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oap6aWOB b,JV\, 

cpyHKUliOHan bHble liHTerpanbl B KBUIITOBOii :;ineKTPOLlliH8Ml!Ke 

Ii liHlppaKpBCHBSI 8CHMIITOTl!K8 ljJJHKllliH rpliHB 

cpyHKUliH rpHHa ypas11e1111ii Kneiltta-ropaoua. 11 .Q11paKa B npo113-

sonbHOM BHewHeM none 38111iCb!B8IOTCSI B Bl!Lle qiyHKHIIOH·anbHOJ"'O l!HTe

rpana. noKa3aHo, 'ITO ansi nonell, aonycKa101u11x TO'iHOe pewe1111e 

ypasHeHlill ( nocTOSIHHOe none II none nnocKOil BOnHbl), <pyHKUliOHan6-

Hbie KBaapaTypbl MOf'YT 6b!Tb BblIIOnHeHbl, nony'leHH8SI cpopMa peweHliii 

no3sonsieT MeTOLlOM <pyHKUliOH8nbHOJ"'O ycpeaHeHl!SI no BHeWHIIM nonsiM 

nony'il!Tb KB8HTOBbl0 <pyHKUl!li rp11Ha II 11ccneaOB8Tb liX BCIIMnTOTIIKY 

B 1111rj,paKpacttoll 06nacn1, .Llnsi npocTol! Moaen11 Teop11_H nonsi Hal!aeHhI 

nonpaBKII K cpopMyne 6noxa-Hopac11Ka, 

.,. 

npenpHHT O6'be,llHHeHH0ro HHCTHTYTB si.aepHbIX HCCne.aoBBHHA. 

_ D.y6HB, } 964, 

Barbashov B.M. 
P- 1762 

Functional Integrals in Quantum Electrodynamics and Infrared Asymp totics 

of Green Functions 

1:_~e Green functions of Klein-Gordon and Dirac equations are written down as a 

functional integral in an arbitrary external field. It is shown that the functional integra

tions are performed for the fields allowing the exact solution of the· equations ( the 

constant field and the field of the flat wave ). The obtained form of the solutions p e 

mits to get the quantum Green functions and to study their asymptotic behaviour in the 

infrared region by using the method of the functional averaging over the external field. 

Corrections to Bloch-Nordsieck's formula have been found for the simple model of the 

field theory. 

Preprint. Joint Institute for N..tclear 
1964. 
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8ae·,lleHH.e-
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. ,,,. 
,,Tpy,llHO"TH uaxo»c,ll8HHH _TO_'IIU,IX peweHHll B M8TO)le 'cpyHKUHOHlmbHOI'O HHTerpHpOBllllHll 

_; 

B p~~llTHBHCTCKoll /a~To~oll- TeopHH .. nonS!, ca11aaubl, a_o-'nepBbIX, c pewe11ueM KBllHT~BblX ·., 

ypSBHeHHll 7acTHU B npOH3BOnbHOM ,BHewHeM n?:ie, H,' BO-BTOpbIX, C BbUIOnHeHHe_M cpyHKUHO-:- / 

H,anbHOl'O ycpe,ll~eHHll STHX. peWeHHll_• no BHeWHHM nonllM C yqeTOM BKnllL!OB QT. n'on11puqa-.;_ 

u_HH · aaxyyMa," 

,8 CTSTi.e np~L!ll81'88TC!l·cnoco6 cpopManbHOrO peweHHll ypaBH~HHll TeOp~H nonll B 

BHJ:Ie · cpyuxuuouanbHoro HHTerpana, B M~Te~aThx:e 11 ¢1iaHKe, Taxe:e peweuH11 i:tmpcj)epeuuH

anbHblX ypaa11eu11l1 ·HaBeCTHhl H3. paOOT <f>el1HM'au/~/, HO :oHH ObinH nony,!e~b;-H·'ooocHOBSHbl .· 
"• . ' 

,. 'J:Inll :yp~BlleHHll THna TennonpoBO,llHOCTH II J:Inll ypaBH8HHll illpeLIHHI'0pa,. 3J:I8Cb. HanaraeTCSI . 

