
c 3.21.;, 
Ti (~.., 
\..._.- 6" 

06bEJlVIHEHHbl H 
VIHCTVITYT 
.HJlEPHb!X 

VICCnE}lOBAH VIM 

Jly6Ha 

~ • .. • • ·• I = :r 
:K .... a: • = I 
! 
2 • lA 

~ 

P-1692 

n.n. Conoabea 

M.HrKVIE <I>OTOHbl B nPOUECCAX 
C 3nEMEHTAPHblMVI "!ACTVIUAMVI 

~ ---------------------------------------------------



• 

~~ 
. .., 

__ , 

. 
.}._ 

~ 2:>.. 

~ -
IV) 

~ 

P-1692 

n . .o.. ConOBbeB 

MH1KI1E <POTOHbl B nPOUECCAX 
C ::mEMEHT APHbl Ml1 Y:ACTI1UAMI1 

Hanpaaneuo a Nuclear Physics 



A H H o T a u H s 

C noMOWblO o6WHX ypaaHeHHJI noxanbHOJI TeopHH nons (aKniO'IaH KBaHTOBYIO 3neKTpo-

LlHHaMHKY ao acex nopu.axax no e ) nony'leHbl uaa nepBblX qneHa paano>KeHHH MaTpnq-

HOrO 3rreMeHTa TOpM03HOrO H3nyqeHHH no HMnynbCaM MHrKHX <I:>OTOHOB, .Qn~ H3nyqeHHH 0)1" 

Horo ¢oToHa C HMnynbCOM k nepBblJI 'ln9H 3TOrO paano>KeHPIH HMeeT nopHLlOK k •l 

BTOpoil - e 2lnk , TpeTHil - k 0 • Ko3¢¢uuneHTbl npu nepaoM H BTopoM qneHax 3Toro 

paano>KeHHH nponopuHoHanbHbl MaTpH'IHOMY gneMeliTy cooTBeTcTByiOwero npouecca 6ea ua

nyqeHHH MHrKHX <I:>OTOHOB, C nOMOWbiO 3TOrO pa3rrO>K9HHH 

1) nonyqeHbi usa nepBbiX 'lneHa paano>KeHHH ceqeHHH TOpMoaHoro uanyqeHHH npoua

aonbHoro qucna <l:>oTOHOB c 3Hepruell B aauaHHOM HHTepaane no 3Hepruu uanyqeaus; 

2.) B nonHOM C9'19HHH paCC9!1HH!I ¢oTOHa C HMnynbCOM k Ha aap!I>K9HHOil qaCTHne 

aall.aeH qneH nop!l,nxa k 
2

ln k 
' 3) noxaaaHO, 'ITO MHHMaH qaCTb aMnnHTy.llbl ynpyroro KOMnTOHOBCKOrO pacce!IHH!I 

npH <I:>HKCHpOBaHHOM nepe,naHHOM HMITynbce !IBrr!leTCH 0606WeHHOJI CTeneHHOil ¢y.HKUH9JI 

3HeprHH S a6nuau nopora 
2 s = m ; aail.aeH nepBbiil qneH paano>KeHH!I aMnnnTy.llbi no 

s- m 2 u oueaeH cne,nyiOLUHll qneH; 

4) H3 npoCTbiX <l:>nauqecKHX coo6pa>KeHHll H ycnoBH!I cnexTpanbHOcTH nony'leHa <Pop

Myna ¢axTOpH3aUHH HH¢paKpaCHblX paCXO.llHMOCTell. 

Abstract 

General equations of the local field theory (including quantum electrodynamics in all orders in e ) have 

been used to obtain the first two tenns in the series expansion of the bremsstrahlung matrix elemen\ in the momen• 

ta of the soft photons. For bremsstrshlung of one photon witli momentum k the first tenn of this expansion is of 

order k ·l, the second one is of order e2ln k , and the third term is of order k 
0 

• The coefficients of the first 

and second tenns are proportional to the matrix element for the corresponding process without emission of the 

soft P,otons. ·With the aid of this expansion . 

1. the first two terms in the series expansion of the bremsstrahl!,g cross section in the radiated energy are 

obtained; 

2. " term of order k 
2
ln k in the series expansion of the total cross section for s~attering of a photon with mo

men tun k by a charged particle is found; 

3. It is shown that the imaginary part of the elastic Canpton scattering amplitude at fixed momentum transfer 
2 

is a generalized power function of the energy s near the threshold s=m ; the first term in the expsnsion of the 

amplitude in powers ofs-mfs found and the next term is estimated; 

~ It is shown that the factorization of infrared divergences of any scattering amplitude follows from simple 

physical considerations and the spectrality condition. 

~ . 

i~ 

~l 

1. Bse.aeHHe 

Ce'!eHHe npouecca, B KOTopoM yqacTayiOT MHrxue ¢oTOHbi, MO>KHo paano» 

no 3HeprnsM aTHX ¢oTOHOB. Ecnu Ko3<l:><l:>nuneHTbl 3Toro paano>KeHH!I MoryT 6bn 

MO HaMepeHbl, TO OHO pewaeT aa,naqy 0 npouecce C MHrKHMH <l:>oTOHaMH, 

.Uns paccesHH!I MHrKHX ¢oTOHOB Ha aaps>KeHHoll qacTnue TuppnHr
111 

noK 

nepBblil, He 3aBHCHWHil OT 3HeprHH <I:>OTOHOB qneH TaKOro paanO>K9HH!I B p9HOp11; 

penHTHBHCTCKH-HHBapuaHTHOll TeOpHH COBna.aaeT C ItnaCCH'I9CKHM TOMCOHOBCKIIM 

BTopol!, nHHeliHblll no 3HeprHH qneH 3Toro paano>KeHHH 6bin Hall.aeH floy
121

, r. 

131 /41 
H ronb,n6eprepOM H flanR.llYCOM H 4>Koy ryaH-'I>Kao , KOTOpble nOK83anB 

MOWbiO ycnOBH!I rpa,nueHTHOil HHBapuaHTHOCTH OH Bbipa»eaeTC!I '!~pea aap!l.ll H 

MoMeHT pacceuaaTen!l. BoaauxaeT sonpoc o cne.ayiDwnx, KBa.apaTH'IHhlX no aHe 

aToro paano>KeHH!I, HHTepec K HHM ycunusaeTC!I B CB!I3H c TeM, 'ITO npu ycpe 

cnuHaM pacceuaaTen!l nuHeliHbili 'lnea B ceqeHHH HC'!eaaeT, a .an11 6eccnnHosor 

T9n!l OH OTCfTCTBY9T H B aMnnHTy,ne, 

.QpyrHM npHM9pOM paCCMaTpHBa9MblX npOU9CCOB HBnSieTCH TOpM03R09 H3n 

KHX ¢oToROB. floy161 
H BuneRbKHll H PbiH.llHH/B/ aawnu, 'ITO nepBbill qneH pa.:; 

nmiTy.llbi 3Toro npouecca no aHepruu <l:>oToHa k nponopuuoaanea k "
1 

, BTOpol 

O.aHaxo aToT peaynbTaT cnpase.nnus nHWb a RHaweM nops.axe no e . B CT 

p!!.axax no e JI03¢4>HuHeHT npH k 0 oKaabiBaeTCH pacxo.aRLUHMCSI ( 6onee To• 

XO,llHTCSI CHnbHee, '19M HCXO,llHas aMnnHTy,na), 3TO yKa3biBaeT Ha TO, 'ITO cnpe 
•1 

acex nop!l.aKax no e paano>KeHHe Mo>KeT co.aep>KaTb He TOnbKO k , H 

CHHrynBpHbl9 npH k -+ 0 'lneH~, KOTOpbl9 aCHMnTOTH'I9CKH 6onee Ba>KHbl, '19M ' 

noaToMy aoaHuxaeT sonpoc o paano>KeHHH aMnnuTy.llbi TopMoaHoro uany'leHHH 1 

<l:>oToHa so acex nopB.axax no e, 

3TH sonpocbl H pewaiOTCH B ,naHHoll pa6oTe. Mbi HCXO.llHM H3 o6LUHX ypa 

KanbHOll TeopHH nonu11 I. KOTOpble uccne.aosanHCb Me.aseueBblM H nonHBaHOBbl 

3H C aKCHOMaTH'I9CKHM nOCTp09HH9M TeOpHH CHnbHblX B3aHMO.ll9JICTBHJI, H pace~ 

3TH ypaBH9HHH 0 BKITIO'IaH aneKTpOMarHIITHOe B3aHMO.ll9iiCTBH9 BO BC9X nopH.aKaX 

C nOMOLUbiO 3TIIX ypaBH9Hllil B n, 2 ,naHHOil pa6oTbl Hail.ll9Hhl ,llBa nepBblX qneH~ 

HilS! aMnnuTy.llbi TOpMoaHoro uanyqeHHR no aReprHRM MHrKHX ¢oTDHOB, B cnyqa 

o.aHoro ¢oToHa ITE:PBblll qnea coana.aaeT c nepBbiM 'lneHoM, nonyqeHHbiM floy
15

' 

>KG qneH Co,nep>KHT e 
2 lnk , Q6a qrreHa Bbipa>KaiOTCH '19p93 aMnnHTY .llY COOTE 

3 



A H H 0 T a U H H 

IO o6WHX ypaBH9HHll noKanbHOl! T90pHH nOUSI (BKUIO'IaH KBaHTOByiO 3U9KTpo-

ex nop.H.a.Kax no e ) nony'I9Hbl ,llBB nepBbiX 'IU9Ha pa3UO>K9HHH MBTpH'I-

TOpM03HOl"O H3Uy'I9HHH no HMnynbCBM MHI"KHX cpOTOHOB, .Lln~ H3UY'I9HHH o.a

HMnynbCOM k nepBb!li 'lUSH 3TOI"O pa3UO>K9HIIH HM99T nOpSI,llOK k •1 

, Tp9THli - k O • KoacpcpHuHeHTbl npa nepaoM H BTopoM qneHax 3Toro 

onopnHOHanbHbl MaTpH'IHOMY 3U9M9HTY COOTB9TCTByiOW91"0 npouecca 6ea Ha

cpOTOIIOB, C noMOWbiO 3TOI"O pa3UO>K9HHH 

Hbl .asa nepBbiX 'IU9Ha pa3UO>K9HHH C9'19HRS! TOpM03HOl"O H3UY'I9HHH npoaa

cpoTOHOB C 3HeprHel! B aa.aaHHOM HHTepsane no 3HeprHH H3UY'I9HHS!; 

pacceSIHHH cpoToHa c HMnynbCOM k Ha aapH>K9HHOJI 'IBCTHne 

opH.aKa k 
2

1n k 
\ 

HO, 'ITO MHHMB~ 'IBCTb BMnnHTY.llbl ynpyroro KOMnTOHOBCKOl"O pacceS!HHS! 

HHOM nepe,llBHHOM HMnynbC9 HBUS!9TCH 0606W9HHOJI CTeneHHOJI <tJy.HKUHBJI 

nH3H nopora s = m 
2 

; Hal!.aeH nepsblll qneH paano>KeHHS! aMnnHTY.llhl no 

eH cne.uyroLuHA qneH; 

CTblX cp113H'I9CKHX C006pa>KeHHJI H YCUOBHS! cneKTpBUbHOCTH nony'IBHB cpop

BUHH HHcppaKpBCHbiX pBCXO.llHMOCTeJI, 

Abstract 

ns of tl,e local field theory (including quantum electrodynamics in all orders in e ) have 

the first two tenns in the series expansion of the bremsstrahlung matrix element in the mome~· 

s. For bremsstrahlung of one photon witli momentum k the first tenn of this expansion is of 

d one is of order e 21n k , and the third tenn is of order k 0 
• The coefficients of the first 

e proportional to the matrix element for the corresponding process without emission of the 

e aid of this expansion . 

terms in the series expansion of the bremsstrahlung cross section in the radiated e~ergy sre 

2 
r k Ink in the series expansion of the total cross section for scattering of a photon with mo-

ged particle is found; 

at the imaginary part of the elastic Canpton scattering amplitude at fixed momentum transfer 

er function of the energy s near the threshold s-m 
2
; the first term in the expansion of the 

ofs-mis found and the next tenn is estimated; 

at the factorization of infrared divergences of any scattering amplitude follows from simple 

ns and the spectrality condition. 

• 

1. B a e .a e H u e 

Ce'!eHHe npouecca, a KOTopoM yqacTsyiOT MHrKHe cpoTOHhl, MO>KHO paano>KHTb a pH.a 

no aHepriHIM 3THX cpoToHoa. EcnH Kos¢cpHuHeHTbl sToro paano>KeHHH MoryT 6b!Tb HeaaaacH

MO H3M9p9Hbl, TO OHO pewaeT 3B.llB'Iy 0 npouecce C MHI"KHMH cpOTOHBMH, 

Ill .LlnH pacceHHHH MS!rKHX cpOTOHOB Ha aapS!>KeHHOll qacTHue THppHHr noKaaan, 'ITO 

nepBblll, H9 3aBHCS!WHll OT 9H9pl"HH cpOTOHOB 'lUSH TBKOI"O pB3UO>K9HHS! B p9HOpMHpyeMoll 

penHTHBHCTCKH-HHBapHBHTHOl! T90pHH COBna.aaeT C KUBCCH'19CKHM TOMCOHOBCKIIM C9'19HH9M, 

/2/ 
BTopoJ', UHH9l!Hhll! no 9HeprHH 'lUSH 9TOro paano>KeHHS! 6hiU Hal!.aeH noy • renn-MaHHOM 

/3/ /4/ 
H ronb.a6eprepoM H nanH.ayCOM H '-i)l(oy ryaH-'I>KBO , KOTOpbl9 110KB3aUH, 'ITO C no-

MOWbiO yCUOBHS! rpa,llH9HTHOl! HHBBpKaHTHOCTH OH Bb!pa>KaeTCH 'lepea aapS!.t:\ H MarHHTHbll! 

MOMeHT pacceHsaTenS!, BoaHHKaeT sonpoc o cne.ayiOWHx, Ksa.apaTH'IHblX no sHeprHH qneHax 

9TOI"O pa3UO>K9HHS!, J.1HTepec K HHM yCHUHsaeTCS! B CBH3H C TBM, 'ITO npH yCp9.llH9HHH no 

CnHHaM paCC9HBaTenH UHH9l!HbiJI 'lUSH B C9'19HHH HC'I93aeT, a .llUS! 6eccnHHOBOl"O pacceHsa

TBUS! OH OTCyTCTBYBT H B BMnUHTy.ae, 

.£lpyrHM npHM9pOM paCCMaTpHBa9MbiX npoueCCOB S!BUH9TCH TOpM03H09 H3Uy'I9HH9 MHr-

/5/ /6/ 
KHX cpoTOHOB, noy H BHn9HbKHl! H PblH.llHH HawnH, 'ITO nepBblll 'lUSH paano>KeHHH BM,.. 

nnHTY.llbl sToro npouecca n; SHeprHH cpoToHa k nponopuHoHaneH k "1 , sTopoll 'lneH k 0, 

O.aHaKo STOT peaynbTaT cnpaae.anHa nHWb s HHaweM nop>IP.Ke no e • B CTapwHx no-

P>l.llKaX no e J>09q,¢HUH9HT npH k O OKa3biBB9TCS! paCXO.llS!WHMCS! (6onee TO'IHO, OH pac

XO.llHTCS! CHUbH99, 'IBM HCXOP.HaSI BMnnHTy.aa), 3TO yKa3biBB9T Ha TO, 'ITO cnpase.anHBOE. BO 

·1 
BC9X nOpS!.UKaX no e pa3U0)1(9HH9 MO>K9T CO.ll9p>KaTb He TOUbKO k , HO H .apyrHe 

0 
CHHrynS!pHbl9 npH k .. 0 'IU9Hhl, KOTOpb19 aCIIMnTOTH'IBCKH .6onee Ba>KHbl, '19M 'IU9Hbl C k , 

no9TOMy B03HHKaeT BOIIpOC 0 pa3U0)1(9HHII aMnUIITY.llbl TOpM03HOl"O H3UY'I9HIIS! no 9HeprHH 

cpOTOHa BO BC9X nopS!.llKaX no e, 

3TH BOllpOCbl H pewaiOTCS! B .aaHHOli pa6oTe, Mbl HCXO.lliiM H3 06WHX ypaBH9HHl! no

KanbHOli T90p11H IIOUS!/
7 
I. KOTOpbl9 llccne.aosaniiCb Me.ase.aeBb!M " nonHBaHOBbiM/S/ B CBS!-

3H C BKCIIOM8TH'I9CKHM nocTp09HH9M T90pHH CHUbHblX B3aHMO.ll9JICTBHJI, II paCCMaTpHBaeM 

9TH ypBBH9HHH 0 BKUIO'IBS! 3U9KTpOMarHHTH09 B3aHMO.ll9l!CTBH9 BO BC9X IIOpS!.aKax no e 

C noMoU,biO 3THX ypasHeHIIl! s n. 2 .aaHHOJI pa6oTbi Hal!.aeHbi .aaa nepBbiX qneHa paano)l(e

HHS! BMnUHTY.llbl TOpM03HOl"O H3UY'I9HHSI no 9H9pl"HS!M MS!l"KHX cpOTOHOB, 8 cnyqae H3UY'I9HHS! 

0 /5/ 
o.aHoro cj:loToHa nE:psbifl qneH cosna.aaeT c nepBbiM 'lneHoM, nony'leHHhiM noy , BTOPC?JI 

>K9 'lUSH CO.ll9p>KKT e 
2
/nk , Q6a 'IU9HB BblpB>KBIOTCS! '19p93 BMnniiTY .llY COOTB9TCTByiOWS-

3 



ro npouecca 6ea uany'leHHSI MHrKHx <j:loTOHOB. '-lneH c e 
2
lnk ecTh peaynhTBT cyMMHpoaa

HHH 6eCKOH8'1HOrO 'IHCna llpOMS>KyTO'IHbiX COCTOHHHl! C MHrKHMH <jJOTOH8MH B HCXOJlHbiX ypaa

HSHHHX. TeopeTH'ISCKH npa k .. 0 STOT 'lneH 6onee aa>KeH, 'ISM BTopoll qneH (nopHJlK8 k
0 

), 

. /5/ 2 
nonyqeHHblll nay , 0JlH8KO K03<jJ<jJHUHSHT e CHnbHO yMSHblli88T era BenH'IHHY npH k -/0. 

B n. 2 noxaaaHo, 'ITO cnenyiOlliHA qneH paano>KeHHH BMnnHTYJlbi HMeeT nopsnox k 0 
• 

Era BHJl o6cy>KJl88TCH B nononHeHHH A. 

B n, 3-6 paccMaTpHBBIOTC!I HSKOTOpbre npHnO>KSHHH nony'leHHoro paano>KeHHH. B n,3 

HallneHbi naa nepBbiX qneHa paano>KeHHH ·ceqeHHH npouecca c HanyqeHHeM npouaaonbHoro 

'IHCna <jJOTOHOB C CyMM8pHoll 3HeprHell B 38Jl8HHOM HHTepaane llO 3HSprHH H3UY'l8HHH, nep

/9 10/ 
Bblll qneH aToro paano>KeHHH 6bin nonyqeH a pa6oTax ' , 

B n, 4 paccMoTpeHo pacce!IHHe <jJoToHa c aHeprHell k Ha aap!I>KeHHoll 'IBCTHue H 

nonyqea qnea nop!IJlKa e 2 k 2 Ink a nonaollil ceqeHHH aToro npouecca. TeopeTH'leCKH 3TOT 

qneH HBn!leTc!l rnaBHbiM cpenH qneHoB nop!IJlKB k 
2 

, H1 cnenoaaTenbHo, HBnseTC!I cne

JlYIOlliHM 'lneHOM p83UO>KQHHH CQ'IQHH!I nocne 'lneHOB, H8l!Jl8HHbiX B pa6oTax
11

-
31

, 3aMe

THM, 'ITO OH npHCYTCTByeT H B C8'18HHH p8CCQ!IHHH HB HenonHpH30B8HHOll '18CTHU8. 

nanee HB npHMepe ynpyroro KOMnTOHOBCKOrO pacce!IHHH npH <jJHKCKpOB8HHOM nepenaH-

HOM HMnynbCe pacCM8TpHB8QTCH a<jJ<jJeKT HanyqeHHH H nornOlUQHHH 6ecKOHQ'IHOrO 'IHCna 

BHpTyanbHhiX MHrKHX <jJoToHol'i. B HHallleM nopsnxe no e aMnnuTyna aToro npouecca ynos-

neTBOpHST JlHCnepCHOHHbiM COOTHOlliQHHHM no 
s /11,12/ s U H -MaHnenbc-

T8MOBCKHQ uepSMQHHb!S np!IMOro, nepexpecTHOro H BHHHrHUHUHOHHOrO K8H8UOB peaxuHH). 

Kax H3MSH!IIOTCH aaanHTH'ISCKHe caollcTaa aMnnHTYJlbi npa BKUIO'ISHHH anexTpOMBrHHTHoro 

aaaHMOJlellcTBHH ao acex nop!IJlKax uo e ? B qeTaepToM nopHJlKe aToT aonpoc paccMaT-

paaanc!l np3HJl>KQM/ 
131 , OJlH8KO npH <jJHKCHpOB8HHOM t H ·s ... m 2 ( m -Mace a pac-

CeHB8TSn!l) TeopHH aoaMyllleHHll HenpHMeHHMa, BHJl oco6eHHOCTH aMnnHTYJlhl a aToll o6nac-
2 {Jc•>- 1 /14 15/ 

TH <l>(t)('s-m ) 6bln nony'leH B pa6oTax ' c noMOlllbiO peHopManuaauaoH-

Holl rpynnbi ( npu aTOM xoa<jJ<jJauueHT npH oco6eHHOCTH onpenen!lnc!l no TeopHH aoaMylUe-

/16/ 
HHl!) H B pa6aTe C nOMOIUbiO JlHCUSpCHOHHblX CDfTHOlliQHHl! ( KOS<jJ<jJHUHSHT HBl!JlSH 

nonHoCTbiO), B n, 5 naHHoll pa6oTbi oueHeH cnenyiOlliHll qneH paano>KeHHH aMnnHTYJlbi no 

s - m 
2 

u noxaaaHo, 'ITO 'lneH, Hai!neHHbill a
1161

, neAcTBHTenhHO !IBn!leTCH rnaaHbiM. Kpo-

M9 TOf'0 1 llOK838H0 1 tiTO BMnnrrTy.ua YLlOBneTBOpSieT .OHCIIepCHOHHbiM COOTHOW9HHSlM 1 ecnH 

ee MHHMyiO 'IBCTb paccMaTpHB8Tb xax o6o6LUeHHyro cTeneHHYIO <jJyHKUHIO/ 
171 

B oxpeCTHOCTH 

S ~ m 
2 

H u = m 
2 

• 3aMeTKM, 'ITO B pa6oTe/l
3

/ npennaranHCb JlHCnepCHOHHb!S COOTHO

lUQHH!I nHlllb Jln!l npOK3B8JlQHHH BMnnHTYJlbl HB ( S- m2)(u-m 2 
), 'ITO COOTBQTCTByeT JlBYM 

nHlliHKM Bhi'IHTBHH!IM a aneKTpOJlHHBMHKe no cpaaHeHHIO c MeaoHHOII TeopHell. B n, 5 noxa

aaHo, 'ITO T8K8!1 HQCHMMSTpHH MS>KJly 068HMH TeopHHMH Ha C8MOM Jlene OTCYTCTByeT, H 

ace p83UH'IH8 MQ>KJlY HHMH C TO'IKH apeHHH JlHCnepCHOHHbiX COOTHOlliQHHII CBOJlHTC!I K .aa

Jl8HHIO B 3U8KTpOJlHH8MHKQ npaaHna HHTerpHpOB8HH!I OC06SHHOCTH MHHMOII 'IBCTH npH 

4 

~ . 

