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I. B B e p. e H II ex/ 

8 pa6oTe
111 

paccMo~ peHbI pa3 no>KeH11>I BMnnlITYJlbI pacce>IHll>I no co6c TBeHHbIM cpyHK­

Ull>IM onepaTopa !lannaca B npOCTpBHCTBe llo6a'!eBCKOro ( B npocTp8HCTBe pen>ITIIBIICTCKliX 

CKOpOCTelll. OneBCKIIM
121 

HBllJleHbl BCe Tp!!OpTOrOHBnbHbie CIICTeMbl KOOpJlllHBT B TpexMep· 

HOM npocTpBHC TBe noCTO>IHHOll Kp11B113Hbl, B KOTOpblX ypaBHeH11e !lannaca JlOilYCKBeT non­

Hoe p 8 3JleneH11e nepeMeHHbIX H nonyqe1rn 11x Knaccucp11Kau1111 no cpopMe mrnei!Horo sneMeH-

/2/ 
Ta. J,fa 34 CIIC TeM, np11BeJlellllblX B , '!eTbipe oco6eHHO YJl06Hbl Jlnst HccneJlOB8HIIII 6HHap-

HblX CTOnKH OB e HHll 'IBCTHU co CilHHOM Hynb
131 

H OHi! HccneJlOB8Hbl BIii_ B 3TOll pa6oTe 

M bl paCCMOTpllM 6onee Il0Jlp06HO 3TH qeTbipe CIICTeM bI, o6nBJlBIOll.lHe BKCIIBnbHOil CHMMeTpH­

ell II TeM CBOIICTBOM, '!TO cpeJlll KOOpJlHH8THbIX nH8'1ll HeT KpHBbIX BTOporo nop!!JlKB C 

JlBYMII ueHTpBMH ( 11 HX Bb!pO>KJleHHll). Bee OHH MOryT 6bITb nony'!eHbl npH paccMOTpeHIIH 

OJlHOll 113 Tpex THnOB CB!l30K np!!MbIX B npocTp8HCTBe llo6aqeBCKOro II noBepxHOCTeil, op­

T OroHanbHbIX K HHM. B JlBnbHel!:meM 6yJleM npHJlep)K11B8TbC!I o603HB'leHHll II TepMHHOno-

rHH, Hcnonb3yeMoll B/ 1/. nony'IHM ccpepuqecKyIO CHCTeMy S , paCCM8TpHB851 CXOJl>Ill.lyIO-

CII CBH3KY c ueHTpOM B Ha'!ane KOOpJlHHBT (B Bepw11He rHnep6onOHJla). noBepxHoCTH, op­

TOroHMbHbie K TBKOll CB!l3Ke I o6pa3yIOT ceMellCTBO ccpep. PaccMaTp11na11 pBCXOJlSlll.lYIOCSI 

CBSl3KY C nnoCKOCTbIO (2,3) B KB'leCTBe 6a3HCB, nony'IIIM r11nep6onuqecKyIO CHCTeMy II. 

8 KB'!eCTBe opToroHanbHblX noaepxHOCTell nonyqaeM ceMellCTBO runepccpep ( 3KBIIJlllCT8HT-

HbIX noBepXHOCTell). AHanorH'!HO D u11nHHJlpH'1eCKOll CHCTeMe C HMeeM CB!l3KY pacxo-

JlSlll.lHXC!I np!!MbIX; B KB'!eCTBe 683HC8 q:,11ryp11pyeT nnoCKOCTb onpeJleneHHBSI opTBMH 

U t U - U 
3 

sin cf, + U 
2 

cos cf, , H BKOHeu, 83>1B napannenbHYIO CB!13KY C HanpaBnllIOll.lHM 

ny'IOM BJlOnb OCH U 
3 

> nonyqaeM ceMel!:CTBO op11ccpep ( npeJlenbHblX noaepXHOCTell) H op11c-,­

cpep11qecKyIO CHCTeMy o. 

B TeopHH nonst Jlnll onHCBHll!I pacce!IHHSI 'IBCTO ncnonb3yIOTC!I napaMeTpbl MaHJlenb-

CT8M8 ·s • u • ,/ln>I HBWHX uenell 3TH nepeMeHHbie HeyJl06HbI, TBK KBK COOT-

BeTCTByIOll.lHe IIM KOOpJlHHBTHbie KpHBb!e a npocTpBHCTBe llo6a'!eBCKoro He opToroHanbHbl 

11 onepaTop !lannaca B HHX He JlOilyCKBeT p83JleneHHSI nt!peMeHHbIX. noKa)KeM J KBK ca11-

38Hbl napaMeTpbl S u C nepeMeHHbIMH B S· CIICTeMax II 

H8pHcyeM COOTBeTCTBYIOll.lHe KHHeMBTH'!eCKHe JlHBrpBMMbl (Jln>I cnyqa11 paBHblX Mace) 

xi 4aCTb pe3yllbT8TOB 3TOII pa6oTbl 6btn8 npeJlB8pHTem,,Ho ony6nHKOB8H8 a
1 

I I/ 

3 



5 - ClfCT9M8 

t'o -=cba 

u • sha cos (J 
2 

u
2 

• "1,a sin() ens¢ 

u 
1 

• sha sin (J,,,in ¢ 

s =4m 2 ch 2 s 

t =- ,4m 2 sb 2 a ,.;.,lo 

u -= - 14m 2 sb 2 
a co.s

20 

O<a<~,OiO~rr, Oi ¢ < 211 

H - ClfCT9M8 

u • chachb 
0 

u 
3 

= cha sh b cos¢ 

u
2

=cha shb sin ¢ 

u • :rha 
I 

s • ,4m 
1 

ch 2a ch 1 b 

=-,4m 1 sh 1s 

2 2 1 
.., = -4m ch a sh b 

-~ <a<~ , O<b <~, O< q,<2rr. 

