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'I • 8 psu1e pa6oT, nocBSiuteHHbiX seKoTophlM aonpocaM M&TeM&TH'IecKolt cpH3HKH, pac

cMaTpHBanHcb cne.ayiOutHe 3&.!l&'IH. 

l) HallTH peweHHSI y = y (x) ypaBHeHHSI 

y" + 2 y'- y + y n = 0, n > 1 , X > 0 , 
X 

Y,.aosneTBOpSIIOWHe ycnoBHSIM 

'y(O) = Yo< oo 

y
0 

-seB3BecTHbllt nono>KBTenbHbllt napaMeTp. 

2) Halh'a peweHBSI 'I = '!(x) ypaaseHHSI 

. .," = '1 - _'I __ , n > 1 , · x > 0 , 
X n -1 

y~aneTBOpSIIOUlHe ycnoaagM 

'!(0)~ 0, '1'(0) =a <oo 1 'I (oo) 

a -sea3B9CTHbiA nono>KaTenbHbllt napaMeTp, 

3) HaATa peweaag z = z ( x) ypasHeHaSI 

0' 

0, 

z" + .L z'·- z 
X 

r,-t 
+ izl ·z = O, n>1, 

y ,llOBUeTBOpSIIOUlHe ycnoBaSIM 

z(O) = z 0 <oo, z'(O)= O, z(oo)= 0, 

z 
0 

-seH3BeCTHbllt nono>KaTenbHhlA napaMeTp. 

( 1.1) 

( 1.2) 

( 1.3) 

( 1,4) 

X > 0 1 

( 1.5). 

• 
(1,6) 

YpasHeHHe (1.1) nonyqaeTCSI K3 ypaaHeHBSI lt.3) 3SMesoA 'l(x) = x·y(x). EcnH 3&

.aaqa- ( 1,3 )-( 1,4) paapewaM&, O,llHOBpeMeHHO paapewaM& a 3&,1l&'l& ( 1.1 )-( 1,2), npR'IQM 

1
0 

='a· 

8 pa60T&X/ 1/, 121 6biUO .QOK838HO cymeCTBOBaHRe DOliO>KaTenbHbiX peWeHHA 3&,1l&'l 

(1,1)-(1.2), (1.3)-(1,4) DpH n1060M ,lleACTBRTQnbHOM n , ecnH 1< n 5:,4, 3TO~ pe-

3 ynbT&T sepe)t. R .anSI 3&,1l&'la ( 1,5 )-( 1.6), DOCKOabKY . .Qml OTbiCKaHHSI nono>KRTenbHbiX pe

~eHBA STOll 3&.!l&'la MO>KHO .;6ollTaCb o6n&CTbiO z > 0 , 8 cnyqae n = , 
2

P + 
1 

( p H 
2q 

q - saTypanbHble 1qacna) n106oe peweHHe ypassesf!A ( 1.1 ) a ( 1.3) aMeeT He 6one~ .. 

o.asoro syng sa aitTepaane 0 < x < .. H Henpo.QOU>KHMO 38 STOT Hynb, npa .T&UX n 

38.Q&'IB. tl,l)-( 1,2), ( 1.3 )-( 1.4) He MOryT HMeTb HaK&KHX peweHHli, KpOMe DQIIO>KHTQnb

HbiX, B cnyqae n = 2m ana n ~ 2P peweHHSI ypasseuali ( 1.1 ) B ( 1.3) se MoryT 
2q + 1 

3 
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1,11 

HM&Tb OTpHU81'ellbHbiX · MHHHMJI'N080 R, BCe p&W&HHR COOT88TCTB:YIOil:UlX Kpa&BbiX 38.!18'1 DOIJO": 

- :Zp + 1 :lKHT&IIbHhl DpR 0 <.% < oo 0 &p,IIB STH peW&HRR CyW&,CTBiYIOTo Jlna ,cny'I&R II • ---
/3/ :Zq + 1 

8 p86oTe , aanp&M\lp~ YTB&~l18110Cb cywecTBo8eaxe pewea81t 38.!18'1 ( 1.1 )-( 1,2), ( 1,8)-
. ~/· ( 1.4 ) C 11106biM 'IRCilOM Hynell il8 HHT8p8M8 0 < % < oo , ABTOp8MH pal50Tbl l5b1110 Halt• 

.QeHO C 0Dp&.Q9119Hlf0ll TO'IHOCTbiO DSITb 3Jia'I&HHll H8'1MbHOll DpOH380l1HOit a , COOT88TCTB)""" 

IOWHX DSITH paaiiH'IHbiM !)$W&HHSIM a8it8'1H ( },8 )-( },4) DpH n • .J , Teop&MOit I p83l19118 U 

H8CTOH1U&JI 't>S6QTbl l10K83tu888TCSI cy1UeCT8088HH9 C'leTHOrO MHO:lKeCTB8 p91U8HHit 38.!18'1 

(1,1)-(1,2), (1,3)-(1,4) l111H nJ06oro n , 1 <n<o4, n • 2P+_Z•3T8 peW&H8SI 0Til8'1810TCSI 
2q + l 

Jlpyr OT Jlpyr8 K01l8'19CTBOM By nell 88 HHT8p8M8 0 < % < oo o Jlng 38.!18'18 ( 1,5 )-( 1,6) 
\ . 

T8KOe MHOJKeCT80 cytuecTayeT JliiH 111060rO aeliCT8HT911bHOro. n , 1 < n < o4 o 

TeopeMoll 8 pe3aena m l10K83hl888TCSI OTCyTCT8Re peweHHit y 3aJl8'1 ( 1.1 )-( 1,2), 

(1.8)-(1.4), (1.5)-(!.6) l111H n 2 5 • Pe3ynbT8T&t anB 38l1S'IH (1.~)-(1,6) DQ11y'I810TCB 

KSK Cll9JlCT81ie COOTB8TCTBJI'I01URX p&3)'1lbT8T08 J:liiH 38.!18'18 ( 1.1 )-(1,2), 

Jlns l10K838T811bCTll8 OCHOBHOll Teop&Mbl 1 DOTpeelyeTCa BCDOMOr8TellbH08 Dp&JliiO:lKe-

Hae. · 

II e M M a .1. Jlns nrol5oro a > 0 a n106oro n > 1 , n • 2P + 1 p H q - R8-----.... -- 2 q + 1 
TY~Wible 'IRC#a~ cywecTayeT eaaHcTaeHHoe peweH88 38,!:l8'1R Kowa l111B ypaaH&HIIa ( 1,8) 

npa 88'1SIIbllb1X/ycnosa11x '1 (0)= 0 •'l'fO)aa 0 onpeaeneHuoe JlllB acex :r > 0 • Peweuae He

npep~aHo 388RCHT OT a 

. 121 
npaae.Qeaaoe npeanoJKeHae BBIIB&TCB cneapTa8eM neMM 1,2,8 pa6oT&I • 

n. TBOJ:!8M8 

a ·moeloro 2p + 1 ,. .. _ 
' 2q + 1 

:r --~' (x) ' '1 ='If, (x) 

ua R8Tep8ene 0 <x <"" 

1. 

( p 

3848'1 

Jlns 11106oro uenoro nonoJK8TenbHoro • 0,1,2, ... ) 

x q -aaTypanbH&Ie '18cna), Z.<n< 4, cywecTByJOT peweHBII 

(1.1)-(1,2),(1,3)-(1,4), RM&IOWRe 8 TO'IROOTII i Hynelt 

PaapeW8MOCTb 3Sil8'1B ( 1.1)-( 1.2) ecTb cneacT8He pa3p&WRMOCTH 38Jl8'1R ( 1.8 )

(1,4 ). B pal5oTe 
121 

nonomaTenbHoe peweHae '1'" ii;;fx) sallf'IR ( 1.8)-( 1.4) Hllllaeao cneaytO

ILIIIM anropRTMOM. Mao>KecTao peweaall '1 "''I (a) yp88H8HRII ( 1.8), He nepecexaromax OCb. 

% · , DpR % > 0 , 0603H8'1BM 'lepe3 L 0 , a COOT8eTCT8YJOlllee MBOJKSCTBO 3H8'18RHJI jill-

a a 
DpOH380JlHbiX a > 0 - '1epe3 L • B '18CTBOCTB, MHO>K&CT81 L 

0 
npaHa.Qne>KaT 

.L 0 /2/ 

,~WlbiX 
·(· 

ac'. a ·, T8KHe, 'ITO a:>~·l (eM. JlOK83aT&IIbCTBO TeOp&Mbl 2 p8l50Tbl ), <ho 88pHO 

.!111. 1110,151>1"0 n >, 1 • npa Jl0CT8TO'IHO 60llblllHX 3H8'18HHIIX a lll0l5oe p8W8HR8 'l • 1]{11:) 

y~as~•a;ai•, ( 1,3) !lepecex8eT oc& :r no xpallaell Mepe Ol18H pas He BRTepaane O<.x < oo , 

8CIIB J'<'.;,' .< ,3 • MHOJK8CT80 L: , Cl!e.QOB8T&IIbH00 orp8HR'I8RO CBepxy .QIIH TIIKRX n ; ' 
\ :- / ' 

Eclia · 40 _. ,., Ia I , TO peweaae '1 = 'f(
0 

(x) yp8BliBH811~( 1,3), T8KOBI 'ITO 'ii/0) • 0., 

'I;(O)·;.t.:t· , a ecTb peweHae 3&Jl8'1R (1.8)-(1,4), He RMeiOmee.uynell Ha BHTepaane 

0.< % < "'!' .. i'fl.P ·l10K838T811bCTBe T&Op&Mhl 1 MO>KHO DpB'M8HHTb 8H81lOrR'IHbiJI 811rOpHTM H 

ansi' DOHCK8 ~at,.B~ '1 • ;;, ( %) o 0Tb1CKBB8ll HX H8 rp8BHil9 Mll0>K8CTB8 p9W8HRJI ypas-

\•l 

4 

• 

.. -

\, -~ 

I 
,I ~\ 

' 

,lii8RBH ( 1,8) C i HYIIRM8 II MROJK8CTB8 p9W8HBll, HM&IO'u,I8X ll8 Meaee; .. J + l 
' ' 

K88 MHO:lKeCTB8 BMSIOTCII, JlOitllJKBM, Dp9lKJl8 acero, cymeCT80B8BJilfi! ~Illef 

7!(0) • 0 , '1'(0) • a ypasH&RHB (1.8) c moo&IM .8anepe.11 38.1l~w~ 
H8 BRTepB8ne 0 < :r .< , ecna n yaosneTaopBeT ycnosaro Teopeuw 

·II e M M a 2. Jln~ nrot5oro nenoro nono:lKaTenbHoro i ( i • o, 1,a;.,)K 

p a q -aaTypenbH&Ie 'IRena)·, 1 .< n < ,4, cymecTsyroT peweHKR '1 .. '1 (:c) y 

'1 (0 )= 0 a 17'(0) > 0 , RMeromae. He Mesee i + 1 Hynet K8 BHTepsene 0 <. x 

JloK838TenbCTso. B ;rpaaHeH8H ( 1.8) caenaeM 38MeHy nepeMeHawx no 

'1 ( :r) • e • · v_( t), t • Y, (1 - e "3
• ) , :r = - Y, In (1 - :z t) • 

Jlna mdC)oro p8W8H8SI '7 • 'l(:r), '7 (0) ;. 0 0 11' (0) = a> 0 ypaBReHRSI ( 1,8) COOTBS 

cpyRKilRSI V • V(t) y.IJ)BDeTBOpS18T R8 RHTepsene 0 < t < Y, yp8BK~~ .. " 

v" 
v"' + =0, r.11e 

H!.)""1 ·(1·2tf!Ptn""1(L-2t) 

_ _.. d3 . ·i,' 
v• __ v_ I 

dt :z • ,I , 

rlpR, &ToM v(O)=O, !!!_I = e·(~-'1)!...='1'(0)-a s cHny npeo6paao~~~R 
dt ~0 dz 0 1 · 

. !.::.! ' n•Z !!.±l n-1 (v3) 3 · 
f(t)•(•Y,) •(1-2t) 3 ln (1-21), F(v 3,t)= __ 

. f(t) 
n 

nony'II\&M l111H 38Jl8'1H KowH '1" = '1 - ~ • '1(0) .; o, 11' ·(o) =a SKBHBaneaTR: . z~• 

W8 

v" + vF(v\t.) • 0, 

v(O)•O, v'(O)•a. 
I / 

, 1IeMM8 l5y.QeT JlOX838H8, ecna :Yl18CTCSI DOJl06p8Tb T8K08 a , 'ITO p4i 

(2.8)-(2,4) 8M88T B TO'IHOCTH By nell H8 HSKOTOpOM BRTepeane 0 < t < 6 

DpH'I&M v(b-) = 0 , \ 

38M8TRM, 'ITO I ( t) > 0 Jlllll scex 
2E , O<t<Y, ,Rl111H n .. _ 

"•l 

~ > 0 l111H mo6bl.X v 
l(t) - . . 

2q 
• KpoMe Tora; a· cany onpe.QeneHall (2.2) aMee~ 

Hey6&IB810lll8SI tP:YRitllBR OT P • Bocno_nb3yeMca II:.Qeell Z.fiehari · 15•61 

wero p83p8WBMOCTb Kp8eswx 38.!18'1 .11n11 ypeslleRBll BHJl8 ( 2,3) C 8H8110rB'IE 

F(p, t ), kOTOj:lble y Neltari. aenpep&IBHIII l1llH acex p a t • OnpeaemtM cpyHI 

G(p,t) paseHcTB,OM G(p,t)= fF(r,t)dr = _2_. p "f' 
o n + 1 f(t) 

B c11ny onpe.QeneRIIB ( 2.2 ~ a paccMoTp8M WYHKuHoHan 

6 6 n+i 
l(v)• f[ v' 1(t) - 'G(v 3(t), t)] dt • f[ v' 3

-_
2_ • ~) dt 

o · o n + 1 z(t) 

B IUI8CCe tPYHitllHll I v( ,, I - r .. Onpe.QenaM r cnettYIOlllBM 

v ( t) aenpeph!BH8 a HBOTpanaTenbHa a a RHTepaene 0 <,;_ t :,:; b 

5 
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I !J.I.W..IJ.})!I •p••~IIIIA liiiUI&'f' D~i· / 
•u , '.t 11. .. , ec,nlr &TB, peweaaa c:rwecTB5'10T< .O.na cn;y'laa n • :Zp + l ', 

< ' < ~ 1. 
BMep, )'TB&p>Jtllanoc& C)'W9CTB088HH& peweaalt 38ll8'1 (I,J)-(1,2),q (t8)-

' /4/' ' noM aynelt ira IIHTepaane 0 < z < oo • AaTopaMa pa6oT&r 6&u~o aaa-

olt TO'IHOCT&ro IIRT& 3H8'19HRA H8'1&n&HoA 11pOH3BOllHOit a 
• COOTB&TCTBT-

&rM p&weaaaM aa.zia'la (J,3)-(J,4) npa n • .3. TeopeMol I P83llenaD 

ll0Kll3bi889TCR C)'1U9CTB088HR9 C'19TH0l'O MRO>K&CTBS P91U&lllrlt 38ll8'1 

( J .4) llna nro6oro n , 1 < n <,4, n = 2P + l, •3TH peweaaa OTnB~BIOTCa 
2q + 1 

R'lecTaoM aynea aa aa:epaane 0 < z <.. • .D.na salla'la (1,5)-(i.a) 
ywecTayeT llna mo6oro lleltcTBRTen&Horo, n 

1<n<,4, 

3llena Jll llOKB3&rBaeTCa OTCJ'TCTBRe petu&HSIIt J' 3all8'1 ( 1,1 )-( ),2), 

1.6) llnsr n.? 5 , Peayn&TBTbr llnsr aalla'la ( 1.~)-( 1,6) IIQJ!yutoTCII 

9TCTBJ'IOWIIX peayn&l'aToB .l:lna 3Blla'll! ( I,J )-(1,2), 

&CTBa OCHOBHOJt Teop&Mhl 1 nOTpe6yeTCll BCIIOMOl'Bl'en&HoQ llp&llnO>Ke-

a nro6oro n > 1 , n • ~ 
2q + 1 lllecTayeT &lliiHCTaeaaoe peweaae S&lla'la Kowl! llna 

17 (0)= 0 •171-0J-a,onpelleneasoe llnaacex z > 0 

P I! q - sa

ypaall•aJra ( 1,8) 

• Pellles~re ae-

121 RBIIReTCg Cll&llCl'BBeM II&MM 1,2,8 pBISOT&r , 

• a I. .O.na nro6oro nenoro IIOIIO>KI!Tenblforo i ( i • 0,1,2, .. ,) 

( p a q -saTypan&Hwe 'IRena), 1 .<nr:. 4, cylllecTaytoT peweaaa 

aalla'l (I,J)-(1,.2),(J,3)-(J,4), HM&IOlllRe B TO'IHOOTR i H.)'lle.l 

(J.J)-(1,2) ecT& Cll9llCT81fQ paapelURMOCTH 3lilla'IR (1,3)-

0>KHT811&Hoe peweaae 1J = ~(:r:) a all a 'Ia ( 1.3 )-( 1.4) HaJilleao cnellyro

ecTao peweaaa 17 =, (1tJ ypaaaeaa11 CJ.a), ae nepecexarolllax OC&, 

a'IHM 'lepea L 0 
, a COOTBel'CTBYIOlllee MRO>KeCT80 3Ha'leBalt jla-

a a ' > 0 - 'lepea L 0 , B 'lllCTBOCTH, MHO>KecTay L 
0 

npas&lln,e>KaT 
-L 121 a::;~-z (eM. lloxaaaTen&eTao TeopeM&r 2 paiSoT&r ), 3To aepao 

•a llOcTaTo'lao 6on~owax aaa'leHHRJC a ~troiSoe peweal!e 17 • TJ{%) 

no KpaJtaelt Mepe OllRa P83 aa RHTepaane O,<,z ,< oo 

CTBO L: , CllellOBaTen&Ho, Ol'p4HH'IeHo CBepxy lliiiiJ TSKBX n • ' 

0 peweaae 1J = 'f0 (:r:) l'PBBHeHJrll, ( {,3), T4K08j 'ITO ij (0)"" 0' 