.1: 

~ 

s=m 2 (u= m 2
) , Bbi3B8HHOII 6eCKOHQ'IHb!M 'IHCnOM npOMS>KYTO'IHbiX COCT 

HllMH HyneBOII SHepr,HH, 3TO npBBHnO COOTBQTCTByeT BBQJlQHHIO Of506lU8HHblX 

UHll, paccMOTpeHHblX B KHHre renb<jJ8HJl8 H Wunoaa1 171• 

HaxoHeu, a n. 6 paccMaTpHaaeTCH aonpoc o <jJaxTopHaauuu HH<jJpaxpacH 

/9,10/ 
MOCTell. EMy noCBRlUQHO 60nblll08 '!Keno pa6oT 

1 
CCbinKH Ha KOTOpbiQ HMe 

B n, 6 yxaaaHo, 'ITO <jJaxTopuaauHH HH<jJpaxpacHbiX pacxonHMoc'l'ell ecTb npoc 

cneKTpanbHOCTH H <jJH3H'IQCKH onp8BJl8HHOrO Tpe60B8HHH OTCyTCTBH!I HH<jJpaKpl 

HOCTell, ecnH HMnynbCbl 38p!I>KQHHbiX '18CTHu HQ H3M8HHIOTC!I, 

nn!l npOCTOTbl H3llO>KQHH!I Mbl p8COM8TpHBllQM nHlllb DpOuaCCb1
0 

B KOTOJ 

npOH3BOnbHbiM 'IHCnOM He!ITpanbHbiX 'IBCTHU npHCyTCTByeT TOnbKO OJlHa !SaCCI 

>KaHHB!I 'lBCTHua. 06o6LUaHHe aa cny'lall aapH>KaHHoll 'lBCTHubl co cnuHOM 11: 

CH B 38KniO'lQHHH (n. 7), 

VfcnOnb3yaTCH CHCTQM8 QJlHHHu, B KOTOpC.ll 

•n o 0 .... 
paaao ab = g a., bn = a b - ab • AMnnuTyJla 

poaaaa ycnoaueM <k'lk > • (2rr) '.:J 0 8 (k' - t ) 

1i • c - 1 • B&KTopaoe npo1 

COCTOHHHH 'lBCTHuhl C HMnylJI 

, COOTB8TCTB8HHO KOTOpOMy 

Ha'!eaae: .... .. 3 0 
dk • dk / ( 2rr) 2k 

Ecnu HaKOTopa" aenH'lHHa F(k1 ) aaBHCHT OT HMnynbCa <jJoToaa k 
1 

(a ero 

n>1puaauuu < 
1 ) , TO JlnSI npOH3B8.!:18HH!I TBKHX B8llK'lKH, COOTBQTCTBYIOlllKX 

Hcnonb3yaTCH o6oaHa'laHKa: 

( F(k)J, n F( •; J. 
1=1 

2, VfanyqaHHa M!lrKHX cbOTOHOB 

PaccMoTpKM MBTpH'IHbill aneMeaT: 

< t 1 , •• ;;;" , £• " f 1 I r > = < n , a, " I 1 I r > , 

rne 1 = 1(0) , 1( x) - onepaTop HeliTpanbHOro noxanbHOro Toxa: 1( x) =i( 8~ 

¢(x) -npouaaonhHOe noxanbHOe aneKTpH'laCKH HaiiTpanhHoe none. Ecnu ¢(x) 

M8f'HHTH09 none, TO BM9CTO Mbl 6yJl9M T8K>K9 nHC8Tb 
; " K 

PH>KaHHoll 6eccnHHOBoll 'IBCTHUhi (MeaoHa) c Maccoa m a •HMnynbCbi H nc 

npouaaonbHoro 'IHcna aeliTpanbHbiX >KSCTKHX qacTKu c nonHbiM HMnynbCOM A 

HMnynhCbl MHrKHX <jJOTOHOB C B9lU9CTBQHHblMH B9KTOp8MH ITOn!lpH38UHH 

t~(p-r} 2 , 
<I 

Vfccne~~~M 38BHCIIMOCTb ( 2,1) OT k 1 , •• ;;;k n , Vfa OCHOBHblX 8KCKOM 

NO~HUMH K~~E~a 

2 + 
(8 S/8A(:r.}8cp(O)}S •- T(j(:r.}l(O}) 
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HanyqeHHSI M>lrK>IX <j:loTOHOB. Ynee c e 
2
1nk ecTb peaynbTBT cyMMHpoea-

qHcna npoMe>KyToqHbiX COCTOHHHIJ: C MHrKHMH c1JoTOH8MH B HCXO,UHbiX ypaB .. 

npH k-> 0 9TOT qneH 6onee B8>KeH, '19M BTOpOll qneH (nopHllK8 k
0 

), 

OaeaKo Ko9<j:llfJHUHeHT e 2 cHnbHO yMeHbwaeT ero eenH'IHHY npH k olo. 

'ITO cneay!OlllHll qneH paano>KeHHSI 8'<(nnHTYllbl HMeeT nopS!llOK k Q • 

e JlononeeHHH A. 

paccMaTpHBBIOTC>I eeKOTOpbie npHno>KeHR>I nonyqeeeoro paano>KeHHSI. B n.3 

pBbiX qneea paano>KeHRH ·ceqeHRSI npouecca c sanyqeeeeM npoHaaonbHoro 

9HeprHell B 38ll8HHOM HHTepaane no 9HeprHH H3nyqeHHSI, nep-

6bin nony'leH a pa6oTax
19

• 
101

, 

oTpeHO pacceSIHHe <j:lOTOH8 C 9HeprHell k HB 3BpSI>K9HHOll '18CTHU9 H 

e 2 k 2 Ink a noneold ceqeHHH 9Toro npouecca. TeopeTH'I9CKH 9TOT 

nop>laKa k 2 
, H

1 
cneaoeaTenbHO, HBn>leTC>I cne

nocne qneeoa, eallaeHHbiX e pa6oTax
11

-
31

• 3a Me-

HenonS!pH30B8HHOll '!8CTHU9, 

npHMepe ynpyroro KOMnTOHOBCKOrO p8CC9SIHHSI npH <j:lHKCHpOB8HHOM nepeaaH

paCCM8TpHB89TCSI s<j:l<j:leKT H3nyqeHHSI H nornO!ll9HHB 6eCKOH9'1HOrO '!HCn8 

<j:loTOHOB. B HHameM nopHllKe no e aMnnHTyaa aToro npouecca yaos-

COOTHOW9HHSIM no S 
111

•
121 ·s U H -Maaaenbc-

np>IMOro, nepeKpeCTHOrO H 8HHHrHnSIUHOHHOrO KBHBnOB pe8KUHH), 

8MnnHTYllbl npH BKni0'19HHH 9n9KTpOM8rHHTHOrO 

nopSI.a.Kax no e ? B qeTeepToM nop>lllKe aTOT aonpoc paccMa-r-

OllH8KO npH <j:lHKCHpOB8HHOM H 'S ... tn 2 m -Mecca pac-

pHH aoaMy!lleHnll HenpuMeHHMa, BHll oco6eHHOCTH aMnnHTYllbi a SToll o6nac-

2 f3r•>- 1 /14 15/ 
) 6bin nonyqeH B pa60T8X ° C nOMO!llbiO peHOpM8nH38UHOH-

pH 8TOM K08<j:l<j:lRuHeHT npR OC069HHOCTH onpeaen>lnCH no TeOpHH B03My!lle

/J6/ 
C IlOMOIU b!O llRCnepCHOHHbiX COOTHOlll9HRll ( K09cp¢HUH9HT H,llll9H 

5 aaHHol1 pa6oTbi oueHeH cneayiOWHll qneH paano>KeHRH aMnnHTYllbl no 

'ITO qneH, Hai\aeHHbill a1161 , aellcTBRTenbHO s!BnHeTCH rnaBHhiM. Kpo-

8H0 1 t{TO BMnJIHTyna ynoBneTBOps:teT ,OHCll9pCHOHHbiM COOTHOW8HHs:IM 1 ecnH 

/17/ 
Tb p8CCM8TpHB8Tb K8K 0606WeHHYIO CTeneHHYIO <j:lyHKURIO B 0Kp9CTHOCTR 

u = m 
2 

• 3aMeTHM, 'ITO B pa6oTe/J
3/ npeanaranRCb llRCnepCHOHHbi9 COOTHo

npOH3Be):leHHH 8MnnHTyllbl H8 ( s- m 2 )(u-m 2 
), 'ITO COOTBeTCTByeT llBYM 

HM a aneKTpOllHHBMHKe no cpaaHeHRIO c Me30HHOl! Teopnell. B n, 5 noKa-

HeCHMMeTpHH M9>Klly o6eHMH TeOpHHMH H8 C8MOM aene OTCYTCTByeT, H 

C TO'IKH 3peHHSI llHCnepCHOHHhiX COOTHOWeHHl! CBOllHTCH K .38-

npBBHna HHTerpHpOB8HHSI OC06eHHOCTH MHHMOl! '18CTH npH 

4 

• 

r. 
/ 

s=m 2 (u-m
2

) , Bbi3B8HHOl! 6eCKOH9'1HbiM 'IHCnOM npOMe>KyTO'IHbiX COCTOSIHHll C cPOTO-

HilMH Hyneaol! 9HeprHH• 3TO npaeHnO COOTBeTCTeyeT BeeaeHHIO 0606UleHHblX CTeneHHbiX cPYHJ

UHi!, p8CCMOTpeHHbiX B KHHre renbcP8Hll8 H llJHnoea
1171

• 

HaKc;>Heu, e n, 6 paccMaTpHaaeTcSI aonpoc o cPBKTOpH38UHH na,PpaKpacHbiX pacxoae-

/9, 10/ /9/ 
MOCTel!. EMy nOCBHUleHO 6onbWOe 'IHCnO pa6oT J CCbinKH H8 KOTOpbi9 HMeiOTCH B 

B n. 6 yKB38HO, 'ITO cPBKTopH38UHH HH,PpaKpacHhiX pacxoaeMoc1'ell ecTb npocToe cneacTaHe 

cneKTp8nbHOCTH H cPH3H'I9CKH onp8Bll8HHOro Tpe60B8HHH OTCyTCTBHH HHcPp8Kp8CHblX OC06eH

HOCT9ll, ecnH RMnynbCbl 38pH>K9HHbiX '18CTHU He H3M9HSIIOTCH, 

Jln>l npoCTOTbl H3nO>K9HHH Mbl p8CCM8TpHBiieM nHWb npOU9CCbl0 B KOTOpbiX H8pH.lly C 

npOH3BOnbHbiM 'IHCnOM H9liTp8nbHbiX '18CTHU npHCyTCTByeT TOnbKO OllH8 6eccnRHOB8H 38pH

>KeHH8H 'IBCTHUB, 0606!ll9HRe HB cny'lall 38pH>KeHHOl! '18CTHIIbl CO CnHHOM 1/2 o6cy>Kll89T

CH B 38KniO'!eHHH (n, 7), 

l1cnonb3y&TCH CHCTeMa 9fJ.HHHil, B KOTOpvll 1i = c a 1 • BeKTOpHoe npOH3B9.ll9HH9 
mn 0 0 ...... 

p8BHO ab = g a., bn = a b - ab , AMnnHTy.llB COCTOSIHHH '18CTHUbl C HMnynbCOM k HOpMII"' 

pOBBHB ycnOBH9M <k'lk > • (27T) J,:l
0

/) (k' - t ) , COOTB9TC1'B9HHO KOTOpOMy BB9ll9HO 0603-

HB'IeHHe: .... ... 3 0 
dk • dk / ( 2rr) 2k • 

EcnH H&KOTopaH eenH'IRHa F(k1 ) 3BBHCRT OT HMnynbCa ,PoToHa k 1 (H ero B&KTopa no-

nHpH38UHH f I ) , TO .llnH npOH3B9ll9HHH TSKHX B&nH'IHH, COOTB9TCTBYIOlllHX n cPOTOH8M 0 

ncnonb3yeTcH o6o3HS'I&HHe: 

( F(k.Q, n F( "; J. 
l=t 

2, l13nY'I9HHe M>lrKHX pOTOHOB 

PaccMoTpHM .MaTpH'IHbiii 9neMeHT: 

< k I , •• ;;~ , a, p [I I r > = < n , a, p I! I r > , 
n • 

(2.1) 

+ 
rae 1=1(0) , l(x) - onepaTop Hel!TpanbHoro noKanbHoro TOKe: l(x) =i(8S/8cf>(x))S 

cf>( x) -npoH3BOnbHOe noKanhHoe sneKTpH'IeCKH Hel!TpanbHoe none. EcnH cf>(x) -sneKTpo-

M8rHHTH09 none, TO BM9CTO Mbl 6yll9M TBK>Ke nHC8Tb ; p H - HMnynbCbi 3a-

pH>KeHHOl! 6eccnHHOBOl! '18CTHUbl (Me30H8) C M8CCOll m a •RMnynbCbl H nonSipH38UHH 

npOH3BOnbHOrO 'IHCna H9l!Tp8nbHbiX >KeCTKHX '!8CTHU C nonHbiM HMnynbCOM 

HMnynbCbl MHrKHX cPOTOHOB C Be!lleCTB9HHb!MH BeKTOp8MH nonS!pH38UHH 

l=(p-r)
2

• 
f I 

A k, 

0603H8'1HM 

11ccneayeM 38BHCHMOCTb ( 2,1) OT k I • •• ;;;k n • !13 OCHOBHbiX 8KCHOM nOK8nbHOl! 

17/ 
TeOpHH nonH H paaeHC1'B8 

2 + 
(8 S/8A(x)8cf>(O))S •- T(j(x)l(O)) 

(2.2) 
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nOJI:f'l89M CHCT9M)' ypaBH9HHll, KOTOpbiM :f.!lOBJI9TBOp!110T M8TpH'IHb19 9U9M9HTbl (2,1) KBK 

cP:fHKUHH cPOTOHHhiX HMn)'UbCOB k I , •• ;;fr n (n• J, 2, .. ,,) 

<n,a,p lllr> = ·-(2 11J'!.[ 8 (PN-~ -A-;n}<n-1,4PI<niiNXNilJi> 

« p!- p0
- A 0 -r<.:-io 

+ 

.. .. 
8(p +kn--;)<·n-1,a,piTIN><NJr ilr> 

N n 

p"+ko_,o_;o 
N n 

K ra = 1c J + .,., :+ k n • 

+ 

PaaeHCTBo (2.2) onpe.aeneHo nuwb .an11 x -10 • B noKanbHoA TeopHH 

(2.3) 

(2.4) 

K ero npa-

BOlt 'IBCTH M0)1(9T 6&ITb .!l068BU9H npOH3BOJibHblft KB89HUOKanbHhiA onepaTOp1 CO.!l9p)I(8WHit 

8( X} 
1 

8'( z} H T,.!l, 3TO 03H8'189T1 'ITO K npaaoft 'IBCTH ( 2.3) MO)I(HO .!l068BHTb nonu-

HOM OT kn O.aHaKo Mbi 6yAeM HCKBTb nHWb Te 'lneH&I MaTpH'IHoro aneMeHTa (2.1), 

KOTOpbl9 CHHrynRpHbi
1 

KOrAa UI060ll H3 cPOTOHHhiX HMnynbCOB CTpeMHTC!l K H)'JIIO. no9TOM:f 

BC!lKHA npOH3BOJI B (2.2), KOTOpbiii He .!l89T B ( 2,3) CHHrynllpHblX npH len .. 0 'IJI9HOB1 

.[\Jill HBC H9C:fW9CTB9H9H, 

EcnH HHTerpan&I no 6onbWHM HMnynbcaM npoMe)l(yTo'IHhiX 'IBCTHU a (2.3) pacxoART"" 

Cll, TO BB9.!l9M HMnyUbCbl o6pe38HH!l; OHH He A8A:fT BKn8A8 B HHTepecyiOWHe Hac qneHbi, 

llnll TOro, 'IT06bi H369)1(8Tb paCXOAHMOCTH npH HHTerpHpOB8HHH no MBnbiM HMnynbC8M 

npOM9)1()'TO'IHbiX cPOTOHOB, npHnHWeM HM MBJI)'IO Macey A • npu 9TOM H)')I(HO C'IHTaTb, .. 
'ITO A MHoro MeHbWe acex HMnynbCOB I k 1 I . B Tex B&Ipa)l(eHHllX, KOTop&Ie KOH9'1Hhi 

npH k 
1 

-1 0 , Mhi 6yAeM nona raTb A= 0 

B yp8BH9HHH (2.3) CHHrynllpHbie npH k n .. o 'IJI9Hhl A810T JIHWb Te npOM9)1()'TO'IHbi9 

COCTO!lHHll, KOTOpble He HHTerpHpyeMbiM o6p830M o6pawa10T B H:fJib 3HaMeHaTenH, ecnH B 

HHX nOJIO)I(HTb A= 0 Hkn=O. 

8 nepBOM cnaraeMOM B npaaoft 'laCTH (2,3) TaKHe COCTO!lHHll AOJI)I(Hbl COA9p)l(aTb 

M930H C HMn)'UbCOM pI , 6UH3KHM K p , HeftTpanbHb19 )1(9CTKH9 'laCTHUbl C HMnynbCa-

MH a I , 6UH3KHMH K a 1 n - 1 cPOTOHOB C HMnfnbCBMH q I 1 6nH3KHMH K 

k
1 1 

i = ] 1 .,1 :!1- J, H npOH3BOJibH09 'IHCJIO cPOTOHOB C HMnynbCaMH, 6nH3KHMH K H:fJIIO, npu 

9TOM H9HHTerpupyeM&Ill BKJIBA ABIOT JIHWb Te 'IJI9Hbl B < n -1, a, p lrn il N > , KOTOpbte 
... -+ ... ..... .... .... 

COA9p)I(8T 8( a- a
1

} 8 (k I - q 
1

) .. , p(kn. 
1
- qn •I ) , T,e, COOTB9TCTB)'IOT H9CB!l3HbiM AHar-

paMMaM, 

80 BTOpOM cnaraeMOM RHTepecyiOWHli H8C BKUaA Aa!OT UHWb COCTOllHHS!, COAep)Ka-

WR9 M930H C HMnynbCOM pI , 6JI113KRM K r , H npOR3BOJibH09 'IRCJIO cPOTOHOB C HM-

nynbCaMH, 6nH3KHMH K H:fUIO. 

8hiURW9M CHCTeMy ypaBH9HHll, A810WRX CHHrynllpH:fiO 3aBHCIIMOCTb OT 1c n npH 

len .. 0 , n = 1, 2, •• ;~, 1 He AJI!l caMHX MaTpH'IHbiX 3UeM9HTOB ( 2,1), a AJI!l 8MUJIHT)'A 

6 

I; 

:,~ 

1 f 

~ . . . ' 

.. 

1 ( t,,. 

rAe f. 

I )• ! ',!,; 

r, I ) 

If 

''.'·.J 

·' ... 
I I ',I,.:') ',1 

'•'-

. ' ' ~'; 
Qnpe.cteJI&HHbllt PIIBIIHCT!!IPM . ' . . fJ ' 

<l,p llfr,i > • (m/A). l(t,p; t,~)• 

~KBI!IIfTO!!ihle , 'IRena l(eJh>paJibHbllt 'H'IC'I'HJ.t ,ft 

' . 
{1._· {J(t)• (a/rr1( 1 -pr fdl:/p 

1
), p • p~ + t(I..;.Ji.), 

, . 0 • •. . 

\<i 

t1. - nOCTOAHHa!l TOHII:Oll CTpyKTypbl. 

Mw I(MeeN 

.... 0 ... .... _,. 
l(n, a; p, ,j •- (211' )'I . .!.. (I. 11 Jdq 1 [fdp (~ j lt(pl + l o..p:-k,.)r,. UP/Pi • 

f•o f ! . '. f I I A . • .· p , t 
1 ., P

1
',+Qt• ... .. .... 