C - CHCT9M8 

u = chb cha s = 4m 2 ch
2

bch 2 a 
0 

u = 
3 

,ii b cos¢ t =-4m
2

ch 2bsh 2 s 

u
1

= shb sin¢ u = -,4m 2 sh 
1

b 

u
1
=chbshs 

- ~ < a < ~ , 0 ;:: b < ~ •• 0 ~ ¢ < 2rr • 

TaKHM o6pa30M, Mb! BH/lHM, '!TO B S -cHcTeMe nosepxHOCTH a = const (ccpepbi) 

C00TB9TCTByIOT napaMeTpy ·s = con st , B 11 - CHCT9M9 8 = cnnat ( renepccpepb1) napa-

MeTpy t = const H B C CHCT8Me b = a,nst ( nosepXHOCTH Bp8Il.l8HHH C9Mel!CTB8 

3KBHJlHCT8HT BOKpyr HX o6Il.lero 6a3Hca) - napaMeTp)' u - const • OpHccjlepH'l8CKBH 

CHCTeMa Henocpe.ncTB8HHoro OTHOll19HHSI K nepeMeHHblM Maa.uenbCT8M8 He HMeeT. HO 

OHS B8)KH8 no .apyrHM coo6pa)K8HHHM: paccT0HHH8 M9)KJly opHccjlepaMH ( nepeMeHHSH a 

CBH38H8 C B8IlH'IHHOJ! HMnynbCa 'ISCTHUbl C HeHynesoJ! Maccoll no 0TH0W8HHIO K HMnynbcy 

cj:>0T0Ha, '!TO 'ISCTO npHM9HH9TCH B KBSHTOBOJ! aneKTpOJlHHSMHKe. 

l:S JlMbHei!llleM paCCMOTpHM H9KOTOpb!9 rpynnOBhl9 CBOJ!CTBB CHCT8M s ,R. C H 0 

II fK8)K8M HS HX CBH3b C T80pHeJ! '19TbipexMepHoro M0M8HT8 K0ilH'l9CTB8 JlBH)K8HHH. 

Mccne.aoBSHbl Kil8CCH'l9CKH9 B8IlH'IHH·bl, COOTB8TCTBYIOil.lH9 IlOilHblM Ha6opaM KOMMy­

THpyIOil.lHX onepaTopoB B KS)KJlOlt H3 CHCT8M, H nonH, B K0TOpblX OHR HBilHIOTCH HHTerpa­

naMH JlBH)K8HHH. 
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II HHctJHHHTe3HMSnbHbte onepaTOpbt co6CTBeHHOll rpynnbt nopeHua 

6y,aeM pa6oTaTb B npocTpaHCTB8 cpyHKUICI, onpe.aeneHHb!X Ha BepxHeR nonOCTH .aByx­

nonoCTHOro TpexMepHoro runep6onou.aa, KOTOpbtll HBnHeTcH HHBBpHaHTHOR rHnepnoBepx­

HOCTb~ B qeTbtpexMepHOM rrpoCTpSHCTBe penHTHBHCTCKKX CKOpOCTeA (3TO K ecTb peanu-

38UHH npocTpBHCTBB no6aqeBCKOro). 

PaccMOTPHM npe.acTSBneHKe co6CTBeHHOll rpynnbt nopeHua, 6aaHCHblMH BeKTOpSMH 

KOTOporo HBnH~TCH co6CTB8HHb18 Cj:lyHKUHH onepaTopa nannaca HS r>rnep6ono11L1e II BbtnH­

weM B HBHOM Bllll8 HHcpHHHT83HM8nbHbl8 onepaTOpb!, 8 llBnbHellweM L, -1rnej:lHHHT83H­

ManbHbl8 onepaTOpbl npocTp8HCTB8HHb!X UOBOpOTOB, K, -r11nep6onHq8CKHX, HH¢HHHT83H­

MSnbHb18 onepSTOpbl MO>KHO nonyqHTb, HanpHMep, pewas ypaBHeHHH KHnmrnra
141 

HnH 

ttenocpe.a.cTBeHHo, paanaraH e pH.a no a cpyHKUH~ 10 f(x) = f( gn X), rlle 

o.aHonapaMeTp11qecKHe nollrpynnht rpynnbt nopeHua. 