0 . peweaae aalla'IH ( 1.3)-( 1.4), ae HM8JOlllee.aynea aa BBTepaane 

'eii&CTae TeOpeM&r I MO>Kifo IIPBMeHHT& Bllanora'IH&rJI 811l'OpHTM 8 

ii
1 

(X) , 0ThiCKHBaR RX I! a l'PBHH!le MIIO>KeCTBa P&l!JeBaJI ypaa-

4 

• 

I 
'-.:, 

BeBBR ( 1.8) c i aynRMB 1J MB·O>KecTBa peweaaa, BMerol:r,i•x Be Meaee. i + 1 Hynelt, ecna Ta-', 

xae MBo>KecTBa RMeroTca • .O.oxa>KeM, npe.lli:lle acero, cylllecTaoaaaae pewea&.ll 

17 

= 
17 

(:r:), 

17(0) • 0 , 17'(0) • a YPBBH8SBSI,(1,8) C 11106&rM .Banepell 38ll~&rM 'IRCIIOM Hynelt 
sa I!HTepaane 0 < :r: .< 

, ecna n :Yll08neTaopaeT. ycno8sro TeopeM&r 1. 

p ·n e M M a 2 • .O.na nro6oro nenoro nono>KaTen&Horo i ( i .. o, 1, 4 .. .)n nroiSoro n =.3!.!:.! 
' 2~1 a q -BaTypan&Hwe 'IRena), 1.< n <,4, cylllecT8yroT peweaaa 17 = 17(:r:) ypa8aeaaa ( l.ll ), 

17 (0 )= 0 I! 17'(0) > 0 , RMerowae. He Meaee i + 1 aynelt sa HHTep8ane 0 < :r: < .. , 

.D.oxaaaTen&eT80, B ypa8aeaaa ( 1.8) CllenaeM SBMeay nepeMeaa&rx no cpopMyllaM: 

17 ( :r:) • e "• v_( t), t = Y, (1 - e ' 2
" ) , :r: = - 'h In ( 1 - 2 t .) , 

(2,1) 
.D.ila n~oro pewesa11 '1 • 'IJ(:r:), 17 (0);., 0 , 17' (OJ= a> o ypa8Heaaa C1.3) COOT8&TCT8Ytolllasi 

cpySKiii!R V "V(t) Y.IXI8119T80pReT Sa RHTepaane .0 ~ t < Y, YPBBH9H1!10 

n 

v" + " =0, l'lle 
(-Y>)"'1 •(J.·2t~in"'l(1•2t) v''-= d 2v 

d'tT" 

llpa &ToM v(O)=O,.!!.!.. I • e"r!f!L .... 17)1 =17'(0)=a 8 Cl!ny npeo6paaoaaaaa (2,1); nonaraa dt -=o dx '-o 
n•t .!!..±J tt-l 

l(t) .. (•Y,) ·(1-2t) 2 In (1-21), 
n-r 

(v')_2_ 
F(v

3
,t) = (2.2) 

f(t) 
n 

llony'!aeM llna aalla'la Kowa , .. = 17 - ~ •17(0)= o, 17'to)•a &K8R8aneaTayro aalla'ly Ko:r:.,.... WR 

v"+ VF(v
2
,t) = 0, 

(2.3) 

v(O)•O, v'(O)•a., (2,4) 

· neMMS ISyl{eT J::IOX838Hli, 9C!II! )'llaCTCR nOllOOpBT& TBKoe a , 'ITO peweaae SallS'IH 
( 2,3 )-( 2,4) RMeeT 8 TO'IHOCTH 

npa'leM v(b) = 0 Bynelt 84 H9KOTOpOM HHTQp&ane 0 < t < 6 
h<¥.\, 

... < 2p + 1 3SM9TI!M, 'ITO f(t) > 0 lliiH BC&X t , 0 < t < 'f. ,•H lliiR n • - HM89M 
n•J 2q+J ~ > 0 llna nroiS&rx v , KpoMe TOro, a Cl!ny onpelleneaaR ( 2,2,) HMeeM F ( p, t J .· ' -
I(t) - • , /5 6/ , 

aey6&r8atolllaa <j:Jyaxnaa OT p • Bocnon&3yeMcR lflleea Z. Nehari ' , accnelloaaa-

- . ' wero pa3peWRMOCT& xpaea&rx 38llB'I llllll ypaaaeaaa 8Rlla (2,3) caaanorH'IH&rMI! cpya~!IMB; 
F( p, t ) , KOTopwe y Nehari . aenpep&r8Hbl ·lln& acex p I! t • Onpelleni!M ¢YHKnaro 

G(p,t) paaeacT80M G(p,t)= lF(r,t)dl' = -2_. _e.!!.j:.L 

o n + J. f(t) 8 crrny onpelleneaaa ( 2.2) ir paccMoTpBM. _cpyHKnaoaan (2.5) 

6 b n+i 
l(v)e J[v'

2
(t)- 'G(v

2
(t), t)].dt • f[v' 2-~ ·~] dt 

o 0 n + 1 r(t) 

8 Kneece ¢YHKiiaA lv(t}l- r . OnpellenaM r Cll9ll.f!Ollli!M o6paaoM. v(t)Er 

(2.6)•;11 

V(t) Hettpephi8S8 R R80Tpl!ll4Ten&Ha Ha HHTep8&ne 0 ~ t :;> b , HM99T K)'CO'IHO-aenpe-
, ecna ,, 

• 5 

<', 

'4U.~" 

' '' 



pbl_BHYJO npOH3BO.OHYJO H8 !lTOM HHTepsane, T.e. v E-D 

v(O) = 0, v(t) r/ O, v(b)•, 0 a 
b 

r v' 2 dt 
0 

.b n+J 

I-v- dt. 
0 f(t) 

, Y.00BJI8TBOpH9T YCJIOBHHM 

(2.7) 

3aMeTHM, 'ITO HHTerpan B npasoJ! '18CTH yCJIOBHH (2.7) CXO.QHTCH .ana nJo6oA 4>YHKUHH v(t) 

xnacca r, a6o f(t) HM99T nOpH.QOK HYJIH He Bb!We n-1 B TO'IK9 I= 0 • •Ycnosae (2,7) 

HBJIH9TCH ycJIOBH9M HOpMHpOBKH: 8CJIH 4>YHXllHH V(t) Y.OOBJI9TBOpH9T BC8M yCJIOBHHM npa

H8.QJI8)KH0CTH xnaccy r, KpOMe (2.7), TO 4>YHXUHH a(t)• cv(t)Er • KOHCTBHT8 c 

.Q8JIH8TCH p8B8HCTBOM b 2 ,.. 1 bvn+t r v' at = c I __ at • 
0 f( t) 

8 cany pBB9HCTB8 (2.6) .QJIH 4>YHXllHA KJI8CC8 r HM98M 

b 

((v) • ~ fv'
2
dt > 0. 

n + 1 0 

nycTb I VIr ( t) l -nocne.aoB8T9JibHOCTb 4>YHKilHA, Taxaa, 'ITO 

liml(v) •in! l(v) •A (O,b), 
1r.... 1r .. er vlrer • ' 

B CHJiy p8B8HCTB8 (2,8) H8J!.Q8TCa T8K8a KOHCT8HT8 
b 2 

,!J , 'ITO I ~ cit < M <oo 
0 

T8JibHO, nocne.QOB8T8nbHOCTb lvlr ( t) l 

Henpepb1BH8 H8 BHT9pBan 8 0 ~ t ::; b 

no <PopMynaM 

KOMD8XTH8. nycTb I VIr (I) l .. vo (t) , 

nocTpOHM HOBYIO nocne.aoB8T8JibHOCTb 

a'~(t) •-c v;(t) 
lr lr l(t) 

b 1 n 

a;-(t) = clr [ 1 Iclt J vlr(r) dt 
ro 0 l(r) 

I V,:(r) dr] 

£ l(r) 

b I I p n 

alr(t). c.[.~ fdt fv,(r) dr -{dp rv.frJ dr ]. 
· o o I( r) o o I( r) ' 

' (2.8) 

Cne.aosa

v0 (t) 

lak(t) I 

(2.9) 

(2.10) 

(2.11) 

0'18BH.QH00 ak (0) = alr (b) = 0 • KoHCTBHTbl Cit Bbl69peM T8K, 'f'rl)6bl a k ( t) 
I y .QOBJI8TBOpBJIO YCJIOBHIO HOPMHpoBKH ( 2. 7) • B T8KOM CJif'l88 a lr E r • 

1- I . 

I"bJt8)KeM, 'ITO l(a It) ~ I( vir ) , HJIH, 'ITO TO lK8 B cany (2.6) H (2,7), 

6 n+ t 

I .!A_ at 
0 l(t) 

\ ( lri-J 

b n+ 1 b n+ 1 z, n+l 

-
2

- I~clt< I~dt- _L I ~dt 
n+ 1 0 I( t} 0 I( t) · n+ 1 

0 
f( t) 

(2.12) 

4>yBitnaa G(a 2 , t)•_!_.~ Dpll n>1 
,_Jr n+1 l(t) 

2 
B03p8CT88T no alr B Bb1DfKJI8 BHH31 D09TOMY 

6 

• 

; 

\ 
' 

'. 
.); 

2 

n+I 

It- un+t b v."+~ b v~~~ 
I _k_ dt > ___z_ I-k- d t + f(alr2 - v 2 }---A-,.- cit. 
0 I( t) - n+ 1 o I( t) 0 , lr I( t) 

' ,. 
I, I 

b n+ 1 b n+ I b 

VI< 2 V ' + I __ dt - __ J_~<_ dt - I a · 
0 l(t} n+1 o'f(t) · 0 • 

Cne.a'osaTeJibHo, 
b n+ .t b n+ 1 b n+ I 

J .!L dt - ...L f .!!..L dt < I !:!_at 
ol(t) n+I 0 1(t) -

0
1(t) 

b n+I .b ~~ 
CooTaoweHBe (2.12)"cne.ayeT OTCJO.aa, ecna J !!..L_ dt < fa 2 • ~dt • · 0 

0 l(t) - 0 lr I( t) 
b n + J b b b n b 2 n•J b 

({~_dt/ • ( Ia~2 
dt)

2 
= (I a,. a':·dt)

2 
= c; (fair~ clt)

2 
<2_ I~ dt • c!I _3 

o l(t) o o o f(t) 0 I( t )_ o I( 1 

O.aaaxo 

b n+t 2 b 2 b b a n+J 

c,.2 
({ .!,_ dt) = (( vlr a'; dt) • ((v;-a~dt)2 .$ J_~<_ dt 
0 l(q 0 0 0 f(t) 

b tt+J 

·J~dt, 
0 1(1) I J 

0Txy.aa b n+t b rrf-J 
2 v k u 

! 

c, I __ at < f -"- at • 
0 I( f) - 0 f( t) 

·( 

Cne.aoaaTenbHo, 

b n+ 1 n .. z b n+ 1 
u 2 b u2 • v u 

(J _lr_ dt) < ( __!____!_dt. {-·-cit 
0 f(t) - 0 f(t) 0 f(t) 

b n+ J b 2 , 11 •J 
u u •V I 

f-" _cit < ( ~ dt •. : 
0 l(t) - 0 f(t) 

3To .aoxaa&~saeT HepaseHCTBO (2,12), cne.aosaT_enblio, 1 (a") ::: 1 (v k) 

a.aecb B03MO)KHO B e.aaHcT8eHHOM cnyqae u k e v" , YITax, I u (t) l -MBHI 
' . lr 

DOcne.aOBBTenbHOCTb .ana 4>YHKilHOHBJI8 f(v)_, lEr, 

Bcne.acTsae cxo.aaMOCTH nocne.aosaTenbHOCTH I vlr (t) l x v (t) 
. 0 

(2,9)-(2.11) MHBHMH3HpyiO'waH nocne.aoBaTenbHOCTb I ak(t) l cxo.aaTC!I x q 
a ( t) e C 

2 
npH 0 < t < b , a (0) = u (b)= o , Bb!pa)KeHHH .ana a ( 

0 \ - 0 0 0 

nony'I810TCH npe.aenbHbiM nepexo.aoM no.a aHaKOM HHTerpana s <PoPMynax (: 
b 

.lleiCTBHTenbH00 v 1<
2 (t) < t,.!_ v' 2(r )dr :S tM 

1 
J:J,nH n106oro t t 0 < t ::: b 

~ ~ ( ovnfrJ .II ,n/2 
vo ( t) :;: t M B . rr dr < &h J __ dr • B cany onpe.aeneHHH (~ 

nh · o %') - of(r) 
panbH&ll 4>yHKUBH -'-. _ .. c ~ = ~ lil To'IKe t • 0 • YITax, npa !!;;:} < 1 

I n l(r) r""l • .l!j- ' 4 
HHT8rpan {!iifrl dr CyWeCTByeT .ana JIJ060ro t , 0 < t :); b < ~ , 

0 1(r) -

.llanee noxa)KeM, 'ITO .anH n106oro < > 0 aaA.aeTcH N EN(<) , Taxoe 

n t" b n n If v,.(r) dr- J vo(r)dr I::; Jl vk(rJ-vjr)ldr < < ' 
o f(r) o f(r) o f(r) 

J[OJib cxop'o k > N (2,13), B caMoM .aene, 

b vn (r) - vjrJ 
I I lr ~dr < 
o I( r) -

n B n 6 n n 
8 vk(r) V0 (r) • v (r)- v (r) 
f 1-- I dr + f I -- I dr + I I lr . 0 · o f(r) 0 l(r) 

8 
f(r) 

nocKonbKy vi, (r) < rM 
J. :e: 

H v0 (r) :::: rM , MO)KHO npa n <o4 8!~~ .. 

'IT06bl 

7 



10 aa SITOM HHT9pBane, T.e. v E-D 

v( b)= 0 a 
b 

r v'
2 dt 

b n+ t 

f-v- dt • 
0 l(t) 

, y.aoaneTBOpSieT ycnoBBSIM 

(2.7) 

pan B npaaoJI qaCTH ycnOBHSI ( 2.7) CXOJlHTCSI JlnSI n1060ll tPYHKUHH V( t) 

&MeeT nopSIJlOK aynSI ae BblWe n- 1 B TO'IKe t = 0 • Ycnoaae (2.7) 

HOpMHpOBKH: ecnH tPYHKUHII v( t) YJlOBneTBOpS19T BC9M ycnoBHSIM npa-

y r, KpOM9 (2.7), TO tPYHKnRSI u(t)= cv(t)Er • KoHCTaHTa c 

OM b , 2 n•J bvn+t 
v dt = c J __ dt. 

0 0 l(t) 

2.6) .anSI 4Jyaxnall xnacca r aMeeM 

b 

1(v) = n- 1 fv'
2
dt > 0. 

n + 1 0 

-nocneJlOBaTenbHDCTb tPYHKUBll, TaK8ll1 'ITO 

lim1(v ) =inl 1(v) =.\ (O,b), 
... .,. " yer 

v. er . 

(2.8) 

2.8) Hal1Jl9TCSI TaK8ll KOHCT8HT8 
b 2 

.!1 • 'ITO f ~ dt < M < ... Cne.aoaa-
0 

KOMII8KTH8, nycTb vt(t) I .. v
0

(t) , enbHOCTb I vk ( t) I 

paan e 0 ~ t :$ b nocTpoaM aoay10 nocne.aoaaTenbHOCT& 

u'~{t) =- c v;(t) 
" " I( t) 

b I n I 

c. [ 1 f dt r vk ( r ) dr - r V,:fr) dr ] 
b o o I( r) o l(r) 

b I 1 p n 

c"[ 1 fdt f"'t(r) dr -fdpfvt(r) dr ]. 
b o o I( r) o o I( r) 

vo (t) 

lu.(t) I 

(2.9) 

(2.10) 

(2.11) 

(0) = U ( b J = 0 • KoHCTaHTbl c Bb16epeM T8K, '1'1'1)61>1 U t ( t) 
k It I 

•BRIO HOpMHpOBKH ( 2.7). B TaKOM cnyqae u" E r . 

1(ulc) :5 1(vk) , ana, 'ITO 1'0 JKe a cany (2.6) a (2,7), 

n+ 1 
b n+t b n+t b n+l 

dt - -
2

- f~dt< [3r,__dt- ..L f ~dt 
n+1 0 l(t) 0 f(t) n+1 

0 
l(t) 

(2.12) 

npa· n> 1 B03pacTaeT no 
2 

u .. B BblllyiUla BBB31 11091'0My 

6 

Wf ' . 
'.',, 

Cne.a'oaaTenbHo, 

2 

n + 1 

.r, urrtt b v.:"+~ b v" .. ' 
f-"-dt>...L..f" dt+ J(u 2 -v 2 J-"~dt. 

0 1(t) -n+1oVJ 0 " "f(t) 

/' 

b n+ t b n+ J b n+ l n+J b n+z b n•J 

v" 2 v 2 v" + J __ dt- --I-•-dt- r "• .. __ dt. 
0 

l(t) n+1 o l(t) 0 l(t) 
J.!.L. dt - ..L r ..!!.L dt < r !:.L.dt 
0 I( t) n + 1 0 l(t) - 0 I( t) 

b n+t .b n-1 

CooTaoweaae (2.12)·'cne.ayeT OTCJOJla, ecnH r ~ dt < fu 2
• ~dt • QqeaBJlHO, 

0 
l(t) - 0 t I( t) 

b n+ I 

rr..!!.L. at/ 
0 l(t) ' 

b b b 11 b 2 n•J b n+ I 

( fu~2 
dt) 2 =(Jut u'; dt) 2 = c: (fu. ~ dt)

2 
< f~ dt • c!J l dt. 

o 0 f(t) - 0 l(t) of(t) 

0JlHaKO 

2 b n+t 2 b 2 b "un+' b ,..., 

ct (f..!.. dt) • (J vt u'; dt) = ((v;-u'.;dt)
2 
& J -"- dt • J ~dt, 

0 l(q 0 0 0 l(t) 0 l(t) 

01'KYJl8 b V n+ 1 b n+J c: 1 -"- dt < r ~ dt • 
0 l(t) - 0 I( t) 

Cne.aoaaTenbHo, 

b n+J n ·J b n+ l 
b u2 • V U 

bun+t "u2.yn·J 
u 2 

(( -"- dt) < 
0 I( t) -

r _!____!_. dt • r _._ dt 
0 l(t) 0 l(t) 

r-• _dt < r .2.:.-!. at . 
0 l(t) - 0 1(1) 

3TO JlOK83biB8eT aepaaeacTao (2.12), cne.aoaaTenbBo, 1 (u") ::; 1 (v ") • PaaeHCTBO 

a.aec& B03MOJKHO a e.aaacTBeHHOM cnyqae u t e v t • YfTaK, I u"(t) I -MBHBMII3Bpy101UaSI 

nocne.o;oaaTenwrocTb .ana 4Jyaxuaoaana 1(v),o 'f'Er. 

