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I. B B e n e u H e 

8 paOOTBX/ l-3/ ObtnH nonyqeHbl BCHMUTOTH'leCKHe COOTHOWeHH!l Me>KJJ.Y BMfifiKTyJJ.BMK 

6HHapHbtX nepeKpeCTHbtX npoueccos (pacce !IHH!l K cpoTopo>KneHH!l). Ha ocuose 9TKX coo,

uow e uHII 6btnK ycTauosneHbt acHMUTOTH'leCKHe paseHCTBB JJ.H<t><PepeuuHanbHbrx ce'!eHHll H 

n on!!pH3BUH 11. 

8 HBCTO!llUell pBOOTe Mbl yCTBHOBHM BCHMfiTOTH'leCKHe COOTHOWeHH!l Me>KJJ.Y 8MfifiHTy

JJ.8MH npouecCOB C n e peMeHHbiM 'lHCfiOM 'IBCTHU • .Llanee C HX fiOMOlllbiO Mbl nony'!HM paseu

CTBB Me>KJJ.y JJ.HcpcpepeHUHBfibHblMH ceqeHH!IMH 9THX npoueCCOB, 

.Lln!! npOCTOTbl p8CCMOTpHM npoueCCbl pO>K)leHH!l " -Me30HOB B Me3oH-HyKfiOHHblX 

CTOnKHOB9HHSIX: 

rr+ N ... rr'+ ·rr"+ N' , ( I ) 

rr+ N'.,... rr'+ ·rr"+ N. (II) 

Paccy>K.aeHHH, npHae.a.eHHbte HH>Ke, c ae6onhWHMH HaMeHeHHSIMH KHHeMBTHl.J.eCKoro xapaKTe

pa MoryT 6btTb npHMeHeHbJ K nro6btM npyrHM npoueccaM BHJJ.a 

a+b .. c+d+e, (I') 

:,+ e~-;;+ d+ b. (II' ·) 

npoueccw (I) H (II) HnH (I') H (II') B nanbHellweM 6yneM HB3btBBTb nepe-

KpeCTHbJMH, AuanorR'lHOe onpeneneuHe nepeKpecTHbJX npoueccoa cpOTOpO>KJJ.eHHR 6brno nauo 

/3/ 
B 

2. KuueMBTHKa npouecca pO>KJJ.eHH!! Me3oHa B Me3ou-uyKnOHHbtx 

CTOnKH089HHHX 

PaccMOTpHM, uanpHMep, (I). 06o3HB'IHM 4-HMnynbCbl uyKnOHOB B uaqanbHOM H Koueq

HOM COCTOSIHHSIX qepea p H p'· t COOTB9TCTB9HHO, a 4-HMnynbCbl M930HOB - qepea q 1 q' · 

H q" 

p+ q c p'+ q'+ q'~ -, 

p~ p , 2c M2' 2 ,2 ,2 2 
q = q~q -~ m' 

3 

(I) 

(2) 



n
1

e M H m -MaCChi HyKnOH8 H Me3oHa, Bse.oeM .ons• y.ool5cTB8 cne.oyJOlllHe 

M9TpK'iHbl9 0603H8'19HKR .anSI KMnynbCOB H KX KB8,apaTOB; 

p ~ p • p ~ q. p ~ -p' ·, p ~- q' • p ~ - q" 
I 2 3 • 6 

p2 ~ m2 
l l 

15onee cHM-

(3) 

KnHeMaTKK8 npouecca c yqacTHeM nnTH qacTKu xap8KTepK3yeTcn nnTbiO KHB8pK8HTa-

MH, KOT0pb19 MO>KHO BbiGpaTb K3 cne.aylOWHX ,Q9CSITH nep9M9HHbiX 

2 

s1l ~ ( p1 + pl ) , i = j , i, j = 1, 2, 3. 4, 5; (4) 

M9>K.llY sennqHH8MH s
1
l H m l 2 cyllleCTBYIOT nnTb nHH9liHbiX COOTHOW9HK!I 

• • 
l: s =m

2 +l: 2 i:::o 1,2,3,4,5, m ' lj I l 
(5) 

l= l l=l 

J.f I 

HnH 

2 ~ 
s + s + s - ·s0 = m + m 2 + m 

IJ tk k I t.n I J k 
(6) 

r.oe 1 , J , • , t , n - nJ015an nepecTaHOBKa qHcen 1, 2, 3, 4, 5 (cpe.oH 120 

p8B9HCTB (6) HM910TC!I TOnbKO nHTb H938BHCHMblX, H OHH 3KBHB8neHTHbl p8B9HCTB8M (5)), 