CcbepHqeCKSH CHCT8M8 S 

L 
1 

= ooscf, i) - ootg O sine{, _a_ 
a7J iJcf, 

L 2 = -sine{,.!_ - cotg O cos cf,_!__ 
ao a¢ 

K = ·sin 0 ,in cf, _!__ + cfha oosO sin cf, _j}__ + _I_ ctha oos cf, _j}__ 
l aa rlO sinO i!cf, 

K
2 
•sin Oooscf, jl_ + cthaoosOcosr/, j!_ - _1_ cfha sine{,!_ 

as iJ 0 sin 0 a cf, 

K = cos O ..iL 
3 i) B 

sin O ctha j!_ 
ao 

11tnep6onHqecKaH cncTeMa R 

L 
2 

= - sh b cos cf, ..iL. + Iha ch boos cf, _!__ - Iha ___J_ sin cf, _!__ 
iJa iJb shb def, 

L = sh b sin ¢ _a__ - tha ch b sin ¢ _j}__ 
3 da db 

- tha ..J._ CDS cp _i_ 
sh b a¢ 

[( = ch b jJ_ - Iha !ii b L 
1 da ab 

K
2

=sincf, L+cthbros¢L 
ab d</l 

l( ~ = oos cf,¼ - cth b sin ¢ 4-
5 

(J) 

(2) 



L = rcos¢,L 
I aa 

L - a ,- a cf, 

UHnHH.UpHqeC:)~JlJL~<ICTeMa ~c 

L = - cha th b co s¢_E_ + sha cos¢ j}__ - sha cth b sin ch }__ 
aa ab ach 

L =chathbsinch_E_ -shasinch,3_ - shacthbros</,L 
3 

aa ab ar/, 
re = L 

aa 

[( =- shathbsin<J, _E_ + chasinch _E_ + chacthb cosch ~ 
2 aa ab a¢ 

l{ = - sha th bcnsc/, j_ 
3 aa 

+ cha ens ch jj_ - chacth bsin ch ~ 
ab a<1> 

OpHccj:,epH'<eCKBH ClfCTeMa 0 
.... 2 •;to .. ,. 

- _.:_[-e-• +(r +l ) e• ]ros¢_2_ + ..':__ [-e +(-r 2 + l)e"]an ¢ ~ 
2 . a r 2r a¢ 

- -

(3) 

L = -rsin¢,1- + ~[-e-•+(r 2+1)e"]sn¢•:..L +~[-e-• +(-r'+1Je"]cos¢1-
J aa 2 a, 2r act, 

L, 
a 

a¢ 

a 
[( = rsin¢--

1 a B 

[( = r cos ¢ ...i}__ 
2 aa 

[( = 
3 

a 
aa ·+ r 

e •8 ... • 2 a a e -• ... 2 • a 
_[-e +(r -l)e ]sin cp_+ __ [e +(r+l)e ]ros cp_ 
2 a r 2r a¢ 

e ... "• 2 a 
-_[-e +(r-1Je]cos¢,__L 

2 ar 

e -• 

2r 
[ e -• + ( r 2 + 1 J e • ] sin ¢ _£_ 

a¢ 
a 

a r 

(4) 

3aMeTHM, qTo KOMMYTcl.UHOHHbie COOTHOWeHHH .anH 3THX onepaTOpOB BO BC0X CRCTe­

M8X 0.0.HH8KOBbI. 

[L, ,Lk ],= '1km L 

[L, ,Kk.]<.= ' 1km 
[( m 

[K 1 ,Kk] •= - , ,/km Lm 

i, k, m = 1,2,3 

(5) 

O.uHaKO MBTpH'iHhlli BH.U HH<pHHHTe3HMBnbHblX onepaTopoB B paanHqHhlX CHCTeMax 

6y.ueT paanHqHhlM H TOnbKO a S CHCTeMe 6y.UeT coana,uaTb c npHae.ueHHhlM a
15

•
61

. 

CBR3b C qeTblpeXM0pHbIM MOM0HTOM KOnHtf.0CTB8 .UBH>K0HHH BO acex CHCT0M8X 

coxpaHl!eTCH, a HMeHH0 B Hawell (aelUeCTBeHHOlt) MeTpHKe HMeeM: 

M f = - i ( u _a - _, uf _a - ) 
k kaue auk ;\fm Lm (6) 
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Al ... a a 
uo au,. + u,. au; 

k, f, m • 4 2, ,3 

III. l:'.fHsapBaHTbl rovnn1,1 ijopeHna B ee noµcpynn 

KaK H3B8CTHo
161 

• B3 HHq:>BHHT83HM8nbHblX onepa Topos co6CTBeHHOA rpynnbl nopeHua 

MO>KHO nocTpORTb .osa BHB8pHaHT8 

L 

3 2 2 
I (K 1 -L 1 

., 
t,.' . ~ - 4 I L I K 1 • 

jm I 

(7) 

B p accM a TpH s aeMoM cnyqae n e ps1,1A H3 H HX p a seH nannac&aHy Ha rHnep6onon.oe (s c oo-r­

BeTc Tsy101UHX K00p.OHH8Tax), BTOpOA CBSl38H co cnHHOM H T O>K,OeCTBeHHO paseH Hyn10. 