+ J ;;, ( 111 )• 8(p1 + Ot -r+k., Jl(n-1, Boflp1,th,.J(t,p
4

; '.!, $ 
1 ' T. po+Qo-,o+ko-,,o· ·'•J ~ 1 t " · t;'r 

~~~~ i.(~~ 
~·.! ; lf 

\ ',. il· ·:.: i J 'f, .. 
fJ((p-pl) )+ {J((p,-r}), . ~~ ' 

'•3A&e!> 

b •- {J(p - r)
1

} + 

.. ,.\; 
' . ' .·, ,1;· .\ 

aptyi.ceHT f y 1 H I oaaaqaeT SIIBI(CHNOCTb .oT <J>oToH•Ioli· ltMuyl!!o¢, 

Ma ,KOTOpbiX pasHa Ot ' .I 03H8'1&eT CYMMHpoil~~,lle no nori~pHG~-~' 
11'" ..,.l .ana 8pei..~liHOA • I .an11 npocTpaHcTBeHHhlX 'non~pila~IIA xx/;. 0~~ 

,_ ' ' .. ! :' ' ·:· ~ : 

IlHA oaJ'peAenRIO'I'O!l HepaaeHcTaaNa: I q'! < lJ (o6naeTb 1 ), liP b·!PII 
1 f, ' II P1 1-·1 r.ll < IJ1 ( 111 1 r.ne 8 , 8

1 
, II 8 1 CIIOllb yro'.aa~ Miilthi. rlP!J 

noxa)l(e.M, 'IT.o cHcTeMa (2. 7) aMeeT one.tty10mee ·pe.iu~Hse · 

'r(n, a,,; r) • (FP, (Tc))" ·1(,., p;r}+ •H 

r.!le TO'IK8MH 0603H8'19Hbl 'IJ18Hbl, KOH9'1Hbl9 npH crpeMii&HliH II'Hylllio O.!lHt 
.. ., ' ' ' 

nynl)ca, a no .apyrRM <P01-oaR&tM HMnynbCaM ne 6onee·ca:Ht'ynSipHhle, 'leM \ - . . 

FP, (k} ~ dPJkJ, f P,(k) = a P' (k}( 1 + Yp, {k)J., 
1 

P r . 
a (k}"ie(-::r:- -=-1• 

p-r PA ~ t«, 

111' 2 • ' ' y (k) = 2(pkln~ -dcln-=-J fj'((p -r)) 
· pr · rk pk 

x/ B n, 6 6yAeT noKaaaHo, 'ITO 9TH .IIMl'UHTYAht KOH&'IH&t npH A ~ 0 

xx/ Yt:~o6ao 
ll01Ib3088TbCH Kllni!QpOBKOII1 npH KOfopoJI BllKYYM He CO,ll 

Hb!X H· npo.QonbHbiX cPOTOliOB, npu l'l~.OM nonHaSI CHCTeMa aMnnHTyh COCTO~ 
J'lllT& COCTOHHHSI C 9THMij. d:JOTOIUI~H H 'C:fMMHpOBllHHe UO UOJISIPH3aJUclll.l1<-/· Up< 

ToHoa npol!3liDAHTCR no cpopMyne _.. 7J<., '• =- g.,~ ·• ti ypaH!leHHe \ :.1. J E 

UH6pOBO'IHO-l!HB8pHaHTHbJe Bh!pa>K9HIIll; ll09TOM:f B LlilHHOM Cll:f'l80 peaynb 
OT Bb!6opa KIIUH6pOBKK. 
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.,aeHeHHll, KOTOpbiM )'.llOBlleTBOp!IIOT M8TpH'IHbie sneMBHTbl (2,1) KBK 

k
1 

, •• ;;fen (n= 1,2, •• ,,) ...... 
p -A -Kn )<n -l,lloP!<n j !NXN !rtr> 

(2.3) 
+ 

p~- p 0
- A0 -K:-io 

(2.4) 

Kn=k
1

+,,,+kn 

onpe.QeneHo nHWb .llllll :r .f 0 , B noKanbHoA TeopHH K era npa-

Tb .Qo6aeneH npoH3BOllbHbiA KB83HllOK8llbHbiA onepaTop, CO.Qep>KBWHA 

3TO oauaqaeT, 'ITO K npaeoA 'IBCTH ( 2,3) MO>KHO .1l068BHTb nona

Mbl 6y .QeM HCK8Tb llHW b Te 'lllBHbl MBTpH'IHOrO sneMeHTB ( 2,1 ) 0 

H3 <tJOTOHHbiX HMU)'llbCOB CTpeMHTC!I K H)'fiiO, nosTOM)' 

ue .QaeT e (2,3) cHnryn!lpHb!X npH kn -+ 0 qneHOB, 

60llblllHM HMU)'llbCBM npoMe:>K)'TO'IHbiX 'IBCTHU B (2,3) paCXO.ll!IT"" 

o6pe38HH!I; OHH He .1l8.1l)'T BKll8.1l8 B HHTepecyiOWHB HBC qneHbl, 

paCXO.llHMOCTH npH HHTerpHpOBBHHH no M8llb!M HMU)'llbCBM 

A • np" sToM HY>KHo c'IHTBTb, 
0 

UpHnHllleM HM M8ll)'IO M8CC)' .. 
I k 

1 
I , B Tex Bbipa>KeHK!IX, KOTOpbie KOHe'IHbi 

nona raTb A = 0 

CHHryn!!pHbiB npH k n -+0 qneHbl .llBIOT llHlllb Te UpOMe>K)'TO'IHble 

He KHTerpupyeMbiM o6paaoM o6pawaiOT a Hynh aHaMeKBTenH, ecnH a 

ukn=O, 

'!BOTH (2,3) TBKHe COCTOliHHll .llOll>KHbl CO.Qep:>KBTb 

, 6nK3KHM K p , HeATpBllbKble :>KeCTKHe 'IBCTHUbl 0 HMll)'llbCS-

HK a ,n <tJoTOHOB 0 HMU)'llbCBMH q, 0 6UK3KHMH K 

npOK3BOfibHOe '!HOllO ,POTOHOB 0 HMll)'llbCBMH, 6nH3KHMH K H)'lliO, npu 

bill BKll8.1l .1l8IOT llHlllb Te qneHbl B <n-J,a,pi<niiN> , KOTOpbie 

... ... .... ... 
1 ) 0 ( k 

1 
- q I) .. , p( k n • 

1
- q n • I ) , T,e, CdOTBeTCTB)'IOT HeCBli3HbiM .QHar-

OM HHTepecyiOlUHl! H80 BKll8.1l .1l8IOT llHlUb COCTOHHH51 0 CO.llBp>Ka-

p 
1 

, 6JIH3KHM K r , H npOH3BOnbHoe qacno ¢oToHDB c HM-

ypaaHeHHil, .llBIOWKX CHHryn!lpH)'IO 38BHCIIM00Tb OT k n npH 

liB .llll!l CBMKX M8TpH'IHbiX 9llBMBHTOB ( 2,1) 0 a .llll!l 8MnllHT)' .1l 

6 

• 

i$: 

,. 

,l _I 1,/' II}'! 
~' ' .,,;' 

1' .. 
,·i'' l, 

1 (I, P t, i. ) 
. . / ' lf.'; 

onpeaen&HHbiX pa&&HCT&OM . . . ~ . . 
<l,pllfr,i>&(m/A) l(l,p;r,i), <iMl 

rAe I H ,..XBI!IIITOB~e 'IRena H&A'1'p8Ubllb!X 'faCTKII:· .H . ' ' . 
~'.. {3(t)•(a/rr1(J -pr fd:r/p

2
J, p • p:r + t(l..;%.) 0 ... . 0 Jr lf, (2.6) 

a noCTORIIHBR ToHKO# CTpyKTypbi, 

Mw uueeM 

, . ' oo' b -+ _., ... .. ,. 
1(n,a;p,rf •-(Z•J I .!..r:t 11 fdq) [fdp (~) 8(p,+Qe•p-kn)•nHPIP1 ol)l(t,n-l,s,P,

1
;r) 

1-o f ! 1 f 1 
1 A 0 · 0 · . 

1 P+Q -P 0-k 0 -io 
J t r n 

.. .... .. .. .. .. (2 7) 
+.fdpi(T)•lJ(p1 + Qf -r+kn}l(n-J,a1 p;p1,f,)t"}(f,p

1
;t) J ' 

•:~ ' P:+ Ol-r 0 + k: -iO ' 

'3.1l~teb 
I - 2 I :1 

b•-fj(p ..;.t)) + {3((p-p
1

)}+ {3((p
1
-r) }, 

(2.8) 

apryt.feuT f y 1 u I oaHa'!a,eT aasncKMacTr. oT ,PoToliHwx RMnyn&Cos q
1 

, ... qt ,· cy~t 

MB .KOTOpbiX pasHa Ot • I 03HB'IB8T C)'MMHpOBIIHHe no nonsipnaao:H~M' 9THl!i ,POTOHOB, 

, 1 · I • xx/ 
-q .. .., 1 JlnSI Bp&MeHuoA H I Ana npocTpancTaeanblx nonspuaauull ; o6nacTH HHTerpupoaa-, . 

,_ .•' ~ . ·.. . ' 
IlHll oqpeJlenaiO'l'CH aepaaeHcTsBMHI I q I < li ( o6nacTr. g ) , ! I p 

1
1-.1 p II;< li ,C g ,J 

II p 1 1-·1 rJ I< lJ# ( g1 } rAe • li , li 1 , II o 2 C!IOJ1b yroJlHO Manbr. flpu <>TOM I k .. n 1 « 6, , 

·noKa>KeM, q'l'o CHCTeMa (:2. 7) HMeeT oneJly!Omee peweuHe · 

'1(n,a,,;r}"' (F (k)) ·[(a,p;r}+ • ., pr n (2,9), • 

rAe !OqKBMH 05Q3HB'IBHbl 'IJ19Hbl, KOH9'1Hble npH. CTpeMneHHH K H)'nlo OAHOrO tPOTOHHOrO HM":' 

nyn.iOca, a nd ApyrJIM <Po.TOHHbiM HMnyn~ocaM I!e 6onee cHnrynnpHbie, '!eM F ,(k) , 
p. . 

. . ~ 
FP,(k} ,.rfPJkJ, IP,(k} = aP,(k)(l+ypr (k)l, (2,1'0) 

a(kJ .. e(p- ) 
pr · pr . ~ ' (2,11) 

~ 

y (k) • 2(pktn::!.__ -dcln..m.:_} {3'((p -r}
2
), (2:12) 

pr tk pTe 

x/ 110) B n, 6 6y.QeT noKaaaao, 'I:J'O 9TH aMtinKTYil&I KOHB'IH&I npH A= 0 , CM, TBK:l!<e , 

X~ v 
6 

. · 
~ JlO HO llOllb30B8TbC!I KllllHQpOBKOl\1 npK KOTOpOA BHKYY':' He COtlep>KHT apeMeH

HbiX H npOAOllbHbiX ,PO'I'Ol!OB, npH STOM nolU!a!l CHCTOM8 BMnllHT)'ll COCTO!IHHJI ll0ll>KH8 BKiliO~ 
I'IBTb coCTO!!HHll c 9THMJt cboTOHll~I! "' cyMMIIp()Bil.HHE> ~o non'fRH3BHII,!ii.M. upoMemyTo'IHblx· <ho-

TOHOB !IpOif3l\~IfTCli no <pOj)Myne 4 '1/< "'l
0 

=·- II.,~ , ypan 8HIW \ ;.!./) BXOlll!T llHWb K!i-

JlK6pOBO'IHO- HBapii8HTHbie BbipameHII51; li09TOMy B naHH0M Cll)''IBO p83)'J!f>T8T He 38BIICiiT 
OT Bbi60ptt K na6p .. XH, 

7 

;·' 

!I" 
I 

·1 

I •'i 
L~ 
'~~; 



~ " '· ::' 

,, 

(3'(t) eCTb npoaaaOL1H8H OT cpyHitUBK '{3 (t) . (2.6 }, KaK Mbl yaRLliiM B n, 6, {3(t) npeLl

cTaanaeT co6oll penHTHaHCTCitOB o6o6weaae ttynoROBCitOII Tpa&,KTOpliH PeLl>KB. noaTOMy KO'" 

3!jlcpHUH9HT npH norapHcpMR'I9CttOA 3aaHCHMOCTJI OT k a ( 2.10) ORpi!LlBnRBTOH HaKnOHOM 

KynoaoacKoll TpaettTOpHH Pe11lKe. C TO'IBOC'I'bJO 110 ~oacTaHTbl (no k ) a (2,10) aMBCTO 

(2.12) MO>KHO T8K>K9 HattHC8Tb . 2 
Ypr (t)-: 2(p-r)k ln.;;- (3'(-t), (2.13) 

KpOMe aMnnHTYI1 (2.9) a npaByJO qacTb (2,7) axo,asT TBK>Ke aMnnR~yl1&J c cpo:roaa

MH a H8'1&nbHOM H KOHB'IHOM COCTORHHHo 0,aH8KO OHH CaR38Hbl C (2,9) ycnoaHBM CHMMBT-, 

paa. B caMOM ,aene, M&TpH'IRblll aneMeHT <tfll q > , rae k a q -cpoToHRble aMn'ynbCbl, 
. ~ ~ 

npa t -1 q nonyqaeTCH Jlla <k, ql~ > 3aMeRoll q aa - q • Bb16RpaR 8< I t 1 !.i•t, ... ;p- t, 

nonyqaeM, 'ITO ecna (2.9) ablnonaeao, TO 

l(n-t,p;r1 ~J-(F (k)) (F' (-q))ol(a,p;r)+ .. , 
prJ n•l pr1 t 

(2,14) 

B cnyqae aneKTpoMarHHTBoro TOKa as rpa.aaeaTHoll aaaapaaHTHOCTB cne11ya'l', 'ITO 

npoaaaeLleHile M&TpH'IBOro aneMeRTS (2; 1) aa aeKTDP k • K + A +· p -r .aon>KHO paaBRTb" 
, n ' 

cH uynJO. B~~>~pa>Keuue (2.9) y.aoaneTBopaeT aToMy ycnoaHJO, ecnu a k MO>KHO npeae6pe'lb 

Kn • T.e.' ecnll A'+·p -r-IO (TopM03H09 Rany'leUHe). O.auaKO a ypaaaealle (2,7) 

BX,O,!lHT 4MJUIHTy.Qhl· j(n, p; r) npH CKOnb yro11HO M8nb1X 3H8'19HRHX p -r , l].nR !fHX Bbl

palK9HH9 (2,9) He rp811li9HTH0 RHB8pH8HTBO. 0,aB8KO ero l!eTpy11HO c,aen8Tb rpa,aHeBTH0-

BRB8pH8BTBbiM, ,ao6aBHB qneabl nopHI1K8 KOBCT88Tbl no K8>KL10Mr B3 k 1 
: 

rLle 

n D (k 1 ) 2 

J(n,p;r) • (F (kJ) [i(p;r) + :E 'pr · f((p-r) J], 
pr n fm I f I apr (k, ) 

n n• 

2 

j(p;r) c (p + r) f((p-r) ) , 

.. .. 
""' 

D
1
,. (kl • dP, ( k)£.,; d pt ( k J • e [k n ( .!_ + -'- ) - U 

pk rk~ 

nm 
]. 

(2.16) 

(2.16) 

(2.17) 

nQK&>KeM Tenepb
1 

'ITO Bb!p8>KBBH9 (2,9), ere cne,aCT&He (2,14) B ere rpa,aaeRTHO;. 

HllB8pH8HTII09 npH P ~ r 'LlononaeHHe' (2,15) y,aoaneTBOpRIOT ypaBH9HHJ0'(2,7) C' TO'I..,. 

HOOTbJO LlO qneBOB
1 

KOTOpbiB KOB9'1Hbl npH t n .. Q ' 1 a npH k1 ... 0, i • 1, .. ;;!1-l H9 tSQ1191!i 

CBHI'ynllpBbl, '19M (2,9), noi1CT8BHB B npaayJO 'l!iOTb (2,7) Bbtpa>KBHIIH (2,9,14,15), aoc-

R011b30B8BUIB0b paaeHCTBOM 

8(:) 

-;r:TO 

i " .... 0 0 
= - f d :re , a .. a - iO 

(1rr),~O:>o 

(2.18) 

x/ 1 4 , '"" 
B caMOM .aene, d,qlll>= fd un<kflll/IMn(:r)\>e 

npa t'ol q <kill q> = Jd 4:r•n<kllll/ll·An(x)f> e"
1
"" • 

B TO Bp9MSI ·K8K 

8 .. 
.J. 

' 

H npOCyMMHpOB8B no , nepenaUieM ee nepaoe cnaraeMoe a BHLle: 

•.. b 'B ' -l(pl-p-Jr,.)z: 

-if dp ( F (k)) ( ~) e f d :re 
1 p r n-t A ftrt.._. 

't 1 .~;-o 

.. •lqz 

e11p If dq( lie - h 1 I x 

' 
1 •-t- II -lqz 2 . 

x[J (p;p
1
)-! dq(1+yP

1
/q))d,.P,(qJIP,rl (q)e l((p-p 1 ) 1l•n1 l(a,, 

I"119 

H =-I (q)l' (q); h =- B (q)B (q); ·B- f dqh. ,,, ",' ,,,. ,,, ' 

npa A .. 0 cpyHKURSJ B paaaa 

B • bln( A/281 + D , 

r11e b Ll89TCH cpOpMynol (2,8) H 

D • ¢(p,r)- ¢(p 1 ,r) + ¢(p
1
,p

1
1-¢(p,p 1 1 

1 d 1 l+a ... . Q 
<f>(p r) • ~ pr f ~ - In -- , a • I p" 1/p" • 

1 " o p: 2a 1- a 

TaKHM o6paaoM, npa A .. 0 

6 B 6 D 
(1!1/A) e • (m/28) e 

H 8blp8lK9HB9 (2.19) Be COI19plKRT SIBHOA 38BHCB!-40CTB OT A , 

J.1MnynbC p J B &TOM Bblp8>K9HHH 6nH30K K p , nO&TOMY B H9M MOl 

paano>KeHH9 no p 1o~ p H OU8BBTb K8>KLlblll 'ln9H paano>K8HBSJ, npR &TOM Cyl 

cpyHKUHB H H h £1 SKCDOB9HT9 o6p8Ul8JOTCH B Hynb npH p 
1 

• p 1 B STy 

MOlKHO paano>KBTb a cTenyHol pllLl. HeTpyLlHO yl5eLlBTbCil, 'ITO TOnblto ne~ 

qneabl &Toro pS1Ll8 ,aaJOT c&arynspayJO aaaacHMOCTb npa in .. 0 ... 

,0anee, qneHbl C y ( q) LlBIOT nHUib KOHCT88Tbl npB k n + 0 , npB'IHt 

TOBT B TOM, 'ITO 1) y COL19p>KHT nHUib norapBcpMH'I9CKYIO 38BHCBMOCTb ,.. 
RMnynbCa H 2) yPP • 0 • TBKHM o6paaoM, 'IT06bl nony'li!Tb ace caarynSJpH 

'ln9Hbl M8TpH'IBOrO aneMBBT8 ( 2,1) 1 B npaByJO '180Tb ( 2. 7) LlOCT8TO'IHO fiOLl 

M8TpB'IHblll aneM&HT nBUlb B rnaBHOM(nonJOOHOM)npa6nH>K9HHB DO in • 

2 
PaanolKeHI!e cpopMcp&KTopa I ((p - p ) ) , onpeLleneaaoro paaeacTaa 

tf41 
qaaaeTCSJ c e: I( 0) • e • B pa6oTe 6blno noKaaaHo, 'ITO a TpeTbeM 

pHH B03MyUl&HBI f( t) SJBnll&TCSI 8H&nBTR'I9CKOA cpyBKilH&I 
2 

c paapeac 

LlO oo , no&TOMy cneLlyJOUlBA qneH paanolK&BBH f((p- p 1 ) ) B &TOM n< 

9 



oT q,yaxuHH f3(t) (2,6). Kax M~' yBH.IlRM a n. 51 {3(t) npe.a

o6o6meaHe KYIIOHOBCKOA TpS&KTOpRR Pe.a»te. noaToMy xo-

38BHCHMOCTR OT k B ( 2,10) Ollp9.11911RBTCil .1181t/IOHOM 

Pe,n)Ke, C TO'IHOCTbiO .110 KOHCT8HTbl (no k ) B (2,10) BM9CTO 

2 , • 
Y,, (k) = 2(p-r)k In if- {3 (-t). (2.13) 

BXOJliiT TBitlKQ BMIIIIBTy.llbl C cpo;roHa

CBII38Hbl C (2,9) yCIIOBRQM CRidM91-
I ' 

(2.9) a upasy10 'IBCTb (2,7) 

H KOH9'1HOM COCTOSIHRR. 0JlH8KO ORR 

M8TpH'IHbli! 8/IBMBHT <kill q > 1 r.ae k R q -cpoTOHilb18 RMDyllbCbl, 

R3 <k, qjn > 38MBHOA q HB - q x/ Bb16Hp8R 8<lk~f,i•1, ... ;p-1, 

QCIJR (2.9) BbiUOIIHBHO-, TO 

p;r
1 

f)= (F (k)) 
1
(F (-q))ol(a,p;r) + • ., 

pr 1 n• '"t t. 
(2.14) 

B/19KTpOM8rHHTHOrO TOKB H3 rp8.11H9HTHOA RHB8pHBHTHOCTR Cll9.llyaT, ~TO 

BII9MBHT8 (2,1) Hli B9KT6p k • Kn +_A Fp-r .110/J)KHO paBHRTb" 

y.OOBIIBTBOpSIBT BTOMy yci!OBII10 1 BCIIH 8 k MO>KRO npE!He6pe~b-
-1 0 ( TOpM03HOB 83/ly'IBHRQ). O.aBBitO B yp8BHBHHB ( 2. 7) 

.llbl-i(n,p;r} npH CKO/Ib yrO.llHO M811b1X 3H8'1BHHSIX p -r , ,LliiR !'RX Bbl

rpa.naeHTHO aasapRaHTHO. O.oaaxo ero IieTpy.OHO c.aenaTb 

'1/IBHbl nopR.OK8 KOHCT8HTbl no KS)K.llOMr R3 k I : 

D (lc
1

) 2 
r) = (F (lcJ) [i(p;r) + :t · "' · l((p-r) )] , 

"' n l=lr 1 a,.,(k1 ) 

2 
J(p;r) = (p+ r)f((p-r) ) , 

d nm ( lc J • e [k n ( ~ + :..:. J - 2' 
p pic d 

]. 

rp8JlR9HTHO-· 

(2,15) 

(2,16) 

(2.17) 

Tenepb, 'ITO Bbtpa)KeHae (2,9)
1 

ero cne.acTBKe (2,14) K ero r~a!a~HTHO.:. , 

P _, t ',nonO/IHBHHB' (2,15) y.llOBIIBTBOpSIIOT ypaBH9HRIO '(2,7) c·· TO'I'"< 

xoTopbte xoHB'IHbi npH lc n .. o ' 1 a npa lc1 .. 0, i • 1, .. ;;!1-1 ae 6onee 