'J:Ipyroll npH~M, OCIIOB~Hblll H~ n'~eo6pa30B8HHli BellepwTpacc/
81 

B cpyHKnHOHanbHOM npo-

'• ci-pancTBe • TaKHMrnYT8M nony'le~bl cpyHKUHH TpHlia yp~BH811Hll Kneitua-ropttoua H .U1t'pa.:. 
':' 1· ' ,- ' , • t , _; , 

_Ka BO _auewH~M ·none, B c:::nyqae, xortta ~uewuee none J:Ionycxae,T aaMKHyToe· peweune, 

q,yHKUHOHMbHbie KBllLipaiypbI. MoryT '6bl;b Bbl~O~H~Hbl, 'noMH~O. xopowo H3B~C~Hh!X Tenep'b. 
, • ' - ~, • I -- < 

rayccoBbl:X:, cpyuxuHo~anbHblx HHTerpanoa B ,c.~aTbe p~a6~pa10~c-11 11 .llp~rne· cnyqa~, K KOTOpbIM. 

upRBO,llH.T peweuHe, ypaa11eun11· ,Unpaxa· B noCTOIIHHOM none H~ B none 'nnocxoa: BOnHh?1 

.. ,' . . - ' 

· ·· 'cf>yuxuHe: TpHHa ypaaueuuA Kn~ll~a~rop~oua: H .lJ.HP?l{a; no_nyqa10wuec11 .llllHHhIM cno-

co6oM; noaaon1110r nerx~ B~nonHH;b cpyHKUHO~MbHOe ycpe.aH~HHe no ;;He~HHM, non11M, He 
,, " . ' - :· - '. - . - ~ . ' - .., , ' . ' '·. '. : --_ ,,. - . '. : ·, ) . ,· :_ 

Bblnon111111_ nepBOHll'IMbHhIX cpyHKUHOHMbHblX KBa,llpaTyp, B03HHKWHX npH peweunn_ ypaaue-_ 

• mill, H H~llTH. TllKHM o6pa30M _O,llHO'IBCTH'IHble· KBllHTOBbIE! cpiux~HH rpnua. · r 
~ ' \ ', I I ~ . ·• . - • 

·.lJ.anee' ~a npoc.TO~ npHMepe pllCCMllTpHB88TCll ~OilpOC _O 11p~6nH»ceHHOM 
·- 1 • -·· • -·- .... ,\ ' 

'.Bbl'IHCneHHH B03HHKBIOWHX HHTerpanoa; npe.llnaraeTCll, CnOCOO. anpOKCHM£1UKH 1 KOTOpb!Jl 

. 9K83blB8eTCll x~p~WHM np;1f>n!{~-e'aneM B Hllcppaxp~c11oll o6~acT~:.c:ero: ;OMOWb!O ;,llaeTCll· 
. ' ' . \ ~ ' - \ 

·. IIOCTpOHTb. npH6nH»ceHHll · K cpopMyne Bnoxa-H Op,ll.CHKa; UpyrHMH cnoc OOBMH,·, 110 a·_ paMxax 

~e ¢yHKU~OHMbHOI'O. M~~O,lla ,n11cppaxpac11ble , acHMnTOT~'xa _ nay
1

<ia;HC~ -'a p~OOTSX in~a~/ lf;l< 
, · •• 1 /17/ · · ' · -/11/, ·. ' . _' ·. . - '. · · - . 

,ct>pa.llKHHa, H Munexnna · B -nocneL111ea ·pa6?Te 6,blnH nony'leHhl ·nonpanKH K cpop-

Myne_ Bnoxa-Hop.llCH~a,. O,llll8KO, K3"."38 uexoppeKTHO!'O y'leTa BKna,llS 60nbWHX. HMnynbCOB • , 
. . . . ' ' 

HH!ppaKpacnyro o6nacTb, 3TH nonpSBKH 38BHCe_nH TOnbIW_ nn~e_llno OT BHpTyanhHbIX_'laCTHii B_ 
' 2 2 
~- 0K83blB8ElTCH, 'ITO npn6nH)Ke~Hll. cpOpMynbl Bnoxa.C.:HopiicnKa CO,llep»caT TllK»<e 
• m2. , p2-in2 _ p2-m2 .. ' , ' _ /17/ · 

, , qneHbl ---;;;-:r- f D' ~ ,. ( CM, no STOMY noBO.lly TllK»<e ·), 

x) Bo3M0)KHOCTb TO•rnor'o· peweHHll ypasueHHll, .lJ.Hpaxa B none nnocxol! _BonHbl OhlHS 
. . - B, - /10/ 