CHc TeMbl S H C H O OTnH'IBIOTCSI .opyr OT .opyra HHB8pHBHT8MH, c o -

OTBeTC TBYIOlUHMH He sce A rpynne . n o peHua, a onpe.oeneHHblM noJirpynnaM, T,e. KOMMYTHpy­

lOlUHM TOnbKO C 'IBCTblO onepa TopoB n p e .ocTasneHRSI, l-1M8HHO C 3 THMH HHB8pHBHT8MK CBSl-

3 8HO paa.oeneHH e nepe M e HHblX s ypasH 8 HHH n a nna c a: 

t;. L f(µ) = - (p
2 + l)f(u} 

(8) 

H <pyHKUHSI f(u) B KB>KJlOll CHCTe Me 6yJieT co6CTBe HHOll <pyHKUHell COOTBeTCTBYIOlUHX 

HHB8pH8HTOB. Co6 CTB e HHble 3 HB 'leHHSI, B03HHK 8 I01UHe K B K KOHCTBHTbl paa.o e neHHSI B ypaaHe­

HHH, 6 y ,oyT Hrpa Tb ponb KBBHTOB blX 'IHCen . i-1HB8pHBH'l!Y /j. L acerJia CO OTBeTC TByeT K BBH-

T OBOe '!Keno p • 3aMeTHM, 'lrO ace c o6CTBe HHble <pyHKUHH, COOTBeTCTBylOIUKe OJlHOMY 

H TOMY >Ke p • 06paay 10T 6 83HC .on11 HenpHBO.OHM Oro (a 0 6 1ueM cnyqae 6ecKpHe'IHO-

M8pHoro) npe,ocTaaneHHR rpynnb1 nope Hua. 

P a ccMOTpHM C 3 TOA TO 'IKH apeHHR a c e qeTblpe CHCT8Mbl KOOpJlHHBT . 

S - cKCT8M8, i-1HB8pH8HTBMH SIBnRIOTCSI 

L = a 
s ~ 

~ + cn tg0 a 
a 0 2 a 0 (9) 

0 ml COOT BE!TCTBYIOT rpynne TpexMepHbIX apameHHJI H ee n oJirpy nne - apameHl!RM . BOKpyr 

O.OHOJI 113 npocTpBHCTBeHHbl X oceJI. 3.oecb ecTeCTBeHHO nony'llllOT CR KBBH T OBbie 'lllcna 

II m ( MOM e HT KOnH'leC-ra a .OBH>KeHHR H ero npoeKUll 51 ), 
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H -cKCTeMa. l-1aaapKBHTbl 

2 2 2 
H =l( +l( 

L, 

2 3 

a 
d¢ 

2 
L, • 

* 
+ cth b 

a 
ab 

2 

+ _1 _ _j_ 
sh 2b a¢, 2 

(10) 

COOTBeTCTBYIOT TpexMepaoll rpynne llopeaua C HH<pKHKTe3HMBnbHblMK onepaTopBMK 

• • JI 17,8/ 
l( 

2 
, [( 

3 
, L I , T.e. MBnol! rpynne opeaua > CBSl3BHHOll C npocTpaHCTBeHHblM BeKTo-

poM," ee OllHonapaMeTpH"leCKOl! nonrpynne npocTpBHCTBeHHblX Bpaweaull BOKpyr OCH I. 

TaK B03HHKB!OT KBBHTOBble "!Kena a K m ' rne a = - ½ + i q (cM/
11 ). 

C -cHCT0MB. ::)Ta CHCT0Mcl CHMMBTpHttH8 no OTHOWBHHIO K npocTp8HCTB0HHblM H rHnep6onHl.10C"'" 

KHM noaopoTBM. l-1HBapnaHTbl 

a 
L = 

af 1 

a K,= -aa 
(11) 

COOTBeTCTByIOT OllHOnapaMeTpK"leCKKM nonrpynnaM npOCTpBHCTBeHHblX epaweHKll B nnoc­

KOCTH (2,3) u rKnepoonK"lecKHx epaweaKll e nnoCKOCTK (O, 1 ). CooTaeTcTBYIOLUKe KBBHTo-

Bbte l.f.Hcna - aTo r H m 

0-cncTeMa. l-1uaapKBHTBMK SIBnSIIOTCSI onepBTOpbl 

2 2 2 
0 ~ ([(, + L•) + ([( • - L, ) 

L = _l__ 
3 a¢, 

_J_ _a_ r _!_ 
r a r a r 

2 

+ _l_ a 
r• a¢,' ( 12) 

11M COOTBeTCTByeT TpexnapaMeTpK"leCKBSI • nonrpynna C KH<pKHKTe3KMBnbHblMK onepaTopBMII 

L J , [{I+ L. , ''· - LI vlx KOMMyTBUHOHHble CBOllCTBB cnenyIOLUKe: 

[ L 3 , [( t + L • I F !( 2 _ , Lt • [ [( 2 - L 1 , L 3 I ,. .'( t + L 2 

U<,+ L
2

,r<
2

-L,l,= o 

( 13) 