(2,9), noJlCT8BHB 8 npaeyJO '18CTb (2,7) 8bip8>K9HHR (2,9,14,15), BOC-

~ 

4 ..... 0 0 
-- f d xe , a ... - iO 
(2rr)' aO:>o 

IU 

.oene 1 <k, q\ll> = fd 4x•-, <lcllU/8•An (x)\>e 

1\ q > = f d •,.," <k \lll/8·A. (xJI> a·lqa • 

8 

.• 

(2.18) 

B TO Bp9MSI -KBK 

\' 

R npocyMMKposas no r , nepenaweM ee nepsoe cnaraeMoe a sa.ae: 

•• b , B " -l(pl-p-ltn)• .. •lqz 

-ifdp1 (F,. ,(t)J._1 (-'f1 e Jd xe e:rplfdq(Tle -h}lx 
11 I aO:>o I (2.19) 

• 1 . ..., II _,,.. 2 . 

x[j (p;p 1 )- I dq(1+r,.
1
,(qJ)d,.,./q)l,.

1
., (q)e l((p-p

1
) Jl•.,l(a,p

1
; r ), 

r.ne 

R • -. I ( q) f· ( q); h = - a ( q) a ( q); 
PzP plr PIP Pz' 

.... 
-B = J dqh, 

npR .\ .. 0 cpyHKUHSI B paaaa 

B " bln( .\/ 211) + D 

r.ae b .1188TCSI cpopMyiiOA (2,8) H 

D • ¢(p,r)- ¢(p
1
,r) + ¢(p

1
,p

1
J-¢(p,p

1
) 

1
dx 1 1+• •.o ¢(P. t)• ..!!..prJ_ -ln --,a-lP j/p 

, " o P: 2• 1- a " " 

TaJtHM o6p83oM, npa .\ .. 0 

b B 
(m/.\) e 

b D 
(m/28) e 

H Bblp8lK9HH9 (2,19) He C0.119plKBT SIBHOA 388HCR!\COCTH OT .\ , 

(2.20) 

(2.21) 

(2.22) 

(2.23) 

(2.24) 

l-fMDYIIbC p l 8 BTOM Bblp8)1(9HRH 61JH30JC X p 0 nOBTOMy 8 HeM MO)KHO npOH389CTR 

p83110)1(QHR9 no pI_, p R 0U9HRTb K8)K.llb1A '1/IBH p83/10)1(9HRR, npR STOM CYW9CTB9HH0
0 

'ITO 

cpyHKUHR R R h B BJCCnOB9HT9 o6paW8JOTCSI B Hyllb npR p 
1 

• p 
1 

R STy BKCnOH9HTy 

MO)KHO p83110:H<RTb B CTeneHHOA pSIJl, HeTpy.llHO y6e.narbCSI, 'ITO TO/IbKO nepBbiA R BTOpoA 

'1119Hbl BTOrO pS1.ll8 .118JOT CBHryiiRpHyJO 38BRCHMOCTb npR kn .. 0 ... 

,Llanee, 'IIIBHhl C y ( q) .118JOT IIHWb KOHCT8HTbl npR lc n .. 0 , npR'IRH8 BTOrO COO-

TORT 8 TOM, 'ITO 1) y C0.119p:H<RT IIRWb IIOr8pHcpMR'I9CKyJO 38BHCRMOCTb OT cpOTOHHOro ,. 
RMnyllbC8 H 2) y • 0 , TBKBM o6p830M 0 'IT06bl nony'il!Tb Bee CHHry11RpHbl9 npR k n • 0 ,, 
'l/19Hbl M8TpR'IHOrO B/19M9HT8 ( 2.1) 1 8 npasyJO '18CTb ( 2, 7) .llOCT8TO'IHO IIO.IlCT8BBTb BTOT 

M8TpH'IHblA B119M9HT IIB~b B rii8BHOM(Do/IJOCHOM)npR611H>K9HRR 110 .lcn , 

2 
P83nolKeHae cpopMcpaxTopa l((p -pf) J 1 onpe.neneaaoro paseHCTBBMR (2,5

1
16), ua .. 

I 4/ 
'IRHaeTcH c e: I( 01 • e • B paiSoTe 6blno noK83BHo, 'ITO a TpeTbeM nopR.axe Teo-

paa B03MyW9HRA /( t) SIBIISI9TCSI 8HBIIBTR'I9CKOA cpyHKUReA t C p83p930M OT t • .4m 2 

2 
.110 - , noBTOMy· C/19.llyi01URA '1/IBH p83110)1(9HRSI f((p- p 

1
) ) 8 BTOM DOpS1.11K9 C0.119p-

It) 
'I ,, 

9 



>KBT (p - p 
1

) I B 88 .Q.A&T BHT&pecyJOUl&rO HAC BIUIAJ18, HA'IBBAB C C&.O.JoNOrO nopA.O.X8 

BOSHBXAIOT .Q.BarpaNMW C npOM&:lKyTO'IHWMB cpoTOB8MB1 A8JOUlB8 pa3pea OT Hyna, 0BB MO-
p .1. 2 I 

ryT .O.ATI> qneBw nopa.axa a (p-p1 ) tr(p-p 1J , O.aaaxo, nocxon~oxy (p-p1 ) nopa.o.Jta 

.. 2 . 1
11 1 

TO .Q.8lK8 8TH 'PI&BW B& .0.810'1' BllfelleC"fiOUl&rO HAC BJtna.aa , 

J.iT8Jt
1 

C TO'IHOCTWO .0.0 KOKC .. 8BTW DpB ln .. 0 BWp8:lK8HB8 (2,19) pUBO 

• .. 4 -l(p 1 -po~~ )• 1 ... -4c• 
(F,, (l)) .. _

1
(-2iafdp

1 
fd za " lp [1+ fdqll(a -l)) 

., h. ' 

(2.28) 

. ,, .... 
-(dqd {q)A., (q)e l)E 1 l(a,p;r )• 

~ PP P II 

fbcne BRTerpBp088BHB DO X B p
1 1 BWp8lK8BB8 B xpyrrno!X CJto6KAX DpiiBBM8eT BRA: 

I I • h 
II 

h • d r~'a (qJ 

8 (_P_ + p f d I[____! 
pl., , p(ln -q)+ iO 

___ 2_).-Jdq .... 'II ,.., >, 
pl .. , p(l.,-q)+iO (2,26) 

r.ae hI -<tJyBKilHSI h 

npa p -p •I pl .. /p 0 , l .. 

.. ... .. 0 ..... 
(2.20) DpR p

1
-p •lp(l .. -q)/p ,1.,-ql, 11 2 - Ta liCe ¢yHJtDBSI 

I • c TO'IHOCTI>IO .0.0 KOHCT8HTbl DpR l,. .. 0 Bblp8>K8HRe 

I " " 
( 2,26) p8BHO 

P
I ·--pl., 

I •,. 
2 2 

(l )2rlc In.!!!.... f3'((p- r) J. 
n n pl., (2.27) 

Bwqacneaae nepaoro cnaraeMoro npaaoA qacTB (2,7) aaJtoaqeao, BwqacnSISI aaanorH'IHbiM 

o6paaoM a a TO poe cnaraeMoe, nonyqaeM .anSI aero awpa>Keaae ( 2,9), cRMMeTpH'IHOe no .. .. 
seeM 1

1 
, noaToMy orpaaaqeaae ll.,l.<<lf1 1, i•J,,., ;n -1 , KOTopoe acnoni>Soaanoc~o 

B XOA& Bbi'IBCn&HBI1 H&CyUl&CTB&HHO, 

TaKBM o6paaoM, awpa>Keaae (2,9) a ero cne.acTBRSI (2,14 ,15) y.aoaneTBOpSIJOT cac

TeM& ( 2, 7) ( 8 T8lt>K8 CBCT8M8 ( 2,3)) C TO'IROCTI>IO .0.0 'IJI8KOB 1 perynllpRbiX no O.O.HOM"f 
I 

8nH H&CitOnbltRM ¢QTORRbiM BMDyni>C8M B 88 6onee CBRrynSipBb1X1 '18M (2,9) - no OCTBn&-

HbiM, 

E,a.!IIHCTB&HHOCTb (2,9) cne.ayeT 83 Toro o6cToliT&ni>CTB8, 'ITO rnaaawA (nonJOcaoA) 

DO 1
11 

qn&H .Q.88T 6ec¢oTOH808 npOM&>KyTO'IH08 COCTOliH88 B (2,7), 8 T8lt>K8 83 8,!l8HCT"" 

B8HHOCT8 Bblp8>K&H8ll (2,15), 

Bbtpa>Kea8e (2.9) .aaeT .aaa nepBbiX 'IJI&Ha paano>Kell8ll M8Tp8'1Horo sneMeHT8 

(2,1,5) no ¢QTOHHbiM BMnyni>C8M 

n 2 2 
<l

1
, .. ,;Jc.,,a,plflr>•(Ea (l)) [I+ I 2(p-r)l1 In...!!Lf3'((p-r) )]<a.Pfllr> 

pr ,. I=J rk, 
(2,28) 

10 

.. 
i 

Cne.ayJOwBI 'IJlell BToro paano>KeHBR ( n opR.OKA KOHCT8HTbl no 0.080MY q, 

nynbCy a l ·t Do Jta:lK.QOMy Ha ocTanbHbiX) paccMoTpe8 a JlononaeaaH A. B 

D 4JopMyna (2,28) DOfiCHReTCR C nOMOUlbiO .OH8rpAMM <l>eltHM888, npH 3TOM ( 

'ITO pA3nO:lK8HBe (2,28) B03HBJt8eT B peayni>T8Te B38BMBOI ltOMneRCatlHB 6one 

CBBrynRpHOCT&I B OT.O&nbBWX .Q.Barp&MMAX, 

3aweTBM, 'ITO paano,.eaae (2,28) cnpaae.anaao • .anSI M&TpB'IHoro sne• 

o6LUer'o BB·.aa: 

<l, , .. ,;~ .. , ,.., Ill r, b, q
1 

,..,,;q. > , 

a T81tlK& .anB .<l 
1

, ... ;J .. ,afllii.r-,b,q1 .~11.(>, r.ae q1 
-aMnynbChl MRrXBX. <i: 

-xaUTOBW8 'IBCna R&ITpanbBWX lK8CTXBX '18CTHil B P - BMDynbC 8BTHM8308 

BMnynbCW q
1 

B p 6y.ayT BXO.O.BTb B peanO:lK8BB8 (2,28) CO 3K8XOM MilK~ 

.ay&T B3 TOrO 06cTORT&nbCTB81 'ITO M8Tpll'IBWI Bn8M8RT C 8BTB'I8CTIIDeA B 88 

TOSIHBB B M8TpB'IHWI aneM&HT C '18CTBil81 B XOH8'180M COCTORHBB Bblp8lK4»TC 

roA liCe ¢yaxnael c H3M&aeaaeM aaaxa Depe.a BMDY~bCOM '18CTBI1bl a aaweao; 

nosTOMy B ¢QpMyna (2,28) npOB3BOnbH08 'IBCnO 8BTH'I8CTHil H3 H8'18nbBOro' 1 

MO>KRO 'nepeR&CTK' B KOR8'1H08 (r.ae ORB 6y,ayT '18CTKI1AII'B), 83M8BBB 388K 

BMnynbCAMB. 

B .aanbHelweM Mbl paccMoTpBM H&KOTopwe npHnO:lK&RBR p&anQ:lK&RilR (~ 

a. TopM03R08 Hany'I&Ril& 

PaccMoTpllM nponecc aaaaMo.aelcTBHR aapSI:lK&aaoro M&aoaa c aeiTp&nl 

'18CTBileA, B KOTOpOM Bany'I88TCR npOB3BOnbH08 'IBCnO MllrXBX ¢oTOBOB, nyc• 

&HeprBR STBX ¢QTOHOB ¢BKCBpOB888 BnB MO:lK&T B3M8RSITbCll B 38.0.8BHO 

HaA.aeM .aaa nepBbiX 'lneaa paano>K&HBR ceqeaaa &TOro nponecca no f 

AMnnaTy.aa Taxoro nponecca c aany'I&RB&M a Marxax ¢oTOHOB nponc 

M8TpB'IBOMY &n&M&RT"f (2,1·i,, r.ae v•l,+oo;;;+l
11
+'A+p-r - BMnynbC Bel 

'18CTBilW B 88'1&nbHOM COCTOaBBB, BocnORb30B8BWBCb .ana 8MMBTy.O.bl paano: 

(2,28), nonyqaeM cne.ay10wee Bblpa:lK&RB& .ana .I!'BqxpepeanaanbRoro ceqeaaa 1 

eMoro nponecca npa ¢axcapOB8HHOM f , 

~ -~ b 
da·(•)• lim I .!...((dlih(l)) [1+2! y (k 1 ))8(p+A+K -r-v)(~) da', 

A .. 0 n •o n! ,. I• I P' n A 

3,a&Cb h(l) m- a 2 (l) , b· • 2" ( {3 .088TCII ¢opMynoA (2,6) ), da~• ... "' 
T&rpapoaaaaoe c _8 - ¢yaJtDB&I Bblpa>Keaae .an11 :,ha¢¢epeanaanbHoro ceqe 

6ea aanyqeaaa MHrxax ¢oroaoa, oDpe.aeneaaoe 8MnmiTy.aoA 1(4 p; r J (2,5 ), 

no dl.. a ( 8,1 ) MO>KRO 6paTI> no o6nacTB k 0 :f: • , 8 - ¢yaxnaa npa 

'IBB&&T awnonaeaae aaxoaa coxpaaeRBSI. Hcnonb3yll .ana see npe.acTaaneHH• 

11 



8 88 
,aaeT BHT&pecyJOill&ro aac axna.aa, Ha'IHHAB c ce.aJ.Noro nopa.axa 

c npoM&>KYTO'IHbiNB cpoTOH&MH, ,aaJOillB& pa3pea OT llyna, Oaa wo-
' 2. J I nopa.axa a (p-p

1
) ill(p-p

1
) • O.aaaxo, nocxon~o~ty (p-p1 J nopa.axa 

qn&Bbl ae ,aaJOT aarepecyiOill&ro aac axna.aa , 

,ao XOHCT8BTbl DpB 1
8 

.. 0 Bblp4>K8JIH8 (2,19) p8BBO 

•.. 4 -1(• 1 .....,.,._ )a 1 • .... 
-2iefdp

1 
fd xe " lp [1+ fdQA(a -l)] 

4 1 ho ' 

(2.28) 

. ,, .... 
-fdqd (q)a ~ (q)a l}f 1 l(a,p;t ), PP _ .. , n 

• 
DO X B pI , Bblp8>K8BB8 B xpyrm.lX CXOtixax DpJIBHM88T BRA: 

I • lJ 
+ p fd({__.l. 

' p(l.-q)+iO 

II 

-~] .. fd ;d.,. (q)•,.w (q) 

pi., p(l.-qJ+iO ) ' (2.26) 

.. .. .. 0 ...... 

h (2,20) npB p
1
-p •lp(l"-q)/p ,1.-ql, h J- T8 >Ka cpyHICilHB 

I , C TO'IBOCTbiO .ao xoHCT8BTbl npa ~ ... 0 

.£. 
pk. 

I 

•,.. 
2 2 

(I )2tk In~ f:J'((p-r) ). 
" " pl. 

&blpa>KeHae 

(2.27) 

cnaraaMoro npaaoA qacTB (2, 7) aaxoaqeao. 8bi'IHCna• aaanorB'IHblM 

cnaraeMoe, nony11aeM .an• aero Bblpa:K<eaae ( 2,9), caMMeTpB'IHoe no 

ll.l<< If~ j, i=1, ... ;n -l , xoTopoe acnon&aoeanOCb 

H&Cylll&CTB8HHO, 

Bblpa:IK&HB8 (2,9) H ero cn&ACTBHB (2,(4 ,15) y,aoen&TBOpBIOT CHC

CHCT&Me ( 2.3)) C TO'IHOCTbiO AO 'In& HOB, perynapHblX no OAHOMy 
\ 

BMnynbCaM B H8 6onee CHHrynspHb!X, '18M (2,9) - no OCT&nb" 

(2,9) Cne,ayeT 88 TOrO 06CTOST&nbCTBa, 'ITO rnaBHbll (nonJOCHOI) 

npOM&>KyTO'IH08 COCTOSHB8 B ( 2, 7), a Tak>K8 BS e,aHHCT-

(2.15). 

,aea nepBb!X 'IJl&Ha paano>K&IIHB MaTpB'IHoro aneMeHTa 

BMnynbCaM 

n 2 2 
Ill r>- (u,., (kJJ. [1+ I 2(p- t)kl In ...!!L (3'((p-r} )]<a, Pill r> 

I= I rk1 

(2.2i) 

10 

• 

Cne,ayJOillBI 'ln&B 8TOro paanoJKeaas ( n ops.axa xoacTaHTbl no o.aaoMy cpoTOHHOMy HM

nyn&ey H k ·I no xa:K<.QoMy Ha ocTanbHblx) paccwoTpeH a .Oononaeaaa A. B .Oononaeaaa 

B cpopwyna (2,2~) DOSCBS&TCS C noMOillbiO .aaarpAMM <l>aiHM8H8, npa STOM OJC88biBaeTCB, 

'ITO paan~>K8HH8 (2,28) B03HHX88T B peaynbT8T8 B38HMHOI XOMn&HC8ilHH 6onee CHnbHbiX 

CBBrynHp&OCT&I B OTA&nbBMX AH&rpaMM8Xo 

34M&TBM, 'ITO paanoB.eaae (2,28) cnpaee.anaao a .ana M&TpBqaoro aneMeHTa tlonee 

otli.Liero BH'AA: 

<i I t••lit n t a,p If I t1 b, q 1 ,..,,;q• > 1 
(2.29) 

a T&Jt)l(a .ana <1
1

, .. •;#:,,alliP.r-,b,q
1
,.;11_>, r.ae q

1 
-aMnynbCbl MBrXBX. cpOTOHOB1 b 

-JtBIUITOBbl& 'IRena H81Tp&nbBioiX :IK&CTXBX '18C'I'Bil B P - BMDyn&e IUITBM880H8 (npa &TOM 

BNnynbCbl ql H p tly,ayT BXOABTb B paanO:IK8HB8 (2,28) CO 8H8XOM MHHyc), 3TO cne

Ay&T HS TOrO 06cTOHT&nbCTB4, 'ITO M8TpB'IHMI 8n8M8HT C IUITB'I8CTBI(&I B H8'1&nbi!OM coc

TOHHBB B MATpH'IHbll an&M&HT C '18CTBil&l B KOB&'IHOM COCTOHHBB Bblp8:1K810TCH OAHOI B 

TOI :IK8 cpyHXIlB&ll C B8M8H8HB8M 3H8K8 nepe,a BMDyDbCOM '18CTBI(bl B 38M8HOI cnHHOpOBo 

noarowy B cpopMyne (2.28) npoaaeonbHoe qacno llBTB'I&CTHil aa H&'lanblloro cocToHHHH 

MO:IKHO 'nep&H&CTH' B XOH8'1H08 (r,ae ORB tly,ayT '18CTBQ8MB), B3M8HHB 8H8X nepe,a HX 

BMDynbC8MH, 

B .aanbllellweM Mbl paccMOTPBM aexoTopble npanoX<&HHH paanQlK&HHH (2,28), 

a. TopM03H08 B8DY'I8HH8 

PaccMoTpaM npouecc aaaaMo.aelcTBBH aaps:K<eaaoro M&aoaa c aeiTp&nbHOA :K<ecTxoA 

'18CTBQ&A, B XOTOpOM B3DY'I88TCH npoH3BODbH08 'IBCDO MHrXBX cpOTOHOB, nycTb nonHAB 

SH&prHH STHX cpoTOHOB cpHKCHpOB8H8 HnH MO>K&T HSM&HHTbCH B 88A8HHOM HHT&peane, 

Hal.aeM .aea nepBbiX 'UI&Ha paanoX<aHHH ce'I&HBH sTOro npoqecca no E 

AMnnaTy.aa Taxoro nponecca c aany'leaaeM a Marxax cpoToaoa nponopuaoaanblla • MaTpH'IHOMy sneM&HTY (2,1), r.ae v~ k
1

+o.;;;+kn+ •A+ p- r - BMnynbC R&ITpanbBOI 

'18CTBQbl B H8'18Dbii0M COCTOHHHB, Bocnon&aOB8BWRCb ADH 8MnnBTyAbl p83DO:IKeHH8M 

(2,28), nonyq&&M cne,ayl01ll88 Bl>lp8>K&HH8 AnH :l;iloHcpcpepeHI(H&nbBOrO C8'18HHH paccMaTpHB8-

8MOrO npouecca npa cpHICCBpOB8HHOM lt 

~ - n b 
drr(<)• lim I .!...((iih(ki).[1+2I y (1 1 )]8(p+JI+K -r-v)(.!!) da'. (3,1) 

A .. o n•o n! 1•1 P' n J\ 

3A&Cb h(l) •- a 
2 

(k) , b·•2{3 ( f3 .aaeTcH cpopMynoll (2,6)), du!- ae npoaa-,., 
T&rpHpOB8HR08 C _IJ - cpyHXIlBel Bblp8:1K8HH8 AnB li:tHcpcpepeHQH&nbi!OrO Ce'I&HHH npouecca 

6ea aanyq&HHH MHrxax cporoaoa, onpe.aeneaaoe &MnnaTy,aoA 1(4 p; r) (2.5), HaTerpanb! 

no dl.. a (3,1) MOX<HO 6paTb no o6nacTH k 0:5 • , 8 - cpyaxuaH npa aToM o6ecne-

'IBeaeT Bblnonaeaae aaxoaa coxpaaeHHH. Hcnon&ayH .anH aee npe.acTaeneaae <l>ypbe, 
~. 

' 
•• 

11 



cyMMBpyR DO D a nepexoAR x npeAeny >. .. 0 , nony'laew 

rAe 

da(t)• _1_ (d4ze1C'P+A••·")" 
(2r)4 

... .... lit• 
(..!!..) e1tp ID+ fdklt(I:J(e -111 x 

:M 
• 

~ lira , 
x[l+:2fad(l:)y (k}e ]da · 1 , pr 

D•</J(p,p}- 2</J(p,rl + </J(r, rl,. 

<P Aae1'cll ·r:PopwynoJl ( 2.23). 

(3.2) 

(3.3) 

PaccMoTpBM- Tenepb cny'lal, xorAa 4>•xcapyeTCR KBAAPAT BMnynbCa1nepeA&HHoro 

aapii:IK&BHOI ~8CTHU8 t•(p-~) 2 
, 3aeprB,II p 0 +·•A 0(•r 0 +'V

0 -<.J DO YCD08BIO T&JOKe 

4Ja~:cap08&Ha, HMnynbC :IKe KOB8'1Horo cocTORHBII I+ •A ue 4Ja&cBpo8aH, TorAa BblpA:IKe.. .. 
