
-- --- -

OEbEllYIHEHHbl J.1 
YIHCTYITYT 
HllEPHbiX 

YfCCflEllOBAHYfl-1 

lly6Ha 
") :< 93 q 
vv.v · P(/ 

I ·• I 
I 
I 
I 
I 
~ 

~ - --

P-1887 

A.M. Xanaes, M.J.1,ll1HpOKOB 

PAllJ.1YC B3AJ.1MOUEC1CTBJ.1R 
J.1 nonRPJ.13AUJ.1R 4ACTJ.1U 



• 

2456/3 np. 
aes,A.M. H 
OKOB,M.H. 

Q,ll;eitCTBHSl 
a qaCTHU. 

f. /-

I 
.. - ... 

~ 

~ 
s 
.>-

~ 

A.M. Xanaes, M.VI. WHpoKoB 

p-1667 

PAAVIYC B3AVIMOAEHCTBVI.R 
VI non.RPV13AUVI.R Y:ACTVIU 

)''i"$:.;:::~;~·:-!~~; ~--. 
1 - :';t'"": y;;~ 
~ •. !>/~~~:,--_ __ ·r:~z: _· 

f., ... _ _.,_,~..,_.._.-.,.'!";;. --~--="' 

Ay6Ha 1964 



• • 

; 

' 

Bse.oeaae 

PapaTa H Wse.o
1 11

, OraeseuKHA H rpawaa
121 

yKasana cnocof5 oueHKH pa.oayca 

B38HMO.ll9itCTBHSI '18CTHII, HCn<;>nb3yiOWHit yJKe nepsble CKY.llHble cse.oeHHs, KOTOpble nonyqa

IOT a~cnepHM9HT8TOpb1 0 KaKOA-naf5o HOBOA peaKUHH. Cnocof5 COCTOHT B cne.oyiOWeM. nycTb 

assecTHbl SKcnepHMeHTSnbHble saaqeHH!I nonepeqaoro ce'leHH!I KaHana u H .oacpcpepeauaarn.• 

Horo C9'19BKSI u((J). flcHo, 'ITO STH .llaHHble cornacyiOTC!I c npe.ononoJK9HHeM o TOM, 'ITO B 

. pealtuBH KrpaeT ponb TOnblto s -sonHa nHwb B TOM cnyqae, ecna o((J),.c../4" • Ecna aTo 

paseHcTBO He BblnonH~9TC!I, TO .oonJKHbl HrpaTb ponb BbiCWHe napuaanbHble sonHbl (cpasbl) 

C opf5HT8nbHbiM MOMeRTOM r > 0 • 0K83b1Ba9TCSI, CM/
21

, 'ITO npH 38.ll8HHOM u((J) H np9.0-

UOnOJK9HHOM H8HOOnbW9M Cylll9CTB9HHOM OpOIJT8nbHOM MOM9HTe f 0 , senH'IHH8 U He Mo

:lK9T obiTb M9BbW97 '19M 4,.o((J) /I( to , 0) , r.o9 I(~ 6). H3B9CTHaSI nonoJKHTenbHa!l cpyHKI,I.HSI, 

_28CTylll8!1 c pocTOM t 0 , npH'19~ l:(0,8)=1 • Ecna o((J)»u/4" , TO noTpef5yeTC!I .oosonb-

ao f5onbW09 f 0 , 'ITOObl cornacosaTb TaKHe 3H8'19HH!I. o((J) H a r T.e. 11T06bl U p8BHH-

nOCb RnH Oblno Obi H9CKOnblt0 f50nbW9 0 '19M 47To((J) /I(~, 6) • no.o pa.oayCOM B3aRMO.lleit-

CTBHR r 0 Mbl UOHRM89M B9nH'IHHy, CBSI38HHyiO C fo H3B9CTHbiM COOTHOWeHReM r0 p-h fo. 
HsnO:lK9HIHdit cnocof5 HMe9T CMblcn npBMeHSITb TOn~>K_o, ecnH .u (6) > u I 41T. 

B H8CTOSI!ll9it paf5oTe HSXO.llHTCII aaRMeHbWee B03MO:lKH09 0 · npa sa.oaHHbiX sHaqe-

HRIIX u((J) H nonspH3allRH P((}) B 38BRCRMOCTH OT Upe.llUOnOJKeHHOrO f 0 • 

§ 1. Hcxo.OHble <PopMynbl a of5o3H8'19HHSI 

.lln11 npe.ocTasneHRSI u • o((J) 
/ 

H P(8) X8K cpyHXIlHit KOH9'1HOrO 'IRena napuHanJ>HbiX 

sonH (ana of5o6Ul9HHbiX <Pas) Mbl f5y.oeM nonb3oB8TbCSI cpopMynaMH of5m9A (4>eHoMeaonora-

qecKoit) TeOpHR pe8KllHI B npe.OCT8BneHHH npo9KURA CllHHOB H8 RMnynbCbl .(he~city) x) 

Jlnll p981tllRR TBil8 a+b .. c+d (cnRHbl 'laCTBil i 0 1 jb' j c' j d npOR3BOnbllbl) Hlo(I99M; 

-I , !![(21. +1 )( 2ib +1)] II< me mdl m m > 
b 

( 1.1) 

/4/ 
x) 3To IlJl'l.llCT8Bn9HH9 nony'IKno HSBecTHOCTb nocne paf5oTbl )i(aKotSa ~/BRita • 

0.0H8XO OHO BBO.llRnOCb B HCilOnb30B8nOCb yJKe B pa60T8X 38CT8B9HXO n.r / , R 

"i:lKOY ryaH-qJKao/6/. 
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h 2 ·I J J 2 
u(Bt=--[(21 +1)(21 +1)ll:ll: (2J+1)d (6t<m m4 IR lm m>lio 

4p2 a b J mo+~d·•.,+•b o . a b 
a 

(A) 

-t ... .. 