OnepaTopb1 ( 13) onpenen!IIOT rpynny llBH>KeHKil e nnocKOCTK, T.e. rpynny apaweHKli u 

TpattcnmurA H8 06bl'{HOA eaKnH.nosoA nnocKOCTH ( 3TO ·Manasa: rpynna'. CBSl38HH8H C Hao­

TpOnHblM eeKTvpOM ). 8 llBHHOM cnyqae onepaTOpbl KOHe"IHblX npeoopaaoBBHlll! 3TOll nonrpyn­

llbl onpenenmoT rpynny llBH>KeH11li aa opKcct,epe. OnepaTop O 
2 

eCTb KB1< paa onepaTop 

nannaca H8 nnoCKOCTH B UHnHHLJ.pHtJBCKHX KOOpll.HH8T8X H TIO3TOMy BCTBCTBBH,HO BO3HHK80T 

peweuue B BKlle UKnKHllpK"leCKIIX cj:,yHKUKil. KaK acerna L J npOCTO COOTBeTCTByeT epa­

LUeHKSIM BOKpyr OllHOli OCK. 
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IV • KnacctttJecKHe ananorH HHBllpttaHTOB 11 0,nrpynn 

HanoMHHM, 'ITO H8A.OeHHbie HH(pHHHTe3HM81IbHbJe onepaTopbI nenocpeJJ. CTBeHHO cas:13a­

Hbl C onepaTopoM qeTbipexMepHOf'O MOM8HT8 KOIIH'!eCTB8 J:lBH>KeHHSI , .DnSI 8bll!CHeHHSI cjmsH-

1-1eCKOro CMblCna HHB8p11 DHTOB no.nrpynn pBC C MOTpHM KOOp.!lHHOTHOe npocTpDHCTBO, 0 KOTo-

pOM MO>KHO BB9CTH Te >Ke CHCTeMbl K OOpJJ.HHaT; HanpttMep, 

x
0 

= X cha 

x = x sha cosO 
3 

x
2 

= x sha sin Ows '¢ 

x
1 

= x sha sin O sin¢ 

s - cncTeMll HMeeT JHIJJ.: 

( 14) 

(ansi x H a H eo6xoaHMO aorryCTIITb " KOMllneKCHbie 3HB'!eHHSI). <PopMynhI ( I )-( 4) oc-

T8IOTCH B CHne, ecnH np8BbI9 CTOpOHbl yMHO>KHTb Ha X • 

nycTb x!.. npOH3BOnbHbie Kpl1BOm1HeilHbl8 KOOpJ:lHHBTbl, v1HcpHHHTe3HMBnbHbie onepaTopbl 

co6CTB8HHOll r-pynnhI Dopeuua MO>KHO 38ITHC8Tb B BHae
191 

' f a 
'raJ7f'iT (15) 

a= 1, .. , ,, 6 , 

r-ae ~
1
- peweHHSI yp8BH811Hll KHnnHH['8, 3THM senH'IHH8M MO>KHO COITOCTBBUTb nHHell­

(a) 

Hbie nepBb]e HHTer-panb] ypaBH8HIISI r-eoaeaH'!eCKOll 

( 16) 

Mbl aaecb He 6yaeM BbinHCbIB8;I'b 3H8'!j!IIHSI scex HHTer-panoB B H8WHX CHCT8MllX, oa-

H8KO, pacCMOTpHM KOM6HH8UHH H3 HHX, COOTBeTCTBYIOUlHe IIHB8pH8HT8M noanpynn, 

v!HB8p118HTY scell r-pynnhl [',. L conOCT8BHM KnLICCH'!8CKYIO aenH'!HHy: 

(a» 
C 

8 aeKapTOBblX KOOpllHH8T8X HMeeM 

2 
2 

µ. µ. 2 

lR ~ m Ix x,,. -(x,,. u J I ; 

3TO npocTo KB8.llp8T '18TbipexMepHOf'O MOM8HT8 KOnH'leCTB8 llBH>KeHHSI, 

Tenepb paccMOTpHM B8ITH'IHHbI, COITOCT8BneHHbie H!1B8pH8HTllM noar-pynn 

'18CTHUbl ); 

9 

(17) 



s - CKCTeMa f . 2 • 'o def, m x 2 ·sh a srn ,ls 

(18 ) 
2 ~ • 4 dO 2 • 2 ~ 2 f =m X · sh a[(-.-) +srnO( ) ] 

as ·s 

H -cHcTeMa 

f •mx
2 

dt 2 a,i, 2 b.!!.J.. 
• ds 

J<
2
= m

2
x

4 ch
4
a[(~)

2
+sh \r~/] 

ds ds 
( 19) 

C-cHc TeMa 

f • == mx
2

sh 
2 d,f, 

b 
ds (20 ) 

K 
2 2 

s = m:r. ch b _:!3_ 
ds 

0 - C KCTeMa 

5: R m x 
2 

r 
2 

e
2

• !.± 
• d~ 

0
2 

= m
2

x
4

e
0 [(...'.!.:_,2 +r

2 (.!!.J../J. 
ds d·s 

( 21) 

TaKKM o 6paaoM, B S -cKCTeM e nony<iaeM KBa.upa T o6bl'rnoro TpexMepHoro MOMeHTa 

K OilH•!eC TB a .UBK>KeHK,r K ero npoeKUHIO, 8 OCTSilbHbJX CKCTeMax BO3HKK8IOT H OBbJe HHTerpa­

Ilbl .UBH>KeHKSI H H8.UO BblSICHHTb, B K8KHX nonsix OHH coxpa HSIIOTCSI, 3.uecb Mb! orpaHH'IHMCSI 

paccMOTpeHHeM .UBH>KeHKSI aapsi>KeHH OA 'l8CTHUbl B a neKTpOMSrHHTHOM none. 