uae (3.2) uy>K'8o ·Dpoa8TerpaposaTp DO d(p + A I. 

PaanO:IKBM ace 4>Y8KORR B (3.2), !tpOM8 e1tflli(p+•A-r-vl:rr.l 1 DO p0 +A0 
oxono 

388'1e8HB r 0 +V
0 

R y'IT8M DRWb D8pBbll 'ID88 BTOrO p83DO:IK88RB, Cn&AYIOWRI 'ID88 &To.. .. 
P +·A ro pasno:IKaHRII a • /m pas MaHbWa. Paano:IKRM Aanee &TB :IKe 4>YBKilBB Do 

oxono 3H8'188HB t + ; • H8Tarpapys 38T8M DO d(p +'A} 1 Mbl nony'IRM 8(;) 8 Dep-.. .. 
80M 'ID888 p83DO:IK88HII, v 8 ( z I BO BTOpOM R ToAo nerKO Dpo88pRTb, 'ITO BTOpOI 'ID88 

c v 8(;, 8 ·./m paa weabWe nep8oro. Y'IBTbi8AR nawb Depsb!A '111&8, nonyqa8w: 

oo o _,.o b -· '"o•o 
da(t}•..l....fdz e (~} e1tf11D+(dl:h(l:)(e -11Px 2 .. __ 2f (3.4) 

... .o.o 
x [ 1 + 2{ dkb(l:) y (I:) e ] da~·, 

pr 

rAe RMDYDbCbl :IKeCTKHX 'IACTRil CBB38Hbl XRH8M8TRKOI npoaeCC8 693 B31ly'le8HB MllrKHX 

!I>OT080B DpR 4>RKCBpOB8880M t o 

nocne BHT&rpapo8aaaa no yrn&M sexTOp8 
.. .. 0 
1: H 38M8Hbl k .. k,(k =li:IJ, z .. ~. 

8bi'IBCD8HBe C8'188BB (3,4) CBOABTCB X 8bi'IBCD8HBIO HHTerpana 

' -1)1= tap(Cb) 
• ' n. 

R-_1_ fdzBJPI-iz-bJ.!!_(e 
2w -• • 1: 

r.ne C - nOCTOBHH8B 3Anepa1 r- r 

~ J lira 
_1_ f dz tap I -iz- b f.!!!.... ( e 
2rr_.. 0 k 

rr-bJ 

-!l>y8KUBB/IO/, B HHT&rpan8 

-1JI{c1ce
1
,. 

0 

R 
.T' 

(3.5) 

(3.6) . 

KOTOpbll BHTerpBpOB8H89M DO '18CTBM CBO.llRTCB K npe.Ubl.llYlll&My, 8 pe3yllbT8Te nony'I88M 

b b 
da{<) = 8 11P(Cb+'D) (..11L) (L -.!..In ..IlL )da'+ 0((..!!1.) ) , 

rr-bJ 2• , b , • (3.7) 

12 

• 

me 
~ 2 .. J .. 

'• /3 ((p- rl JJ A (-• (n)J2(p-r}n , n •l11 al, 1.11 .. 1 
(2r} pr 

B a( z} 0388'18eT 8enB'IRHY DOpll.llltA Z 

GtJopMyD8 (3,7) .naeT !188 DepBbiX '111888 ACHMDTOTII"'IICKOrO p83DO:IK88HR 

Topwosaoro aany"'88BR no eaepraa aany"'88RII , • Ecna &Ta H8prJ!II H8 4> 

a MO:IKeT M88RTbCR OT 0 .no II 1 TO 8blpa:IK8HB8 (8,7) 8Y:IKHO DpoRBTerpapc 

a &Tax Dpe.nenax: 

da(I.i: 0 <81 .. BJP(Cb+D} 
' - rr-bJ 

• •-t 
( ~} ( 1 + -'- llln .!.7 do' + 0(( .!!.1 ) 

28 1- b 8 ll • 

31'8 !l>opMyna .ll88T 38BBCRMOCTb ce'I88RB OT p83p8W810lll81 CDOC0CSHOCT 

Typbl DO ea8praa 8 

Ecna MRrltR8 4!0T08hJ TOpM0880ro R3DY'I8BRB !I>RKCBpyiOTCR0 TO 88p0B'I'IJ~ 

CA Ollp8.ll8DR81'CR B8DOCp8ACT88880 !l>opMynol (2,28), 8 '18CT80CTR 0 &CDR Dpll 

8 « m perBCTpHpyiOTCB 4loT08bl C 88eprBIIMB k 

4lopMyne (3,9) MOXCHO p83DOXCBTb C8'l88R8 da! DO 

1'8KBMB 0 'ITO 8 <; 1: « I 

k C DOMOlllbiO ( 2.28 

4, Pacceaaae MRrxax WOT0808 

PacCMOTpBM paCC8H8R8 MBrKoro 4loT088 C RMDYDbCOM k R 88XTOpOM 

II 88 38pRXC8880M M8308e B 88IA8M ABA nep8b1X 'llleaa p83DOXC88RR DOD80l 

&Toro Dpoaecca no k , AMnJUITYAA 8TOro npoaecca C 83DY'I88R8M n 4!o· 

nopallo8anbBa <q t'""'q• ,plt.oil r.> • rAe k· q,+ .... jl-q.+p-r. npa 1: .. a 
CTp9M8TCR K 8YDI0 0 D08TOMY ADR p83DOXC888B AMnnRTY.llbl 80Cnonb3y&MCR p83J 

(2.15), 3anBaEM c noMOlllbiO (2,5,15) non8oe ce'le8ae pacceRH8R c aanyqe 

4!0T080B 1 8 KOTOpOM npa HtJIR'IBH 8 - !I>YHKilHB 38K088 coxpaaesas 4-• .. 
MOXCHO BIITerpBpOB8Tb no KAXCAOMy dq no o6nacTa rq~ rk , a npocy 

no seeM n , .nna qero npe.ncT&BHM 8 -!l>yHKQBIO 38KOH 8 COXp8H88BR 4-

BRAe BHT&rpana <%>ypb9, ,llanbB&IIlll88 Bbi'IHCD9HHH 8H8DOrH'IHbl Bbi'IHCneHHRM D 

XOAB K npe.neny A .. a , nonyqaeM xoaeqsoe Bhtpaxce8ae, coAepxcamee M&nh 

phi k H p -r • PaanaraH no &T8M nap&MeTpaM H oae8Heaa KAXCAhiA qne• 

H8B no.no6HO TOMY K8K STO 6biDO C.ll9D8HO B n, 2, nonyqaeM, 'ITO C TO'IHOCTbl 
.. I 

no!)H.llKA k 
2 

non809 CB'IBHHB p8BHO 

a(k,v)=fdO dtl (q;k,v) 
q dO 

q 

13 
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nepexo.~:tR x npe.~:teny ,\ .. 0 , nony'laeM 

4 l(p+A•r•-r)• b •• IJr• 
:re (;: ) eJP I D + Jdkll(k1( e -1) I x 

x[l+:lfdih(k)y (k)e
1
,. ]du'·• 

pt 

-¢(p,p)- :J¢(p,r) + ¢(r, r),. 

(S.2) 

(S,S) 

cny'laA, xor.~:ta ~•xcapyeTCR KB8J:lp8T RMnyn&ea1 nepe.~:taaaoro 

t-(p-~) 2 , 3aepra,R p
0 +•A 0

(o:r
0+·v

0 -•.J no ycn08BIO TSIOK& 

XOB8'1HOrO COCTORHBR P + 1A H8 ¢llxcap088JI, Tor.~:ta 8hlplllK&-.. .. 
I.OJrHTerDBD088TJ> no d(p +A), 

(3.2), xpoMe eqli(p+•A -r-v):rc I , no p
0
+A

0 
oxono 

y'IT&M naw& nep8hiA 'ID&H &Toro paano:~KeHBll. Cne.~:tyiO!liBll 'ln&H &To.. .. 
pea M8HbW8, PaaRO:IKHM J:l8D88 STH :IK8 ~YHXUBH DO p + •A .. .. .. 

• i1HTerpapyR aaTeM no d(p + •A) , Mhl nony'IHM B(:rc) 8 nap-.. .. v 8 ( :rc) 80 8TOpoM a T,J:l, nerxo apo8epaT&, 'ITO 8Topoll 'lti&H 

paa M&HbW& nep8oro. Y''IRThl8811 naw& nep8hlll 'lnea, nony'laeM: 

00 0 --·0 b ... , .. o.o 
_1_fdr e (~) eqiD+fdlch(k)(e -l)fx 
2rr_

00 
:Jt (3.4) 

.... .o.o 
x [ 1 + :Jf dlch(k) y (k) e 1 du~-, 

pt 

'18CTBD C8li38Bhl XBB8M8TBXOII nponecca 6ea H3ny'leBBII M&rxax 

t • 

.. .. 0 
no yrnSM aexTopa lc a aSMeBhl lc .. 1c t(k = ll IJ, r .. r!t 

(3,4) CBOJlBTCR X 8hi'IBCD8HBIO RBTerpana 

co 1 d llc1t 

fdre.,l-ir-b J-"- (e 

" 
-1) I= e.,(Cbl 

r(-bl 

3llnepa, r- r -~yHXDHII/lO/, H HHTerpana 

1 lie• 1 llr• 
I -ir- b J !!.!_ ( e -1) I f tA:e 

0 k 

R 
_T • 

(S,5) 

(S,6) 

no 'IBCTRM caoJlRTCR x npe.~:tLJJ:lyllleMy, B peayn&TBTe nony'IB&M 

b • 

(J!!__) (.L -..!.In ..IlL )du'·+ 0((1/!_) ) , 
2< E b ( f (3.7) 

12 

• 

me 

I- f3'((p- r) 
2
)J A (-• 2 

(11)) :J(p -r)n , II -11, Rl, Ia" I,. 1 
(:Jw) "' (S,8) 

a 0( :rc) oaaa~aeT 8&nB'IHHy nope.~:txa r 

~oPMyna (8.7) JlB&T A88 nepahlx 'IlleR& acawnTOTH'Iecxoro paano:~KeBHII ce'leHBll 

TOPMOaaoro aany'laBHII no aaepraa aany'laBHB • • Ecna &Ta aaeprasr sa ~axcapoaaaa, 

a MO:IK8T M8HBTbCR OT 0 J:lO 8 , TO Bhlp8:1K8HH8 ( 8, 7) HY:IKBO DpoHBTerpRp088Tb no 4 

8 BTBX npeJlanax: 

0 
du(I.Ic1 ~8) - "llP(Cb+D) 

r(-bl 

• •-t 
( ~) ( 1+ -L Bin..!.) du' + 0(( ..!!!..1 ) 

:18 1-b 8 8 • 
(8,9) 

3Ta ~opwyna J:l88T 38BBCRMOCTb C8'18HRSI OT p83p8W810!11&1 CDOCo6BOCTH aanapa

Typhl no aaepraa 8 

Ecna MBrxae ~OTOHhl TOpM03HOrO H3Dy'I&BBSI ~HXCBPYIOTCII0 TO 88poliTROCTb npoaac

ca onpe.~:tansraTcR aenocpe.~:tc'r8&HHO ~opwynoll (2.28), B 'IACTHOCTH, ecna npa aa.~:taaaow 

8 « 1D perHCTpHpyiOTCH ~TOBhl C BHeprRHMH k 

~OpMyne (3,9) MO:IKRO p&aDO:IKHTb C8'l8HH8 du' no 

T8XRMH, 'ITO 8 <; k « ID 

k C nOMO!llbiD (2,28). 

,T08 

4. Paccesraae wsrxax ffioTOHOB 

PaCCMOTpRM p8CC9HHR8 MHrxoro ~TORS C RMDynbCOM k H 88XTOpOM nORRpH34DRH 

v H8 38pH:IK9HHOM M930H9 H H8l1Jl8M Jl88 nepBbiX 'ln8H9 p83DO:IK9HRR DODHOro C8'18HHR 

aroro npouecca no lc • AwnnaTyJ:ta aTOro npouecca c aany'leaaaw n ~OTOH08 npo-

nopnaoaan&Ra <q
1

, .. ,.,q.,plu/lr.> , r,l:le k • q
1 

+.,..;t-qn +p-r, npa k .. 0 p- r T8X:IK8 

CTp8MHTCR X ayn10, DOBTOMY J:lRII p83DO:IK8HHII SMnDHTyJ:lbl 80Cnonb3y8MCR p83DO:IK8HH8M 

(2.15), 3aDHDEM C nOMOlllbiO (2.5,15) nonaoe C9'19HR8 pacceRHHR C H3Dy'I&HH8M tr 

~OTOH08 1 8 KOTOpOM npa HanH'IHH 8 - ~YHKUHR aaxoaai. coxpaaeHHII 4-aMnyn&ea .. 
MO:IKHO RHTerpHpo88Tb no X8:1KJlOMY dq no o6nacTH rq5 ric , R npocyMMRpyeM 

no 8C8M n , JlDII qero npeJlCT88RM lJ -~yHKDHIO 38XOH a COXp8H9HHR 4-&Mnyn&ca B 

BHJl8 HHT8rpana ~yphe, ll&DbR8liWH9 Bhi'IHCD9HHR 8H8DOrH'IHhl 8bJ'IHCD9HHRM D, 2, nepe-

XOJlR x npe.~:teny ,\ .. 0 , nony'la&M KOH9'1H09 Bblp8)K8HH9 0 COJl9pJKBlll99 M8Dbl9 napaMeT-

phi k H p -r • Paanara11 no STHM napaMeTpaM H oneHHBall XB}KJlhtlt 'lneH paano:~Ke-

HHR noJl06HO TOMYI KBK STO 6h!D0 CJl8D8HO B n, 2, nony'IB&M, 'ITO C TO'IHOCTbiO JlO 'ID9HOB .. , 
no!)RJlKB k nonHOe C9'19HH9 p88HO 

u(k,v)=Jd0.
9 

da (q;k,v) (l+bln~), 
dO 

9 
rk 

(4.1) 

I"· 

,. 
IS 



r 
~ 
f. 

r.llB du ( q;/c 
1

" )/ d{l - .l1RcpcpepBHUH8DbHOB CB'I&HR&. npouecca B HR3WQM nopB.llK& T&OpRK 
2 q 

BOSMyWBHRA, npocyMMRpOB8HHO& no DODBpR38URBM KOHB'IHOrO cpOTOHa, q = t-p + /c -aM-

nynbC KOHB'IHOrO cpOTOH81 K09cpcpRUK&HT b = 2 {3 C HHT&pecyJOW&II H8C TO'IHOCTbiO paB&H 

b --.4q/c {3'(0}. (4.2) 

Ycp&.llHBB no· " , nony'I88M· CD&.llyJOWQQ p83DO)KQHHQ nonHoro CQ'IQHR B : 

,4a k 
2 

2 
u(lc} •u· (1 -- _JnJIL )+ O(k), 

r 3rr m2 lc 
(4.3) 

r.lle /c - 9R&prRII cpOTOH8 B na60p8TOpHOII CHCT&MQ H u·T - TOMCOHOBCKOQ CB'I&HHQ C 

KRH8M8TH'I8CKOII nonp~BKOII 

UT 8rr ( ..!!..)' ( 1 - ~ ). 
.3 m m 

C8'18HR& KOMnTOHOBCKOro p8CC811HHR 0 38nHC8HHO& B cpopM8 

u(k) • u (1-[2md(k)/a]k
2

) 
T 

(4.4) 

(4.5) 

onp8.!18DB&T T8K H83hiB8&MyJO non&yJO .!1HH8MH'I&CK)'IO nonBpH3Y8MOCTb p8CC8HB8T8DII d(k) • 

VIs (4,3) nony'la&M, 'ITO npa M&DbiX t 

2 0 
d(k} • _2_a __ In...!!!+ 0(/c ). 

.:J,. mJ /c 
(4.6) 

npa k .. (j .l1BH8MH'I8CK8B nonapH3Y8MOCTb 38pBlK8HHOII '18CTRDbl o1Sp8IU88TCB B IS8CXOH8'1"" 

HOCTb, 

5, VfHcppaKp8CHhl8 OCOti&HHOCTH KOMnTOHOBCKO)rO pacC&liHHB 

Jlo CHX nop Mbl p8CCM8TpHB8DR 9¢<P&KTbl H3DY'I8HHB p88DbHbiX MBrKIIX. cpOTOHQB. 0.ll

H8KO p&aDOlK8HH8 (2,28) no3B0Dli8T H3Y'IHTb T8K)K8 BDHBHII8 BHpT)'8DbHbiX MBrKHX cpOTOHOB 

H8 ynpyrB8 DpOUBCCb1 0 8CDR BOCDODb30B8TbCll M8TO.l10M LJf!Cn8pcHOHHbiX COOTHOW8BHII 

171 
H.H. Boron101Soaa • PaccMoTpHM aMnn&Ty.lly ynpyroro pacc8liHBll cpoToaa aa M830H81 

npHDBC8B M8D)'IO M8CC)' ). 

HOM)' 9DBMBHT)' 

cpoTo&aM a npoMBlK)'TO'IHblX cocTOliHHllx. 0Ha paasa MaTpH'I"" 

4 lkz • {3(t) •• 
<k oPI< Jlr>= < f (d ze 2 <pi.Si /8A (xJ!t>=(~) < < 1 

2 1 2• tb • A. :z• tb (5.1) 

r .a8 1c 
1 

• 1c 
2 

+ p - r H f J - HMnynbC H BBKTOp DODBpH38UBB H8'18DbHOrO cpoTOH8, 

OcTilDbHbl& oiSosH&'I&HHR Te lKB, 'ITO B n. 2. Kax a a n. 2, Mbl Bbl.l18DHDH 38BHClllURII oT 

). cp8KT0p (m/).} {3 1 OIS03H8'1HB OCT8BW)'IOCH llMnDHTy.lly 'lepe3 1 • VfCCDB.ll)'BM 38BH-

CHMOCTb T 

• 

2 
OT.s•(t+/c

1
) BISDH3H nopora ·a • m 

2 
DpH cpHKCHpOB8HHOM t .< 0 R 

14 ' 

>.- 0 • Hewell nenbiO ISy.ll&T HaiTH D8pBbl& 'ln&Hbl p83DOlK8HBll 1 no (·•· 

H OU8HHTb CD8.Q)'IOlUH8 'ID&Hbl, 

nycTb CH8'18D8 ). .f. 0 nooOlKBM B IIKCnOHQHTe B (5,1) 

2 2 
k 1 •k 2 •r.<~t. 

Tor.aa BM8CTO (5,1) M_bl DOD)''IBM cpyHKllBJO 11 , )'.QOBD8TBOpliiOW)'IO .QBCD8J 

COOTHOW8BHIIM DO a , 3aDHW8M 9TH COOTBOWBBHII B CD8.Q)'IOlU8M .sB.Qex/ 

J 
c•+.S) r. r··~·tJ 

T ('a, t) • ( :• • + R , 
' .• ·• ·-·a - 10 

r.Q8 .5 CXODb yrO.QHO M8001 HO MHOrO ISOObW8, 'IBM ). • CllyHKUBll ·R KC 

·s • m 2 H Mbl H8 6y.a8M 88 p8CCM8TpBB8Tb.A6copiSTHBH8ll 'lllCTb 8MiiDRTy.Qiol 

(5,3) npH ·a .!£ (m +'B) J Bblp8)1(88TCll '1Bp&3 8MDDHTy.Qbl (2,5), COOTB8TCTB)'IOlU 

HblM 9n&M8HT8M 9n&KTpOM8rHBTHOro TOKil 

' •• 00 .. ... b • b 
T (·.,t) •-(2~r) fdp.!. - 1-(!.,(dq}n.S(P-p -(i )(..!!!.) i (p;p ,n)j (a,p 

n \•on! 1 n >. 1 

.. 
r.a8 P •· r + k 1 

, Bnaro,aapB .5 -cpyHKUHH HHT8rpan DO dp I MOlKHO 

o6nacTH p
1 

P ;$ s , HHTerpan~o~ no dq - no o6nacTH qp s_·a -Dtl/·a. nocxol 

(5,4) CKODb yrO.QHO 6nH3KO K m• 1 
H

1 
CDB.QOB8TBDbH01 cpOTOHHblQ HMD)'Db< 

p83DO)l(BilHBM ( 2,28) • no.aCT8BDBll H)'DI0
1 

BOCDODb3)'&MCB .QDB 8MnOHTy.Q 

cpyHKUHH 88 HHT8rpan Cllypb& H CyMMHp)'H DO n , DOD)''18BM BMBCTO (5.4) 

•.. 4 •I(P ... Jz m/2 b "'!. lqz 
T (a,t)•--l_Jdp

1
Jd xe 1 (--) e:rpiD+ (dqh(e -l}lx 

It 21r .JS-m 

'14 .•cr• • b 
xiJ + (dqb[y (q}+ y (qJ}e li (p;p 1 Ji (p 1 ;t), 

PIP P J r 

r.a8 cpyHKUBH D B CHCTBjB K00p.QHH8T1 r.ae p • 0 1 .Q8BTCB cpopM)'DilMH 

3TO Bblp8lKBHH8 88 CO.llBplKHT liBHOA 38BHCHMOCTH OT ). .. .. 
B CHCT8MB KOOp.llHHilT, r.ae p • 0 1 HHT&rpHpOBilHH& DO d PI B ( 

06D8CTH ; 2< ·a -m 2 , flo9TOM)' nO.llHHT8rpanbHyiO cpyHKllHIO (KpOM8 'IDBH 

.. I - -+ 
r.11e pI )'MHO)K8QTCB H8 npOHSBODbHO 6oobWOA BBKTOp X ) MO)KBO p8311 

CTBDBHliM p
1 

H OllBHHTb KlllK.llblA 'IO&H p83D0lKBHHB, npa T8KOM p83DO)KE .. .. 
pOB8HHB no p 

1 
.l18BT .5 -cpyHKUHIO OT X H ee npOHSBO.QHbl&, D09TOM)' E 

no dt npOHSBO.llHTCH 8BTOM8TH'I&CKH H OCT88TCH Bbl'IHCDHTb HHTerpanbl 

VfHT&rpanbl. TllKOrO THOll paCCMOTp&Hbl B n. 3, 

x/ 3TO COOTHOW&HIIe 03H8'18BT H&CKODbKO COQTHOWBIIHA .llDH HHBilpH8jl1 
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.na<jl<jlepeauaanbaoe ceqeaae. npouecca a aaaweM nopa.nxe Teopaa 

DO nonapK38UKSIM KOHe'IHO!'O <jlOTOH81 q ~ r-p + k -aM-

C HHTepecy~llleA H8C TO'IHOCTb~ p8BeH 

b --,4qk (3'(0). (4.2) 

v , nonyqaeM cne.ny~lllee paanolKeaae nonltoro ce'leHa a : 

,4a k 
2 

2 
CT(k) •CT ( 1 ---In 1/L )+ O(k ) , (4,3) 

T 3" m2 k 

<jloTOH8 B nal'iopBTOpHOA CBCTeMe B u·T - TOMCOHOBCK08 Ce'leHH8 C 