Bcne.aCTBBe cxo.aB~ocTa nocne.aoaaTenbBocTa ( v" (t) I K v (t) a tPopMyn 
• 0 

(2.9)-(2.11) MBHBMB3BpyK>lllaR nocne.aoaaTenbHOCTb I u•(t) I CXOJlHTCR K tPYHKllHB 

u (t) E C 
2 

npa 0 <I < b , u (0) = u (b)= 0 • BbipaJKeaaR .anR u (I) H u'(t) 
0 '- 0 0 0 0 

nonyq&IOTCSI npe.aenbHhlM nepeXOJlOM IIOJJ; 3HaKOM HHTerpana B 4JopMynax (2,10).,.(2,11 ). 
b 

jlelcTBHTenbHo, v;(t) < t f v' 2(r)dr :$ tM 
1 

Jl,nll n106oro t , 0< t ::; b , nosTOMY 
\!o ~ ( ov•frJ ..n ,•12 

v
0

(t) < t M B Ndr< 412 f--dr • f\cany onpe.aeneBBII (2.2) DOJlBHTer-
- ' nh · o ~ r) - o I( r) · 

pan&H811 4JyHKUHSI -'-. _ " c ~ = _c_ B TO'IK9 t = 0 • YfTaK, DpH ~2 < 1 , n < 4 
I " l(r) r""1 r.l!f1 " 

aaTerpan J!iif!l dr cyllleCTByeT .an11 n106oro t , 0 < t :s; b < ¥. • 
01(r) 

jlanee DOKaJKeM, 'ITO .an11 n106oro < > 0 aaA.aeTCSI N = N(l) , TaKoe, 'ITO 

n 1 n b n n 

If v•(r) dr- J vo(r)dr I:$ fl vk(r)-v/')ldr 
o I( r) o I( r) o I( r) . 

< •• 

Konb cxop'o k > N !2.1al. B caMoM .aene, 
~~:/, 
j 

n n n ~ n 
• v (r) -VJr) 8 vt(r) u v

0
(r) 

J 1- J: ~dr < f 1-- ldr + r 1--
0 l(r) - o l(r) o l(r) 

b " n 
v (r)- v 'r) 

I d f I lc 0 I' 1· r +. dr • 

8 l(r) 

nocxon&K' v\ (r) < rM 

'IT06bl · • 

2· 
v

0
(r) <rM 1 MOJKRO llpR n < o4 abl6p1Wb 8 • 8(t) Tax, B 

7 

! 
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.,... •a JL 

f' .v·,(r) ld ,Tf· 2 d f · ~ r.< •. l · _r__ r.<..,.. 
. o l(r) 0 /(r) • 

B 

"· ·"i-· fl v•(r)ldr < M~" f -'- dr <-
o l(r) o l(r) 4 

Bw6epaM ''tenepb N . ·aa ycnoaaa: 
a a t/2 

lv..,- vo I<----. 
· tt.aaz_!_ 

I%.• :~a. l(t) 

,, 
'•j 

.·, 

nonb3yACb paBIIOMepBol oxoJ1HMOCTbiO I v• (t} I .. v
0 

( t) aa, aHTepaane 0 < t -s_ 6 • B Ta-

atOM cnyqae • 

[I v; (r) - v;( r) 
l(r} 
' 

dr<6.1J1u l- tv:(t)-v
0

• 

[8. •l l(t) [8, •l' 
ro I < f 

T 

rlpB BM6paBIIOM If • N(f) Bepa&eli.CTBO (2.13) BM&eT M8CT0j UO B 38B8pW~ J101tB38.,; 

Tenbefto cxoi1HMOCTII waaawaaapyJOwel DO<fne.aoaaTenllllocTa 'I a • ( t) I at q,yaqaa • i t.)eC' 

npa O<t~ 6. 

8 cany p888BCTB8 (2.8) H ycnOBIJR (2. 7) 1DI&eM . .,...,' 
1( ... , - !!:::.A.. f .;,..,.. d t 

n + l 0 i(t} 

B TeM JKe nyT8M 1 lt~TO!'WM l101t83WBMCR Dpe.aelllllll.&l nepaxo.a OT clltBIDlHI a I< ( t) 1 ai,:(t} 

It ciJ:fiiXaliiH a (t) 1 u'(t) 1 MOlKBO DOit83aTb1 qTO .ana II.< 5 CDpaBellnHBO pa&eBCT" 
' 0 0 ' 

80 
.I 

.~ ( . :O>~ca)Kew, q'fo 

..,!':: IC'aa.J •1(•0 _) • !f!{v) • _.\(0,~1· 

" 2 u (t) rl 0 Ha HBTepaane 0 < t .< b • nonaraa fj • fa', dt 
0 2 - - I I 

a•(t) !S tfJ • Ha 7CJ\OBB!II 
'· I'., , ' ~ " I', 

!!, '• , ,.a.{fJ r/ P 0 BMe8M 
,•.·-:.. ... ·· . 

·;<'.:~ .. :.;):.· 

,· J )~j:\~~~.: <\. ~' 
• 2 

13 - r a'• dt 
0 

::, ~~tJ/iOn:f.~' , qTO 
... ~)'.J' • r•t~·-"' 

'. ,·,.' -~ "!.(\''· ' . ' .. •I D +I 

! 
•:tt 
~d"' 

0 I( t) ., 

• !±..I _2_ 

J;lllll ciJyiiiDlHII, 

..... ·.~ ... ·. A~:<1~~~~, -r • -~-
. '>>.rf~1i'· ;; l < {3 f -'--· dr 

' , l,l,'i';:.'i(,, I - o l(r} • 
2 , ... 

fJ > ( f L- dr ) • fJ • 
- 0 f(rJ • 

. \ 'j,iJ>~·: 

I •) •;\ ··.~I • !±! 
M-e.. •. •II',, ·' f t 2 d 1-Wi!: It <Jf:';; .. Terpan · ,-z;-:-; r CXOllHTCB1 DOSTOMY /J > 0 • 

' '. , l:,,k;\'•\ • • 'I r) t 

' 1 ·~·~~111110, (a"!(t Jdt ~ fJ > 0 • a (t} "0 
', ';\~~~t:',l 0 -: 0 " 

• nonoJKKM 

''·IJ<,,I· .. a (t) ~- c ~~ 
'.;~'JI'·~~~.::r:.'. _ o o 

a noc~~'AfJ,!C41*~ a0 (t) cornacao 4>opMynaw ( 10) a '(2.11). Tor.aa l(u,Js l(a•)· 

O.aaaJto r~·'}l).:;~ in/ l(v) ,nosToMy aa CaNON .aene l(ii ) ... I( a ) R ii (t) • ajt)• 
• ~\j-i·;.ter o • • . 

;O;i).:)~;:;·, 

,, '?(;'1,~ .. 
. ~ri.!"I 

8 

,. 
i.V· 

npa 0 < t < b • HTaK, u
0 

(t) y.o.oaneTaOpSieT ypaaHeH&IO 

C10l18 0 yqHTbJBBSI, 'ITO U O (0) • u
0

(b)e0 0 nonyqaeM p8B9HCTBO 

u" + c -lLO 
o o I( t; 

b b n+ 1 

r u' 
2 

dt m co r ~ dt. o o o I( t) 

noCKOnbKY U (t) Y.0.0Bn9TBOpS19T ycnOBHIO HOpMBpOB'KK (2.7), BMeeM C • 
0 ' 0 . 

y.aoaneTaopSieT ypaBHeHHIO (2.3) H ycnOBHSIM u
0

(0) • u
0

(b) e 0 • B CHI 

(2.9)-(2.11) nerKO ROK838Tb0 'ITO U0(t) > 0 .anSI 0 < t < b • 

HTaK, .anSI n106oro b < 'h ypaeHeHae ( 2.a) &MeeT peweaae v = v(t) , : 

HOe H8 BHTepeane 0 < t < b H y .O.OBneTBOpS110W99 Kp89BbiM ycnOBHSIM v(O) 

• av-1 > 0 H a <b<Y., Te 
II 

Ha n106oM HHTepaane a
11 

•
1 

'S._ t :> a
11 

Nehllli 
161 

npHMeHHMa aenocpe.acTBeHHO a o6ecneqasaeT cywecTsoaaa 

neHHoro peweHBSI v (t) 
II 

0 BC'I93810W9rO B KOHUBX HHTepsana. J:lpa 
I 

Knacc rll onpe.o.enSieTCSI T8~ )1(9, Jt&jt H l(v )=infl(v)• ;\.(a I a ) 
II .. erll II· II 

TOnbKO .anSI HHTepsana [a
11

_
1

, a
11 

l . 

PaccMoTpHM B03MO)I(Hbte pas6aeHHSI HHTepsana ( 0 , , b ) TOqKaMH a 
1 

, Onpe.aenaM I= 1 
A • !. ;>, (a _ 

1 
, a

11 
) , a 

0 
= 0 , a = b • 

Jl =I 11 I+ J 

Ka)I(JllOMY 31iaqeHBIO A npa cpHKCHposaHHOM pas6aeHHH BHTepeana ( 0 1 

&yeT KpHB8SI, COCTaaneHH8SI 83 v
11 

(11 = 1,.· • .,_; +1)• nocKOnbKY ypaBH9HHe (:l 

CM8TpBB89MidX n OT CM8Hid 3H8K8 V He 38BHCBT1 MQ)KHO ROCTpOBTb I 

qTO V 
II 

H VII+ I J!M910T p83Hbl9 3H8KH. noKa)KeM, q'fo cpyHKUHSI A· A (a 
I 

raeT MHHHMYMB H8 HeKOTOpOM pa36H9HHB 0Tp93K8 [0, 6] • LlnH 3Toro .aa< 

38Tb cne.ayiOWYIO BCDOMOraTenbHylO neMMY• 

n eMMa 3. nycTb C B d -ToqJtH HHTepeana ( 0 1 b ) 1 ( 

Tor.aa, A(c,d)~>.(c')d'·) npa c 5c'< d'!S d, A(e,d)-+oo npa. d-e .. 

roro1 ;\. (c, d) -HeDpe~BH8SI ciJyHKUBA OT c, d. 

LloK838TenbCTBO. nyCTb ;\,(c'1 d'J-l(v), nonO)KftM u(t)• v(t) .anA 

rz(t) a 0 .o,ng d'-::, t -s_ d • Qqe&HJ;lHO, ;\.(c,d) S l(u)• l(v) • A(c') d 

0cTanbHid9 yTB8p)K.0,9HBSI neMMid llOCT8TOqHO l10K838Tb .anSI C • 0 
II..O..Lr,!fU ! 2 

yCT8HOBn9HO, 'ITO 1 S 13 2 . "77::\dr , ecnH {3 • Y dt • npa d .. 0 B 
0 .,, ) 0 

pan, axo.O.liWHII a HepaeeHCTBO, CTpeMBTCll K aynJO, Cne.o.oeaTenbHo; 13 -+ .. 

Ho A(O,d) =l(v)·n-1fJ. 11TaK1 A(O,d) -+oo npa d-. 0 • noxa• 
n+l 

;>, (0, d) Henpepld8HO 38BHCHT OT d • nycTb A(O,d)- 1 (v) B 0 < d' 

nonO)KHM t = e f H U (e) = V (t) • Bb16epeM DOCTOSIRHylO y TBI 

UHSI W (e)= y• u( eJ y.aoeneT80pS1na ycnOBBIO HOpMBpOBKU (2. 7) H8 BHTepl 

B T8KOM cny'!ae y onpe.aenSieTCA paseHcTBOM 

tl 

o·lli 
':tlilf. ¥\If}::,. 



,-' 

8 .. .. 8 .!!.. 
fl v,(r) idr.< .'t Tf J....!_ dr <f 
0 l(r) 0 l(r) 

li .. .. 8 j-
fl vo(r)ldr < M 2 f -'- dr < ~ 
o l(r) o l(r) 4 

ycnoBHA: 
.. " I lv,-v

0
1< ~2 

h· iaaz 1 
c%.t :l,; b l(t) 

''f' 

OXO.IlHMOCTbiO lv, (t)l .. v
0
(t) ua, BHTepeane 0 < t ~ 6 , B Ta-

v;(rl 1 dr < b, maz 1 maz 1 v/(t) 
[li. •I l(t) [8, •I · 

a 
-vo ro I < f 

T 

1) H&paB&HCTBO (2,13) BM&eT M8CT00 'ITO H ~aa&pW~ '.11011113~ 

uawR3KpyJOwea nocne.11oaaT&nbllocTa 'I a" ( t) I K <P:r•llli•• • ( t)ec' • 

(2,8) H fC.IlOBHSI (2,7) IIM&eM 

b •+t 
l(V)• ..!!...=....!.. f-v- dt 

n + 1 0 l(t} 

M .1101tll31>1BB.IICA Rpe.lle.llbllbll nepex0.11 OT cpfBilllBI a It ( t} 1 a~(tJ 

'(t) 1 MO>KHO R01tll38Tb0 'ITO .11.118 II .< 5 CRpa&e.llllBBO pa&eBCT'" 

liD! l(u,) ~ l(a
0

) • ialt(v) • _A(O,~I· 
...... ..ef' . 

0 aa aaT&paane o ~ t ~ 6 • nonaraa 

a
1 

(t) < tfj , J.13 fC.IlOBHII 

• 
(J· f•':dt 

• 
" -

6 b n:t-1 

{3 - r a' 
1
dt - r ~ dt 

0 " ~ I( t) 

• !!±.I _,_ 

41111 IIIJHilll,BB, 

• n +I 
,-,~ 

I( r) dr H 
2 l•" 

fJ > ( f L.- dr ) • f3 • 
- 0 l(r) • 

!..t! 
r I d 
~ t CXO.IlKTCA1 R03T0Mf {J > 0 • 
'I') 0 

!(t)dt~{30>0 K a/tJ "0 , nona>KBM 

ii" ( t) - - c i?g) 0 0 

t) cornacao 4><>PM:rnar.c ( .10) a (2.1J). Tor.11a l(u
0

)S H••J• 

~ 

(v) ,R09TOM;y 88 CBMOM .118.118 1 {u ) • l(rl O) B ii O (t) • ajt)o 
0 ' 

8 

e'lil 

npa 0 < t < b • HTaK, u
0 

(t) yaoaneTaopAeT ypaaaeHHIO 

CJO,Il81 yqHTbiBBA, 'ITO U O (0) a u
0

(b)=0 1 nonyqaeM p8B9HCTBO 

b b n+ 1 

r u' 
2 

dt = co r ~ dt • 
0 0 0 f( t) 

u" + c ~ • 0 •· 
0 0 f( t) 

Or-

nocKO.IlbKY u (t) Y.llOB.Il9TBOpAeT yc.DOBHJO HOpMHpOBKH (2,7), HM98M C = 1 0 11TBK1 U (t) 
0 0 0 

yaoaneTaopaeT ypaaHeHHJO (2.3) H ycnoaHRM u
0

(0) = u
0

(b) = 0 • B cany <PopMyn 

(2,9)-(2,11) nerKO ROK838Tb1 qTO u
0
(t) > 0 ,ll.llll 0 < t < b, 

HTaK, ana n106oro b < Y, ypaaaeaae ( 2.~) HMeeT peweaae v = 'l'(t) , 3HaKoonpeaenea

Hoe H8 HHTepaane 0 < t < b H y .llOB.Il9TBOpRJOWee Kp88Bb1M yc.DOBHSIM v(O) = V (b) a 0, 

Ha nJ060M HHTepaane a., •
1 
~- t :> a., 

Neh 
. 16/ 

• "v-1 > 0 a a,< b < ~ TeopeMa 2.1 

atl npHM9HHM8 H9ROCp9,1lCTB9HHO a o6ecneqaaaeT cywecTaoaaaae saaKoonpeae· 

.ll8HHOrO peWeHHR V (t) 1 HC'q838JOW9rO B KOHUBX HHTepaana, npa 9TOM 

" l(v,)=infl(v)- >.(a I a ) • Knacc r onpe,lle.DR9TCR TB~ >Ke, KBK H K.IIBCC r • HO • ,.e r. V• II V • 

TO.IlbKO anf HHTepaana [a 
1

, a ] • 
v• v 

PaccMoTpHM B03MO>KH&Ie pa36HeHHII HHTepaana ( 0 ·, b ) ToqKBMH a 
1 

, ... , a 
1 

OnpeaenHM I= t 
A• I >.(a.,_

1
,a.,J, a

0
=0, al+

1
= b. 

"=t 
Ka>K.IlOMY siiaqeuHJO A npa QlHKcHpoaaHHOM pas6aeHHH HHTepaana ( 0 , b ) cooT~eTcT-

ayeT KpHBBII, COCT8B.Il9HH811 H3 V
11 

(v •1,,·,,,i +1)• nocltO.IlbKY yp8BH9HH9 (2,3) npH pac-

CM8TpHB89MI>IX n OT CM&Hbl 3HBK8 V He 38BHCHT0 MO>KHO ROCTpOHTb KpHBYJO TBX1 

'qTO v H v .HM9JOT p83Hlol9 3HBKH, noKa>KeM, 'qTO QlYHKUHA A= A (a ' ... ,a ) l:lOCTH-
" v+t 1 · · 1 

raeT MHHHMfMB HB H8KOT0p0M pa36HeHHH 0Tp83K8 [ 0, b] , ,Lln11 3TOrO .llOCTBTO'qHO l:lOKa-

38Tb C.ll9l:lf10WYJO BCROMOraTe.llbHYJO .ll9MMy, 

n 9 M M 8 3. nycTb c H d -TO'qKH HHTepaana ( 0 1 b),o.~c< It~ b. 

