnneKCHO-COIIpSilKeHIIOi!·To~Ofi OCTBHOBKII 7]
8 

), ¢>op~yna (n,t) He )''IUTI>IBBBT OTnll'!lln 

xoa<P¢11UIIeHTB npu npomeawell acnae oT.eAnHnnw, TaK.KaK aTa aenll'!llHa, .fiyayqn axcnoHeH­

nuallbHO Manoa BToporo nopHAKS saann OT 6ap&epa, He MomeT 6bt'l'b npallllllbHO onpeAeneaa, 
/13/ . . . 

Oaaaxo, xa.x aaMeTnn KeMon , 11cnonbaoaaa11e ycnolltHI coxpaaeanst Toxa noa11onsteT 

3KCTpBII011UpOBBTb KIIB311KI18CCU'!BCKHe ljJOpM)'Ill>l BllllOTb ao fiepWliHI>I oapbepa, rae K031jlljlu-

nneHT OTpameHilSI yme He MSn, 8aonst II IIBABIOWell 11011He (n;1) KOaljlljlnuneHT'' g n onpe-

AellSISI ere U3 •. YCilOIIllSI COXpaHeHllSI TOKB, llMeeM OKOH'!BTBilbHO All >I BOilH, npoweawuX COOTIIBT-

CTBeHHO HSIIpBBO H HSileiiO HBA OBpbepoM: 

7J 2lC<l 
g -L exp I i f. Q d 7J I -·i e V-Q . 

-8 7J 
e · ,h exp I -·! f. Q d 7J 

y.Q 

II 

I(CUH.>'J TJ . (n,3) 
-•e --L-exp I if.Qd7J I 

V:Q b 



'1 
et(wt<U'>_1_ exp 1-·i (Qd!jl 

.j:Q 

'1 . 2tw' ./l 'I · 
·-d {Q d!jl-·ie e _1_expli{Qd!jlm.a•) g_L exp 

V.Q b vQ b 

I'Jl8 a {3 
w =.f.Qd'l-' {,lmQ(a +:it}dt, 

b 0 {3 

w' = { Q d!j +:f lm Q (a +:it) dt (n.4) 

{3a. o 

ll = {. Re Q (a +:it) dt g =·V- 1 +:e. 2ll 

-:f3 b 

"'o =··W+(<)' ~· {, Q d lj 

B nan6apbepHOM cnyqae cymec';-eyeT 4 TO'IKH ocTanoeKn (eM. pnc. 1). Onpenenne paapeahi 

Q (!j) e KOMnneKCHoil nnocKo~Tn '1 , KaK na pnc. 5, n nponomKast peweunst na neeoil 

'stMbi' e npaeyro no eepxueMy 6epery paapeaa, a II3 npaeoil B nesyro - no IIIIJKHSMY · 

(snosh c yqeToM coxpaaeiiiiSI TOKa) nony'IIIM: 

e 

'1 
t(w +w') ·K 1 1 •. { Q d!j I .. 

2 2 e _ exp - ' 
.j:Q 'It 

'1 

h ,,2_ exp l-i {.Q d!j 
vQ '1 

4 

21w' '1 
2 

...!..expli{Qd!jl 
V-Q '1 

4 

(n.5) l-ie 

'1 21W2 lj I(W+ru') 
2 2 

'1 . (n.5') 

h _1_ exp l i f.Q dlj I 
•lQ 'It 

-ie _1_expl-if,Qd!j 
V-Q 

e _1_ exp {if. Q d!j I 
vQ '~• 

-·e 

~ 

rne 
'12 '1, 'Is ----2K 

"'2 = {, Q d!j ; w; ~.J Q dlj ; IC={,IQid!j; h =·V.1+:e . (ll.6) 

'It 'Ia '12 
JlerKo snJleTh, 'ITO (ll.3) II (ll.3') coenanaroT c (n.5) II (n.5') nocne .aaMeiihi: 

w
2 

.... w ; w;· .... w' 
•K /l 

e ... e • (n.7) 

nosToMy s )lanbneilweM paccMoTpiiM nonpo6no TOnbKO napy (n.5) H (n.5'). 