(1 = 8fJ ( .1!.)2 ( 1 - ~ }. 
T ,3 m m 

pacceaHHSI, 38nHCHHH08 B cp0pM8 

CT(k} = u (1-[2md(k}/a]k
2

) 
T 

(4.4) 

(4,5) 

nonay~ .llHHBMH'IecKy~ nonapaayeMOCTb pacceaeaTena d( ~), 

'ITO npH M8D&IX k 

2 0 
cl(k) e _ 2_a __ In...!!!.+ O(k }. 

,J"m, k 

(4,6) 

nonapaayeMOCTb 38pSilKeHHOA 'IHCTBU&I ol'ip8Ul88TCSI B l'iecKOH8'1"" 

OCOl'ieHHOCTH 

p8CCM8TpHB8DR S<!><I>&KT&l H3Dy'leHRSI p88Dbii&IX MSI!'KHX. cpOTOHQB, 0,n

) D03BODSieT H3y'IHTb T8KlKe BDHSIHBe BHpTyanbii&IX MSI!'KBX cpOTOHOB 

eCDH BOCnODb30B8TbCSI MeTO.IlOM .llRCn&pcHOHHbiX COOTHOW8HBA 

PaccMoTpHM aMnnaTy.ny ynpyroro pacceaaaa cpoToHa aa Meaoae, 

,\ <jlOTOH8M B npoMelKyTO'IHbiX COCTOSIHHSIX, Qaa p8BH8 M8TpH'I"" 

(d4xe'k2• b fj(t) •b 
< pJ8j /8A (x)Jr> • (!!} t t 1 

• ,\ 2• tb (5.1) 

- HMnynbC H BeKTOp nODS1pH38URH H8'1HnbHO!'O <jlOTOH8, 

Te lKe, 'ITO a n, 2. Kax a a n, 2, Mbl a&I.nenana aaeacawaA oT 

1 Ol'i03H8'1HB 0CT8BWY~CR 8MDDHTy.lly 'lepe3 1 • Hccne.nyeM aaea-
2 

•(t+k,) Bl'iOH3H nopora ·s = Ill 
2 

np& <jlHKCHpOB8HROM t .< 0 H 

14 

•.. 

,\- 0 , Hewell uen~ l'iy.neT aaATB nepable qneR&I paanolK&HHR 1 no ("a- m 2 )/m 2 

a oueHBTb cne.ny~wae 'lnea&I, 

nycTb CH8'18D8 .\ " 0 nonOlKHM B 8KCDOKeHTe B (5,1) 

2 2 
.k

1 
• 1

2
• r .< 'io t , (5.2) 

Tor.na BM8CTO (5,1) M_bl nony'IKM cpyHKUB~ 7, • y.nosneTBOpSIIOlllYIO .nacnepcaoHHbiM 

~ . x/ 
COOTHOW8H88M DO a o .,8DBW8M 8TH COOTHOW8BBR B CD8.11YIOW8M J'B.Il8 

2 
r• +8) -~ r··~-t' 

7 (a, t} = ( r . + R ' ( 5o3) 
' .. 2 ·a'·-·• - rO 

1'.118 8 CKODb yrO.IlBO MHnO, HO MHOI'O l'iODbW8, '18M A o <llyHKUBSI 'R KOH8'1H8 npH 

·a • m 2 
B Mbl H8 l'iy.ll&M ee p8CCM8TpBB8TboA6copl'iTBBH8SI 'IHCTb 8MiiDBTY.Ilhl 7 ("s, t} 

2 u 
B 

(5o3) npa ·a -~ (m +-8} Bblp8lK88TCSI qepe3 8MnDBTY.Ilbl (2o5), COOTB8TCTBYIOW8e M8TpH'I-

HbiM 8D8M8HT8M 8D8KTpOM8l'HBTHO!'O TOK8 

1 ,. 00 •-+ b • b (5,4) 
7 (·s,t} • -(2fl) (dP._!. _1_(!.,(dq)n8(P-p -Q )(..!!.) i (p;p ,n}j (n,p ;rj, 
n \-on! t n ). I z 

.. 
r .118 p •· r + k 

1 
o Bnaro.napa 8 -cpyHKUHH BHTerpan DO dp l MOlKHO 6p8Tb no 

o6nacTH p P < 8 , HHTerpanY no dq - no ol'inacTB qp < ·8 -m.j·a o nocKoDbKY 8 B 
l - -

(5,4) CKODb Yl'O.IlHO 6nR3KO K Ill 
2 

, H, CD8.1lOB8T8DbH01 <jlOTOHHbl8 HMnynbCbl 6DH3KH K 

Hyn~, BOCnODb3yeMCSI .llDR 8MnDHTy.ll p83DOlK8HR8M (2o28)o no,nCT8BDSISI BM8CTO 8 

cpyHKUHH ee HHTS!'pan <llypb8 • H cyMMHpya no n , nonyqaeM BMecTo (5.4) 

•.. 4 •I(P-p )• m/2 b •.. f4a 
7 (·e,t)•-_1_Jdp (d :re 1 (--) eJPID+ (dqh(e -1)1x 
" 2fl 

1 ,JS-m 
(5o5) 

'14 .1tt1l • b 
x 11 + (dqh[y (q)+ y (qJ}e I; (p;p1 Ji (p

1
;r), 

PIP p J r 

• 
r,ne cpyHKUHSI 

.. 
B CHCT8M8 KOOp.llHH8T 0 l'.£18 p a 0 , .ll88TCSI <jlopMyDBMH ( 2o22,23) o D 

3TO BblpBlKeHHe He co.neplKBT SIBHOA 38BHCHMOCTH OT .\ .. 
8 CHCTeMe KOOp.llHH8T, r,ne P a 0 

.. 
1 HHT8I'pHpOB8HR8 nO d p l B (5o5) a.neT no 

o6nacTH ~ • p •< ·e - m 
2 

l -
IloSTOMy no,nHHT8I'pHnbHY~ cpyHKUH~ (KpOM8 'ID8H8 SJP(-fp 1 1), .. 

r.ne p 
1 

yMHOlK88TCR H8 DpOH3BODbHO 60DbWOll: BSKTOp 
.. 
:r MOlKBO p83DOlK8Tb no 

.. 
CTeneHSIM pI-+ 

poeaHae no p 1 

H OU8HHTb K8lK.Il&IA 'ID8H p83DOlK8HHSI, npa T8KOM p83DOlK8HHH RHTerpa-

.!l88T 8 -cpyHKUB~ OT ; H ee npOH3BO.IlHble, nOSTOMY HH!J9l'pHpOB8HHe 

DO d; DpOH3BO.!lHTCSI 8BTOM8TH'I8CKH H OCT8eTCSI Bbl'IHCDHTb HHT8l'p8Dbl no d X O 

HHTerpanbl Taaoro THna paccMoTpeHbl a no 3o 

X/ 3TO COOTHOW8H&e 03H8'188T H8CKOObKO COQTHOW811Hll .llDR HHB8pH811THWX 8MDDHTY.!lo 

~·· ,I, 
\ 
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~· 

l 
~· 
~ 

~ 

J.1HT9p9CYIOIUKII H8C llltn8,1l ,ll810T ,llll8 'lli8H8 p831lO>K8KBR DOX838T81lSI b 

'1119H paano>K&HHR ocTanbHbiX llblpa>Keaall. M&I HMeeM 

J+ •, _l-' m •• 
op(Cb1+ Di) ( m/2 ) [1+~ ln ___ 2fj'(r )r )M (r) + 

1tr( .. l)e- m'['(-b) ~ m vs-m I I I 

r.ae HH,Il8XC 1 

xoop.aaaaT1 r.ae 

I b 
m 2 1 

+0((-:---::2) ) • 
s-m 

03H8'188T, 'ITO COOTII8TCTIIYIOIUH8 cpyHKUHB 113RTbl DpH p •{m,Q} 
~ 2 I 
P • 0 ; r • ( p -p ) npa Tex >Ke ycnoiiBllX, 

I I 

Meb(r) e(p +P).(P+r)b/ 2(r); l(O)• e.; 

K nepllblll 

(5.6) 

II CHCT8M8 

(5.7) 

PaanaraR, aaxoaeu, 11 (5.6) no ·s -m J , non,rqaeM cne.ayiOwee llblpa>Keaae .anR a6cop6-

THIIHOII '18CTR 8MUilHTY.Ilbl 

1+·•0 6 2 •o 
e:rp(Cb0 +D0 ) (~I M• (r)+ 0((~) ) 1 (..,t)~-

2 
s -m 

tr m'r(-bo1 •-m 
(5.8) 

( qn&Hbl c norapa<PMoM coxpaTanacb). Ha.aexc 0 oaaaqaeT, 'ITO 11 cpyaxuaBx, paaee o-r

M&'I&HHbiX BH,Il8XCOM 1, Hy>KHO DOilO>KBTb ·s • m 
2 

• 

BenH'IHHa b
0

' 11 (5.8) pasaa b
0 

• 2fj(r)- fj (t) • npa b O >- 1 a6cop6TBIIH8ll 

'18CTb (5,8) o6paruaeTCll 11 6ecxoH&'IHOCTb 11 TO'IX& ·s ~ m 2 
• O.aaaxo npB ycnoiiBH (5.2) 

b < 0 
1 

DOSTOMY a6cop6TBIIH8R '18CTb (5,8) II COOTII8TCTIIBB C o6well T&OpH&JI/
7/ BBT&rpB .. 

0 
pyeMa. O,aaaxo npR r • 0 b

0 
•- fj(t) > 0 (npa t< 0 ) a a6cop6TBIIH811 qacT& 11 

06bi'IHOM CMb1Cil8 88 RHT&rpapyeMa, nosTOMY Mbl ,llOil>KBbl DO,IlCT8BRTb (5.8) II (5,8) npa 

, < Y..t 1 T,e. npa b 0 .< 0 1 
llbiDOilHBTb BBT&rpap0118HB8 B llRWb 38T8M DOilO>KBTb 

·p• (T·,, 3TO SXIIBII81l8BTHO TOMY 1 'ITO Mbl onpe,aenaM a6cop6TBIIHYIO '18CTb (5,8) npa r • 0 

r.ae 

fj-1 .. . 2 fj 
1 (..,t)•- e"P(-Cfj+8)(!_-~2) M (0)+0((•-: )+), 

1 m 2 r({3) m + m 

I 2 
6• 8(t1 m-(a/tr)(I +pr fdxlnj2x-1j/pz ), 

0 

K8X o6o6IU8HHYIO CT8D8BHYIO cpyHXDBIO OT X • (·s- m 2 
)/ m 

2 IIB,Il/17/ 

f(x, a) • 

8 

• 
X+. 

r(a+ 1) 

• 
' :r+ 

• 
X 1 · X> 0 

0 ' :r < 0 

(5.9) 

(5,10) 

(5.11) 

HaT&rpan f f( x, a).p(x)dx._ r.ae .p(x) perynapaa 11 ayne 1 onpe.aenaeTCR xax aaanBTR'Iecxoe 

-6 

16 

• 
' 

','• 

6 . 
DpO,IiOil)l(8ftH8 DpH a

0 
~a KHTerpana ( f( :r,a )¢(:r) d:r 1 r,ae •'.Re a >- l 

0 0 0 

wecT11yeT npa n/()6blx a • npa a•;...n , n.- nenoe nonolkaTenbHoe 

(n'- I) 
l(t., -n)• 6 · (x). 

'TaJUtM o6paaoM1 npa r• 0 H t<O 8MDilHTy.ll8 1 y.aollneTBOpli&T A 

BOMY COOTHOW8JIBIO (5.3), r,ae '1
1 

1161lii3H ·a•m
1 

Dp8JlCTaBilli8T.C060ll 060f 

CT8U8HHYIO lPYHKUIIIO ( 5,9) • 

" 

B oxpecTHOQTH ·s • m 2 .aMDilRTYJl8 ·r paaaa 

11 e:rp(-Cfj+ 8) 

m.2 I"i( fj )sin rr fj 

m 2- a 8-t · •• I . fj · (--1 !.1 (0)+0((~) )+·c:rmat 
T('s, t) • - m 2 · m' 

f3(t) <0 npa t <0. 

nepablll 'IJI&H STOrO llblpameHRll BM89T non'IOC8 DpH 

f3(t)- 1, 2, .. , 

PeW&HHll STKX ypaBH&HKll ne>KaT II HHT8pll81l8 0 < I < 4m
2 

.,. 
·:'!.# > '·} ~'',, ~ J 

'f.l.·' /),. 
... :';'if'' 

'•1\ .. , 
a.ll a~pe~s 

•xaaane. KpoMe To riP, t • ~pK61lB>K8HBH ODp8Jl81lliiOT ItyllOHOIICKH8 ypOIIBH B 

'18CTb 'I'OHXOI\ CTpyKTypbi xynoHOIICKOrO cnexTp8, CIIR38HHYIO C OTBOQ~Tell~loiiM 
'18CTHUo 0JlH8KO DpB f3 ~ 1 nep11&11\ 'IJI8H II (5.18) CT8HOIIHTcll perynapa!,tM, B 

cne)loaaTenbHO, OK CT8HOIIRTC51 cpa11HHM&IM C llpyrBMR 'lll8H8MIIj .. oCSOGHai.'eHRhl 

~ '18p83 CXiaiiC • , nosTOMY B81lb3R CK838Tb, 'ITO DOniOC.81 onpellenll&MMEl ypaal 

npacyTCTIIYIOT 11 nonaoll aMnnaTy.ae. PaayMHO JlonycTKTb, 'ITO .. STa.noniOca c;;o 
II nonaoll 8MDilHTYll8

0 
8CilK npeae6p&'lb cpoToH·<PoTOHHbiM 1138HMOllellcTBB8MlH 

:libiMB cpoTQHHbiMB nRRHliMK 1 xoTopble acnycxaiOTCll a nornoiUaiOTcB· llO To:o, 

mea ll8'181lbHblll cpo'l'oH ana nocne Toro, xax Rcnymea xoae'!Hblll (llnll nepeKp• 

paMM cnol!a " llO' a •nocne• ay>~<HO noMeHi!Tb MeCTaMR). B !!TOM cnyqae l 

(5,14) ll41181l0 6bl Cllli38HH). COCTOliHBR 38Pl):>K8HHOrO M830H8 H ero 8HTH'18C 

.npeae6p&'lb pacnallOM STBX COCTORHHll H 'IIHYTp8HH8ll Sll8KTpOM&rHHTHO,ll CT,p 

30HOB, 

6, 0 paxTOpH38UBH HHppaxpacHbiX paCXOllRMOCTel 

8biW8 Mbl paCCM8TpHB81lH M8TpH'IHI!I8 Sll8M8HTbl { 2 1 1 ) 1 
1 

ODHC'biii&IOIUBe 

cpeKCHpOB8HHbiM qacnOM '!SCTHU, BIIO.QII cpRKTJIIIHYIO, cpOTOHHYIO jd&CCY ·A H 

TaM 38BHCHMOCTb OT A II IIHlle cp8KTOp8 (2,5). 0CT811WH8Cll D0Cil8. T81t0f 

8MDniJTY.Ilbl ~ T8X cny'18liX, xor,aa OHH llbl'IHCilliRRCb .00 XOHU8 II K8xol\•na6c 

(!tax II n.n. 4 B 5). OK&3blll8nHCb. xoHe'IHioiMH npa A= 0 • noxa>K&M, 'ITO 

T~nbCTBO 88 cny'laliHo: 8MDilHTyll& 1 B {2.5) KOH8'1H8 npH A=O. 

(7 



Hac exnaa .o;aiOT .o;ea 'lli&Ha paano>KeHBH noxaaaTenH b H nepe&IA 

I z+ bl Ta-m m , •• 
1--'. , (~) [J+ ___ ln ___ 2f3(r

1
)r

1
)M (r

1
) + 

•/a-m m rs-m 
(5.6) 

m 2 •z 
+O((s-m 2 ) ), 

a-. .. aqaeT, 'ITO COOTB8TCTBylOWB8 cPYHXIlBR B3HT&I DpR p •lm,O} B CRCT&Me 
2 I 

; r K ( p -p ) nps Tex >Ke ycnoBRliX, 
I I 

(r) K(p +P).(P+r)bf 2(r); f(O)• e.; (5,7) 

no • -m 2 , non.yqaeM cneayiOwee a~o~palt<esse .o;nH at5cop6-

l+.bo b 2 bo 
-~• --0 . -.• (~) At• (r) + 0((~) ) 

., 2 s -m s-m 
(5.8) 

coxpatHDRCb). HH.o;exc 0 ooaaqaeT, 'ITO B cj:lyaxusHx, paaee oor-

1, Hy>KHO nonO.>KHTb ·a • 1J1 J • 

e (5,8) paeaa b
0

-2{3(r)-{3(t) , npa b O >- 1 at5copt5TRBH8H 

e 6ecxoH&'IROCTb e TO'IX& ·s • m 2 • O.o;aaxo npa ycnoBRR (5.2) 

171 a6copt5TRBH8H '18CTb (5,8) B COOTB&TCTBRR C o6Well T&OpR&l! RRT&rpR .. 

b
0 

= -{3(t)>0 (ups t< 0 ) R a6copt5TRBH8H '18CTb B 

HHT&rpHpyeMa. no8TOMy M&l .I:IODli<Hbl DO.QCT8BRTb (5,8) B (5,3) Dp& 

b O < 0 0 B&IDODHRTb RHTerpRpOB8HR& R DRWb 38T8M DODOli<RTb 

TOMy, 'ITO Mbl ODpe.o;eoRM at5cop6TRBHYIO 'laCTb (5,8) DpR r • 0 

BJtP(-C{J+li) (!-m2 {3-l d . 2 {3 
m 2 r({3) -;;;>)+ M (0) + 0((

8
:: )+ ), (5,9) 

J 2 
li• li(t) ~-(a/.r)(l +pr (d%1nl2z-1!1P. ), 

0 

(5,10) 

. 
"+· 

cPYHKQHIO OT X • (·s -m 2 )/m 
2 

. 
X 

, . "+ • I o , 
:o:>O 

J[ < 0 

BR.Q/17/ 

(5.11) 

r.o;e rfo(r) perynapaa e ayne, onpe.o;enaeTCa xax aaanstH'lecxoe 

16 

~~ 

li 
npoaomK&&He npH s .. a HHTet'p8118 fl(r,a )¢(1C)dr , r.ae •'Rea >- 1 

0 0 0 0 
, Oa cy-

wecTeyeT npH n~t5&Ix a • npR a • -n , n. - uenoe nonoli<HTenbKoe 

l(r, -nJ• t!"-u(zJ. (5.12) 

1'a1UtM ot5paaoM, npa r• 0 

HOMY COOTHOW&HRIO ( 5,3), r .o;e 

cteneaHyiO ¢YHXItiiiO ( 5,9). 

H t<O aMnnHTy.o;a T y.o;oeneteopaet JlHcnepcHOH-

'T
1 

e6DH3H ·s• Ill I npe.o;CT8BUR8T C06oll o6o.6r..tleHHYIO 

,, 

B 0KpeCTHOPTH ·a- m1 aMnnsty.o:a ·r paeaa 

T('s, t) • -
fl&JtP(-Cfl+ li) 

m, 2 r 1( {3 )sin , fl 
rm'- a r-~ ,~··roJ + orcm'-·• /J+:a)nat 

m2 m• 

{3(t) <0 npH t .<0. 

nep&b!ll '1118H 8Toro BblpalK&HRH HM88T DOUIOCa npH 

fl(t)- 1, 2, .. , 

(5.13) 

(5.14) 

Pew&HHll 8TRX ypaeH&HHA ne>KaT B HHTepeane 0 < t < 4m
2 

B B aepeoliTHBBCTCKOM 

~pH6oHxt8HHH onpe.o;eolllOT KYDOHOB(:KRe ypOBHH B t -KaHane, KpoMe' TOrO, ORB ,lla!OT II 

' . 
'laCTb .Toaxolt cTpyxTyp&l xynoHoecxoro cnexTpa, ceasaaHyiO c otHocateoldi&IM Jl811xtf)HR&M 

'18CTI!II; 0JlHaKO Dpl! fl 2:, 1 nepa&Ill 'lli&H B ( 5.13) CT8H08RTCll perynllpBbiM B TO 'IKe ,;-m ~ 
ene.D.o8aT&nbH0

1 
OH ctaHOBBTCll cpaeHHMbiM C .o;pyr&MH 'ID&HaMBo Ot50GHa'I8HHbiMI! 8 (5,1) 

i!epes ~ . . , MosTOMY J\8Dball cxaaatb, 'ITO DODIOC.a, onpe.o;enaeM&ie ypa&HeHH&M ( 5',14 )1 

npacytcT8YJOT e nonHoll BMDol!tyJle, PaayMHO .llOnyct&Tb, ''ITO 'ate non10ca coxpaHSJIOTca . 

8 DODHOll BMDDRTy.Qe, &COR npese6pe'lb ¢oTOH-cpoTOHHbiM B3aRMOll&IICT888M' S 8HpTy&ob

·:lii>IMR 4JoT()HHbiMR DRHHRMB, KOTOpble acnycxaJOTCR H nornoWalOTCR .QO Toro, xax norno

uteH I!B'I&nbHblll ¢otoH Hna nocne Toro, xax ecnywea KoHe'IHblll (.o;nll nepeKpecTHbiX.. aaar

p8MM cnol!a " .o;o• a •nocne' HYlKHO noMeHliTb M&CTaMR). B atoM cnyqae ypaeaeHa.e 

(5,14) .o;aaano 6bl CBSI3aHHb18 COCTOIIHHll aaP¥xt8HHOro Mdleoaa H ero aHTH'l8CTHUb1 1 ecoH 

'npeHe6p&'ib pacna.QOM 8TRX COCTORHHII H 'eHyTp8HH8lt 3U8KTpOMarHHTHOll CtpyKTy.poll" Me"" 

.SOHOll, 

6, 0 ¢axtopaaauall HH¢paxpacHbiX pacxo.o;RMOCTell: 

B&~we Mbl paccMaTpReanH Ma'i'pH'IH&Ie sneMeHTbl ( 2,1 ) , 'onacbleaiOwae npouecc&I c 

qmKCBpOBaHHbiM 'IHCUOM qaCTHU, BBO.Qll 4JRKT!JBHYIO, 4JoTOHHYIO Macey A H Bbi.Q&DSIII aa-

teM aaaacaMOCTb ot A B BH.Q8 4JaKTOpa ( 2,5), 0CT8BWH8CH DOCD8 TaKOrO Bbi.Q&o&HHSI 

aMUIII!TY.Qbl B T&X coy'laiiX
1 

Kor,aa OHH Bbi'IHCDHRHCb .!lO KOHU8 B KaKolt-nH60 o6nacTH, 

{JtaK 8 R,U, 4 B 5), Olta3bi88RHCb. KOHe'IHbiMH DpH A=0 , noxa>K&M, 'ITO STO 06CTOH-

T9DbCTBO H1Coy'la~Ho: 8MIIUHTY.!l6 [ B (2,5) KOH8'1H8 npH A=O, 

. . " 

/· 

" ·~~ 

,. 

!.\'~ 
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lr;' 