Toraa- >.(c, d) 5: >.(c') d'-) npa c<c'<d'<d - - ' >.(c; d) .... npu d- c .. 0 • KpoMe 

roro, >.(c,d) -aenpepb!BHBSI QlYHXUHII OT c, d, .,., 

,LlOK838T9.1lbCTBO, nycTb 

rz(t) a 0 Jl.llll d'-::; t ~ d 

>.(c', d'J = l(v) • nono>KHM u( t) • v(t) .ll.llll c'·;S t ~ d' 

, QqeaH.z:tHO, >. ( c, d) :!: I (u) • [(v) • >.( c ', d') • 

OcTa.DbHble yTaep>K.IleHHII neMMI>I .llOCTaToqao .llOKB3BTb Jl.llll c = 0 • Paaee 6bi.DO 

/, Lo.l.flr~ / 2 
YCTBHOB.Il9H0 1 'qTO 1:!: {3 2 ,)...,..-,-dr 1 9C.IIH {3 • v' dt , npH d .. 0 H 1 <n < 5 HHTer- , 

" o r(r) o '/ 
pan, exo.lli!WHA e aepaseacTao, cTpeMHTCH K ayn10. Cne.aoeaTenbHo; {3 ... .. npH d .. 0. .' I 

Ho >.(O,d) = /(v) • n-1 {3. HTaK, >.(O,d) .... 
n+1 

npu d-+ 0 noKB>K9M 1 qTO 

A (0, d) uenpepi>IBHO 38BHCHT OT d , nycTb A(O,d) • [ (v) H O<d'<d .--: 
nonO>KHM t = e ~ 
UHSI w(eJ=y•u(eJ 

H U (e) = V ( t) , 8bJ6epeM ROCTOS!HHfiO y TBK, qT061>1 qlfHK-

fl:lOB.Il9TBOpS!na ycnOBHJO HOpMHpOBKll (2,7) Ha HHTepsane (O,d'] • 

B TBKOM cnyqae y onpeaenaeTCII paaeHcTBOM , ,, 
tl 

.. ) 



, , n+ 1 
d ' 2 n-1 d U 

r u' de - y f -- de • ' 
0 0 f( () 

0TCIO,Ua SICHO, "'TO y .. 1 • ecna d'... d • 

Tax xax WI (0) ~Ill ( d ')a 0 H cpyHXUHSI w( .;) y,aosneTBOpSieT ycnOBHIO HOpMHpOBXH 0 

HMeeM d'· d 

n-1 ,1 n-1 1 ,d ,' __ Jw ·((Jde= __ fr ·-.,·v. (t)dt < l(v) +• 
n+lo n+1 0 d 

A(O, d') :5J(W1) = 

npH ManoM nono>KHTenbHOM • H ,llOCTaTO"'HOll 6nH30CTH d'· H d , Tax xax 

1( v) a A (0, d ) , TO A(O, d'·) ~ A (0, d)+ • , KpoMe TOro, xax 6bmo noxa3aHo, 

A (0, d'·) ~ A (0, d) , H6o d' < d , 0Tc!O,aa cne,ayeT HenpepbiBHaSI 3aBKCRMOCTb A(O, d) 

OT d I H 3asepwaeTCSI ,llOKa3aTenbCTBO neMMbl 3, 

f\yCTb A •A (a 1,,.;a1)llOCTHraeT MHHRMyMa Ha pa36HeHHH 0Tp83X.a[O, b ] TO"'XBMH 

a 1 , "''· a~ H A(;, 1 "'·' a1 ) = 1 (v). Cl>yHKUHSI V a v( t) H8 Xa>K,UOM H3 HHTepaanoB 

[a11-z' '8111 YllOBn8TBOpS18T ypaBH8HHIO ( 2,3) H ycnOBHSIM v(a11 _
1
)=v(a

11
)= O; 

11= 1, .. ,) +1 H a0 = 0 , al+
1 

= b • C"iHTaeM 6e3 orpaHH"'8HHSI o6WHOCTH ,aoxa3aTenbCTB, 

"'TO V=v(t) M8HSI8T 3HaX npH npOXO>Kll6HHH '16p63 TO'IXH a 
II 

, noxa>KSM Tenepb, 

"'TO V = v(t) 6CTb peweHHe ypaBHSHHSI (2,3) Ha BC8M HHTepsane [0, b] , anSI STOii'O ,aoc-

TaTO"'HO ycTaHOBHTb paseHCTBO 

flYcTb l!_m v'(t) av~(a,.) 
, .. ..... -o 

lim v'(t). = lim v'(t). 
,.., a..,-o ' .. a.., +o 

Iii!!. v' (t) = v~ (a11 ) 
, ... + 0 

II 

• npe,anono>KHM, "'TO V· (; ) -1. v'(a l 
- II + II' 

,anSI xaxoli-TO TO"'KH a 11 , nycTb TaK>K6 v(t)> 0 ,anSI t€(a,.....
1
,a

11
)H V(t) < 0 ,llnSI 

tE(a , ; + ). anSI Manoro 8 > 0 nocTpoHM cpyHKUHIO u(t) no cne,ay10weMy npasHny: II II 1 

u(t)=v(t) ,anSI t:5_a11 -l) H t~a11 + 8 1 aHa HHTepsane a
11 

-8 ~ t~ a
11 

+ 8 COBna-

,aaeT C ypaBH6HH6M npSIMOll, npOBe,USHHOll '16p63 TO"'KH rpacpHXa V( t) C a6CUHCCaMH 

t • ;II- 8 H t= a-11 + 8 , nyCTb STa npSIMaSI nepec~xaeT 0Tp630X [a-11 -8 1 ~-~~ + 8] 

B TO"'K8 C , no,a6epeM KOHCTaHTbl p , U TaK, "'T06b! BblnOnHSinHCb paBSHCTBa 

e 2 n-t o n+ I 
f u'· dt = p • iJ _u __ dt , 

- f( t) 
-v-1 •11-1 

.11+1 

J u'· 
1
dt 

n-1 •11+1 n+:J 

= u f _u_ dt. 

\. 
I( t) 

Onpe,aenHM, uaxoHeu, cpyHKUHIO Wl(t) paseHCTBaMH Wl(t)=u(t) a v(t) ,anSI t:5.~-1H 

t::? a ;w(t)mpu{t),anSI t€[a11 _
1
,c] H w(t)=u·u(t) ,anSI tE[c1 a

11
+)• 

II+J . 

10 

._ 

I(; 
"IJI~ 

'I'! 
,li 
. .,'\i 

I' , ,I 

··. 'I 
,~,~ 

'.ii'';it', i,f. 

I( 
.. ,. 

''~ 4.1::r, ;j·'·l 
1', • ~ .l 
.:,.· ·.,, 
~·~~-,~ .. ·.~ 
·"'~t~1·,· T 

1:11' ·. ,,1 
'tc ;;:. '• 

'f'.~"l!i , , I 

• •.t. 

' 

no Onpe,aeneHRIO cpyHKUHH V a v(t) HM88M f(v):5_ 1(w) 1 li',ll6 1(Y) 0 

CTBOM (2,6), C ,apyroll CTOp0Hbl 0 3aMe"!aSI, "'TO cpyHKUHSI 'G(r I 0 t) • _2_, J 
na BHH3 no r' npH n > 1 , HMeeM 

n+t 

n+ 1 

; 2 -r- - n+ I -
11+1 (w ) '\H-z 2 ,.- •v+z 

_ 2 _ r dt ~ _ 2 _ r ~ dt + r 
n + 1a11 ., f(t) n + 1 ;,.....

1 
l(t) r

11
_

1 

(w 2_ v 2) v n •1 < 

f( t) 

Cne,aosaTenbHo, 

0TCIO,lla 

•v+J n+1 n+l 
2 ·•11+1 ,2 2 • __ v_-(w'-v) f 

•v-J 

[w'·'- _2_ • ~ 
n+ 1 f(t) cit :5. f (WI • - n + 1 f( t) 

"v •1 

n-J 
n+J •11+1 ,2 I. _v_] c 

_ n- 1 ('+ 1 
_v_ dt + J [ w · - w I( t] 

- il+l- l(t) 1"11-t •v-1 

•v+l 2 
I(w) .S l(v) + f [w' -

411-1 
n •1 

n-J 
v w2 __ _ 

I( t) 
l .dt. 

3aMSTHM, "'TO w 2(t)~ > 0 npH tE(a ,a ] 
• 1 t) 11-1 11+ 1 

, HC5o n :. 

flpo,aon>KaSI OU8HKY 1( WI) , MO>KSM BHll6Tb1 'ITO 

; -8 2 n+1 .11+1 
1(w)< l(v)+p 2 f

11
[u'· __ u_]dt+a 2 f [u'· 

- • f(t) -+8 

un+t e •v 
---ldt+p 2 fu'· dt +u1f 

l(t) ; -8 • 
11-1 ~ II 

noxa>KeM, "'TO ·s < 0 npH llOCTaTO"'HO ManoM 8 , 

Cl>yHKUHSI U.=u(t) Ha HHTepsane [a11 _
1
,a11 -B] H[a

11 
+8,;;.,+

1
] .Yl 

, un 
ypasHeHHSIM u .. + __ . = 0 , u( li 

1 
) • u(i 11+ 1; .. 0 • Cne,aosaTenbH01 . - f( t) 11-

·~~-8 n+ 1 
2 u - ' - -

f [u'· ---ldt~u(a -8)-it'(ii -8)•v(a -8)·v'(a -8) 
. f(t)' II II II 11 -v-1 

8H8n01i'H"'HO 

B TaxoM cny11ae 

•v+z n+z r [u'.2- u . '; .;... ~]dt o;o.-v(aii+8)·V'(i.+8), 
II u II . 

s ~ v(ii11 -8)v'(;11 -8) -v(a11 +8Jv'(a11 +8)+(p 2-1)vf~-8) 
.. +8 . 

2 -· -· .II 2 . 
-(ll -1Jv(IJ11 +8)v'(a +8J+f u'·dt+(li> 2 -zl:+~o 2-zl) 

II - ., ,-o 
no nocTp08HHI01 Ha HHT8pBane (;11 -8,a +8] cpyHKUHSI u(t) 3a,aaeTCSI yp~ 

- t-ii+lf' - -u(t)- v(a -8)+ II · •[v(a +8)-v(a -8)], 
II 28 II . II 

Cne,aosaTenbHo, ';11+8 
[ u'·

2 
dt • 

l-8 ' 
_l_[v(;:11 +8) -v(a

11 
-8)]

2
, 

28 . 

II 



, , n+ 1 
d · 2 n- 1 d ir r u'· d.; - y J -- d.; • ' 

0 f(.; J 

.. 1 • ecnH d'·-+ d • 

~ W ( d ') = 0 H cpyHKUH!I w(.;) Y ,QOBneTBOp!!eT ycnoBHIO HOpMHpOBKH1 

d'· d 
n-1 ,2 n-1 2 ,d ,2 

= __ (w (.;)d.;= __ Jy · '-J • v · (t)dt < l(v) + • 
n+lo n+1 0 d 

nbHOM l H ,QOCTBTO•<HOI! 6nH30CTH d'· H d • TaK KaK 

, TO A(0,d'~5, A(01 d)+<, KpoMe TOr01 KBK 6binO nOK838HO, 

, H6o d' < d • 0Tcro,oa cne,oyeT Henpepb!BHBll saeHCHMOCTb }\(0, d) 

ll ,QOK838TenbCTBO neMMbl 3, 

o••i.B1),oOCTHraeT MHHHMyMa HB pas6HeHHH 0Tp83K.B[01 b ] TO'IKBMH 

••t.l a 1 ) = f (v) o <l>yHKUHll v = v( t) HB KB:>K,QOM H3 HHTBpBBnOB 

TBOpliBT ypBBH8HHIO ( 2,3) H ycnOBHliM v (iiv_
1
)= v(av) = 0; 

0 I aH l = b • C'!HT88M 6es orpaHH'I8HHll 06ll.IHOCTH ,QOK83BTenbCTB, 

eT 3HaK UpH npoXO»<J:lBHHH '!Opes TO'IKH a 
v , noKB:>KBM Tenepb, 

illl8HH8 ypBBHBHHll (2,3) Ha BCBM HHTepaane [01 b] , Jlnll STOre ,QOC-

IPBBBHCTBO 

~· ) 

lim v'(t) = lim v'(t). 
~~ •v -o t-+....., +o 

li'!! v'(t) = v:(av) 
~~ • +o v 

, npe,ononO:>KHM 1 'ITO v'. (;; ) of, v'(;;J 
- v + 

av • nycTb TaK»ee v(t)> 0 an11 t€(av-
1
,av)H v(t) < 0 an11 

anoro l3 > 0 nocTpOHM cpyHKUHIO u(t) no cne,oyromeMy npaaHny: 

H t>av+ /3 1 B HB HHTepaane B -/3 < t< B + /3 COBna-
- v - - Jl 

npOBB,Q8HHOI! '!epe3 TO'IKH rpacpHKB V( t) C B6CUHCCBMH 

, nyCTb 3Ta npliMBll nepeCBK88T 0Tp830K [a-V -/3, B-V + t] 
KOHCTBHTbl p 1 U TBK 1 'IT06b! BblnOnHllnHCb p8B8HCTB8 

e 2 n- 1 0 n+ I 
J u'· dt = p • :r _u_ dt 

_; I( t) 
•v-J ·11-J 

•11+1 •11+1 n+:1 
2 n-1 U 

J u'· dt = u J __ dt • 

0 I( t) 

cpyHKUHIO w(t) paaeHCTBBMH w(t)=u(t) a v(t) ,Qnll t~a;,-zH 

w(t)apu(t)anll t€[av_ 1 ,c] H w(t)=u·u(t) am1 tE[c,av+)· 

10 

... 

-~1· t 
~ 

~. 
~J 

I 
l 
i 

i~) 
f 

\.~ 

t,!'l[' 

.~:1( 

no Onpe,oeneHHIO cpyHKUHH V = v(t) HM8BM f(v) S f(w) 

CTBOM (2,6), C ,opyrol! CTOp0Hb1 1 38MB'IBS1 1 'ITO cpyHKUHll 

, F,Qe l(v) onpe,oeneH paaeH-

( 
3 ll±.J 

'G(r 3 
0 t) • _.2_.' r ) 2 a·hmyK-

na BHH3 no r' npH n > 1 , HMeeM 
n+ 1 l(t) 

~ 

.ll+t 

2 r 
n + 1'iv-t 

n+t 
2T 

(w ) 

I( t) 

- n+t _ 
'\.o+z 2 -r- 0 v+z 

dt~_2 _(~dt+f 
n + 1 ;v-

1 
l(t) lrv-z 

n •l 
(w 2-v 2 )_v_ dt 

I( t) 

Cne,ooaaTenbHo, 

all+t n+t ~"11+1 n+t 11•1 

J [ ,2 2 w l [ , 2 2 v 3 2 v l 
w. ---· -- dt < r w. --- ·---(• -v ) __ dt-

;; n+1 l(t) -- n+J l(t) 1(1) 
v-z 'V·z -

' n-1• tvn+t •ll+l ,2 2 vn-t 
= -- r - dt + J [w. -Ill • _] dt, 

n+1; l(t) r l(t) 
v-t v-1 

0TCIO.llB n-z •v+ t 2 v 
l(w) < l(v) + f [w' - w 2 __ ].df, 

- ; I( t) 
v-z 

n •l 

3BMBTHM 1 'ITO w 2(t)~>0 npH t€[a ,a ] 
r(t) v-z v+z 

, alSo n ;. 2p + 1 --· > 1 
flpO.llOn:>KBSI OUBHKY f(w) 1 MO»<BM BH.llBTb, 'ITO 

2q + 1 • 

; -13 3 n+t "v+z 
l(w)< I(v)+p 3 ([u'. __ u_]dt+ti3 f [u'· 

n+t ~+8 
u 0 2 

- .. l(t) -+8 
v-z ~ 

---ldt+p
3
(u'· dt +u 3f il'·dt •l(V)+'S, 

l(t) ;-a • 
v 

noKB:>KBM 1 'ITO '$ < 0 npH .llOCTBTO'IHO MBnOM a , 

<l>yHKUHll U a u(t) Ha HHTepaane [;v-z';;v-a] H[;;~ +8,~+ 1 ] .Y .llOBnBTBOpliBT 

ypaaHBHHliM u'~·+ £. = 0 1 u( if 
1

) • u(iv+ 1J a 0 
. l(t) 1/-

•v-13 n+ l 

• Cne.lloeaTanbllo, 

r [u'·3- _u_] dt 
I( t) . 

- u(; -B)·iz'(ii -a)=v(a -a)· v'(; -a), 
v v \v v 

"v-z 
BHanOrH'IHO 

8 TBKOM cn;yqae 

•v+t n+t r [u'·2 - u . - ;., --rnr--ldt a-v(av+a)•v'(a.+a). 
a

11
TU V • 

S :S vfiiv -a)v'f;v -a) -v(av +a)v'(av+a)+(p
3
-J)v(;;_-a)v'(;v -a) 

2 -· - 0v+13 2 . . i"+a 
-(8 -1)v(av+8)v'(av +a)+f u'·dt+(!p 3 -JI:+~a 2-1i) 'f u'·'dt, 

· ;,-13 •-a 
- v no nOCTpoBHHI01 HB HHTepaane [ Bv -:-/31 B +a] cp;yHKUHll U{ t) 38.ll8BTCll ;ypaBHBHRBM 

- t-i+lf - -u(t) = v(a -a)+ v · •[v(a +a)-v(a -a)]. 
. v .2a v v 

Cne,ooaaTenbHO, 'O'v+a 
.f u'-2 dt • 

\-a . 

,I 
, _l_[v(;v+a) -v(av -a)]', 

2 a ... 

II· 

.'/' 



YcTpeMHM Tenepb 8 K HYiliO, npH &TOM c .. ·~~ 111 B CHny ypaeHeHHJ .Onll p H a 
p 2 

.. 1 H a 
z 
.. 1 • .Qanee HMeeM TBK>Ke 

v(a + 8) - + 8v' (a- ) +0(8
3

), 
- - z 

v- - ±. v v'(a 11 ±8)~v~(a11 )+0(8 ). 