·.;noxaaaHa .[[.M. onKC?BbIM, · •· 

3 

I' 



; 1. ¢}'HKUIHI f'pifoa ypaaaemrn :-n~p·a~a BO
1 

aueuJHeM none- ,. :'\ 

, v!sna~asMbii! · anme. Me Ton 3anncn '~eweani!. nncpcpepe11u~·a11b11~1ii(ypaa11e11iil1 qepes , , 
, - ,, - , ' ,, : ,. _ \ , _ , ~ I _' i, ._,, , , . __ . ;· , ~ . _r - . , ... ', ·.· .' , , , , • .. , _ _ 

cpyHKUH0118Jlbllbli! HHTerpan MO>KeT 6biTb 'npnMeUeH ,K :nncpcpepeHUH8JlbHblM' ypaBHeHHllM BTO"".' 

poro. nopl!JlK8 .. B x'oTop~lX nncpcpep~HUH8Jlb'a~1~. ~;epaTop npe;CT8~HM -~aK-~pOH~B<:JJl~HII~: ' 
\: , ' . ' l' . _,:. J - ' • • • j- , ~ ' - ' _· ~ j ·:, , ; .. ,-'' ' ' , J . : :·· 
nayx onepaTopoa · answero nopl!JlKa •. vlcnonbSyeMoe npeo6pa'soaairne ·He. llBnl!eTcll, HOBhIM, 

. . ' . / 1/ ,, , ~ . • ' • /2/ ·, ,' . , /3/ ' • I ' ' •· 

anepBhie CTpa:ToHoanq a ,saTeM Xa66apn ; ,u 8na1c1pnc, . c yc~_exoM npHM~H11nu ero 

a CTarruc'.ru,iecKol! tj,usmce. · . \ ,/ 1: 
\ ' .. ,. 

Pa~cM~TpHM. ypaaae1me 

~)= 0 

nup8K8 · JlJlll \t)yHKUHH l:p HHS. B 8Il8KTpOMarHHTHOM none . 
'.' -,,. 

a X' . IL• 

A, ( x) ;· 
µ ~ 

I [iya -in·+.ey,A (x)·J.~_:.S(~~-y). 
. µ IL . , µ IL • ·' 

. J, • .. . 

KaK o6bl't~o, nono>KHM 
,-., 

G ( x, :VIA,) =Ci ✓a +:!11 +:~ Y A (x) I ,Jt<'x. 'y I A). 
• . •. IL, µ . µ __ µ . , ., . .· : . 

Torna. 6y.ri7M.-IIM8T!' Jlilll ~ 

• ' • ',· ' 2 
[(•laµ ~/Aµ<x)) 

I. . 
2• . a.A (x) . . ..··••. · : ,,-., '·' 

m-+.eo. _._._.,,_ J,§(x,yjA) =-B(x•y). 
µII a X · . . ·,, 

• , ._ IL 

i, 
Cl) 

\ 
••, 

(~) 

'(3). 

. ' . ' . . . . . /5/ .. 
,. Tip11MeHmt npenno>Keauoe ¢oKOM H <Pel!HMBHOM • npencTaaneHHe o6paTHor_o · onepaTopa 

B ·aKcnoHeHUH8IlbHOM BHJle; ~~nHWeM: peweH~e yp8BHeHirn, . ( 3) B ,o:nep8_TOp~oft. cp•~p~e 

/,' 

§ ( X • y I A ) = I f d s' exp I i / dt ( i a ' ( {l .+ e A (;.~ / 
. . . o , , o, ... IL . ,··. •• µ 

2-·2 a, .--~1A-' ,.·I_},·, 
-ism +ie fo· W~:B(x-y ). 

0 µ11_: a,x:' •· <'4)' ,· 

·a· ,TBKOi! sannc11. ·· 8K~noae11Ta, B noKi:saTene 
,' ·. . /5/ 

noHHM88TCll cornacHO ·<Pel!HM8HY .. K8K• T 
• I •, ,,,-,, 

I . . µ.. . . 