PaccM OTpHM O.UHY H3 KOMilOHeHT TeH3 OpHoro npe.uc TaaneHKSI BTOporo paara rpynnhl 

nopeHua, a KMeHHO 8HTl!Cl!MMeTp11'1Hbll! TeH3Op 

M,k C L. -L. 0 
L -l, 

y X 

-K -K 
X y 

-L y 

L. 
0 

-re . 

l{x 

l( r 

K. 

0 
) (22) 

KOT Op b!A COilOCTBBl! M '!eT b!pexMepHOM y M OM eHTY KOill!'!eCTB8 .UBK>Ke HHSI, np11 npe o6paaoa a ­

Hl!K nopeaua OH npeoo p asyeTCSI IlO qJOpMyn a M 

M' 
lk = g,f g k m Mf., 

11nH B MSTpK 'IH OA cpo p Me : M' ~ gM g T g T T p 8 H CilO H K p OB8H H8 SI M8TpKu a) , 

(23) 

Bbl.Uen>111 oripe.ueneH Hble cy6MaTpKUhI, CTOnll.lKe B (22 ) HS rnaBHOl! .UKa roaanH , nony­

qaeM pa3n0.qHb1e nonrpynnbI H I TeM C8MbIMrPB3nH"IHbie CHCTeMbl KOOp.llHHBT. MaTpH:Ubl 
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(

-OL :• -LL,) (-: :• ;:) 
• JC JC • ff 

L 
1 

-l., • 0 , l( 
1 

-l( • 0 
(

O,L ) (O,K ) 
BM0CT0 a H • 

-L ,:° -K_.O 

(24) 

onpe.aensuoT COOTB0TCTB0HHO S H H C -cKcTeMbl. 4To6br nony<<HTb 0- CKCTe":'y, 

Bblp83HM TeH30p l/
1
> B 683HCe JC. Y, y'/2 (z - l),y'/i:z+t), nony~aeM 

0 L . -,/'/2 (((. +L JI,/½(!( -L) 
, I • , 

(25) ~ -L, 0 -,J'/2(!( -L Jl,J'/2([( +L ) u,. y JC' y JC 

"'~"~1:.!:,) y'/2 ( IC, -L,) 0 I "· - ,J½(l(,-L,) -Ji;;rx:;- C::, - l( • 0 

rae nyHKTHpOM Bbl,lleneHa cy6M8TpHua, onpeaeml!OlU8SI "ManylO I'pynny•. CBSl38HHylO C Hao­

TpOTTHbIM 80KTOpOM ", T0M CBMbtM, 0-cHCTeMy. 

v1HTerpanbI .O.BH>K0HHSI. xapaKT0pH3yKHUHe OTJJ.0nbHbl0 CHCT0Mbl, coxpaHSUOTCH, ecnH 

OTnHl.fHbl OT ttynst TOnbKO Te KOMOOH0HTbl '-10TepexMepttoro flOT0HUHBna, KOTOpb10 H0 npeo6-

p83YIOTCSI npH npeo6p830B8HHR H3 ll8HHOA noal'pynnbr. 3n1 KOMnOHeHTbl llOn>KHbl 38BHCeTb 

TOnbKO OT KOM6HH8UHH KOOp.OHHBT, HHB8pH8HTHhlX no OTHOW0HHIO K 3THM no.arpynnaM. 

vfTBK, nony'-180Mi 

s - CHCTeMa: 

A 1 • 0 

(26) 

H -cHcTeMa: 

(27 ) 

0 - cHCTeMa : 

(28) 

T.e. B 6aaHce: 

x, y. V 1/2 ( z - I). ,/'/2 ( z + I ) 

(28) 
•+ I 

0 A 

II 



8 C -cacTeMe nono>KeHHe HeCK0.1bKO cno>KHee, 'ITO CBH38HO C TeM, 'ITO 3.ll8Cb no.arpynrra 

pacna.uaeTc H tta .use tte3aBHCHMbie o.uttonapaMeTpK'leCKKe n o.urpynnb1. YcnosKe coxpatteHKSI 

KHTerpanos .UBIOKeHHSI MO>KHO 3 8 IlHC8Tb B BH.£;10: 

A 0 =A,•0 

A
2 

= x;t'(a,b) 

A
3
= x 

3
<!l(a, b) 

a = ...J---;,--, 0 - x, 
(29) 

b=-~ V 2 + x 3 

HnK 
A 

2 
= ·A 

3 
= 0 

•A0 = x 
O 

<!>'( a, b) 