- - .,· 2 - 2 , 
B TaKoM cny11ae v(a11 -8)v'(a11 -8)-v(a11 •8)v'(a 11 +8)•-8[v:_(a11 )+v~(a11 )]+ 0(8) 

; +·8 
H II Z Z z- 3 

f a' dt • .!. [ v:_ ( a-
11 

) + v~ (a ) ] + 0 ( 8 ) • 
;11-8 2 II 

0KOII'18T&nbHO HM8eM npH 8 .. 0 

s ~- f [v_:fa
11

) + v~2 (a11 ) + o(8). 

hpa ,ll0CT8TO'IIIO ManoM nonOlKRTenbHOM 8 npasa11 '18CTb l!epasei!CTBa ,nnll 5 OT-

pauaTenbHa, Cne.nosaTenbHo, I( •) < I (v) • 3To npoTHsope'IHT onpe.nenei!HIO 
- 1+1 

l(v)R A(;;, , ••• , .• , )•min :t Ma,.., ,aii).YfTax, limv'(t)- Ii'!!v'{t) npa II a 1, •• ., i. Cner-
,_, , .. 'i,..-o ,.."v+o 

.nosaTenbH01 v • v(t) ecTb pewe11Re ypasl!ei!Rll (2.3) 11a HHTepsane ( o , b ) 1 HMeiOmee 

BllyTpH &Toro HI!Tepeana i llyneJ II o6p8l.UaJOl.U88Cll B 11ynb 118 ero KOHU8X, CooTeeTCTBYIO"" 

mall cpyiiKUHll '1 (x) - e • • v( t) T8KlKe &MeeT no xpaJ11eA Mepe i + 1 Hynea 11a• HI!Tep-

eane 0< 11: < oo , neMM8 2 .llOKII381!8, 

.Qnll .llOK838TenbCTB8 TeOp&M&I 1 118M DOTpe!SyeTCll 

n eM M 8 4, nycTb '7 Rl'/(11:) -peW&IIll8 ypael!eHRll (1.3), T8K081 'ITO 17(11:) ~ 0 
0 ,'<•o) ~ ( I •o > 0 • npa .OOCT8TO'IHO ManOM lr I H .OOCT8TO'IHO rsonbl.UOM 11:0 

cpyHKJ.tRll 17(11:) He RMeeT llyneJ .Ha nonynpliMOJ 11: > 11: O • 

.Qoxa3aTenbCTeo, YpaeH&HHe ( 1.8) He 38BRCHT QT 38MeH&I '7 Ha - '1 1 noaToMy 

.OOCT8TO'IHO .OOK838Tb neM.My .OnR DOftOlKRTenbHbll( f • YfT8K1 nyCTb npH JleKOTOpOM 

x • x 0 > 0 RMeeM '1(x0)•0, 17'(x
0
)•r>O. Ecnu 17(11:).< x .nns ecex x> x

0 1 
To 

l7 •17(11:) He MOlKeT HMeTb M8KCRMyMa npH 11: >x 0 B Cllny ypaaHeHHll (I.S), a cne.nosa-
' 

TeftbHO, H He OISpamaeTCR B Hynb npH 11: > 11: 0 , nycTb
1 

l'/,~1l 1 ) ··z, 1 ~:1'/(z)< 11: .Onll 

scex x , z 0 < x < x 1 • B&~me npsMoA '1"' x HMeeM '7 • '7 ( 1 - ..:t:.:.. ) < O. B HeKoTo-
,. z" ·1 

polt TO'!Ke 1l = x 2 t:pHB8R '7 • l'/(1l) BHOBb .OOCTHraeT DpliMOA 17• 11: 1 npii'I&M 
. . . 121 

11: <.z + -"-- , .QOK838T&nbCTBO STOrO cp8KT8 CO,neplKHTCll B pa!SoTe , Y'MHOlK8ll ypas~ 2 - , I ,[if=T 
HeHae' (1.8) Ha 217' H HHTerpapyR ero s npe.nenax oT z

0 
.no x 1 nonyqaeM .nn11 

'I • 'I (z) pae&HCTBO 

, 2r 2 2 ... +t 1'/ 11:) -'1 (X)+ __ ,'1 11:) 
n+ 1 ';n=T" 

z 
- f 

• n+z 
2n-1 !-"-- dx. 

n+ 1 •o z" 
.i':\ 
\~ \ •2 n+ l 

Ecna '2 .!!.::..!. J ~ the > r 
2 

1 TO .nn11 x > z2 neea11 '18CTb paseHcTea OTpuuaTenbHa1 n+.J. •, x 

Bcne.ncTBRe ~-Joo 17(11:) H8 MOlK&T 06p8TRTbCl! B Hynb DpB 1l > 11: Bnll CTpeMRTbCll K Hyn!O . z 
npa X .. eo • 

12 

.;:. 
.,f-A--. 

• 

.J,.,I ~;· ~~~J;\1\:· 

\·, . ' nocxonbKY 11: <ritz) . .ilna Be ex X 
.,· 

. .. .:~~;: 

1l I < 1l < .I z • 1rW~&T. Meet OlieE 

. I ~·}~\ 

>'!:- 1
.x ~z''~i·). 

n+1' z··~:· 

":J. n+J 
2~ ( !!..., the 
n + 1 •o 'X 

, : • n+ l •2 

> 2'!!..::.!. f-"- dz > 2..!!.:::..!. Jxdz 
· n + 1 •· z" n + 1 • 

I 1 ·.! ~ .. '': 

C'!RTiiR f JlQCT8TO'IHO NMIIIM R x,0 , Jl0CT8TO'IHO 6onbWRM'1 OU8RRM CH.3y BEi 

H8 HHT&p!t~e [x 1 ,x~.;.pyuxuaa '7•17(z) y.nosneTeopReT.ycnoeal!M 

, [. 17 n-1 ) / , 'J 17(11:} 17 +11 {-) -J. .. o, 17(x )•x
1 

1 17(z
1
)•!7 1 ,_. __ > 1. 

Z l . •• al X -. 

.<IJyiiKii:Bll '1(11:) - y(z) Y.LtOBil8TBOpBeT yp8BR8HHIO y" +..l.y'-y + y" a 0 
. . 1l 1l 

H811RJO (1.1). npa·&'I'OW T(xo}•O • y'(xo)- T- I y(x,J = 1 I y(x,J.•1 
' 0 

'f)<y(x)< 1 npa x 0 <z < x 1 H y(z)>l npu ~ 1 <x <::z, • Qqee•.LtH 

lf'ZJ~ maxy(x) • Tax K8K -y(x)+y"(z)>Qnpu n>1 If x 1 <x <:~:·.~~·, 
•,S·~·. ·q. ~ ·,,·.f' 

'I - - ' '•,·.:,·\·~· 
t~(z) <Q Q.nSI scex x , eC!'ISI z1 <x .~ z 11 y(z)'.,• max y(.a}'·• 

' [., .. ,), 
T(Z)< l + (z -.1

1 
)y'(z

1
)< 1 +...L:yf.z1,~o~T8Jt 1 !!.f!L <1 + _•_y'(z IQ.na e~"..i 

- ' ..jn-1 x - ..jn-1 · r '1m' 
.a, :!:• :!: ••• npo.LtOillK811 Oll8HKy ~· I' c;p8811RM peweHBe y - y( .1} J. j 

cn,eJ1yiOUliiJt\ yp8BH&Hitll: 

11"- 11 +·11" • o, 11(x ) •0, ~·(x 0 )•..!..; 
o •o 

11"- 11 • O,, 11(z 0 }• 0, z'(z 0 )"': • 
0 

Kpa&u a•rt(z1 aa y'lacTxe 0< a~ 1 Kpyqe, '!eM KPBe8a 7• y(.a, 
1 
.0< T :.< 1 npa p8811&1X Ha'lanbii&IX ycnOBHSIX. np11 STOW u'f, >'f'( xjl . : 3! 

- . 'z .. -·~ ,., 
JKe, 'ITO u - 11 • f (-a )'Sit(z-'1 dt • KpBB8A •· z( x) paH bWe Q.OcTaraeT IIJ)lPitO 

X· 
'14lM .ltpaeu 11 • 3(x) .LtOcTBr~eT DpSIMOI 11•1 • Cornacao ypasaeugw. o!XIIll. 

' 11(11:) B U( Z} BMeeM z'f. I ~a'f · I • YfT8K1 z'f I > y'l • y'( X ) • ny. 
•• ua ~ P.=t I 

•'.1 •z'(i1 )• B cany ycnoeat (2.15) HMeew •'(i,J•'- dl (x- -x
0

) • Benau1 
••I - z0 I 

onpe,~:tanBeTcSI' ll3 ypaaaeKBA a( z 1 ) = 1 1 T.e. L llh(? -z ) • 1 • YfNeaw 
.. · ~ I 0 

i ..., z •la{!.i + ..j(.!R.J' + 1 I . ;Cne,~:tosaTenbHo, 
I 0 · f f 

' . - . . 2 ~ z 
z'(x 1 }•~[1+(1+~} +~(1+(1+ 
. .lo · •o 

2 ., z 
• J"'J )<1'+-(-xr 2z2 

· JlnSI acex .!... < 1 , B 1'111COW cnyq8e y' ( z 
1 

} < 1l •. . . . 
ua RBTep&ana x 1 :S x .~ z 

1 
oDp8ae,~:tnaea oueaxa 

2 0 
l + .!.._. 3T 0 03118'188'1'1 '1, 

21ll 

1<~<1+_!!_ t •'._.!!. 
. - 1f - vn=z T! a/iN 

·,non8raR· ·.C(ar•J + .t.=r ' , paCCMOTpRM ypaBH8HH8: 

<. 1 + .,, 

:J,ii-1 

13 

.\ 
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MpH STOM c .. •v K, a CKJiy ypaaKeHHit am1 

HM9&M 

p K 0 

3 - - z 
+ 0(8 ) 1 v'(av ±8) = v;(av) + 0(8 ). 

- - , ..,· ,2 - 2 - , 
v'(av-8)-v(avL8)v(av+8)•-8[v_(av)+v~(av)]+ 0(8) 

z z - 3 
[v:_ (a-v) +v':.. (av J] + 0 (8 ), 

:t z -
- _8_ [v' ra ) + v+' (a ) + o(8). 2 - II II 

JIOJIO)I(HT9JibHOM 8 npaBSSI '18CTb H&p8B&HCTB8 .llJISI S OT-

l(w) < l(v) 3To npoTaaopeqaT onpeaeneHHID 

1.(~1 ,av).VfTax, limv'(t) = limv'(t) npa v = 1, •• !- • i • Cner-, .. .-.,-o ,...-;:. + o 
peweaae ypaaHeHHII (2,3) Ha HHTepaane ( o , b ), HMeiDwee 

ayneA a o6pawaiDweecs a HYJib aa ero xoauax, CooTaeTCTBYID"" 

TBK)I(e HMeeT no KpaAHeA Mepe i + 1 Hynelt HB· HHTep-

H8M JIOTpe6y&TCSI 

= 'f/(1<) -peweHHe ypBBHeHHSI ( 1,3), TBKOe
0 

'ITO 'f/(1< ) m 0 
0 

0 
H .!lOCTBTO'IHO 60JibWOM X 

D 
Ha nonynpsMolt x > x 0 • 

( 1,3) He 38BHCHT OT 38M&Hbl 'I H8 - '1/ 
0 

JlOSTOMy 

JlOJIO)I(HTenbHbl/C l , VfTBK 0 nyCTb npH HeKOTOpOM 

•0, 'l'(x0 J=r>O,Ecna 71(1t)<x .!lJIIIBcex x>x
0 

,To 

a cany ypaaaeaas ( 1,3), a cneaoaa

MycTb 'l(x 1 ) ··;c, , O<.,(x)< x ans 

HMeeM 71" • 'I ( 1 - 1..: 1 ) < 0. 8 HeKoTo
x" ·t 

71• X 0 TipH'I&M 
/2/ Tao SToro cjJaxTa coaep)I(HTCSI a pa6oTe • YMHO)I(SSI ypaa ... 

J (x) + 

ero a npeaenax OT x 
0 

.110 x , nonyqaeM .111111 

2 "'+t ~-•'1 X) 
n+ l ';Ji=T ~ l 

a n+z 
2 E..=L r _., __ a" 

n+ l ~0 x" 

1 TO .llJISI X > 1tJ JI&B8SI '18CTb paaeHCTBB 0TpHU8TeJibH8
0 

06p8THTbCSI B HYJib npa X > "z HJIH CTp&MHTbCSI K HyJIID 

12 

•"' 

.:>1 
I II I ' ~ 

,/\ 

·. MocxonbKY x < ,;(ii:) .ilna scex x 
r'i· 

x 1 < 1t < .a: 2 , 11weeT Mecto ouesxa 

. a 2 n +I ' . • n + I z :1 !1 
2!!..:::..L(_II_d1t > :i!!..:.!_ f_'l_ dx> :zn- 1 fxd;c >:L_x (x ~;c ), (2.14) 
n + l ,. c;c" n • l •· ;c" n + l,. n + 1 1 z · t 

0 , I l 

C'iRTSR .t .llQCTBTO'IRO MBn.IIIM B ;c,0 , .!lOCTBTO'IHO 60JibWBM, OU8HBM CHB3y B8J1H'lrray 

Ha liRT&pBB/1& [;c 1 , 1t ~~yuxuaa '1/ • 'I ( x) yaoaneTaopaeT :ycnoaHRM 

% -.x. 
J l 

, [, 'I n- I " +" ( -) - .t) .. 0, 1t 
'1(1t )•z

1 
, 'l'(x )• .. 'J ,. '1(1t) > 1 

I I ., l z• a -- ' 

~yRitllBR '/(Z) • y(xJ :Y.!l08J18TaOpBeT yp88B8HHJO y" 
' X . 

aeualb (1.1), Mpa·erow T(1t
0
)•0 , y'(x

0
) • .L.. , 

.' "o 

l " 

+.1.y'-y+y"- 0 
1t 

y (1t 
1

) = 1 , T(1t
2

) • 1 

1-.e, ypaa-

'()<y(x)<1 Dpll 1t 0 <1t<1t 1 H T(1t)>1 Rpil 

1/(x_J .< max y(x) 
~ -. <•<•, 

x <;c <x 
. I 2 • O'i&IIH.!lHO, 

Tatt xax -y(z) + y"(x)>OnPII n> 1 • ;c
1

<x <x
2 t TO, 

·' ,- -
· t~(x) <0 • y(;J • max y( x) • noaToMy 

' ' [., •• 2] 

X 1 8C!'B X1 < ~ < X ans scex 

T(x)<: 1 + (x -x )y'(x1 )< 1 +--!:.t,)it.,w:
1
J.HTatt, !'!f!L <l + -"-r'(x lana 11cex x 

"' J I :yn•1 X - yt1•1 I' 
1t 1 ~It !: x2 • Mpo.llOtl*a• Oll&HJJ:y 'fl'· , . ll;pBIIIIBM pewes~re T • T( x) C p&W8HRRM .. , 

<:n!Jl1:YJOLUBX' yp88H81181: 

u"-a+·a"•O,u(x )•0, a'(;c
0
)•.!..; 

o ;co 
(2,15) 

z'lr- z • 0, z(x )• 0, z'(z
0

) •.!.... • 
• . • Xo 

KpaiiU lr• II( XI ' H8 )''18CTK8 0< II ~ 1 xpy'l81 '18M KPRI58R 7• T (X) Ha :Y'IACTit& 

'O<y ~ l DpB paBHbiX H8'1BnbHbiX ycnOBRSIX, Mpa STOW a'f. >y'( It If , 3aM&TRM Tax-, _,_ t .,.., 

*••, 'ITO " - z • j (1") f!IJ(x-, dt , Kpa11as z= 11( x) paabWe .llOCTBraeT npRMOI 11 • 1 
X 

'18M -kpaau a • 3(a:) .llOcTaraeT DpliMOI u•1 , Cornacao ypaaaeHBliM ans cj:>yaxuail 

z(x) a u( a:) 11weew •'1,;. 1 >ir'f_ 1 , VfTax, z'l,.., > :y'~-z • T~ 1t 
1 

J ·• MycTb 

•'I •z'(i'1 ). B cRny ycn011Ht (2.15) aMeeM •'(; I•L...dl (&
1 

-x
0
J • BenB'IBHa i

1
- x

0 ·~ - r ~ 
onpeaenaeTcs R3 YpaiiB811BR •( x 1 J ~ l , T,e, '}- ab(?

1 
- x 

0
) • l • VfMeeM 

i - x •ln{!l + y.(.!aJ' +· 1] ., ;CneaoaaTen&uo,
0 

l 0 f f 

' - . 2 ~ 2 
•'(•,J -~[l+(l+..!,.J + ~(1+(1+ 

x, "• 
• B TaJ[OM cnyq~e y'( x 1 ) < · an• acex .!.. < 1 ' z, . 

88 RIITep!IBn8 tC I ~ X ~ X 
2 

2 ., ' 2 
t )'~') )<1'+-~-
XT 2x2 

0 2 D 

l + .!.._ 3T 0 03H8'188T1 'ITO DpB ~ < 1 
2~ ~ 

cnpaaeanaaa oue11xa 

1<~ 
2 

- X 
< l +-"- t ~· _,_ < 1 + .!!.!!_ - ..ra=r X O arn=r 2vft -1 

' ' 1 p8CCMO'tp!IM ypOH&Hile\ 
. 1 .3.'11( 

tlonaras C(n)" • + .i/i=f ., 

' • IS 

\ 

' !~·~ ·~:~J~'' /. ·, .. 
~·, 

';,'·.: 

\ 

..... ·\ 



,, 

z'~·,+- z [c"- 1
(n)- 1] = 0. 

Hal!aeM TaKoe erd peweHue z=z(x) , 'ITO z(z1)•z
1

, z'(z1)•'l't-x
1
). O'ieBHt::IHO, 

n•l n•l 
( .!L) - 1 < C - 1 a a HHTepsane (z 

1
, z 

2
) • Cor nacHo TeopeMe o 'IHcneHHOM cpasHe-

x /7/ 
HHH (eM, TpHKOMH ) z(z) :S 71(z) , noKa z(z) ~ x • CneaosaTen&Ho, KpHB811 z = z (z) 

nepeceKiieT DpiiMYIO Z = Z paHbWe, '19M '1 = 7j( Z) -npHMYIO 71= Z , T8K 'IT0 1 ecnK 

z(%2)= i2 , z(z) > x an11 scex z %1 < X < X2 ' TO i2- x 1 "S.. X 2 - Z 1 • Jlnll 

nony~eHHII OU9HKH CHH3Y senH'IHHhl x2 -%1 ocTanOcb oueHHTb i' 2 -x 
1 

, YpasHeHue 

z (i 2 ) = i 
2 

onpeaen11eT senH'IHHy i 2 • 3To ypasaeuue s cuny ypasHeHHII an11 z = z(x) 

HM99T BH.Q 

n-1 · '( ) II •1 -z oosyC (n) -1(%
2 
-z) + --'L.J.!i.,l Sin y(i, (n) -l(x 

1 ' 1 .,JC'"fnJ-1 2 

~~-·~ ----rro.-r 

..:x 
1 -" . 2 

nonara11 yC (n)- 1 ( %.2 -x1J= t, x 
1 

yC (nJ - 1 = p , nonyqaeM an11 ypasaeHHe 

pCost+71'(:r: 1 )Sint• t'+p. 

YIHTepecyrowuA Hac nono>KHTenbH.hlll Kopeub sToro ypasueHHII He M9HbWe, qe~ ·nono

>KHTenbHhill KOpGHb ypaBH9HHII 

p - _p_ t 2 + '1, ( :r: 1 ) r - '1 'fz,) r 3 = r + p 
2 6 

HnH ypasHeHHII 

0TCIO.Q8 

OueHHM senii'IHHY 

r 2 + 3p 

'l'(xJ 

r = 
.3p 

2r((x 
1

) 

CHH3y, 

:, - 6(71'(x 1)-1) 

'l'(x I) 
o. 