-:-aKcnOH8HT8, ,I'.!l8 ynopll]loqHB8!0UlHll H~Jl8KC, 

KOTOpOl! CTOSIT, H,eKOMMYTHpyIO_lllHe Oil8p8TOpbl, 

', s HM8eT CMblCil•, co6cTBeHHOI'O: npeMeHn, a nee' . pnepaTOJ)bl cqHT8lOTCll KOMMYTHpyIOlllHMH 
•/ I '-..\ • ' ·, ; • 

<pyHKUHllMH OT; n.;peMeHHOJ! .· e 

_/ 

-, : ,: 

Tenepi. _npou~neneM_ · B' cpyHKUIIOHBilbHO~r npoc:Tp8HCTBe. npeo6pa30B8HHe .Tnna ·upeo6pa.::,' 
1 

' . . /61 , ·, ' . · / l / /2/ 131 1 
. 

'3OB8HHll Betlep~Tpacca B OJlHOMepHO~ cny_qae · (cM. T8K~_e ' .·' . ). ', 
·1,1' ' 

.Os 

ex;lif.dWa ($+eA c~ell=Cfo4 :·;x~l-i
1

;11 2 wci{+2i(de11 ({)Cia 'ceHeA (x,;) 1(~) 
, ' O. . JL'·" / / .r .· ! ·,° , , '' ,, - ' , ,. 0' fl , ; - , 0 • ~ ' ' µ. . µ. ' 

,·1 

.'dnecb cpyHK~noHanbHhll! HHTerpan · 6epeTcll a npocTpa11cTne '4-x cpyai<uull 11' (e) no rayc.-
'· . . ' ' ' . - ' ' µ ' ' i ' ,, 

COBOi! -~epe. 'KoHCT!lHTa · c · Bb;6paaa H~ ,: ycno~Hll . · ' . ' ' . 

,, 
, .. c·p'i, exp{ 

. ' - ' 
, I '. 2 ' ' 

~•i f11 (,;) d,;.l= t. 
• -0 ·µ, .• ' .• ' .· 

4,, 
--; i. 

• I 

/i 

2t:' 

>. 



i '\' 
,.aa,nee a~o !'bipa>KeHIIe -;•W)KeT, Ob!Tb npeot5pa30B8HO ,,zinyMII, cno~o6aMI!I Yla-aa HBnll'UIII 

'll 
4 ~ x '.'"Y '."" 2.f r;(,,) d'I) 'i.to)KHO cp~ay 1:rnny'll!Tb cpypbe-o~paa ' 

. 
xexp (i~ ( d,;[ 2v (,;) +U' (,;)'ia] A (x-2 fv(,,l'd,, ).l. 

o . µ , W V , , . µ '., ,; •. ' , , 

' 2' 2 
. , +I a(p • m ) 4. 

~•(x,pl A)=i,f ds f ·, '' C (ll"' e"l' 
0 

.\ ' ' " 
+i

2e(2p +2"' {,~)+u·' i.1 ).A (x-2p(s-,;);.-2 f,"'('l)d,,):l 
, , µ I µ ·/IV • V µ \, ,; , 

/ ' ' 

(7) 

. 
C ycno_a11eM,,'lTO !"'µ ~~):d,,+,-spµ_=xµ_-v KOTopoe ~~3HHK8~T 113-aa /) .:'.q,yHKUKR;i (6)., 

' .Qpyroll IlYTb COCTOHT ~ TOM; 'lT,o {; '-::cpyHKllH.11 HCil_Onb3yeTpH ,IlPH cpyHKllIIO,Hani.HOM HHTe-' 

rpHpOB8~II.; IlO •~ '
0

(,;) 

'' ' ' µ ,, 

, ', ·.an.11 9Toro IlpOH3Be,neM IlO,!lCTSHOBKy 
! 1 'B 

, 0-rcrona cne'ayeT, 'ITO • f X ( ,;) d,; = 0 
·\. 0 

·v <e>:=X (,;)+:_1_ a , r.ne a= fv (,;} d,;. 
µ . µ -. s µ . µ o' µ,, 

B ·peaynbTaTe_ HMeeM' HHTerpttpo~amte, no ac~M 

':X µ ($ n eme J-:-x 1Kp81Hbll! HHTerpM no,aµ~ 2 

' . 0,0 •ls1.n 2 ,' 0,0 d 4 a . •l ~· 
· §(x,yjA) '..;i fdst (,-- f 

, I • 0 I o i 112s 2 
-l)CI 'h 

,, ~
1 
L llV exp (-:...'i ( _x,,_2(,;), d,~ + 

0 

.x) Heo6xoil11Mo OTMeTHTb, 'ITO a (6) II' (7) ·y • M8Tp11·ub1 ocTaIOTCH 'a nbKaaaTene, 
9KCilOHeH-ibl ,HepacnyTaHHblMH/H Il09TOMY y HHX y,nep)KlrB,aeTC.11 .ynopH,!lO'lHBaIOuil!l! HH,neKC ,; 