A = x <IJ' ( a, b) 
I . I 

a<!l 
a aa 

1 a<t>'• 
-;; "ab~ (29 1) 

Pe3ynbTBTbl 3T0l'0 naparpacj)a M0)KH0 npose pHTb, Hanucas ypasHeHKSI .UBKmeHKSI B KpKBonn­

Hei!HbIX K00p.UKHBTBX 

d 
2
,/' µ dx" d xP 

m( __ + r ____ ) 
ds 2 vp ds d·s 

CT 
a •A e( __ 
a Xµ 

µ 

~ )uO' 
a "er (30) 

• • 
K Tpe6yH, 'IT06b1 senK'IKHa f • K ,cooTseTcTBeHH0;0.UHB K3 senH'IKH f , J{ , K • 

KnH o" coxpaHsinacb s.uonb TpaeKT0pKH, TaK CH0BB nony'IKM ycnoBKSI (26)-(29) (c T0'I-

H0CTblO .uo rpa.u11eHTH0l'0 npeo6p830B8HHSI ) • 

BbIIllHlleM ewe TeH30pb1 3neKTp0M8l'HHTH0I' 0 nonsi, B K0T0pbtX coxpaHSIIOTCSI HHTer­

panbI DBR)KeHKSI. CBSl3b KX CKMMeTpKH co CBOi!CTBBMK n o.urpynn ~ (22) 0'leHb npo3p8'1Ha: 

s - CHCTeMa: 

( 

0 0 0 x') lk J 
F= 0 0 0 x 

0 0 Q x 3 

-xi - x2 -x3 0 

0 - CIICTeMa 

F( r, I) 

r = y x 2 + x 2 + xi 
I 2 S 

ta: XO 

( 

0 0 XI x

1 

) flt 2 7 
F= 0 0 x x 

I 2 3 0 
- JC , -x , 0 JC -JC 

J 2 3 0 
-x ~-(x -x JO ~ lk 

F( x, a), , 

lk 
F = 

0 
2 

-x 
3 

-x 

-x• 

2 H : c :)cTeMa 

J[ " " 

0 O O .F( h, x 
1

) (31) 

0 0 0 

O O O h =yx 2 -x 2 -x 2 

0 2 3 

1k= 0 0 0 y2x 2 <32 ) 

(

0 0 0 y2x) 
0 0 0 x3 - x

0 
• F( x, a) 

- I - 2 0 -y2 x,-.j2x,-(x3-x) 0 

r L1e x=yxµ#, a=if-xa H F T8H30p 3neKTpOM 8 rHHTH o r o non~ B H OB OM 6 a aHce. 
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C 
lk O 

'f s l J 
-½:r X 

+½ :r' .,o 

C - CRCTeMa 

0 ½ JI 1 x' 
0 ½J1 2

x 
3 -'/2x

2
x

0 

2 3 • 0 • F (a, b) + 
-½:r X 0 -:r % 

-½•) 
• 0 • , 0 

1/1% X 0 

1 • 
JI X 

0 

0 

X 

1 • 
J< X 

0 

0 
0 3 

X X 

% 

0 2 
-X X 

0 ) 
0 3 -:r % 

0 

'F( a, b) 

3aKillO'leHHe 

0 XI -4'. 2, 

-x1x 2 , 0 

·½ i.' .r", J/2%2%3, 

-½x' x~ ½x 2 z 0 , 

a= yx 2 
_/ 

_J)_____j 

b = ,/ x 2 + x 
2 

• 3 

½ J11 
J1

3
, ½ J1 1 

JI 
0 

,-½x2 x-',-1/ix2 x0 

0 0 F(14 b~ 

0 0 

(33) 

Mbt BH.OHM, 'tTO CBOA:CTB8 penstTHBHCTCKoro MOMeHTa KOnHl.feCTBa .OBH>KeHHH. CBSl38H­

Horo C OJ:lHOpOJ:HIOII rpynnoll JlopeHua, H8MHOro 6oraqe CBOIICTB o6bl'IHOro TpexMepttoro 

MOMeHTa, CBR38HHOro C rpynnoll spaweHHJI. Ham,'IKe p83IlK'IHblX IlOJ:lrpynn rpynnb1 Jlopett­

ua c.pa3y npHBOJ:lHT K p83IlH'IHblM nonHblM H800p8M KOMMYTHPYIOlllHX tta6n10,l8eMblX H, TeM 

C8MbIM, K p83IlH'IHbIM nonHblM H860p8M co6CTBeHHb!X cpyHKUHl!, no KOTOpbIM MO}KHO pa3na­

r8Tb q:>H3H'!eCKHe senH'IHHbl (aMnnHTYilb! pacceRHHH). B TeopHH non,i o6b!'IHO KCnOnb3yeTCH 

TOnbKO paano>KeHHe no napuHanbHbIM BOnHaM, l.lTO COOTB0TCTByeT cnyqaJo p83lIO>K8HHA B 