. {y 1 + f. 'l~fr1)('1'(rt)-1)_ 1] 
p 2 

2 
.3BM9'1811, 'ITO 7j'(:r: 1 J•y(:r: 1)+:r:1ytc

1
) H y'(~ 1 )<1 .+ v , ( ~ .< 1, y(x ~-1), nony-

:r:o . 
'189M OUGHKY .llnll 71'( X 1 ) BH.Qa: 

0 

CneaosaTenbHo, 

.Jp 

~'l'(:r:} 

p 
.. '( :r: ) < 1 + :r: 1 • {1 + IT-r- ) . ., I 0 

n~ z , ,.-z n-J 
.3.,/C (n)"-1•% .:Iv'C (n) -1· .:r:

1 
.3.,/C (n) -1· k

1 --~~~---'> > ---------.--
2'1'(:r:1 1 2(1+ ...!.!.)(x 

1 
+I) .4z ( 1 + ~) 

2r~ 1 2x! 

npa !._ .< 1 H :r: 1 > :r: 0 ~·I. 
:r:o 

n-J 

yC (n)-I 
> 

2 

3aMe'I'BM ~nepb, 'ITO an11 onpeaeneHHII nose.QeHRB JtpHsoll '1 • 71(:r:J npa :r: > x 1 

.QOCT8TO'IHO p8CCMOTpeTb cnyqall, KOr'.Q8 71'(:r: 
1

) senBKO, XOTII B M9HbW9.I+z1 (I+ ...c.!....) , 
2:r:2 

0 

14 

• 

' 

/' 

I 

JleiiCTBHTenbH00 KpB88SI 7j•7j(X) BM99T HynH H8 DOliYDJISIMOll 0 <X <0 oo 

xax, 'ITO R y • y( x) ... !1.1.!J • B cuny ypasHeH~H ( 1.1) ana lcllYHkllBB 
:r: 

scex x > x 
1 

cnpaseanaso paseHcTso 

y'2(x)- Y :~(x) + __ 2_,n+t(x) 
n+I 

nocxonbXy y (x 
1 

) • 1 , &MeeM 

2 2 2 . •+J 
y' (x ) -y (x ) + ___ y . (z 

1 1 n+ 1 

y'2(x) -y 2 (x) + __ 2 __ y"+ 1(x) = 
n + 1 

, 2, ) _ n- I _ 
4 1

• ,2 dx · 
y { "t ---- 1 -- • 

n+I •
1 

x 

PaseHCTBO npoTBBOpe'IRso, ecna y'(x 1 ) < y n -1 R y(z) • 0 a UllOJI"oTC 
1 - n+I 
CneJlosaTenbHo, 71• 71(x) ae &MeeT Hynell npa x > x 1 , ecu 71'(x

1
)•; 

'S.. 1 + " yJ£::::J. • 1 n + 1 

VITal!, nycTb 71'(x ) ~1 +x 1 ..;!!::.1 
1 n+l 

B TaxoM cnY'iae 

8 p'fx;('l'(x)-1)> 8 ,',n-1 ., x; • 8(n-1) 

-;.r' p 2 i3" ii+T x:rc-tn)-1) ,.fnl-l)(d'"flJ)-1j 

0KOH'I8TenbHO RMeeM 
8(n:...i) _ I], 11•1 [-' 

·~~..;c· (n)-1 v1+ .3(n+
1

)(C (n)-1) 

-,., - -
HMeeM '1'8JOKe ..;c (n) -1 (x 2 -x 1 ) • t ~ r x 

2
- x 

1 
>' x 2 - x 1 .Cne.llOB8Tenl 

:r: -
2 

x > t[vi + BCn-~1 -11 = P(n), 
r 3(n+1)(l+.ri!:-,)IFI- 1) 

.oytt-I • n+t 

ecna L < 1 B "o > 1 • 3asepwBM oueHxy (2.14): 2n-1 f~ >~ 
n + 1 • x" n "o n+1 

npa x
1 

> x
0 

> ---•t<.Z.x
0

>1 
(n -1 )P(n) 

B lPBKCBp088HHOM n >.1 0 

neMM8 4 Jl0X8:;18B8, 

nepeliJlGM X Jl0K838TepbCTBY TeopeMhl 1, 

· Jloll83&TenbCTso, Cornacao neMMe 4 npu mo6oM paccMaTpBB8eMOM 3&1 

q,uxcapoaaso, cywecTsyeT peweHae 71 - 711 (x) ypaaseHBSI (1~3), '1
1

(0)= 0 

&MeiOwee se Mesee OJlHOro HynH ua HHTepsane· 0 < x < .. • 06ooHa'IHM 

• >K8CTB0 3B8tc9BHll H8'18nbHhlX npOB3BOJlHhlX a , a < a 
1 0 COOTB9TCT8y: 

• 0'1&81 HRBM · '1~ 7j(Z) , He RM910WRM HyneJI 88 RHTepsane 0 < X < oo 

a . 1-L 
8 f 

0 
coaep>K8T ace a , a ::; ( TJ" -1, 

8He ypasB8H8ll (1,3), T8K08, 'ITO jj0 (0) = 0 

nycTb;0 =~1aJ B7j•;, 

, ;;;{o) = ;; 
0 

°. To'IBo T8xae >K4 
121 

K8K a npa JlOK838T9nbCTse TeOpeMhl 2 pa60Thl , DOK83hl&8IOT, 'ITO 7j• 'lj 1 - . 
nono>KBTenbHbiM- peweuaeu 38Jl8'1H (1.3)-(1.4), a Y. (x)• 'll,(x) ,. 'i.ono 

0 X 

peweHR9M 38.118'18 ( 1.·1 ).-( },2). 4PyHKURH 'I=~~ (x) He RMeeT HyneA 88 BB 

0 <X < oo , ;;
0

(z) .. 0 npB z .. .. a, xax narxo sRJl&Tb, ;;;(x) .. 

15 



z'~+ z[c"-
1
(n)- 1] = 0. 

ero peweaae z = z (x) , 'ITO z(x
1
)= x

1 
, z'(x

1
)• 11'r-x

1
), Qqesa.nao, 

•I 
- 1 a a HHTepsane (x 

1
, x 

2
) , Cor nacHo TeopeMe o qacneHHOM cpasae-

8171) z(x) :s 11 (x), noxa z(x) ~ x • CneaosaTen&Ho, xpHBBII z a.z(x) 

p8Hblll8, qeM 7] = 7]( X) -np!IMYID 'lc X , TAX 'IT0 1 ecnH 

,llnsr ecex x x 1 < X < £ 2 1 TO r
2

- X l ~X 2 - X l , nn11 

eenuqHHbi x 2 - x 1 OCTMOCb OU8HHTb I 2 -xI , .YpasH&HH& 

senH'iHHy X 2 , 3TO ypBBH&HHe S CBny ypBBH8HH51 .Qnsl Z = z(X) 

oos..;c"- 1 (n) -1(%
2 
-x) +~Sin ..;c""1(n) -l(i 

1 
y'C'"fnJ-1 2 

..:x 
l 

=X ' 
2 

---;r.;..-----
(n)-l(x,-xl)=t, x

1
,jC (n)-1 =p , nonyqaeM an11 ypasaeaae 

t + p. 

HBC UOnO»<HTen&Hhlll KOp8Hb STOI'O ypasHeHdll He M8Hblll80 '18M DOno-

...£.. r 2 + 71' ( x ) r - 'l'fx,) r s = r + p 
2 I 6 

r 2 + 3p 

'l'(x} 
:, - 6(7]'(x ,J-1) = 0, 

'l'(x ,J 

T c 

,3p 

27]'(x
1

) 

CHH3y, 

. {v 1 + f. ll'fr,XIl'fr,J-1)_ 11 
p2 

f. 
ll'(x 1 )=y(x 1 )+x

1
yts

1
) H y'(~ 1 )<1 + ~ 

0 'I'( X 1 ) SH.QB: 

• 
'(x )<1 + x ·{1+ ffr- ). 

7] I I 2 0 

( .!._ .<1, y(x ,)•1), nony-
xo . 

~ 

n.:...J ,.....J n-J 
.:J...1C (n)-1-i: .3y'C (n) -1 • .x1 .:J...1C (n) - 1• 1<

1 -----' > > -----:-- > 

n-! 

..;c (nJ-1 

21!'(x 1) 2(1+ ~)(x + 1) .4x ( 1 + ~ ) 
2r~ 1 1 2x! 

2 

x 1 >x 0 ~1. 

onpeaeneHHII noseaeHBB xpasoll 71• 'l(x) npa x > x 
1 

cny'lall, xoraa 71'(x 
1

) senaxo, xoT!I a MeH&We· 1+x
1
(1+ ...l!._) • 

2x• 
0 

14 

.lllt 

' 

\ 

.b.ellcTBH'I'en&Ho, xpasaa 'l•'l(x) &MeeT aynH Ha nonynpaMoll 0 < x < oo s -rex »<e TOr 

KBX, 'ITO H y • y( x) ·• JJ1..!) 
X 

• B cany ypasHeHBSI ( 1.1) .ana ~yHXUHH y = y (x) a 

scex x> X 
1 

C!lpa&e.QnHBO paseHCTBO 

y' 2(x)-y
2
(x) + _2_y"+

1
(x) 

n +1 

2 . 2 •+ I a -2 
y'(x )-y (x )+_2_y (x )-4f~. 

' ' n+1 ' x 
"' 

nocKOn&Ky 1 (x l) • 1 HMeeM 

2 2 n + l n- 1 " , 2 dx 
y'(x)-T (x)+ _2_y (x)= y'tx

1 
)----4fT-- • 

n+1 n+1 "t x 

PaseHcTBo npoTasope'laso, ecna y'(x 1 ) < v n -1 a Y(x) - 0 
- n+1 

B xaxoli-TO TO'IK& x,x>x
1

• 

, ecna ll'(x 1 )•y(x1)+x1y'(x1 )~ Cne.nosaTen&Ho, 17 • 17 (x) 

~ 1 + X l y"lf:E:: • 
He RMeeT Hynell Dpa X > xI 

n + 1 
, .. 1 .Jn-1 HTaJt, nycTb 17 (x 

1
) 7 +x 1 V0 + 1 

8 T8KOM CB)"I8e 

8 '!l'fxz}(l!'fx)-1)> 8 ,'.n-1., x 2 • B(n-1) 

-;y-· p 2 i3" ii+T x:(C'"tn)-1) ~n+-1)(C'"fnJ-1j 

0KOH'i8T&nbHO HMeeM 
8{n-1j 

1
1 

l - • r~ 'h ..;c?" (n) -1 lv' 1 + .3(n+ 
1

)(C (n)-1) 

,., 
HMeeM T8Kll(8 vC (n) -1 (x 2 -x l)- t ~ r x 2- x 

1 
> · i 2 - x 1 .Cne.nosaTen&Ho, 

X -2 
x>L£..vl+ BCn-11 -1}=P(n), 
1- T 3(n+ 1)( l+ 3,. )*"1 - 1) 

2'J~1 a n+t 

ecna L < 1 a X0 > 1 ( rr 1 llr, dx n-1 :1 
, 3aseplllBM OU&Hity 2,14): 2--- f -- > -- •P(a)x

1
>r 

n + 1 " x" rr + 1 
B ~HKCRpoB8HHOM n >'1 0 

Xo n+l 
nj)B x > x0 > --- 1 t<1,x

0
>1 1 (n -J)P(n) 

newwa 4 ao~~:a:;saaa, 

nepeJIJleM K JlOKaaaTen&eTBy TeOp&Mbl 1, •• 
noxaaaTen&eTBO, CornacHO neMMe 4 npa mo6oM paCCM8Tpa&a&MOM 3Ha'leHBH , > 1 'n 

¢axcaposBHo, cymecTsyeT peweaae 71 - 11 ,(x) ypasHeHHSI (1,3), 17
1
(0)• 0 • '1;-(0)=a,, 

a 
&MeJOwee He MeHee o.naoro Hyna a a BHTepsane· 0 < x < oo , 06oaHa'IRM f 0 •I a I Mao-

_ )K&CTBO asaileHHII H8'18DbHhiX npOR3BOJlHbiX a , a < a l 1 COOTBeTCTByiOWRX pewe-

HHliM- .,. 'l(x) , He RM8101llRM Hynell H8 HHT&peane 0 < X < oo , 0'1eBBJlH01 f: C L: 
a n+l.J.._ - 1 -

a f 0 co.nepJKBT see a , a :S ( ,-J•-•. nycT& a0 ~ s;:J' a I a 'I ~ 'I 
0 

( x) - pewe-

sae ypasaeHHll ( 1,8), TaKoe, 'ITO i/0 (0) = 0 , ii;(o) = ;; 1 °. To'IBO Taxae JKe paccyJK.QeHaa, 

- 2 /2/ X8X H npB Jl0K83aTenbCTB8 TeOpeMhl pa60Tbl 1 UOX83b1Bal0!• 'ITO l'f m iJ.fxJ SISDII8TCSI 

nonoJKHTen&HWM peweHB&M aa.na'IH ( 1,3 )-( 1.4 ), a y0 ( x) = 17• ~x) - 'nonoJKHT&nbliWM 

peweaaeM aa.na'la (1,1)-(1.2). cPyHKURII 'I= ~0 (x) ae &MeeT synell sa BHTepeane 

, ;;
0 

(x) .. 0 npa x .. oo a, Jtax nerxo sa.neT&, ;;;(x) .. 0 0< ... <' npa .... -· 
• 
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~ II \I 

I·' 

~ ' r. 
~: 
~~· 

~; 

Y. ,-

,. 
I 

::I 

1·"1, 

c~ 
1' 
I 

t, 
! ' 
I' I 
·, 
.,~,, 

CornacHo neMMe 1 J:lll* moiSoro cxon& yro.aHo t5on&Woro T x n106oro cxon& yro.aHo M&-
. I 

noro • >0 HaA.aeTCa T~ltoe 8> 0 , 8=8(t, 1) , qTo IJ7(X)•,j'" (xJI<.!_·, 
·- . 0 2 

l~'(x)-lj;(xJI<~-LtnR mo6oro x , O~x S. 1 , r.ae T/(x)- nonoJKRTenbH&Ie pe-

weHHH ypABH8HHSI ( I.S), T8KBe, 'ITO rp(O) = 0 • lrr'(O)..;; I < 8 • nycTb '1 > 1 Ta-
- 0 

xoao, 'ITO fi0 (x) < T , l'l:(xJI < + npa x:::_ ·1 1 < .. « 1 , B T&KOM cny-

'!ae '1(1)< f , 1'1'(1)1 << , lfl'(O)- a
0

!< 8 o npe.anonoJKBM1 'ITO 'I~ 'I (x) 

LlDSI HSitOTOpbiX X , X ~ 1
1

:;? 1) B03p8CT8ST, OCT8B8SICb. DODOJKHTeDbHbiM LtDSJ acex M8Hb

WBX '3H8'1eHHA X , npa ll0CT8TO"'IIO M8DOM f 9TO 03H8'188T 1 'ITO 'I m fi(X) HMeeT TO<r 

It)' MBRBM)'M8 Ita BHTepB8.118 0 < X :5 T
1 1 X m x_,n t ,7J'(xtnln )•0., 7J(Xmln )< Xtnln 

Llns Taxoro peweaaH r,;. 71(19 npa x > x.,, cn~aae.anaao paaeacTao, yJKe acnonb3o-

aaaweec11 paaee: 
~~ M 

• 2 II 2 'I (X) II ' 2 'I (X,.,.) tt- 1 !nt-.(,,. 
'I (x)-'1 (x)+--· =-'I (x )[1--- ·---l-2--jiL-J.!Iclto. 

n+ J x..-1 .,n n + 1 x~·t n+l tn - .. _ 
' I 

Ka11: ••.aao, neaa11 'l&CTb paaeHcTaa ocTaeTcH oTpauaTenbHoA an11 acex x > x- a, cne-

LtOB8T8DbH01 71 (x)' 118 MOJKST o6p8THTbCII B H)'Db DpB X > z_,n 

PaccMOTpiiM apyr)'IO B03MOJKBOCTb, npe.anonOJKHM, 7J• '1(19 .ans x > ·1 yt5blaaeT, 

npx Bblt5pSHHOM 8=8(~1 1) B8ALteTCII a•a 1 , la
1
-a

0
l< 8 , T8KOe, 'ITO COOT"' 

B&TCTB)'IOLI.!Se pewesae 7J• 'I {z) ypaaHeHRSI ( 1,3), 'I (0) = 0 B '1'·(0) = a , DpR HHo-
1 ' J t t 

TOpoM X • x
0 

> 1 nepecexaeT OCb 1L , LleACTBBTe.llbHO, B DpOTBBHOM CD)''l8e BCe pe-

weHKlil 'I = 'l(z) • I'I'(OJ -a0 1 <c8 , .an11 acex x > o OCT810TCII DODOJKBT8DbHbiMR R 

' He IIM810T HyneA a a RHTepaane 0 < X < .. • 3TO DpOTBBOpe'IRT onpe.aeneBRIO a - .'bJ I a I. 
0 2ir 

. 0 
0'l&BBllHO, 111: (x 

0
JI• • 

1 
~ • • Ka11: DOK83bl&aeT MycT& 'I (z ) = 0 

J 0 • xo> 1 

.119MM8 4, DpB ll0CT8TO'IBO M&nOM < T8K08 peweaae He BMeeT B)'B8A DpB X > X t II 'He 

cTpeMBTCR K ayn10 npR x .. .. o Eonee Toro, cornacao neMMe 1, aaA.aeTCst Taxoe 8
1 

>0, 

'ITO BCe peW~HHII f/ • 71 ( 1L ) )'paBHSHBSI ( 1,3) o6D8Ll810i T8M JKe CBOACTBOM, 'ITO B 

IJ •IJ, (z) , ecna h'(OJ- a 1 < 8 o Taxae peweaa11 a"eiOT a TO'IBOCTil o.artH ·ayn& aa 
. t t 

BaTepBane 0 < X < 

, PaccMOTpiiM Tenepb STB peweaa11, KMeiOwae TOnbKo o.aa8 ayn& npa O< x <.. , a 

ax D.poti3BOLlHble a 8 1 -oxpecTHOCTB 3H8'1&HHR a 
1 

• Cornacao neMMe 2, aalt.aeTCII Ta-

xoe • •a. , 'ITO peweaae 71= 'I C•) ypaasesa11 (I,S), T/ (0)• o a 71'·(0)'= a , 
• 2 II II II 

aweeT 88 weaee .aayx ayneA aa BHTepaane o.< z < .. , nycTb .an11 onpe.aeneKHOCTR 
a 

• ~ 
11 
> a 

1 
• 06o3R8'111N t 

1 
= I a I MHO>KeCTBO 3Ha'leaaA B8'18DbHbiX npoB3BOLlHbiJC a , 

~~·.:s a < a ,- 1 COOTBe~CTB)'IOlUKX peweHBIIM 'I • 7J{lr) C OLlBBM H)'DSM H8 BRTepaane 

O< lr < ... nycTb al•o~~~plal B f/=;;,(zJ -peweaae ypa&HeHHII (I.S), T8KOS.. 'ITO - -, - ~ - ' ( ) ( ) '1
1
{0)-0 R 17

1
{0)= a

1 
o noK4lK&!'f, 'ITO 7J•'f/

1
(z) 8CTb peweHB8 38Ll8'1B 1 .• 3 •.1,.4! 