Ha Tpe6osannst sKcnonenunanbnoro aaTyxannst peweHHst ene o6nacTH KBa3HKnaccH'Ie-

cKoro JlBHlKSHHSI s6nH3H TO'ISK OCT8HOBKH lj H lj nonJKHbl. 6biTb Bb!Op8Hbl peweHnSI: 
'1 '1 t 4 

cos({ Q d!j - ~) H C cos( { Q d!j +:_!!.. ) >' COOTB8TCTB8HHO, 
'1 4 '1 4 

t 4 ) • ) OTsneKastCb oT nopMnpoeKn, na (n.5 n (ll,5 MOJKHO nonyqnTb cnenyromee cooTseT-

CTBH~ M8lKJlY peweH[HSIMH y TO'ISK OCT8HOBKH . ljt H '1 4 : , J ~ lj J' 

(cos ( f Q d7j -.!!._) b. sin ( ·w2+w;) -sin( w-w') h cos ( w +l>l') +:cos('w -(<)' ~os( r Qd!j +: " ) 
·,, 4 22 22 22 . T 

't K '1 · '1 e · 11
4 

( n.B) 

,.. \,;, (( Q d' -c4-} · h cos('w
2
+W'

2
·) +:cos( w -w') h sin (w +:l>l') +:sin(., -w' ) sin ( { ,Q d!j +;....!L · ) '1 .. 2 2 2 .2 2 2 4 .; 

t ' ~ 

llnst Tpe6yeMOI'O COOTBSTCTBHSI peWeHnil: 

12 

.of 

'1 '1 

cos c r Q d '1 -'-f > .. c cos c r. Q d!j +:--;- >, 
'1, • '1, 

He06XOJlHMO IIOnOJKHTb: 

h cos ( (<) 2 +:w;) +:cos ( (<)2 -«>~·),. 0. 

AnanorH'IHO Jlnst naphi (ll.3) i (ll.3'·) 

g cos ( w . +:<i>'·l ',t.:e"
8 

cos ( "' -•w'·) =· 0. 

BBOJlSI 

tgA=· e·K ./l 
tgf =·e , 

nony•mM <jJOpMynhl ( 13) H (14) , npHB8Jl8HHbl8 B T8KCT8, llpn IJ .. oo 

XOJlHT B H3B8CTHhl8. 

KoncTanTa C onpeJlensteTcst H3 ycnosHst: 

c2-· h +:cos2·w2 

h +:cos 2 w; 
sin 2 w

2 

sin 2 w; 

(n.9) 

(n.10) 

(n.ll) 

I K .. 00 onn nepe-

(n.12) 

llnst cnyqag E>.:u
0 

nocTynaeM ananornqno, c aaMenoil (ll.7). Ha (ll.ll) snnno, 

'ITO npH E << U0 BOnHOB8SI <jJyHKUHSI ypOBHSI, COCp8JlOTO'I8HHOI'O B. neBOH HMB, SKCn_oneHUH8nb~ 
•2K 

no y6hiBaeT BHyTpb npaeon, TaK KaK Torna h=1+:~e : cos2.,
2
=-1: h+cos2w;-t+:a; 

C=.t:e·" • B cnyqae E>>u nocne aaMeHbi (n.7) nonyqaeM h .. ..;:1+:18 -.-
0 /16/ 

QqeBHJlHO, 'ITO C":!: 1 ; 3H8K C onpenenneTCSI no npaeHnaM, Jl8HHbiM B 
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2. -~ _TepMbi ,cHcTe~bJ H2 --. --- aua'leHIBI, ~aHJ;Ible B pa6oT~ , 

-.----- auat.~euua:, Pacc'lnTaHHbie no ~opMyltaM (20).- TepMSftr_ 
pac~.:mTaH no <jlopi<ynaM ·(20); · • 

o. 

' Pu:c. 3. 'TepM~ CHCT9Mbl z . .;.. £ i I z;- 2 ; 
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P11c. 4. --- 3HB'l9HIHI, JlBHHbi9 B pa60Te
131

, 
) 3HB'l9HIISI, paCC'liiTBHHble no <!>opM)'IlBM (20), 

pBC'l9T no <!>opMynaM 06bi'lHOJl KBB31IKil8CCHlCH ( < = 0 ; ~ = e ·K ) , 

+ ...... + 
I \ I \ 

•·· I \ I \ 
I \ I \ 

I \ 
I + ' L~ + ' 

21 , . -. . 1 2
2 

• e3 , • - . 1 -?1-

\ r \ 1 
\ I \ I 
\ 1, \ I 

+ - + 
Pnc. 5. llyHKTHpOM nO~B38Hbi_. nUHHH CTOKCll, T.e. nUHUH, HB KOTOpbiX CKaqKOM 

M9HSIIDTCSI K03<!>¢HllH9HThl a+ B aCHMilTOTH'l9CKOM peweHHH y TO'l9K 

OCTBHOBKH '1
1 312 

-

1/1 =· 1 [ a exp l -it l + a 
1/Q + 

3/2 lcp 
exp I + i t !] ( t = I '1 -·'1

1 
I e ) • 