Cne.oy11 pal5oTaM 14 •51 , Mhl Bbll5epeM en -.llYIOlllHe He38BHCHMble nepeMeHHbie 

2.; 
e 

t = s 13= ( p -p'·) t" .., ••• = ( q - q'~ 

2 ( , , 
w = ••• = q + q ) • 

q'(p+p'·) 

q'tp+p') 
w 

q ( p + p ') 

4ch (JM 2 -t/4 

(7) 

TaKol! Bbii50p nepeMeKbhiX y.oo15eH TeM, qTO, ¢nKcKpyn nepeMeHHbte t ~ 0 • t'~ ~ 0 • w 
2~ 4m 2 

ch 2~, ·~ 0,' MO>KHO YCTp9MKTb 3H9preTHqeCKYIO nepeMeHHYJO "' 
B ¢H3HqecKoll ol5nacTH, Tpn nepBbiX nepeMeHHhiX t , t" K 

K 6eCKOH9'iHOCTH 1 OCT888QCb 

w 2 HM910T HCHbll! <iJH3H-

qecKHll CMbiCn, 3HepreTHqeCJC8H nepeM9HH8H W CBH38H8 C nonHOl! 3Heprnel! p98KUHK 

B CHCT9M9 U9HTp8 M8CC cne.oyJOlllHM paBeHCTBOM: 

4 

m2 +w 2-t ___ 2 __ • sa s = 4w ch t J M 2 - t/ 4 + M 2 + 
12 • (8) 

liTO K8Ca9TCSI nepeM9HHOA .; , TO llpH 6onbWKX W OH8 Bblp6>K89TCSI qepea OTHOW9HH9 

3H9prHH CHCT9Mbl HyKnOH8 H O,QHOrO H3 Me30HOB B KOH9ttHOM COCTOSIHHH, H8llpHMep, J S 84 

K nonHol! 3HeprHH npouecca ( Js ) • .LlellcTBHTenbHO, HeTpy.oHo nposepHTb, qTo 

H 

Q H 

u = 8 2a= 

2 2 2 

(q-p') = - ·4w ch.~VM 2 -t/4 +M
2

+ ~~. 
2 

2 
s'..,s

3
_=(q'+p') • 

r. '•J2 2 2 , 2 w e M - t/4 + ~1 + m + t - t --2-- . 

2 f,~-- 2 
u '.., s = ( q' - •p ) ~ - ·2 we v' M - t/4 + r,l + 

14 

2 
m + t'~- t __ 2 __ , 

,, ,, , 2 -~ --- 2 ,, 

j 2 2 2 w+t 
s s s

80
=(q·+P) =2we M - t/4 + M + 2m - ---- , 

2 

,, n 2 • t.., 2 2 2 cj 
u = s = (q ·-p) =-2we M -t/ 4 +M +2m ,. 

, , 2 2 ,., 2 
t " s

24 
~ ( q - q · ) = 3 m + t - t + w 

~ 
e ""'~, 

,, ,, 
s · - u 

.. 
( a-+oo) 

s' 

s- s' 

w
2
+· t" 

--2--. 

(9) 

( 10) 

BMecTo seKTopos q' H q" y.ool5no saecTH opToroHMbHhle Me)f{.oy co15oR seKTOphr 

t; no ¢opMynaM 

.,; , { , 
t>=Y,(e q ·- e q } , 

-.; .; 
0 =Y,(e q' ·+e q"l + 

2 m 
2 t,2 

sh 2~ t> • 

(II) 

Mbl 6yJieM paccMaTpHB8Tb npouecchl (I) H ( II ) B cncTeMe 6pal!Ta .on11 HyKnoHa 

P+;'-o. (12) 

Tor.oa cpe.on seKTopos p p' ' Q H t, qepe3 KOTOpb19 MO>KHO Bblp83HTb (nHHel!-

HO) nJOoOl! 4-seKTOp, TOnbKO B9KTOp Q 38BHCHT OT W , 

5 



3. AHanHTH'IeCKHe CBOACTB8 8CHMflTOTHtteCKOA 8MfinHTY.Qhf 

3anaaahiBa"lolUaR BMnnHTy a a npouecca (I) MO>KeT 6biTb aanHcaHa a aHae1 4 - 6 / 

I 
T ( p. q ; p ', q • .. q -~-) ( , d"x' d ~~~ . el(q 'x'+q'~x'~> 

<p ' ·1--~s ~--
S¢ ,(x'~ 13 ¢ _.(x'~~ 

11 11 

ret • I(Qx+i'.y l 
=T (w) =[ d•x dye F'el x,y ) ' 

rae 

j ;;- ( X) = i s s + --- s 
/J .;,+ ( x) 