BM810Wee pOI!lHO O.llRB B)'Db H8 RHT&pl!lane 0 < lr < oo , LlonyCTHM, 91'0 He T8K, Torp.a 

# l lJ!I~~:·'~-~1,'•1 I 1 

'i•' 

\ ' ' '",1'. 
.ifo!•fi (lr) oiS1138JI• CSw~& ))9weaaew 3a.ana (l.S)-( 1.4) CS8.1t·arneA • aaT• 

·. . I , . . . t 
llJQ6oe .apyroe .aonywea!l• cpa.sr npa&o.aaT x npoTBBOpe'IBJO c 011pe.a~ .... 

( : ' ... ¥ ''• 
8 T8KOM 1 cliyqae 8CTb IIBTepBan 3H8'18HRA a 1 a > a I 1 TUBX1 , ...... QoO 

pewelillB 'I •71(X) yp811H8HBB ( 1.8) He BM&IOT Hynell RA' BR'r&paaM 0.~:.~ 
• . a , 

a Q6pasyJOT MHOJKe.cTI!lO t 0 • I a I ' , a < a 
2 

o Bw6apea · '
0 

• 'Sup I a I 
. . ~· 

nocTpoaM peweaae 38Aa•a (1.3)-(1.4), He aMeJOwea ayneA aa aBTajfaane 
I < ,I 

Oao oiSna.a8eT TeN clloAcTBoM, 'ITO n106oe peweaae ypaa,He8lui ( i.8) c 118'1 

. BO.IlHOA B3 LtOCT8TO..fao ManoA OKpeCTHOCTB a 0 BBB Be BM88'r 8)'ll81l,, Blll 

XO 0.1lB8 H1llb B8 BBTepaane 0 < lr < oo B cany BbiiSopa a • ~ I a I 
0 IJIZ . 

a. aa aeaoToporo RHTepaana, a >·a 0 , a .< a 
11 

, cooTBe~cTayifJT pewe1 

)'paBB8RBB ( 1,3) C OLtRBM H)'D8M 88 HHTepB&n8 0 < lr .< oo • 3T01 O.llH8K 

.,T aw6opy a 
1 

• ., I a I R8 BBTepBane a 
1 

<a .<a 
11 

, H Tax, 

~a.aa.a .(1.8)-(1,4) {: 'o.aaBM 8)'li8M B8 B8T8pl!l8n8 O.<X < oo 1 

""'if. C•J I j, 
a , I T'.IJ.I ( 

aaanorauoe• peweaae 38.1l8'1B ( 1.1 )-(1,2), Ecna a < a , TO ii
1 

• ,.lfG 
. II J f* • 

npouecc NOlKHO npo.aon>KBT&, cTpoa ii 1 • Sap I a I ana :; ; • ~II 4 I 1 of · i i 
a ~ . rq , 

t 1 - MBOJKeCTBO a , T8KBX, 'l'rO a I :5 a < a1+ I 8118 a
1
+z'< 4 ~ a

1 

8CTb aa'lanbHast npoasao.aaas peweaaa 'I • 71(z) ypaaaesaa ( 1.8), .~ .. 1 
I 

He I Mepe i + •t ayneA a a BRTepl!lane 0 < :r < oo • a 1 a a ,E f :' .- aa'l& 

RWe pl!lW&RHA, llM&JOIUa:it B TO'IBOCTB i ayneA aa, 8-ri)M B8Tepaane, BWISoJ 

BOLlBTCII cornac8o neMMe 2. Bw6op a 1 .aenaeTcs B ~ea:oTOpol oitp8craoc 

aa'lanbllol npoaaeo.aaol peweaaa 71 • ;;,_,(z) 38.118'18 (1.8)-(1,4) c i-1 

K8K 8TO ISbiDO c.aenaao .ana i- 1 • nycTb a:,- ., I a I • a, < a,+ I 

peweaag )'p8B!IeHBB ( 1,3), ;j (0) •0 B '1;·(0) • Gf 
1
, LloDyCTRM, STO 1f. (' 

I I f,, 

pewe8ae 38.1l8'1H ( 1,8)-( 1.4) c i ayniiMH aa aaTepsane 0 < z < .. 

MOJKeT ISWTb TO.IIbKO peweaae STOA 38~8'18 C i~1 HyneM, 11pH'I8N1 corn&• 

BRIO -;.;, • , I a I . I .11.1111 a?. a, cywecTByeT MHOlK8CTBO t,~,· _,, 
nycTb ii .I- rf Ia I \, .r,_, < ai+J 0 Tor.aa 'I - ij (x) eCTi ' ,_, 1-t 

.aa•a ( l.S )-( 1.4 
1
c i- 1 ayneM Ha BHTepsane 0 < z < .. , a .an11 a :> 

ayeT wuoJKecTao l ;'_ 
1 c rpaaaneA ; - Sap l a I . npo.aon]Ka 

1-11 fl 
, npJUleM x noct~eaa10 nono>JtaTenbBor'o peu .ana a , a 1 <a< a 1 +

1 

aa.cta'IH (·I.S)-(I-4)A if'(O)•a
0 

, ltpB'leM .11.1111 a< a C)'W&CTBYIOT M 
II ~ , o o 

B f O . o C).t(R8KO .11.1111 a > a 0 t a < a I+ t BROI!lb MOlKRO DOCTpoBTb, 

weaal yp811R8BBII ( 1,3) C OLt8BM ayneM a a BHT&pl!lane 0 < z < oo, , ~TO np 

onpe.aeneila10 a
1 

• ·Sup I a I . rpaaauw MHoJKeCTBa f: , cyli,I&CTB)'JOUlel 

· HTax, 71 •If, (~) ef!,.r. Ha caMoM .aene -peweHRe 38ll4'1B ( 1,3)-( 1,4) c i 

~TepBSM 0 < z< oo , a Y = Y, (z)• Ti~(z) - aaanora"'lloe pew .. 

( 1.1 )-( 1..2). TeopeMa 1 aoxa3aHao 

16 •1,;,'/~ 11' 
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mo6oro cKon& yro~uo tSon&woro T n n106oro CK·Onb yro~uo ~a-- / 
[) = 8 ( < , 1 ) , 'ITO 111 ( z) - 17 ( J:) I< _!_' , 

0 2 
0 ~ x .5. 1 , r~e 17(z) - nonmKnTenbR&re pe-

TBKHe, 'ITO ,(OJ = 0 • I T/
1 (0) =a. I < [) • nycTb '1 >'1 Ta-

l ;;• (z) I < --!- npn J: > 1 , < <~ 1 , B TBKOM cny-
o ~ -

1 117'(0)- a
0

l< [) • npe~UOJIO)f(RM, 'ITO 17 a 'f/ (J:) 

1) B03p8CT88T1 OCTBBBaCb .nonO)f(RT&nbRblM ~na BC&X MGHb"" 

9TO 03H8'188T1 'ITO 17 •~7(1:) RM88T Toq-

T1 , x = x.," , 17'(z,.1n )•0, 17(z,.., )< "..m 

npn :r > z "''" cn~aae~nnao paaeucTB01 y)f(e acnonb30"-

n-J n+l 
+ 2 'f/ (z) 
--· 2 n + 1 J: n-t = - 17 (z _," 

. 2 17 (ll.,j n- 1 ,:.n+.r,.,. 
)[1 - -- . --- ] - 2-J'l-1.!1 dt. 

n + 1 .,~·J n + l t" - .. _ 
paaeHCTBB OCT88TCa OTpRUBT&nbiiOA ~nll BC&X J: > J:- K, cne

MO:H<&T 06p8TRTbCa B Hyn& npn J: > J:-

B03MO:H<HOCTb, npeanonO:H<RMI 17 R 17(1:) ans " > ·1 yCSbiaaeT. 

HaA~eTca a= a 1 , la
1 
-;; 

0 
I< [) , TaK0&1 'ITO coo,... 

ypaBH&HRa (1.3), 'f/ (0)=0 R 17'·(0) =a 1 DpR H&Ko-
1 1 l 

OCb J: , .lJ.eACTBRT&nbR0 1 B DPOTRBHOM cnyqae ace pe-

1 ~na acex z > 0 OCTBIOTCII DOnO)f(RT&nbHbiMH H 

0 < J: < ... 3TO npoTHBOp&'IHT onpe~eneHHIO ao -~ Ia I. 
. 0 

z 
0 
> 1 . Qqeaa~ao, I 11: (z 

0
)1• • 

1 
:S • , KaK DOK83b1BaeT 

TaKoe peweane ae aweeT uyneA npn J: > J: 1 a ·ue 

6onee roro, cornacno newMe 1, uaA~eTCa TaKoe 8
1 

>0. 

ypaBH&HHa ( 1.3) otSna~aiOi T8M lK8 CBOACTBOM, 'ITO 8 

- a 
1

1 < 8
1 

• Ta~~:ae peweuaa HM&IOT a TO'IHOCTH o~au · uynb R"' 

b 9TH peweuaa, RM810UIB8 TOnbKO O~BH Hyn& DpB 0< J: < oo , R 

-o~~:pecTHOCTB auaqeuus a 
1 

, Cornacao newwe 2, aaA.aeTCll Ta-

ypasueuus (1,3), 'f/ (0)• 0 B 17'·(0)'= a , 
2 2 2 

0 .< J: < 00 , nycTb .ana onpe.aen&RROCTB 

I a I MRO:H<&CTBO 3H8'1&HBA Ha'lanbHbiX Dpo83BO.IlHb!X a 

pew&HBaM T/ •I7(J:) C O.llRBM HyneM HB BHT&paane 

a 1 •.suplaJ R 17•fi (z) -pew&HH8 ypaBH8HI(a (1,3), TBKOE!, 'ITO 
- f" I 

~ noKalKeM, 'ITo 17 .. ~ (z) ecT& pewealle aa.aaqa ( 1,3)-( 1.4 )! 

Hyn& ua KHTepaane o < ., < .. , .lJ.onycTHM, aTo ue TaK, Tor,aa 

16 .,. 

,,,I 

··, 

IJ'•i:<z) otSsaau GWTb pemeaaew aa.aa'la (1.8)-(1.4) CSu aynea ~· aaTepaane O<z <e.. 

llJOG'* p.pyroe .aonywea!l• cpaay npaao.aaT " npoTilaope'IBIO c oupe.aitneaaeu ;; .. ~ I a I . 
r . I f'!' 

8 'raKOM 1 Clty'lae 8C(Tb IIHTepaan 3Ha'I&BBA a , a > a 1 , T8KIIX1 'ITO_ CodTII&TCTB/IOU!Be 

pew&liiiB ~.•7j(%) rpaaaeaaa (1,3) He BMeJOT ByneA B& RHT&paQe 0.< * < oo , 3TH 

a Q6paay10T MHOJK&CTBO t := I a I ' , a < a 
2 

• Bb!6apas 6' 
0 

• 'Sap I a I , onsTb 
ta 

nocTpoaM, peweaae ~a.~aa:ra ( 1.3 )-( 1.4), ae aMeiOwee aynea a a aaTejfaane o < x < .. • 
Ouo o6.naaaeT TaM caoAc·TaoM, 'ITO n101Soe peweaae ypaaaeailll ( 1,3) c 118'18.11bHOA npoa3-

ao.aaoA a3 .z:tOCTaTO'IBO ManoA OKpeCTROCTa a-
0 

ana He aweeT aynaA, ana BM88T TOnb-

KO O.tliJB ayn& ua BIITepaane 0 < x < .. • B cany awiSopa ;;
0 

• ~I a I ace 3Ba,..as /· 

a< 83 H8KOTOpal"O IIHTepaana,a >'a0 1 a.< a 2 J COOTB81:CT8yi&T peW8BBRM 17•7/ (x) 

ypa~~aeaaa ( 1.3) c o.aHIIM aynew aa aaTepaane 0 < x .< .. , 3TO, o.aaaxo, nj)oTaaope-

'IRT BYISopy a - '&m I a I aa BBT8p88.118 a < a .<a • H T8&, 'I .. if. ( x) - peweaae 
·.t I r;« · l J I 

~aaa11a (1,3)-(1,4) ~ 'o.aaaM ayneM aa aaTepaane O.<x < .. , a y •1 (x)- fi,(xJ -
. J " 

aaa.nora'IJioeipeweKae aaaa'IB (1.1)-(1.2). Ecna a< a , TO;;, .. inlla I . 3TOT 
_ 2 1_ ta 

npoqecc MOlKBO npo~on)f(BTb, cTpoB a 1 •1Jplal ana a 1 -~!lal,1 i ~ 2. 3~ecb 
a I I 

t 1 - MRO:H<8CTBO a , T8KBX, 'ITO a 1 ~a < a1+ 1 llBa al+t <a -~ a 1 , al+l 

8CTb B&'lanbHaB Dp083BO%lll8ll p8W8BBB l7 • 17(1:) ypaBB8B«B ( 1,8), BN810W8l"O 110 Kp&A-

• e• a I aeA Nape r + ·1 ayneA aa BBTepaane 0 < z < .. , a 1 11 a. • 1 - Ba'l8.11bRY& npoa3BOA-

Biola peW&IIBA, BM&IOillBX B TO'IIIOCTB 11ynel sa &TOM IIRTepaane. B.~o~ISop a 1+1 
upoa3-

BO.IlBTCB cornacao neMN& 2, 8w6op a1 4&naeTCB B B&ltOTOpOA OKp&CTBOCTB a I-J 

• ;;,_,(zJ 3a.Q&'IB (1.8)-(1.4) c i-1 Bynew, 118'18.11bHOI DpoB3B04BOI peweaaa 17 

xaJt &To-ISwno caenaao .ana'; • 1 • nycTb a, ... ,., I a I • a, < a + II 'f/ - ii ( xJ-
"f$ I t 1 l 

peW8HBB fp88~8BBR (1,3), fi
1 

(0) •0 

peweaae 3848'i1B ( 1.3)-( 1.4) c 

B 17; ·(0) • ii1 
1
, .lJ.onycTBM, STO f[. (x) He &C'I'b 

I. 

a;rnaMa aa aaTepaane 0 < x < .. • Toraa aTo 

MO>K&T 6b!Tb TOnbKO peweaue STOA 38;1l8'1B C i-t ayneN, DpB'I&M, cornacHo onpe.z:telle-

BRIO ';:i, .. ~I a I . • .an• a~ a, cywecTBy&T MHO>KGCTBO t,~1 •Ia I • a<a I+ I • 

n;rcTb a I- rf Ia I • a, I< al+l • Tor.aa 17 ~;; (x) eCTb peweaae aa-' 1-J - 1-1 
.aa'IB ( 1,3)-( 1.4 1

c i- 1 ayneM Ha IIHTepaane 0 < z < .. , a .Qnll a > ii cywecr 
1-1 . 

ayeT MBO>K8CTBO f ~' c rpaHIIIl&l ;,_2 ~ !1" I a I • npollO.IJ)f(8R STOT nponecc 

ana a , a 1 <a< a 1 + 1 , npJUl&N K noctpbeaa10 nono)I(BTen&Roro peweaas 17- i;
0

(1l) 

3a.r:l8'111 ('1,8)-( 1-4 )A ;;;(0) • a O , Dpii'I&N .ana a < a 0 CyUl&CTB,YIOT MHO:H<8CTB8 t1a 
a .. 

B f O , 0~B8KO .z:tnH _a > a 0 , a <a I+ 
1 

BROBb MO>KIIO DOCTpoBTb ·MBO:H<8CTBO pe-

~GHBI fpa8118BB~ ( 1.3) C O.llRBN ayneM Bll HBT&paane 0< x < oo, , 3TO Dp0TBB0p8'111T 

onpea'ltneila~ a - - I a I rpaaanw MRO>K&CTBII f: . C.YJJ,18CTBYJOill8l"O DpR a < a . 
I i" ' 0 

· HTax, 11 •ii (~) acT I> aa caNoN .aene peweaae 3a.aa11a ( 1.3 )-( 1,4) c i aynsNa ua 
. I - ( ) 

~T&pB«rnn 0 < ;a:< .. , a T • Y, ( x) • ~ - aaanora'laoe peweaae aa.aa'IB 

(1.1 )-( 1.2). TeopeMa 1 .ao~~:aaaaa. , 
• 

11' 

.~~-->--·....._:u~. ·-· "·-'1" / ... / \..;.~· . ..... ·. 

'. ~.·,l~t~~~.~~-;;! 

/ . ''); 
. ,) / 

·"' 

. ·~.&;' 

.'··~ . : i',.l'l, ·.\I 

'·! l 

\ 

' 

.. 

\ 

'~~ 
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~ 
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CnencTBae. Ana mo6oro uenoro nono}I(HTenbHoro iji = O, 1, ~ ••• ;J a mo6oro neAcTaa-

TenbHoro n , }< n < 4 , cywecTayeT peweaae :z m "'• (x) 3&ll&'IH (1.5)-(1,6), HMeJO-· 

wee B TO'IHOCTH ayneA sa auTepaane 0 < x < oo • 

2p + 1 
Ycnoaae n- ---

2q + 1 
nna ypaaHeHHA (J,1)-(J,2) 3KBHB&n9HTHO ycno8HIO HHBBpH-

aHTHOCTB Jp&BH&BHA OTHOCBTenbHO 311M9Bbl 3H8K8 y peweBHII, nocne.auee yCDOBHe cywecT"" 

aeaao, a oao acnonb3o aaao. Ana, ypaaaeaaa *e ( 1.5) oao BblnonaaeTca npa n 1060M n • 

m . Ana 'lHCneaaoro H8XO}I(ll8HBII peweaal 38.118'1 ( 1.1 )-( 1.2), ( 1.3 )-( 1.4 ), 

( 1,5)-( 1.6) H BCnonb30B8BBa HX CBOiiCTB BHT9peC&H CD&llYIOWHA pe3yD~T8T, 

TeopeMa 2. nJ06oe peweaae 38.ll8'1 (1.1)-( 1.2),(1.3)-(1.4) H (1,5)-(1.6) aeycToA

'IHBO no nanyaoay, 

He .llOK83bl8811 TeOpeMy nonHOCTbl0 0 nODO>KHM y
1 

= '7 - '1( X) , I'll& ;;(X) - npOB380nb-

Hoe p8W9BB8 38ll8'1B (1.3)-(1,4), H COCT88HM CHCTeMy .ana 81J3MYW9HHa y
1
ey

1
(r): 

y; = y 2 , 

1; •1
1 
-~ [(y

1
+ ij"(xJl-,)n(x)]. 