'/·'· 
a C8MOM .o.ene, tPH~R'IeCKH 01f0!1.11HO,"'lTd'aaq,pup.!lcJl~f! pacx~li.IIM~T .. ~·a- Clle.o.,O.IV"k: 

. , , ,. , I' , . '·' ' • '· · ·, '• ', :~:·, ' .· /' ·,·' ~ .' 

T&llbHO, H 38-BHCHMOCTb OT .\ I .11QJilKHb,l OTC)'TCT80!18T,, EICIIH RMIIY,J!bCr.t 31lpslll<~~~~ldlt *l,ae~·:·· 

THU He H3MeHlUOTCR. nosToMy 1\CaTplr'IRhlll &nlhii&HT,<a,,lll}P,!f> • 1'.118 I, ~HilAi~'~wll 
I , , . ' , ', ·. 

IIOK811bHhil TOK, p -UMll:YJibC 31lpsi:l~UIHH~ll 'lliiCTRilbl H a -KB8HT08r.t8 '180118 Mll!i'l'~,~lt·; 

'18CTHU, aonma·a l5b1Tb KOH&'lHbiM .npa .\ • 0 ,, P83JIO.lKKIIC llpOH388.118HB&, TOKOB 8· &TOW·· S~, 

p4meHBH 110 nonaoll CHCT&Me 8MIIJIBT)'A• Ha ~831lBBcBIICOC.TB OT.I1ellbHbiX 'lJieHOIII 'eTOI'• . ·'· 
I - " • ' I 

meHRR, COOTB8TCTEI:YIOlliRX 'ti>BSB'l8CKII' p8311 .. Xr.t11C cOcTOliHIISJM, cneayeT, 'ITO K8JKJl~l TllltOf .. 
. / . ,., 

'11188 .110IIJK8H ISbiTb KOH8'1Hr.tM llpH .\"' 0 , ,PIIOCWOTpHIIC 'llleH, COOTEI&TCTB)'IOLUBI ll-poMe-oi 
. . 

li<Y,TO'IHOMY COCTORHHIO C O.ilROI 38pSJli<eBHOI 'I&CTIII!el C ~MllyllbCOM , llpOHSEIOIIbHi!IIIC .. 

tPHKCHpOEI8HHr.tM ·'lHCIIOI\C H&liTpllllbHbiX 'lllC'PHil C KJUI)I'I'OBr.tMB 'lHCII8MH b B SH&pi'HRIICB 6onliil' 

we li ·, rae li CKOIIb yroaxo Mano, ao.IICuo~o l'lonbLUe .\ \ ·;;: 
, H 11pOH38011bHr.tM '18¢"" 

110M MRI'KBX tPoTOHOB C BMII:YIIbC8MH qt · B 8HepriiRJiill MeHblUe li 

I L(I1'j(dq"Jn<4plllr,b,,.;<a,b1 r,lllp,a>. 
n-= 0 t'l! • ',, ' l6,1) 

,. 
' 'I 

no.I1CT88lJSJSI 010.118 Br.tpalKeHH8 (2;5) H OJ'pllHB'I888RCb nep&l>IM 'llleHOM p83110liC9HBll DO q , • 
I 1 . ' • ' ' ' !!}'.• 

11011:Y'l8811C1 'ITO C TO'IHOCTbiO ao 'llleHOEI1 llpj!!Hel'lp&li<IJMO M811b!X llpH M8IIOM li , &TQ ,Br.tpll"' • 

l'Keaae p~DHO 

m ·,fJ((ll-•l) 
(_) 

2li' 

D ', 
e l(a,,;r;b}l(~,r;p,a) 1 (8.2) 

r.11e D .118,9TCR tPdJliiCYIIOit (3:3L Ha TOJ'0 0 ,'ITO (6,1 ), a, CII9.110Ba'l'&llbHO,a (6,2), KOHG'I..;, 

ao• npll >.-o , cne.aye'l', 'ITO a~nJIHTY.O.a ({a1 p;t,b) KOHe'lHa llpH .\aO 

7. 3 a K. n 10 'I .e a ! e 

I . 
B aa.KIIIO'IB'!He noa'lepKH&M, 'ITO ace nolly'leHar.te ar.tLUe. tPoPMynr.t BhiTeKSIOT H3 oiSLUBX 

npHHUHnOB II,OK811bHOll TeopHH nona ( BKIIIO'IBR KBaaTOEI:YIO SII8KTpoaHH8MHKy), llOSTOMy OHK 

.O:OIIli<Hhl !lhmonHRTbCR a 11106011 as KaaecTHbiX a aaeToakee •BpeMa Teo pall. ,llanee, Mbl HB~ · 
' 

rae He a~nanH p83IIO)I(eHHJI no KOHeT8HTe SII&KTpOMBrHHTHOit <:;BR31!. noaTOMy nonyti&HHbl$ 

tPOpMynhl, 5u!IIH 6b! cnpaBelliiHEihl H B Clly'lae, ecnK ISbi STa KOHeTaHTB 6brna CKOIIb yfoOJ:IJIO 

6onbwolt. 3aMeTHM, 'ITO D tPOPM:YJibl TOpM03HOro H3JI:Y'IGHHR tt, 3 , ST8 KOHCT8HT8 llpH 6Mb• 

KOM611HBUHH a In,.:::.!_ • nosTOMy npH 60IIblUHx' 3H8'19HHHX MO.Il:YIUI WIIX I tl BXOllHT B 

·KBaapaTa HMnynbCa, nepeaaaaoro 
I 

Mynax HellpHMeHHMO H fiPH, M8JlblX 

m' 
aapameHHOll 'IBCTHue, paano)!(eHHe·no a B .:3THX tPo~t 
a • 

OrpaHR'IeHHe, KOTopoe l'lb!IIO caenaao, eOCTOHT B TOM, 'lTQ Mbl p8CCMBTpHBBIIH n•ponec• 

Cl>r c oaaolf aapalKeHHoll 'ISCTHueil, He HMeiOLUell en'aua. OaaaKo sTo orpaHaqeuae -He npaa.:. 
' ' 

UHllH811bHOfi, 
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~ 

nony'leHHble peaynbTBTbl HeTpyJlHO 0606IUHTb H8 enyqalt 38plllKeHHOit '18C 

HOM 1/2, <t>opMyna (2.28) H peaynbTSTbi n.n. 3,6 enpaseanHBl>I H n STOM cny• 

(4,3) COOTBeTeTByeT paceeHHHIO H8 HenonRpH30B8HHOJI 'IBCTHUe, a n, 5 Hyli<HO 

eyMMHpOB8HHe no nonapH38UHRM npoMelKyToqaoll 3BpRli<eHHOii 'IBCTHUbl B tPOpM 

38MeHHTb ¢opMyny (5, 7) H8 

., _, • " b 2 
M (r)= u(p)r (p + mJr u(r)l (r), 

r• =y"+~t' U
0
.(p-t)., 

rae I' aonOIIHHTeJibHbii! M8rHHTHblll MOMeHT 38pali<eHHOJI qaeTHUbl, 

Q6o6LUeHHe HB eny'lall npOH3BOJI bHOrO 'IHCII8 38pRli<eHHbiX 'IBeTHU T8Kli<e 

npoaena!IO• 

AaTop 6naroaapeH yqaeTHHKBM ceMHHapoB JlT<t> OJ..-HIH a MHAH CCCI 

nosa sa o6eylKaeHHe SToll pa6oThi H C.B. lepacHMony, ll.H. llanHayey H B.l 

Kony sa o6eylKJleHHe sonpoca o nonapnayeMoeTH aapltA<eHHOit '18CTHU1>1. 

AononHeHHe A. 

Q eneJlyiOIUGM 'llleHe p83JIOlKeHHR no HMnyn&caM MltrKHX pOTOH· 

PaceMOTpHM MaTpH'IHhiA sneMeHT (2.1) JlJIR sneKTpoMarHHTsoro ToKa. C 
/5/ 

ero 'lepea r. H HaltaeM, eneay!il Jloy , nepBl>Ie 'lneH&l ero paanolKeHHa 

KOMilOH9HT HMilyiibC8 k 
n 

aseJleM B ¢oToHHhrlt nponaraTop Macey .\ H I 

cBSl3Hhie aaarpaMMW, eooTBeTcTsyroruae STOMY MBTpH'IHOMy sneMeHTy. PaceM 

Jl8 BKJI8Jl aaarp8MM 1 B KOTOpblX tPOTOH C HMil:YJibCOM kn H Br.tXOJlSliUHII ( 

M930H MOryT 6yTb OTaeneHbl OT OeTBJibHOll '18CTH JlH8rp8MMbl 1 eei!H nepepe31 

aoHHyro nHHHro. OH paseH npoHaseJleHHIO sepwHHHoll ¢YHKUHH, eooTBeTCTByrou 

tPOTOHy H BbiXOJlSliUeMy (HJIH BXOassiUeMy) Me30H:Y 1 HB IlOJIH:YIO tPYHKUHIO pacn 

Me30H8 H Ha BepwHHHYIO tPYHKUHIO A n-1 , COOTBeTCTBYIOLUYIO BC911C OeT8J1 

uaM: 

(1) 

T 

• 
e~A (p+k ,r)-e~A (p,r-k,.J. 

pkn n-t n rkn n-z 

3Jleeh y <j:>yHKIIHH A .-
1 

onyrueHhi see apryMeHThi, KROMe MeaoHHhiX HMnynbC< 

peJlCTBO KOTOpblX OHB 3BBHCHT OT k n , 3T8 <j:>yHK!1HSl HMeeT CJiellyiOIU:YIO C 

rJle H g 

An -l p 2 1 p 1 ) = ( p 1 + p 1 ) 1n- 1 + ( p 2 - p 1 ) g n- 1 + R n- 1 • 

-eKI1I1SlpHble <j:>yHKUHHx/, 3HBHeSlLUHe OT p 
1 

,p 
2 

1 (p -p )~ 
1 2 l 2 

x/ 4HCJIO enHHOpHblX 'IBCTHU coxpaHSl9TCSl 0 1103TOMY OHH BXOJlSlT B 
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0'<88Jf,QH01 'ITO, KHcppaKp~CJI~~ pacXOJli(M~Tifi' ·-

A , .QOmKHbl oTcyTCTBOBaTJo, e~nH RMn~~IOC:br aap.IIJK~~xbi;lt' *¢~·';~ 
MaTpR'<Hbllt aneMeHT .< a,p lllJp,~ > , r.Qe I, •aell*pEin'""J;lii 

aapR»<EIHHOA 'l8CTHUbl B a •JIB8BTOE\W8 'IBOna lll~'l"~"~lti: 

PaanoX<irM npoaaee.QeHae, 'tOKOe a &'l'Qw, a~;, 
. . . •'. ' :J 

lfEI3aBBCBMOOTB 011QEI.1Jbii.WX 'lnEIBOIII ~0~0' P~O"o 

cpB3K'lEICKif paanB'lHbiM COCTOIIHJIRM, CnEIQ)'EIT, 'ITO Xa:I!<QWI, 1'8Jt()f, 

,..- ' ' ' I ,I'' b KOife'lHblM npa A= 0 , PacCMOTpBM 'lneH, COOTB,EITCTB)'IOJ.UBII llp~N ... · .. 

c oaaoA aapa:n<eHHOA '18CTII!Iel C BMnyniOCOM r , llpOII3Bon~ioJM , 
, I , , 

aeiTpanbHbiX 'l8C'l'HU C KBIIJITOBb!MII 'IHCJIAM8 h If eaeprBliNII tSOn., 
HO MHOl'O elonbWe .\ . \ ·r: 

, II IIPOII>'SBOJibHb!N 118~ 

c BMnynbCaMH q
1 

B 8BEipl'IIHMJf MEIBbWe lJ 

L( I11 (d.;Jn <'+Pill t, bon ><n, h, rflf p, a>. 
n! .. ' (e~t)' 

)'. ,' 
'lneHoM paanoX<eHaa (10 Q, ,

1 ·,, I :1;,, 
ao 'lneHOB 1 IIPEIIfeelJ)EIX<BMO M8JI.WX llpB M8JIOM lJ 

1 
$TQ .BWpa"''· 

D ', 
e l(a,p;t1 b)l(~,t;p,a) 1 

( 3,3). 11a Toro, 'ITO ( 6.1), a, cne.~:t,oBaTeltbHO, H 

cneayeT, 'ITO BMilnHTy a a l (a, p; r, b.) KOife'laa npH A~ 0 

7, 3 a x. n 10 'I e a :rr e 

<8.2} 

(!J,l), xoaeq-:' 

rroaqepxHeM, 'ITO ace llO/Iy'IEIHHble Bb!We, cpcJIM)!'IIbl BbiTEIXBIOT 83 OelLUJVt 

TeOpHH liOnS! ( BKni0'18H KBaBTOB)'IO aneKTJJ?aK&aMHKy) 
1 

llOSTOMy OB·K 

K3 K3BeCTHb!X B H8CTOHLUee ·BpeMa TeopKI!, ,Uanee, Mbl HI!~ 

rro KOHcTaHTe anexTpoMarHHTifoA CBR;;!I!, DoaToMy non;y<ie3able 

CIIpasearrKBbi K B crryqae, ecrrH Obi 9Tll KOHCTaBTa t'lbina CKO!Ib yrOJ:UIO 

'ITO B tPOpMy!Ibi TOpM03HOl'O H31JY'IEIHHR IT, 3 8T8 KOHCTBHT8 llpU flOJlb• 

KOMOKH8UIIH a In ~ , D09TOMy I!pK fiO!IbUJKX' 3K8'1eHHHX Mo.cyna 
m2 

nepeaaaaoro 38p>oKeaaoll '18Cl'HUe
1 

paano:n<eaae .no a 
D 9TKX 

K 1\PH ManbiX a • 
<Por 

COCTOKT D TOM, 'ITO Mbl pacqMBTpHBBitli Upl)lt&Co' 

'l8CTHHei!, Be HM9IOLUei! CIIHHa, OaaaKo 3TO Ol'p8HK'I9HKEI 'KEI ltpHH.:. 
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~ 
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..., ·~ 

nonyqeaawe pe3ynbTBTbi aeTpyaao o6o6LUBTh aa cnyqai! 38pll»<eaaoi! qacTHUbi co CIIH' 

HOM 1/2, ct>opMyna (2.28) H pe3ynhT8Tbi n.n. 3,6 cnpaseanHBbl H B aToM cnyqae. <PopMyna 

(4,3) COOTBeTCTByeT pacceHHKIO Ha H9UO!IllpH30BBHHOll '18CTHUe, 8 U, 5 HY»<HO nHWb BB9CTK 

CyMMHpOB8HK9 no ll<(nHpH38UHSIM UpOMe:n<yTO'IHOI! 38pll:n<9HHOII 'IBCTHUbi B tPOpMyne (5,4) H 

38MeHHTb tPOpMyny ( 5, 7) H8 

•b . • ~ b 2 
M (r}= u(p}r (p + m}r u(t)f (r}, 

r • = y • + IL I a ab ( p -r )b ' 

rae IL aoiTO!IHHTenbHWI! MBl'HHTHbill MOMeHT 38pli:>KeHHOI! '18CTBUbi, 

06o6weKK9 aa cny'lall I1pOB3BOnbHOl'O 'IHCna 38pli:>K9HHb!X 'l8CTHU T8K:n<e MO»<eT fibiTb 

rrpoaerra!fo. 

ABTOp 6naroaapea Y'l8CTHHKBM ceMHHapoB nT<P Ol1.H11 H MI1AH CCCP KM. B.A.CTeK

nona 38 o6cy:n<aeaae aToll pa6oTbl H C.E. repaCHMOBy, n.l1. nauHaycy H B.C. Eapawert

KOBy 38 o6cy:n<aeHH9 BOUpOCa 0 IIOnHpH3yeMOCTH 3Bpl!A<:eHHOJI '18CTHUbl, 

AononaeHHe A. 

0 cne.gyiOweM 'I!IeHe p83liO»<eHHSI IIO HMllyn~>eaM Mlll'KHX dlOTOHOB 

PaccMOTpHM MaTpH'IHbill aneMeBT (2.1) anH anexTpoMaraaTaoro Toxa. Ofio3H8'1aeM 

/5/ 
ero qepe3 Tn 11: aallaeM, cneaySI nay , rrepBbie 'lneBbi ero paano:n<eHHH uo cTeneaHM 

KOMliOHeBT HMITynbCB kn BaeaeM a ¢oTOHHbill rrpouaraTop Macey A H p8CCMOTpKM 

CBli3Hbie aHarpaMMbl 1 COOTDeTCTBYIOIUH9 9TOMy M8TpH'lHOMy aneM9HTy, PaCCMOTpHM <::aaqa-

na BKnaa aaarpaMM, B KOTO~biX tPOTOH C HMUynhCOM kn H BblxoaliLUHII ( anH axoallwall I 

Me3oa MoryT 6yTh oTaeneHbi nT ocTanbaoll qacTa aaarpaMMbi, ecna uepepe38Tb oaay Me-

30HHYIO nHHHIO. Oa paaea rrpoH3BeaeaaiO sepwaaaoll ¢yaxuHH, COOTBeTCTBYIOLUell MllrKoMy 

tPOTOHy K BhlXOallll!eMy ( KnH BXOaliLUeMy) M930Hy, HB nonayro <tJyBKUHIO pacnpOCTpaaeHHSI 

Me30H8 H Ha BepwHHHYIO tPYHKUKIO A 
n-1 , COOTDeTCTBYIOlllYIO BC9M OCTanbHbiM '18CTH• 

uaM: 

(1) 

T 
n 

ilo 

e~A (p+k ,r)-e!!..n_A (p,r-kj. 
pkn n-z n rkn n-J (A,1) 

3aecb y ¢yaxnaH A ,_ 1 onymeabr ace apryMeHThi, Kf!OMe M930HHbiX KMuynhcoa, qepe3 noc-

pe.ll.CTBO KOTOpbiX OH8 3UBHCHT OT k n , 3Ta tPYHKUHH KMeeT cneayiOLUYIO CTpyKTypy: 

A ,_,(P 2 ' p 1 ) = ( p 2 + pI) 1n-1 + (p 2 - p 1 ) gn- 1 + R n- 1 (A.2) 

rae 
x/ 2 2 2 

H g -cxanl!pHbie tPYHKU>!H' 1 38BHCS!lUHe OT pI , p 
2 

'(p 
1 

- P 
2
), OT !IpOH3BeaeHHJI 

X/ 4Hcno CIIHHOpHbiX 'lBCTHU COXpBHSI9TCH, li03TOMy OHH BXOaHT D Tn napaMa,· 

vi. 
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r 
~ 

I 

p H p Ha BBKT0pbl 0 COOTBBTCTBYIOlllHB OCTanbHbiM 'laCTBUaM, a TaXJKe OT npOB3BB.IlBHBll 
J • 

3THx nocnenHHX .llpyr Ha npyra; 'R -aexTopHaa tPYHXUHll, KOTopaa paanaraeTcll no aex-

TopaM OCTanbHbiX 'laCTHU 'C K03tPtPBUHBHTaMB, 38aBClllllBMB OT TeX JKe apryMeHTOa, 'ITO H 

H g • 

PaanoJKHM aepwHHHble tPYHKUBB a (A,1) no k n B yvTeM .llaa nepablx 'ID&Ha paano-

>KSHHR: 

A {P+k,r}•[J+2(p-r}kL+ Ick_a_].T +'2pk_a_A +kf +kg ,(A,3) 
n- at • iJpc n-t ap• ·-· ·-· ·-· 

rne I 03H8'laeT CyMMHpoaaHH& no aCeM aeXTOpaM 3a,ll8'1B
0 

KpOM& p H t • AHano-

rH'IHO paanaraeTCll H A.-.fp,e- k} , 3TH paanOJKBHBH cnpaae,llnHabi DHWb npK ,\ .{ 0, 

PaCCMOTpHM BKna,ll aCeX OCTBDbHbiX ,llHarpaMM, 0HH He ,llaiOT noniOCa npH k n ~ 0 (,\-/0}. 

noaToMy Hx .llOCTBTO'IHO yqecTb npH k - 0 n 

{2) 

1 n = Pf n X + tc n y +I Cf n Z 
0 

+ f ri W (A,4) 

Koa¢¢HuHeHTbi :r , y 1 z • H w He aaaHCliT OT k n , • n 

'ITO H cooTaeTcTayiOWHe xoa¢¢HUH9HTbi a ( A,3). 

H HM&IOT Ty JKe CTpyXTypy 1 • 

Yla rpa.llH9HTHoll. HHaapHaHTHOCTH cnenyeT1 'ITO cyMMa a&rpaJK&HHA ( A,1
1
4) c aaMeHoll 

Ha k. o6pawaeTca a Hynb, 3To noaaonaeT a&rpaaHTb ace .xoa¢¢HnHeHTbi a ( A,4) 

qepea xoa¢¢auaeHTbl paanoJKeHHll A.-/P + k., r) H A.-/P• r- k.} a (A,1,3 ), Cxna.ll&I" 

aaa aaTeM a&IpaJKeHHll (A,1,4), nony'laeM cneny10wee paano>KeHHe r. no cTeneHBM "•. 

1 = I·A(k J[1+2(p-r}k _L]+ I.B (k )IT +D(k )I +k A(k)g(A,5} 
n n nat 0 0 n n-J n n•J n n n~J 

r.lle 

B (k} = e (~ -c<)_a_ + (p-+t), 
• pk ape\ 

'A(k) = ra(k}, 
(A.6) 

a(k) H D( k) naiOTCll <f>opMynaMH ( 2.11 1 17). CymecTaeHHo
1 

'ITO npoHaaO.IlH&Ie no H 

t 
2 

B OKOH'laTeJibHOe Bbipa>KeHHe (A,5) He BOWDH, 

• p 

npH BbiBOlle (A,5) npe,llnonaranOCb1 'ITO fr n MHOrO M9HbWe BCBX OCTallbHbiX HM-

nynbCOa, nycTb Tenepb kn• J MHOrO M9HbW9 BCBX .llpyrHX HMDYllbCOa
1 

KpOM9 frn 
1 

npH-

'IBM no-npe>KHeMy ".<<kn•J • Tor,lla Mbl MO>K9M paano>KHTb r •.• a (A,5) no k ••• 

.Y'ITeM B noniOCHbiX no k. 'lneHax .llBa 'lneHa aToro paano>KeHHll, a B 'lneHax nopanxa 

KOHCTBHTbl - O.llHH, Tor,lla Mbl nony'IHM p83DO>KBHH9 no kn H k n •I~> BCe 'lll9Hbl KOTOpo

ro CHMM9Tplit1Hhl OTHOCRTSnhHO HX nepeCT8HOBKH