1T 

B CHny ycnoaHR MHKponpH'IHHHOCTH/
4- 71 

Fret (x,y ),<c 
nHlll b B o6n8CTH 

2 

x> O, -(J-_m_ sh 2.; ) x <y < ( 1+ 
2 32 

13aoag 0603H8'19HH9 

m• 

2;· 
sh 2.; ) x 

G ret ( X , X ) = { d X d X d 4 y l(tly • Q X - Q X 
e 2 2 a a o t 2 a 

... 
M hl MO.>K9M H8flKC8Tb T (w) B BHae 

F'•'(x,y ) , 

••• I - --
T (w) .= fdxd lwx-vw2-w2 x 

Oxte n 01 c·'<xo,x,), 

rae w0 onpeaenReTcR cj:lopMynoll 

4 ch
2 <t w 2 = w\ w• sh

2
.; 

0 ~ -~2 

41'. 2 stn a 
(w 2 + t-m 2 )

2 

4 t sin 2 a 

+ 
w 

2
( w ~ t - m l sh ( cos a 

4 lt. II P I - ---sin a 
t: 

( • 2) I' - '• 2 ( 2 ") h t: w-m e~-te- m-t ·· c':. casu ::: - -

8 I 7-. II; I 

6 

IP> 

( 13) 

(14) 

( 15) 

(16) 

( 17) 

( 18) 

( 19) 

TaK KBK aMnnKTyay T••tw) Mbl p8CCM8TpHB89M K8K <j:>yHKUHlO OT w npH <j:>HKCHpOB8H-

Hb!X OCT8nbHbiX nep9M9HHblX, TO B ( 17) w
0 

SiBnR9TCSi DOCTOSiHHOl!, 

.[lanee, cneayR pa6oTe
181 

, Mbi caenaeM npeanono>KeHHe, 

w(iwl»w ) 8CHMDTOTH'I9CK8Si 8MflnHTyaa ( 17) HM99T BHaX) 
0 

T ,., (w) .. r d X d X e I w ( 'o - X I) 
00 ' 0 1 

··~ G ( x
0

, x
1
). 

'ITO npH 6onblll!IX 

B c11ny ycnoBHR MHKponpH'IHHHOCTH G ••• ( x , x ) I 0 
0 I 

TOnbKO npH x
0
> I x

1
1 • 

noaTOMy cPYHKUHSi T::~w) 8H8nHTH'IH8 B aepxHeJI nonynnOCKOCTH 

II K H9A MO>KHO DpHM9HHTb T90peMy <PparMeHa-nHHaenecj:la /1-
3 / 

w (T.e. npH 

(20) 

(21) 

1m w>O 

Tenepb yCT8HOBHM COOTHOlll9HHSi nepeKpeCTHOA CHMM9TpHH Me>Kay 8MDnHTyaaMH 

DpOU9CCOB (1) H (11) • 0603H8'1HM qepea p H p' 4-HMDynbChl HyKnOHOB B HB'!Bnb-

HOM H KOH9'1HOM COCTOSIHHRX npOU9CC8 (11) , 8 4-HMDynbChl M930HOB - '!9p93 q , q'·H q '~· 

COOTB9TCTB9HHO, AMnnHTyaa 9TOrO npOU9CC8 IIM991; BHa 

II • ,, n 4., 4, l(q'x'+q"xn} 2.+ 
T ( p, q. p •. q •. q . ) = r d X . d X ' ·e < p 'j /j J 11 (0) 

/J¢ +_'(x,.Sc,l _.(x") 

11 " 

I P > • 
(22) 

PaccMoTpHM aMnnHTyay (2:.!) npH H9cPH3H'IeCKHX HMnynbCax Tn ( p',--q; p, ·q ',-·q,). 

An" aTHX aHa'!eHHA KMnynbCoa Mhi HMeeM TBK>Ke aaKoH coxpaHeHKR (I), Toraa 

• 
II 

T (p',--q, p, ·q',· -q'~)o::[ f , d•x' ·d"x'~ -ei(Q'x'+q'~x'~) <p'j 5 
2

ju (0) 1 p'>) 1 

/J ¢>, (x,. /J..< ,_{x"'· 
'TI 'YTT . 