Haw ell S -cHCTeMe. 8 cnyqae, KOr,la 38J:l8'18 CKMMeTpK'IH8 He no OTHOWeHHIO K rpynne 

spafuerrnl!, a no o-rttowett1110 K J:lpyroll llOJ:lrpynne, KB>KeTcH 6onee ecTec-rsettHbIM paanaraTb 

no co6CTBeHHb!M cpyHKUHHM B COOTBeTCTBYIOLUeil CHCTeMex'. f'pynnosa .. Tp8KTOBK8 B03HKK8JO­

Ul HX KOMnneKCHbIX MOMeHTOB HenocpeilCTBeHHB, T8K K8K see p8CCM8TpKB8eMbie noJ:lrpynnb1, 

KpoMe rpymtbl spaweHKll, HeKOMnBKTllbl I{ J:lilH HKX MO>KHO CTpOKTb HenpKBOJ:lKMble (soo6-

LUe rosop·,. ,6eCKOHe'!HOMepHble) npeJ:lCT8BneHHH, COOTBeTCTBYIOLUKe n1060My KOMnneKCHOMY 

'!Hcny a • 683HCHbie cpyHKUKH npeJ:lCTBBneHHl! rpynnbI Jlope11ua, COOTBeTCTBylOLUKe 

s ' :1. C H O CHCTeMaM, 6yJ:lyT pacCMOTpeHbl B cneJ:ly10we11 pa6oTe H T8K>Ke 6y-

ilYT KCCneJ:lOB8Hbl sonpOCbl O J:lpyrHX CHCTeM8X KOOpJ:lHH8T ( 3nnHnTH'leCKoro THna), B Ko­

TOpblX ypastteHHe Jlannaca J:lOnycKaeT paaJ:lenen11e nepeMeHHbIX H o npeo6pa3osaHHHx, 

nepeBOJ:l!llllHX OJ:lHy T8Kyl0 CHCTeMy B J:lpyry10. 

xi 
110,PTO npOJ:lenaHo J:lilH ypasHeHHH BeTe-ConnKTepa J:lilH 6eccnHHOBblX 'IBCTIIU s pa-

6oTe • 0 KOTOpoll Mb! Y3H8IlH nocne OKOH'IBH!jH J:l8HHOl! pa6oTbl. TaM paccMOTpeHO ypaa-

H0HHe .a.nH nepeKpeCTHOro K8HM8, OTM0"10H8 ero CHMM0TpHH no OTHOW0HHIO K Tp0XM9pHOA 

rpynne Jlopenua I{ npOH3Be,leHO paano>KeHHe no 683HCHblM (WHKUHSIM 3TOll rpynribl, 3To 

COOTBeTCTBY9T paano>KeHHIO B nawell H -cHCTeMe. 

13 



~H T e p a T y p a 

1. H • .R. BHneHKHH, .H.A. CMopO.llKHCKHll. npenpHHT Ovl.H vi I E- 1503, Jly6Ha, 1964 . 

2. M.n. OnescKHll. MaT. c6opHHK 27, 379 (1950). 

3 • .H.A. CMopO.llHHCKKll. ATOMH8SI 3HeprHH !.i., 110 ( 1963 ). 

4. J.L.Svnge. ·Relativity. The General Theory. North• Holland 1960. 

pyccKHl! nepeso.a: ./l>K .Jl. C,rnr, O61U8SI TeopHS! 0TH0CHTenbH0CTH. v!Jl, 1963. 

5, vl.M. renbcj:,a11.a, P.A. MHHnoc, 3 . .H, Wannpo, npe.acTasneHHH rpynns, apau-1eHHl! H 
rpynnhI Jl openua . <PM, MocKsa, 1958, 

6. M.A. Hal!MapK, JlHHel!Hb1e npe.acTasneHHSI rpynn b1 JlopeHua. cp M., Moc1rn a, 1958. 

7, E.P.~i1111er, Annals ofMath.jQ, 149 (1939), 

8, V,Barfl'llann, Annals of Math, ·1!3_, 568 ( 1947) 

9. \"\,R,Davis, G.H.Ke.tzin. Am. J. Phys. ::n., 750 ( 1962), 

10. L.Sertorio, ~1.Toller. -PreprintNr,44 (1%4), l"lFN -Sezipnedi Roma. 

1 I. n. BnHTepH11 Tu, .H.A. CMopo.a1<11cKHl!, M. Yrm,p>K. npenpHHT Ovl.Hl-1, E-1591, 
.lly6ua, I 964, 

p II C. 1. 

l 

4-

PyKOilKCb nocTynnna B H3.ll8TenbCKHii 0T.aen 
25 M8SI 1964 r. 

~ /1 
3 

/ 
' / 

" / ,s , . *-~------i----• ~~ 
/ : '" I ' 

/ 
I 

" '"j S1 ~a.. ~ / 

I 
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-1 

I 
y 

1A. ◄ .1, 

napaMeTpb1 paccesiHHSI a S -cncTeMe. 
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1. 3 ------------

p H C, 2, napaMeTpbl pa.cceHHHH B ff -ci«:T&Me, 

2.r--------~ 

pH C, 8, 

• I 

I 
I 
'f 

u.,,t 

napaMeTpbl p8CC0HHHH B 

1 

C -cKcTeMe. 