.\ 



,t"l 

~ 

·, 

I 

. +•i e fd.;[i22'+2x'((),{~ {,;)ioJA (x-:-,2 
· _,---·.,s/::,\µ_.,··_-,µ.v·

1
···,v ,µ. < 

">. 
,.,, . . 4 

x 8 ( ~ - Y. - 2 a ) • 

~ s-,-=- a 
-$-

'· . . · .. 
+ f x(,r)d,r).) 

0 . 

"\ ,,, 

1. 

BblnOmlllll HHTerpHpOB~Hl!e no ',aµ, OKOH'l8.T0;Hili0: ·nony'l.HM:·' 
I 

.!' 

§ (x, y I A).;.; (~.exp 
, o i 172 .s2 - , 

, . 
2 . 2 . . ; • . 

l•ism•',..;(x•y) l'C f8x expl,-i.fx
2
(:tl:d(+: 

',.4 .S " l I • "· '0 P., -'• 

, ',) 

'/· 

\' 
, (8) '..:, 

~ 
'• ' ·, 

+'.ie f;L;[~"+:.ix (ei.+u· (,;)io ],A _(x ::- 8 -ec·x-y)+:,2 J )('d,,r' LJ 
o". s ·.:_' µ1-_:;, .. µv i.·" v__, ·u , is ,1 ·o ,, .,,.-:· 

· <t>opMynhl (7L ii. (8) .llBlOT np11 e= O 
HO B · .. P. u ~ -:npe,llcT,aBn€!1~HU : . 

1 ,, , ' l , , {•.' 

cpyHKUHU I;pnHa CBO,O~.llHhlX ypaBHeHnll,;, CO?TJ.\0TCTB0H'.'",, 
1 

§~ (p ') 

' 
= i ; ls fls(p2.,,; 2> 

_, 0, 

' 2 

fl
0
(x-y) =if.~ exp l-ism

2 
-i (x•y) 1:· 

' 0 i77 .~ s 2 ' ,, : • ' , 4 s . . ' ('gj. 

<PyH~~,rn· lp~'Ha'. ypaaHeHHlI JlnpaKa (i ), noiJyqaeTClI ,corhacHO. ( 2); 

· Tenepb\·accMoTpHM -He~OTOphie KOHKpeTHhre nomi A ·,( x) ,' 'd,fo KOTOpbIX ypaanenue, -
' • • I \ ' , ' • µ. •' ' 

,U~pa'Ka pewaeTCll. TO'lHO, 'ITO. B '. naweM 'n'o.zix'o.oe '03naqae-r .B03MO>KHOCTb BbmonHeHUll 

_q;YHKuuoiianbH~i'x _Kaa.op.aTyp. 

np~'?_TelluiHll cny,'lall,nocTOl!HHb!X nonell -F1111. ,KOr.ll,a ,All<:>. ll~II~8TClI IIHHel111ol1 

• 
1 
cpy~iuHell, Bhl'lHC.il!eTclI npocTo, n;cKonhKY., B cpopMynax' (7) unu(8)ao3HUK111o·T · rayccoah! · 

KB~~paTyph1; B3lIT~e ~OTOpbIX :. ·~e ~oc;~BIIll~T ,Tpy.oa. , . . . 
. ' . ' . . \ 

Bonee HHTepeceH npuMep: Kor.oa _ F =· 0 . , · a· A ('~) = ~-- 3ToT npnMep 
I • 1111 •·, IL . ' o ' , , ' , _ .· 

CBll3BH C BOilpOCOM, H3M0H8HHSI q:lyHKUl!H lpUHa. cpepMl!OHa rtpU r·pa.ll{JfiTHblX _rtpeoopa30BB;,., .. : ' ' . . ,· ·_ . . . . . / . . . . ' 

HUSIX nonit A,, ➔ .A.> ·v_.i!_. no.oc_TaBn~ll.(10) ,f!·i8), H_M_eeM: ·>1:' 
~ ~ . a.x . . . 