(23) 

T,9, Mbl nony'IHM COOTHO!ll9HH9 nepeKp9CTHOJI CHMM9TpHH M9>Kay aMnnHTyaaMH Dp0U9CCOB 

(!) H (11) 

, , ,, II , , ,, 
T ( p, q; p ,. q ,. q .j ., T ( p ,. ·q; p, ·q ,. ·q ·) • (24) 

4. AcRMDTOTH'19CKOe paaeHCTBO aH<j:>cj:lepeHuHanbHhiX ce'!eHI<A 

J 

VIa coo6pa>KeHHA HHaapHaHTHOCTH cneayeT, 'ITO aMnnHTyahl T ( p,q; p',·q ',-q ')HM910T 

Hila 

J 
T ( p, q ; p',. q ',.q '~) = L F

1 
( w, t, t'~,. w 2, ,; u (p')M 1 u(p), (25) 

I = 1 

ret 

xf 3To npeanono>KeKHe nerKo aoKB3btaaeTCR, e cm• <j:>yKKUIISI G <>t• x 
1
)Henp e pb1BH8 

H a6cOnlOTHO KHTerpHpyeMa; OHO OCT8eTCSI cnpaae.onnBbiM H .0fl51 WHpOKOPO Kn8C C8 06o6-
lU9HHblX cPYHKUHA. 

7 



r11e r.1 
I Y, M 

r.1 = (; - q
2
l y • 

a t s 

q' + q' 
I 2 

y 

(26) 
M=f~+~)('q -q )y 

1 2 1 2 5 

nollCTBBJl!I!I ( 25) K ( 26) B ( 24), Mbl nony'IHM COOTHOLU9fiH!I nepeKp9CTKOii CKMM9TpHH Me>K

-F
11 

(-cu, t,t", w
2

, ~ }* , i= 1,2,3, 
Jl.Y HHBBpHBHTHbiMH 8MllJ1HTy.!l8MH f 

l 2 I 
F (w, t, t", w ,,;') = 

I Fll(-w,t,t'~,·w2,~ }*, i=4. 
- I 

Ll.H¢qJepeHuHanbHbre ce'!eHH!i npoueccoa (I) 

d. 0 J 

dt dt'~ . dw 2d.; 
npOUOpUHOHBJlbHhl B9JlH'IKH8M 

J J 2 

II = ::£ A
1 Fl I + ::£ Ali 

t<J 

J J* 
Re F

1 
F
1 

!=I 

r)le B 8CKMUTOTHK9 ( w-+~) 

H (II) 

A
1 
=- 2t, 

2 
A

2 
= 2( s' + s'~.) 

2 
A

3 
= 2 ( s'·- s'~.) · 

A
4 

= 2(s'+ s" )2 
( w'L4m2 ) + :2( s '-s ")

1 
w 2

, 

A
12

=- ·4 r.l (t'+ t'~- 2t ) , A I 3 = - 4 M ( t '~- t,. ) ' 

A = - 4[(t+m2 Xs'-s'~)-t's'+t'":s'1 , A = 4 ( s" 2- s'2) 
14 23 , 

A,,=-81.1 (s'-s".) .w
2

, A
34 

= - •8 r.l ( s'+ s '~l( w2 '-4m 2
). 

(27) 

(~8) 

(29) 

nonb3y!!Cb Bblp8>K9HH9M (28) H (29) llJl!l C9'19HKJ1 K COOTHOW9HH9M nepeKp9CTHOii 

CKMMeTpi!H ( 27), c noMOIUbto M9TO!la, paaaHToro a pa6oTax
1 I-S/ , MO>KHo llOKaaaTb 

8CKMllTOTH"!9CK09 paaeHCTBO llH¢<1JepeHUH8JlbHb!X C9'!9HHl\ npoueCCOB (J) H (II). B 'IBCT-

HOCTH, HM99T M9CTO 8Ci!MllTOTH'I9CK09 paaeHCTBO llH¢¢ep9HUHBJlbHbrX C9'19HHl! npOU9CCOB 

+ + 0 
TT+p ... 7i+ 'rr+p H rr + p ... rr-+ TT

0 + p 

np11 W-+~ H <lJHKCi!pOBBHHblX t'~ W 
2 

K {; 