J' In ... .. .. 
nonaraa y •( 1

1 ) , A=(~ 6> aMeeM y"= Ay + f(x, y), r.ae 
1 2 n 

I f(x, y) I = 1-- [(y 
1 

+lj(x)) -;;'fx)].Kax 8HllHO, Teopeua 2 .an11 peweaaa 3&ll&'IH ( 1,3-( 1.4) 
xn•t /8/ ' 

ecT& npocToe cne.acT8ae TeopeMbl 1.2 Ko.a.aaarToaa a ne8aacoaa (eM, rnaaa Xlll ,§ 1); 

ecna Mbl noJta>KaM, 'ITO .ana n106oro '> 0 aepaaeaCT80 If( x, / Jl <E I y I 8blnonaaeTcs 

npH;IYI <8 H X ~T p8BHOM8pHO DO X , 8=8(1) H T = T(E )• 

Cl>yHKnHa '7• jj(x) &CTb pellieHHe 38ll8'1H (1,3)-(1,4), DOSTOMy H8llll9TCa TBKOe 1 1 , 

''ITO I~ (x) I < 1 npa X''> 1, • nono>KHM 8 = 1. • ctlyHKUHa K (Y • ; ) = (Y, +ij(x)t-?'rx) 
t y t 

aenpepblaHa 8 npaMoyronbHHKe IY 1 I ::; 1 , I ij 1 $. 1 npa n > j , KBK nerlto 8Hll&Tb, 
- I f(x,yJI M 

a orpaaH'leaa 8 aeu: I K(y , '1 Jl < .lf, Mbl HMeeM Tenepb nn- « -- npa x > 1 H 8 • 1. 
· M ' _1_ 1 r 1 xn-t - ' 

0'leBHllHO,..._,..._, < ( .ana X~ 12 ' r.a.e 12 -(J!.)n•f • npa 8 = 1 H 1=max(1 'T) 
I"·~ ... l I 2 

HMeeM jl(x,y)j< ,1;1 .ans IYIS8 a x~1 paaafMepa.o no x 

Mbi noJta>KeM Tenapb, 'ITO aenR'IHHa IIOK83&Tena n aen&ueiluocTH 8 ypa8H&HRax 

( 1,1 ),( 1,3) H ( 1,5) B8CbM8 CyiU9CT88HBO 8nRsteT 88 p83p9WHMOCTb COOTB&TCTBYIOIUHX 

ltpB8BbiX 38.11&'1, I1M89T MeCTO 

Teopewa 3. 3a.aa'IH (1,1)-(1,2),(1.3)-(1,4), (1,5)-(1,6) ue HMeiOT HeTpRBRanbHbiX 

peweii&A, ,ecnR n ~ 5 

AocT&TO'IBO llOKB38Tb .oTcyTCTBHe peweuall y 3B.Il&'IH ( 1.1 )-( 1.2) npa n ~ 5 • Ana 

STOI'O H8M IIOTpa6yJOTCa H91COTOpble C8e.lleBHa o6 BCHMDTOTR'l8CKOM IIOB8ll9HHR peW&HRlf 

38ll&'IH {1.1)-(1.2) npa ,. .... , nycTb n > 1 H y = y(x) -peweaae 38ll8'1H (1.1)(1.2), 

B T8KOM cnyqae lim y(x)= 0 R lim y'(x)= 0. nonarast f(x)=y'tx)-y2(x)+--L•y"(4), 
..... bel ....... co · n+ 1 
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_,1, 

•)' 
'i,•: ;,,, I,J.t 1 .:u 

, .~ 't· ·· ,·rr 
:·,~eeN lim l(x) • 0. • f(x) •-: •y'·

2
(x) a c&ny >'PaauQaa (1.d~'f·'~; I 

15'V'< .. ·: c H8KOTOPOfO MOM8RTa X - X 0 ' I y (x 0 JIO... <I.·. RM&IIM lrr x)l 

· ·.' ·' Cne.ctoaaTHnbHo, 

~ 2 . , J n-1 2 2 n-.J .2 2 , 
Y > 1 ( 1 - _2_ y ) > y· ( 1 - --' ) • a y , 0 .< , 

- n +·1 - n + 1 · ,. 
•t1(•-· ) 

np• x>x 0 • lrf•oW•t.OTciO.aa lr(xJI.<te 0 np&,x>z~ (3 

tJonaraa '-* • p , RN88M B CRDY ypaBH&HHa ( 1,1) 

p!!_•y-yn .. .J..p.; ' 
dy X n 2 

.Llna Be&QToporo z ';' x 1 a acex x ~ x 1 RM&eM I y( x) - y ( x) -iJ'(xJl,<tt 1 r > 
fp·~l<r,p(O)'tPI •0 ,ecnalimy(x)=O a'fimp., 
, ~ y•o ... _. ••• 

',- H'3 ac:lcne.ctaero .aaq!~pe&aHilllbHoro aepaaeacTaa .an11 p , p.· ~ (T~ ,,~ 
1

, 

p(OJ •0 aweelloll;L .<t ·IYI Rna, 8 cany oueaJta (3,1), IY~(xJf.~ 
t > ·~fx 0 ;j~: 1 ) (3.2). , · ~J 

MepelaeM K .ao~taaaT&nbC'l\BY TeopeM&J 8, 3To .ctoJtaaaTenbCTBO n'peAn< 

c'TU8JIKO, I • 

.LlOK838T8DbCTBO, nycTb 1 • Y( x) 
''! 

" B8KOTOp08 p81UQH8 38.118'18 ( l,J 

TllltOM cny'lae 
y" + .l_y• ... Y + 7 n • 0 1 Y (oo) • 0 t' y'(oo) • 0 • 

X . 

YM BO;lKBR ypallolleBHe 88 2y' , HBT&rpHpysl 8 · npe.a.enax OT X llO • 
eewe ycnoaasr' .ctns y • 1' ua ISecJtoae'IHOCTH, nonyqaeM paaeacTBo: 

2 · 2 n+t ooy'~dx 
-y' (x) +y (x)- _2_y (x) + o4f--- o; 

' ' n +1 .. x " 

,8 CRDy o•eHKB (3,2) BBTerpan B BTOM p8888CT88 CXOllRTCll, YMBO>KHM IIOCl 

CTBO.Ba Z 
2 

B npOHRT&I'pHpyeM no BC&M X o I1M88N 

oo n+1 oo •, 
Jx 2(Ly,2(x) +y

2
(x)- _ 2_y (x).)dx+o4fx 3 dzf_ 

o n+1 o • 
'I,',\' 

'·i:{,':/;o' · B cHny oueaoK (3.1) • (3.2) cnpaae.anaao cne.ayJOtnee npeo!Spaaoaaaae: 
'i:J,~\,•,')1, ,, ,2 

"11/'.1;\' ·: ... .. , ~ ~ '*' .. p 2 2 .. 4 .. 
,''~~.~~1 :;', 4f x

2 
dzfY __ P __ • 4 f dp f ~ x dx = ~ fp 2 y'·2(p)dp • ..!-Jzl 

' \f<·l'il'c'.,, ' < 0 .. p 0 0 p ,3 0 :3 0 

:(~'f1Vj%,' .' :.':~ .. . 
:<:,::;:::tt~ulee pa88BCT80 npao6peT88T BB.Il 

•i~/J,,~,';1 ,'\',''.,,••;' 110 

~" ',, ,~ ·i·e ./,,l,•'•ll. . J ,2 2 6 n+t 
',. \ .. . . f X (y + 37 - -- 1 )dx • 0, 

· ·... o n + 1 
Yf.oialii&:'::~tto .BCXbJilaoe ypasueaae ( 1.1) .a.na <PYBitllBB 7. y( z) 
·' ·;.-, •' . :, I 
~-~ llO BC8M X OT 0 llO oo , 

aa J 

- .. 2 2 •'+ .r.. +f2:qy'-dx-fx (y -y Jdx• 0. 
• 0 
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mo6oro uenoro nono>KaTenbHoro i (i • O, 1, •···;J a moooro .aellcT8R-
/ 

cywecT&yeT peweaae z ~ z, (x) 34.ll4'1R (1,5)-(1,6), RMeiO-

aa aaTepaane 0 < :r < oo • 

JlJIH ypa&H9HHll (1,1)-(1,2) 3KBHBaJI9HTHO yCJI08HIO HH88pH-
q + 1 
OTHOCHT9Jlbll0 38M9Hbl 3H8K8 Y peweHHH, nocm~.llRee fCJlOBHe CytUeCT-

AnH ypa8H9HBH >Ke ( 1,5) oao BblnonaaeTcH npa n106oM n , 

H8XO>K.ll9HBH peweHH.I 34.ll4'1 ( 1,1 )-( 1,2), ( 1,3 )-( 1,4 ), 

RX CBOliCTB RHT9p9C9H CJ18.llf101URll p93YJI~T8T, 

peweaae 34.ll4'1 (1.1)-( 1,2),(1,3)-(1,4) R (1,5)-(1.6) aeycToJI,.. 

reopeMy nonaocTbiO, nono>KRM y
1 

= "' - "'( x) , r.ae ;j( :r) - npoR380nb

(1.3)-(1.4), R COCT48BM CRCTeMy .llJlH 8U3MytUeHRR y
1
ay

1
(:r): 

,; = y2 , 

y' = y - .....J._ [(y + i/(:r)/- .,-"(x) ], 
2 1 zn-1 I _., _., 

, A = ( ~ 6 ) RMeeM y" = A y + I ( :r, y ) , r.ae 

+'ij(:rJ{-'ij'Yx)),Kalt BR.llHO, TeOpeMa 2 .llJIR peweHRR 34.ll4'111 ( 1,3-( 1,4) 
/8/ ' 

reopeMbl 1.2 KO.ll.llRHrTOHa R ne8RHCOHa (eM, rnaaa xm ,§I); 

.ana n106oro '> 0 aepa8eHCT80 If( :r, / Jl <• I y I 8blnonaseTCH 

pa&HOMepao no :r • /)=a (' ) R T = '1 (' ). 

eCTb peu..ieHBe 34.ll4'1R (1,3)-(1.4), n09TOMy H4ll.ll8TCSI T4K09 1 10 

• nono>KHM a = 1 • cPyHKURR K (y , ;; ) = (Y, +ij(x))"-fi(x) 
I Y, 

IY,IS1 .11)1:;:1 npa n>l , KaKnerKoaa.aeTb, 

I 
- I f(x,yJI M 

: K(y, "'JI<U. Mbl RMeeM Tenepb -r.;n- < -- npax>1 aa•1, 
1 .....1_ IT I xn-l - J 

.ll1111 :r:!:_12 , r.ae 1 •(J!..)n•t , npa a= 1 II 1•max('1 1 T) 
_., 2 t I 2 

111 .llJIII I y Is a R X :::. 1 pa&HOMepHO no X 

renepb, 'ITO B9J1R'IHH8 noK834T9J1R n H9J1HH9llHOCTH 8 ypa8H9HHIIX~ 
89CbM4 CflU9CTB9HHO BJ1R519T H4 paapeWHMOCTb COOT89TCTBYI01UHX 

.. 

(1.1)-(1,2),(1,3)-(1,4), (1,5)-(1.6) He RM910T HeTpR8R8JlbRbiX 

b .OTCfTCTBHe peweaall y aa.aa'IR ( 1.1 )-( 1.2) npH n:;:: 5 , Ana 

R H9KOTOpble CB9.ll9HRR 00 8CHMnTOTR'I9CKOM JlOB9.ll9HRR p91U9HRlf 

X-+oo • nycTb n > 1 B y = y(x) -peweaae 38.ll8'1R (1.1H1.2). 

R lim y'(x)= 0. nonara11 l(x)=y't:rJ-y2(x)+L·y(h 
z ..... co · n+ 1 
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Jl 

,, 
. , 

I, 

·)' 

> 

., • .ieew lim l(rj • 0 a l'(x)•-: •y'·
2
(x) 8 c11ny )'pe8H&IIKII (1.0~:r.'l. l(x) ~0 npa 

,,( ,' ... - ~ 
.~' ~ '< oo , C R91tOTOPoro NOM8BT4 X ., X 0 o f Y (r 0 Jl;... < < 1. BM98M {'T( xJI.< < .llJlll x>x

0 
• • • I 

.. · :· Cne.aoaaTenbRo, 

2 , J n-J .t 2 n-J 2 2 ' 
y' > 1 ( 1 - _2_ y ) > y· ( 1 - --• ) .. a. y , 0 .< u < 1 , 

- n +·1 - n + 1 

" · -ar•-• J ' 
apa x > x 0 a fj>(.t 0)J-•• 0TCIO.ll4 ly(xJI <•• 0 apa.x>z 0 (3,1)"•. 

d . 
tJonaraa ?f. • p , HM98M 8 CRny yp48R8HBR ( 1,1) 

X dp n 
P-•Y-Y -2.p.; 

dy X . n 2 
.Llna R8XQTOporo X ~x1 B 8C8X x~x 1 BM89M IT(X)-y (xJ-iP'xJf,<<o'<>O, 0TCIO.Il4 

IP~I<• ,p(O].,pf •0 ,ecna limy(x)•O a limp•O. a, r•o a•.,. ..... 

· ,,. Hs nOc:ne.aaero .aacpq,epeauaanb8oro aepaseacT8a .anll p , p • p (y:) , a ;ycnba&ll 

r · r• ·· •11(•-· ~ 

\, 

~ ·\ 
,,-. 

p(O J • 0 RM881N + .< < ·f Y f ana, 8 cany oueBKB ( 3,1), f j>'( x) 1.< • ..(2:• e t apa 

ic>m•(z
0

;,z
1

) (3.2), 

nepel,a&M X .llOK43&T8nbC~BY T80p9Mbl 3, 3TO .llOJta$&T&nbCT80 Dp8.1lDOlK8HO n,r~3a
C.T8ii&HKO, 

.LloX&34T8nbCT80, n;rcTb y- y(x) - H8KOTOpoe p91U81JR8 34.ll4'1R (1,1)-(1.2). B. 
TUOM CJ11'148 

y"+ ...!y'·-y+ y"• O, y(oo) • O, y'(oo) •0. 
X 

YM ilo>Kaa ;ypeJtiiiiiiHe aa 2y' , a&Terpap;ya a npe.aenax OT x .ao • a 1'1RTblaaa xpa
uwe ;ycnOBRll . .llJIH y B 1', H4 68CKOH8'IHOCTB, UOJIY'I48M paB&HCTBO; 

2 · 2 n+ z oo y'~dx 
-1' (x) +y (r)- _2_y (x) + t4f-- = O, 

· , n +1 • x 

,B CHn;y Ol8HU (3,2) IIHT&rpan 8 STOM p888HCT88 CXO.llBTCH, YMHO>KRM nocne.aaee paaea-

CTBO.He x 
2 

• npoaaTerpRpyeM no seeN x • HMeew 
00 

2 n+J 00 00y'~{p)dp 
fx

2
(-y,.t(x)+y (x)-_2 _y (~.)dr+t4fx~dzf • 0. 

o n+1 !I' o • P 

B cany oueaox (3.1) a (3,2) cnpaae.anaao cne.ayiOmee npeo!Spaso84BBe: 

oo oo #2 oe p 2 ao I oo 2 

4fx
2
dzfy (p)~ •4fdp f.iiwx dx• !_fp 2 y'·2(p)dp•.:![x 2y'·{z)dx, 

o • P o o P o3o :3 o 

npel:lwllfule8 pe88BCT80 Dpao!SpeT48T BR.ll 
00 J 2 n+t 
fx (y' +3yt- _ 6_ y )dz• c; 
0 n + 1 

YMHOJKKM 'l',ueflo .BCXO.IllHoe ypaaseHHe ( 1.1) .an~ cpyaJtuaa y .. y( !'J 
npoDT&rpapyeN, ao aceM , x OT 0 .ao .. • - .. 

f J . , f , .. .t 2 •* t. 
X 77 .dz + :J:qy .dz- f X· (y - Y I dz • 0 • 

0 • 0 

0Tc10.aa , 
• 
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(3.8) 

He X 
2
• y(x) II 

~·- -~ ~~iiJ~J~ 'lL:~.~ 

fll ~ ·~!~~.J 

-:-.: 

/ 

• •.:1. 
f ·~ 

- ,,,,',~:! 
I ·: \·y·' ,,,,.' ' .... ~ .. 

. / ::·\.:r,, 

c' 
' .•. J.•l 

I , 

.I~ 
~ 



f' 
·, 

f

,_. 

' ~-
;.~ 

•r,)_ 

t 
~· 

~· 
~· 

''r,• 

f •· 
(: 
i·:· 

t1 l 

2 DO • 2 2 OCI 2 2 n+j • 
r yy'·l -((2;qy'+x y' )dx+(2xyy'dx-(x (y -y dx= 0. 

0 0 0 0 

Y'!HTbiBBH oueHKll (3.1) H (3,2), OKOH'!BTenbHO HMeeM 

eo 2 2 2 n+ t 
(x (-y' -y +y )dx = 0. (3.4) 

CKn8.tlb!B8H. neBb!e H ~p8Bble '!8CTH paBeHCTB (3,3) H (3,4 ), nonyqaeM B8>KHOe COOTHOWeHHEt 

nnH peweHHH aana'!H ( 1,1 )-( 1,2): 

oo 6 n+ I 

( x
2

[2y
2
(x) + (1- -- )Y (x)]dx = O. 

n + 1 
(3,5) 

Hac HHTepecyiOT aHa'!eHHH n BHna n = ~ + 1 ( p H Q-HaTypanbHble '!Hcna), B TSKOM 
n+l 2q+1 

cny'lae y (x)JO nnH x> 0 H n106oro peweHHH aan&'IH (1,1), PaaeHcTBO (3,5) npo-
, 6 - . 

THBOpe'IRBO npH 1 - ti+1 ~ 0 , T,e, II pH n ~ 5 , 3THM peaynbT&TOM 38BepwaeTCH .tlOKa-

, 38T8nbCTBO TeopeMbl 3, .,,\. 
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