, eo_ ✓, • •• µ , 2 4 

§Cx,y !£> ;i_f-~ e;f·1·.:.;~m 2
.:.; (x~y) l ,c

1 
fax· exp 

·"- '" ~ Q 'l 17~ S 2 4s 
1-i f ~ 2

(;;)'d,; l,·x' 
0 II 

(10) 

1...-: 

. 
x exp I i e. f,d,; [ ~ .+ 

- , o., s;" 
2 x ( ;;1 l :_a_ 

IL ' ox· 
.IL 

l , . 
, ' .• /: ' 3 ,' •' I 

f ( x - s - '• ( x·y) + 2 f X (17) d ,r ) 
. s -

.I 

-' ' . i:J2f , '. ~- ',, ·. ( - ',: ·,, ,, .' ·,~<· 
(3.oecb Y'lT8HO, 'ITO _u•, _, --. - =:o ). B 'noKasa:ene BTOp_oll 3KCilOH8HTbl IIO.ll t:erpa-

. , .· 1111 a,xlL a XII . . . ·x .. - "· ·'( ") l a f ( s - ·" +'2 d ) 
IlOM CTOHT.IlOIIHBSI IIpOU3BO~HBll'. ,_·-;r%-,f,=[~:2X11 ,; i)xlL ... X~~ , 0 '/< '1/"1, 

noa'.roMy Mo>KeM.BbllrnnHHTb-HHTerimpoaanue no· .. ;;- u Y'll!TbIBall,-'lTO (,x (,r},d17=•0 
~ ' -~ '···' -: 1· . ;, •• '' ~ ' ' • • . j ' • ' 0' ,.; µ . ' 
' 4 .' ' ' . . /ilJ. 2 I , -- ' I 

, n c f 8 x ·exp I _..: if. x .<.;) d •~ l = ,1 OKOH'lBT8IIbHO nony'lHTb: 
2 

I . §(x Y!,f)=e;p 1t;,[f(x)-f(y)]l\~r~ exp l-ism
2
-i<x•y) l : (11) 

.. , · ... ,· , .. \ 'oi,r2s2 i,. • /4s· 

.,. 
·6 ' :· ✓ 

.,. 
,\_ 

'' 

•, 

;', 
I. 

, .. (, 

.,/ 



I, 

H 

' ' · /71 - - -- /8/ 
3To· peweaae 6hl;o noiiy"'leHo llpyraM nyTeM- <PpallKHHbIM_ . , CaHll3HHCKHM , illBHHre

f' -/9/ 
poM_ - H. llP• 

: H, eTpHBHSilbllhIM cny'IS8M !!BilSl8TCSI. HSXO>K,!lelme __ cpyHKUHH :_ r1
pHHS yp_aaHeHHSI nape Ka -

il0. 1 -
B none nnOCKOl!' BOilHbl . ·/-

_PacCMOTPHM nnocKyID BOnHy-npOH3BOilbHOl! cpopMw, 

A tt ( x) := t µ ef, ( k x ) : , 
' ,' ,,< 

~CXOJlHTb -H3 ¢opMyn (7) 

rlle 

- I 

' 2 ' 

k = 0. µ 
(12) 

< isl 

I , '. ·, 
\"'µ (17) __ BXOJlSIT a apryMeHT npo~s-

' [j -cpyHKUHID -• 

(14) 

1 - ' 
, - ( C - HOpMHpOBO'IHSSI KO_HCTSHTS Ca =: IJ (_-_ ) ) , 
- ' {. 2_' • ,.; 2tr -

I• 

- C nOMOUlbID ( 14) Mhl MO>K.eM' sanacSTb HHTerpan no w' '(.;) - :a. ( 13) B BHllB, aony-' 
µ , I 

_CKSK>ut_e~ BblllO?HeH:e HHTerpH_POBSHHSI no 

- __ •, •IJ c,,2(,;) d<; '. 
C[5 4<,)f µ, CCfSaS,/, 

2 a 

W ·•e 
If ~,;a(.;)[ ,f,(,;) ;_,2k "-l ( ,;) ) , 1 
0 - -
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