8 Cnj'4:8e 06p830B8HHH CHCTeM IJ.BYX rr -M930HOB B pe30H8HCHOM COCTOSIHHH C J = 1 , 

I = 1 ( p -MeaoH), Mhr KMeeM paaeHCTBO llH¢cjJepeHuHanbHbrx ce'!eHHii llJl!l npoueccoa 

+ 
17 + + 

.. p + p rr+p~p+p 

8 

5. 3 a K n 10 'I e H 11 e 

06Cy!lliM B03MO>KHbl9 o6o6IU9HK!I nonyqeHHblX peaynbTBTOB, 8b!W9 Mbl paCCMOTpenK 

Cnyqal!, KOr)la nonHB!I aHeprH!I Ci!CT9Mbl /lBYX 17 -M930HOB (a CliCT9M9 U9HTpa MBCC 9TiiX 

llBYX 'IBCTHU) W 1717 
ciJHKCHpOB8H8

1 
8 ITOnHBR 3HeprHSI CHCT9Mbl HYKJ10H8 H O.ll,HOrO H3 M93Q-

HOB (a C,u,M, 9 THX 'IBCTHU) W 
17

N CTp9MHTC!I K 6eCKOH9'1HOCTH BM9CT9 C llOJlHOl! 9H9prlleli 

peaKUHH s ( ,: ¢HKCHpoaaHo). AHanorH'IHhiM o6paaoM MO>KHO paccMoTpeTb cnyqai!, Kor-

.ua aHepri!!l w 
17N 

¢HKCHpoaaHa, a aHeprK!I w 
1717 

CTp9MHTC!I K 6eCKOH9'1110CTH BM9CT9 

c s , H .uoKaaaTb paaeHCTBO .llH¢cjJepeHuHanbHhiX ceqeHHI!. B cnyqae o6paaoaaHK!I cMCTeM 

HYKJlOHHO-M930HHOli CHCT9Mbl B peaoHaHCHOl! COCTO!IHHH Mbl HM99M paaeHCTBO .llH<lJcjJepeH

UliBJlbHbiX C9'19Hllli npOU&CCOB, H8Up11M9p, 

17++p-+17++,;,+ H 

-+ p+770 

+ 
,....+. p ... 17 + "' 

-+ p+rro 

.[lanee MO>KHO paCCMOTp9Tb T8K>K9 cnyqal! M930HOB C p83Jlli'!Hb!MH MBCCBMR R, B '18CT"" 

HOCTH, nony'IHTb 8CHMllTOTH'I9CKH9 p8B9HCTB8 .llH<lJ<lJepeHUHBJlb Hb!X C9'19HHI! .llJlSI npOU9CCOB: 

+ - · 
11- + p ... K + ·K + n 

+ - + 
11 + ·n ... K + K + p H 

+" + 
1-:: + p ... K~+ · rr + . H K + p ... K0 +·11 + p , 

+ + 
K + p .. K +·11° + p H K + p ... K-+ :11° + ·p 

8 cnyqae o6pa30B8HHSI CHCT9M .ll~YX M930HOB HnH M930HHO-:HyKJlOHHOl! CHCT9Mbl 

B p930H8HCHOM COCTOSIHHH Mbl HM99M, COOTB9TCTB9HHO, paaeHCTBB .llH<lJ¢epeHUH8JlbHbiX 

ce'!eHHli llJl!l npoueccoa 

17 + p ... ¢ +·n H ,+ +·n -+ ¢ + p . 
+ 

+ p .. K• ++ p K-+ ·p ... K*-+p K H . 
HJlH 

+ + + 
K-'t- p -+ K -~ <'> 

+ 
K +:p ... K + ·<'> H 

.... p + ,o .. p + .rro 

AHanorH'IHO MO>KHO paCCMOTp9Tb npouecCbl ¢oTOpO>K.ll9HH!I .llBYX M930HOB H UpOU9CCbl 

pO:>K.ll9HHH M930HOB B HyKnoa-Hyl<"JlOHHbiX CTOJ1KHOB8HHSIX, H8llpHM9p, 

y+ ·p-+ '1T+~ . 1To + :n 

+ p+p .. n+11+p 

H 

H 

9 

y + ·n -+ 1T-+ "o + p , 

- - · +" 
n + ·p .. P + 17 +:p r 



a a qacTHOM cnyqae 

+ ' 
y+ : p~p+ · n 

++ ' 
p+p-> n +D. 

H 

H 

y+n ... p +p' 

- - ++ 
n +p-> P + :D. 
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