1 

KpOMe qneHa
1 

COl19p>KBUlero 

S ( 1r , k ) = [ B ( k ) + B ( lc } ] •A ( k } • 
n tr•J kn•J n ln•J n n-J 

(A,7) 
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O.llHaKo 9TOT qneH HBTPY.IlHO CHMMeTpHaoaaTb, Bocnonb3oaaawHcb ycnoBHE 

36M9HHM O,llHH H3 .llayx MHO>KHTenell pkn-t B 3H8MBH8Tene (A,7) Ha pk, 

>Ke ca\.foe npo,llenaeM H c ric 
n-r , Tor.lla Mbi nony'IHM CHMMeTpH'IHoe 

P< P< 
S(k 1 ,k)= e (lc 1 _1--e)(r 1 -k~)-(p-+r) I p(lc

1 
+ lc

1
} p/r

1 
1 I plc

1 

H paano>KeHHe no k n' k n- t 6y .llBT cnpaae,llnHao npH ni06biX lc n I k n- J ' ~ 

BC9X OCTaobHbiX HMnynbCOa, npo,llOnJKBll p83DO>K9HH9 no OCTBaWHMCll HMn 

tPOTOHOB, nony'IBBM ,llaa nepabiX 'lll&Ha paano>KeHHll 1. 

MBHbWHM acex OCTBllbHblX HMnynbCOB: 

no HMnynbCBM 

n 

+~ 
l=t 

( 2(p -r)lc
1 

_iL + I IJ • (kl} } + 
at •·A(k

1
J 

1=(A(k))I[J 
n n 

n S(k 1 k ) 
+I I I 

1<1 A(k 1 )A(k
1

) 

D(lc
1

) n 

J.1 + I -- I + I k
1 

g I, 
l=t A(k1) l=t 

r,lle 1 9CTb MaTpH'IHblll 9DBM8HT (2.1) 6ea M!lrKHX tPOTOHOa a KOH9'1HO 

1'1 g -aHaapHBHTHblB K09tPtPHUH9HTbl ero p83DO>K9HHll 1 CTOlllUHB npH aeKT( 

P- r •; 

3AM9THM 1 'ITO 9TA <f>opMyna ,ll89T llBA nepabiX 'lll&Ha 8MUDHTY.Ilbl
1 

KOr 

OnHaxo He ace cnaraeM&Ie aToporo 'llleHa naiOT O.llHHaxoa&rll axna.ll a ceq 

qacTb ypaaHeHHll (2.3,7). B caMoM .Ilene, cnaraeMoe c S(k 1,k
1

} 1 co.llel 

MBH8T9ll9 CYMMy pk
1 

+ pfr I 
~ .. 

nocne yMHO>K9HHll HA <f>aaoa&Ill 06"beM dk 
I 

B89TCll peryollpHbiM 1 a OTDH'IH9 OT 'lli9HOa 1 CO.Il9p>K8LUHX TOllbKO p/r I Hll 

4>opMyna (A.9) ecTb o6o6meHHe peaynbTBTOB noy151 
Ha cny'lall Hen 

aOJibHOrO 'IHCJIB MllrKKX ~TOHOB a npouecca X aaaHMOll&llcTaHll aapli>K9HH< 

>K9CTKOII H9l!Tp8llbHOll qaCTHnefi, 

He.llOc:TBTKOM TaKHX <f>opMyn IIBJIII9TCll TO, 'ITO ecnH HX paccMaTpHB 

nopH,IlKe no e 1 TO a HHX, soo6me rosop11, H&llb3H nepeliTH K npeneny 

aOCnOJib30a8TbCH tPOpMynofi tP8KTOpH38UHH HH<f>paxpaCHbiX pBCXOllHMOCTell 

oy'IHM 1 'ITO Ha-aa npHCyTCTBHII npOH3BO.IlHOll no t npaaall qaCTb (A.9) < 

( A(k)) ~ 
"t=J 

2(p-r)k
1 

In T f3'(t) T 

C 6onee CHHrynllpHOll 3BBHCHMOCTbiO o·r ,\ 1 '19M nesag <t>opMyna (A.9) 

npH .\-+ 0 (.llnll aMnnHTy.ll (2.5)) a nayx cnyqaax: I) ecnH a Hell orpaH 

- noliiOCHbiM 'lli91\0M no k I H 2) ecnH a Hell so aTopoM qneHe paano>Kei 
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8TCTBYJOlllH8 OCT8nbHbiM tt8CTHU8M• 8 T8K>Ke OT UpOH388.l18HHI 

'R -aeKTOpHe!l ¢yHKUHll, KOTOpel! pesnereeTCll no aeK-

IKoscbcbHuKeHTeMK, seaKClllUHMH OT Tex )1{9 epryMBHToa, 'ITO H 

¢yHKUKK a ( A,l J no k" H y'ITBM .llae nepa&Ix qneHe pesno-

~ ck _a_ 1 1 + 2pk _a_ A + k t + J: s , < A.a l 
ape n-t ap' n-t n-J n-t 

no aceM aeKTOpBM 38.1lB'IR 0 KpOM9 p H • AHano-

• 3TH pasno)f(BHRll cnpaae.llnRa&I nHIUb npH A .f 0. 

.llHBrpBMM, 0HR He .llBIOT UOnlOCB npH J: n ~ 0 (A-/0). 

k = 0 
n 

+ tc y + ~ cr z + • w 
n c n c n (A,4) 

H W He 38BHCSJT OT k n 1 ( n H RMBIOT TY )f(e CTpyKTypy,· 

~cbKUK8HTbl a ( A.3). 

'ITO cyMMa a&IpB)f(BHRA ( A.l,4) c saMeHoA 

a&IpasHTb ace ,Kos¢¢HuHeHT&I a ( A.4) 

A.-/P +k.,rJ H A.-/P• r- k") a (A,I,3), CKne.ll&I" 

rronyqaeM CJJeayiOruee pesno)f(eHHe 1. no CTBnBHl!M k n : 

a (A,B) p-r)k _] + 'kB (k )11 +D(k }f +k 'A(k)S , 
nat c c n n•l n n•t n n n;,l 

(k) = e ( ~ -c<) _a_ + (p-+ r), 
pk ap c 

( 2.11,17). CyruecTaeHHO, 'ITO npoHsaoaH&Ie no 

(A,5) He aoiUnH. 

(A.6) 

2 
p R 

b, t{TQ k n MHOI"O M9HbW8 BC9X 0CT8nbHbiX HM-

MeHbllle acex JlpyrHX HMnynbCOa, KpOMe k 
n 

, npu-

• Toraa Mhi MO>KeM pasno)f(HTb 1 a (A,5) 
•·l no k n•l 

qneHa aToro paanoJKeHHS11 a B ttneuax nopH.OKa 

nony'!KM pasno)l{eHne no k H k ace qneH&I KOTopo-
n n •1-...> 

o HX nepecTaHoBKH 1 KpoMe qneua
1 

coaep>Kawero 

kn)+ B'•·l (k.J]1A(kn_
1
), (A.7) 
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l 
·~· 

OaHeKo STOT 'lneH H9Tpy aHo CHMM9TpH30aBTb, Bocnonb3oaaalllHCb ycnoaHeM k n << k n-t' 

saMBHHM oaHH H3 aayx MHO>KHTeneA pkn_l a sHaMeHaTene (A.7) Ha pkn+ pkn-t • To 

>Ke ca'\foe npoaenaeM H c rk 
n-t , Toraa Mbl nony'IHM CHMMBTpH'!HOQ a&Ip8>K9HH9 

PE P• 
S(k1 ,k)= e (k1 _1_-•J(c-k~)-(p-+t) 

I p(k
1

+k
1

) pfc
1 

1 I 1 pfc
1 

(A.S) 

H pasnO:lK9HH9 no kn, kn_
1

6yaeT cnpaeeanuao npH ni06biX kn 0 len-t 0 MHOI"O MQHblUHX 

acex OCTBObHbiX HMDYDbCOa, npoaon:lKBll pesnO)f(QHHQ no OCTBalUHMC!I HMnyDbCBM M!!I"KHX 

¢oToHoa, nonyqaeM aaa nepa&Ix 'lneHa pasno>KeHH!I 1. 

MQHblllHM acex OCTBnbHbiX HMnyobCoa: 

no HMnynbCaM k , .. ;J' , Muoro 
1 n 

n 

+~ 
l=t 

1 = ( A(k)) ![I 
n n 

n S(k1 ,k I ) 
+ I 

t<.J A(k 
1
)A(k

1
) 

(2(p-rJk, _a_+:!: n.rTc,J J + 
at •"A(k,J (A.9) 

1.1 + k D( k I ) f + i k I s I , 
A(k,J t=t l=t 

rae ] QCTb MBTpH'lllbiA 909MQHT (2,1) 6es M!II"KHX ¢oTOHOa a KOHB'!HOM COCTOliHHH, f 

II S -HHaapHBHTH&IQ K09¢¢nuHeHT&I ero p83DO:lKeHHll, CTO!IlUHB npH aeKTOpax p + r H 

p - r.; 

3BM9THM 0 'ITO 9T8 ¢opMyna aaeT aaa nepa&IX '!neHa BMnOHTya&I
1 

Koraa ace k
1 

-+ Q , 

OaHeKo He ace cnereeMbie aToporQ 'lneHe aeiOT oaHHeKoa&Ill aKnaa a ce'leHHe u a npeay10 

'IBCTb ypaaHeHHll ( 2.3, 7). B ceMoM aene, cnaraeMoe c S ( k 
1

, k 
1 

) , coaep:lKeruee a sHe-

MBHaTene cyMMY pk1 + pk I nocne yMHo>KeHHll He ¢asoa&Ill o6'beM 
""~ 11:!:11-+ 
dk dk OK83bl-

f I 
aaeTCll perynl!pHbiM, a OTDH'!HB OT '!I19Hoa, coaep)I{BIUHX TOObKO pk 

1 HUH pk I , ; 

<l>opMyna (A,9) eCTb o6o6IUeHHe pesyrrbT8TOa l!oy/
5 / HB cny'laA KCnyCKBHH!I npous

aonbHOI"O 'IKC08 Mlii"KHX ¢oTOHOa a npoueccax asaHMoaeAcTaH!I tapl!>KBHHOI"O M930Ha C 

>KQCTKOA HBATpaobHOA '18CTHUeA, 

Heaoc:TBTKOM TBKHX ¢opMyrr !laUl!QTC!I TO, 'ITO ecrrH HX p8CCM8TpHaBTb HB a HH31U9M 

nopll.llKB no e , TO a HHX, aoo6rue roaop11, Henb3!1 nepeATH K npeaeny A-+ 0 EcnH 

aocnOOb30a8TbCll ¢opMynol! ¢aKTOpH38UHH HH¢paKp8CHblX pacxoaHlo!OCT9ll ( 2,5), TO Mbl no-

Dy'IHM, 'ITO HS-38 npHCyTCTBHll npoHsaoaHoll no npaaa11 qecTb (A.9) coaep)I{HT qneH 

( A(k)) i 2(p-r)k In..;'!. f3'(t) 1 
"l=t I A (A. tO) 

C 6onee CHHI"yDllpHOfi 3BaHCHMOCTbiO OT ,\ , '!eM neaa!l <l>opMyna ( A.9) cnpaaeanuae 

npu A-+ 0 (an!! aMnDHTya (2.5)) a aayx cnyqagx: I) ecnu a HeA orpaHH'!KTbCll nepa&IM 

- noOIOCHb!M 'lnBI{OM no k I H 2) QCUH a Hell ao aTOpOM qneHe pasnO>K 9HHll no k I 

1'1 ,, 
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I 

yLtep>KaTb nHlllb nepBhiil qneH paano>KeHHSI no p- r • B nepaoM cnyqae (A,9) coana.QaeT 

c ( 2.28), BO CTOpOM cnyqae - C ( 2.15), eCnH B 3THX cfx>pMynax C.QenaTb COOTBBTCTBYIOlllHB 

npu6nu>KeHHSI ( KaK 6bino aaMe'teHo Bbillle, B ( A.9) MO>KHO onycTHTb qneHbi c S(k k ) • 
I I 

floS!aneaue qneaa ( A.IO) yKB3biBBBT, 'ITO B o6meM cnyqae cnpaae.QnHaoe a npe.Qene 

A ... 0 paano>Keaue .Qon>KHO co.Qep>KBTb 'IDBHbl c norapucpMH'teCKoll aaauc&MOcTbiO OT k 
1 

'ITO H 6binO ITOKB3BHO B n, 2, 0TMBTHM 6n!f3KOB CXO.QCTBO 3TOJ'O 'lnBHB CO BTOpbiM 'IDBHOM 

B (2.28), 3TO CXO.QCTBO fl03BOnSIBT HBflHCBTb CDBLlYIOIU99 p83DO>K9HHB LIDS! BMflnHTy.Q (2.5) 

n B (k ) 
j(k , • .,k ,a,p;r) ~ (A(k)) 1[1+ l: (y(k) +2(p-r)k L +l: _•_1 _ + 

l n n l=l I 'at •A(k,J 
(A.! I) 

S(k, k ) n D(k ) 
+l: I I ]J(a,p;r)+}; __ ,_ 
i<l ·A(k

1
)A(k

1
) 1=z A(k1) 

+Ik.~l. 
l=l 

r.Qe H ~ - K03cpcpHUH9HTHbiB cpyHKUHH BMflnHTy .Qbl j (a, p; r) H y( k) .QBBTCSI cpopMy-

noll (2.12). "'neHbi c S(k
1
,k

1
) MO>KHO onycTHTb, 

Aononaeaue B. TeopuS! aoaMymeaull 

PaccMoTpHM cuarynRpHbie npu k -+O(A-+0) qne&bi MBTpH't&oro aneMeHTa 1=<k,plilb 

eo 2-oM H 4-oM nopSI.QKBX TeopHH aoaMymeaul!. Y'IHTbiBBSI caollcTao npouaae.QeHHSI aep

lllHHHOl! cpyHKUHH C peanbHb!M cpOTOHOM HB ITODHYIO cpyHKUHIO pacnpOCTpBHBHH>I M930HB, uc

nonb30BBHHOB B cpopMyne (A,}) 1 nonyqaeM, 'ITO HHTepecyiOIUHll HBC BKDB.Q .QBIOT .QHarpaM

Mbl1 nao6pa>KeHHbie aa pacyaKe, H nepeKpecTao-cHMMeTpH'IHbie .QnarpBMMbl, PaccMoTpHM 

BKnB.Q .QuarpBMMbl I 

1 l = e(pr /pk) r, (p + k, r). (B. I) 

BeplllHHHBSI cpyHKUH>I [' 
1 

a 3TOM BblpB>KBHHH npu A= 0 H k -+ 0 ae.QeT ce6SI KBK ln k 
1 

fl03TOMY 1
1 

HMBBT CHHrynS!pHOCTb k"1 lnk , To >Ke caMbe OTHOCHTCSI H K .QHBrpBMMe 2 

nocne Bbi.deneauR na aee aaaucHMOcTH oT A (2.5). 0LtHBKO HeTpyL!HO npoaepHTb, 'ITO 

r,rp+k,r) =1, (p,r)- e (' -+ k) + 0( k ln A) + 0 ( k) , (6.2) 1 
2.3 

r.Qe 1 (• -+k) -aKna.Q .QnarpBMM 2 H 3 c aaMeHol! • a a k • To'IHO TBK >Ke BKnB.Q .QKar-
2,3 

paMMbi 4 paaen 

14 ~ e(pc/pk)1
4 

(p + k); [' (p+k)=i (p)- ...i. 1 (<·+k)+O(k)., (B 3) 
4 4 e 5 • 

RKna.Q acex .QHarpaMM, uao6pa>KeHHbiX aa pucyHKe, paaea 

e(pdpk) <pI il i'> + 1
2

,
3

,
5
- (p./pk) 1

2
, 

3
.J<-+ k) +O(ln A) + 0( 1) • (5.4) 
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' 

PaaHOCTH 1,- (pr /pk) T, (r ... k ) MeHee CHHrynHpHbi, tteM BKn8.C.bi OT.ll9nl:: 

noaToMy BbipB>Keuue ( B ,4) HMeeT BHLl: 

[ e(pr/pk) + f(k)] <pI il i' > + O(lnA) + 0( 1), 

rLte 

f 14e 3 i d 4 q I / 2pr[q-(p/pk) qk]. 
(k)=--

4
J 

2 2 
r-(ppk)rlc-----.---:--

(2rr) q 2 [(p+k+ q) -m~[(r+q) -m1. (p+q) 2 -m2 

= e( '' - !.:..._ rk) 2 {3' ( p - r) 
2

) In ~ + 0 ( 1) • ; 
pk pTe 

.Llo6aBnSISI CIO.Qa BKnB.Q nepeKpeCTHO-CHMMBTpH'IHblX LlHBrpaMM, nonyqaeM 

2 

T~ e(~ 
pTe 

!L )[ 1 + 2(pk In ..!!!...2 - rlc ln ~)(3'((p -r) 2
J] .::pi il r> +Ortn.\) 

rk rk pk 

'ITO COBflB.QBBT C peaynbTaTOM n, 2. 

3aMeTHM, 'ITO Mbl He Y'IHTbiBBnH .QHarpaMMbl1 KOTOpble CHHrynRpHbl npH 

cpHKCHpoaaHHOM k , 0HH, a TaK>KB 'IDBHbl 0(1nA) B (6,7) .QaiOT BKDB.Q B 

Hbil! MHO>KHTenb B (2,5), HX BKDa.Q B cpyHKUHIO KOHB'IBH npH k = 0 
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pa3nomeHHST no p - r • B nepsoM cnyqae (A.9) cosnanaeT 

- C ( 2.15), ecnH B STHX c:jJopMynax C.ttenaTb COOTB9TCTBY!OlllH9 

s&twe, s ( A.9) MO)I{HO onycTHTb qneH&I c S(k k ). 
I I 

10) yKll3&tsaeT, 'ITO s o6uteM cnyqae cnpasennHsoe s npenene 

co.nep)I{8Tb '109Hbl C norapHc:jJMH'IBCKOll 38BHCHMOCTbiO OT k 
' I 

2. 0TM9THM 6mt3K09 CXO.ttCTBO 3TOrO '109H8 CO BTOpbiM '109HOM 

eT H811HC8Tb COB.ttYIOlllCB p8300)1{9HH9 .ttOSI llMOOHTy,tt (2,5) 

n B (k) 
~ (A(k)) ![1+ ~ (y(k

1
) +2(p-r)k

1 
...1_ +~ _•_1 _ + 

n I=I at • A(kl) 
(A.11) 

n D(k ) n 
(a,p;r)+~--l_f+~k g!, 

I~IA(k1 ) 1~1 n 

c:jJyHKUHH llMOOHTy ,ttbl j( a1 p; r) 

k
1

) MO)I{HO onyCTHTb, 

II y( k) ,tt89TCSI c:jJopMy-

AononHeHHe B. TeopHH soaMyrueHHll 

k -+O(A-+0) '109Hbl MBTpH'IHOro aneMeHTa T=<k,p\J\f> 

Y'IHTbiBBH csollcTBO npOH3Be.tteHHH aep

c:jJoToHOM Hll OOOHYIO c:jJyHKUHIO pacnpOCTpBHBHHSI M930HB, He-

nonyqaeM, 'ITO HHTepecyJOutHll 11ac aKnan .ttBJOT nuarpaM

" nepeKpecTao-cHMMeTpH'IHble nuarpaMMbi, PaccMoTpHM 

1 
= e(pr/pk)1

1
(p+k

1
r). (B.l) 

T 
e 2,3 

A = 0 H k -+ 0 seAeT ce6H KBK In k 
1 

To )1{9 Cll":fOB OTHOCHTCSI H K .ttHarpllMMe 2 

A (2.5). O.ttHBKO HeTpynHo nposepHTb, 'ITO 

( r -+ k) + 0( kIn A) + 0 ( k) , (B.2) 

2 " 3 c 3BMeHoli r aa k , To'IIIO TBK )l{e BKnan nuar-

[' ( p + k J = I ( p) - _!_ T ( r -+ k) + 0 ( k) • , ( B .3) 
4 4 e s 

lw6pa)I{<?HII&Ix 11a pHcyiiKe, paaea 

2 , 3 , 
5
- (p < /pk) T

2
, 

3
.J r .. k) +O(In A) + 0 ( 1) , (B.4) 
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Pa311ocTn T
1

- (p./pk) T
1 

(< .. k J MeHee CHHrynstpHbi, l{9M BKnG.llbl OT,llenbHbiX llH8rpaM~ 1 

OOSTOMY Bblp8)1{9HH9 (6,4) HMBBT BH.tt: 

[e(pr/pk )+ f(k)] <p!i!i'> + O(lnA) +0( 1], (B.5) 

rne 

1
4e 3 i d • q 2pr[q-(p/pk) qk]. -

f(k)=--f lr-(p/pk)llc- k= 
(277) 4 q 2[(p+k+ q) 2-m~[(r+q) 2-m1. (p+q)

2
-m 2 (B.6) 

e(rr- ~rk)2(3'{p-r/Jin ~+0(1).; 
pk pk 

jlo6aBOSISI CIO,ttB BKOll.tt nepeKpeCTHo-cHMM9TpH'IIIblX ,ttHarpllMM, OOOY'IB9M 

2 

r- e(~ 
pk 

!L H 1 + 2(pk In ..!!!_
2

- rk In !!!_)(3'((p -r)
2
J].::p\JI r>+OrlnA)+0(1) (B.7) 

rk rk p k 

'ITO COB08A89T C pe3ynbTllTOM n. 2. 

3aMeTHM, 'ITO Mbl 11e Y'IHTbiBanu nuarpaMMbl 1 KOTOpble cuarynHpHbl npu A .. 0 11 

c:jJHKCHpOBllHHOM k • 0HH, a TllK)I{e '109Hbl O(lnA) B (6,7) ,ttBIOT BKna.tt B HHc:jJpaKpac-

Hb!ll MHO)I{HT9nb B (2.5), HX BKOB,tt B c:jJyHKUHIO KOH9'19H npH k ~ 0 
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