.. [( 21 + 1 ) ( 2J b + 1 ) I l: ( q + • < ID0 m4 I f I m m > ) • • ' •c + •cr 18a •b • b 

3.necb 3H&Jt l: o6o3H8'1a&T cyMMY no npoeKnRHM m., mb , m0 , m 4 • J &eTb 

IIOJIIII>II MOM88T KOli8'18CTB8 .QBBXC8H811, CyMM8 110 J 6epeTCII .llO 881tOTOpoi'O ]
0 

(noa

li8X<81I.181'0 0Dpe.Q8li8RRIO). 8 pACCM8TpBB88MioiX 88Ma a.anee Cny'I811X 3R8'18HR8 J OTIIH-
, 0 

'la&TCII OT M81tCBM8llbHOI'O op6HT8llbROI"O MOM8RT8 to 84 1/2 ana a8 1, T,e. DpR 6onb"" 
- • /4/a /7/ 

wax J
0 

MOXCRO C'IRT8Tb, 'ITO J,. • L
0 

• 0cT8llbHI>I8 0603Rjl'l88aR CM, B pa60TAX • 

·a npaawx 'l&cTIIX ctJopMyn ( 1) a (A) aae.neaw cneayJOII.IBe o603R&'Ieaaa: < m m If 1 iD m > 
• d • b 

8CTb B8JtTOp C KOMIIOH88T8MR 

J r:::-':' .. 
< ID

0 
m 4 If I mamb> • r.!Vp. v 2J+1 ~m 0 m 41 R lm. Ill b> 

( 1.2) 

J = 0,1,2 • • Jo RliR J-~ .,, ••• J., .. 
8 q - B8KTOp C KOMII088RT8MR 

q" - j 2J+l d.. (tt 
•.+••••.+•b 4w •o+••• •.+•b • 

( 1.3) 

llnll JtOMIIOR8RTI>I 110l1Hp1134DIIR p (8) '18CTIIIII>I CO Cllii80M 1/2, neplleR.IlRJtYliHpROI It 

llliOCKOCTR pe81tllRB, B CliY'I88 H81l0l1Hp830B8HRI>IX IIY'IKA R MRW88R MOXC80 llOlly'IHTb Bl>lp&

XC88R8 (cM.'
41 

R /S/ ): 

u(61 P(8) ,.(-iy'2) ~ [( 21a + 1)( 2!"+ 1HV2 l: l: (·l)K -•:c t-t 
4 pa2 m' ~ 1110K•m; 

0 

J J 
l: (2J+l) D 1 (·",8,1t-c;))<m0 m 4IR lmamb>. 

Jl,.J2 1 •c+md,m.,+mb ~ 

\• J 
(2J

2
+1) D. (-",ll,ft-¢)<m:m4 1Rim.mb>* = 

111o+•ctm.+mb 

(B) 

•I .. 
=2i[(2j +1)(21 +I)) I (q <·l-im 4 1flm m >). 

a b .. %+• , m + 111 a b 
ma mb''md d a b 

• ( ~ ... + + <+l-i, m41 f I m. mb> • ). 
'"' •d' m a •b 

B ctJopuy:ne (B) a acJOay B .Q8llbBeAweM npeanon8r8eTCa coxpaaeaae 'I&TIIOCTR. 3ro yueail"" 

W88T 'IRCIIO "o6o6ll.I&H8YX.4J83"/
4

/: 

.J J 

<•m
0

-m4 IR 1-m.-m">•< m 0 m4 IR I m.mb>(-1) 

4 

I+ I •I ·I 0 d • b 

"· .., d '"· 'I b

0 ( 1.4) 

I 

l .~',,I 

iii' I 
,q 

'..-'' 

•• 

• I ~\. 

3.Q8Cb 'I o603H8'1810T B8yTpeHH8e '18TROCTR '18CTRI(, <J>y8KIIRR 

'/ /4/ 
883aB8C8Mbl : 

J 
d'' .... 

d J (f.t .'" (•lt•D dJ (8) - d J ( 8). 
•m,•D m,D n,m 

'l'Oit 

Hawa 38.Q8'18 COCTORT' B 84X0)!(.Q888H 88HM88bW81"0 B03MOlKHOI"O 388• 

38.Q8H8biX u( II) , P(O) a J
0 

• 08a c8n.bBo ynpowaeTCa, ecna y'leCTb cnea~ 

TellbCTBQ. K8K BH.ti80 H3 (A) 8 (B), 4Jy8Kil8H u(8) H P(8) 8enocpeac~ 

TOnbKO OT nepeM&HHbiX .. 
<mm lzlmm>•(q <m0 m4 lfl m mb> ). 

o ~ a b m
0 

+ m d' m a+ mb • 

B oany 8epase8CTB8 Kowe-Byaaz:oacz:oro I ( ql*) I 2 < ( q I~ f 12 

a' .. ~ \ 

, OTKYllS 

lzl /l.q I . noaTOMY 

·1 31 .. 

u >u E[(2l +l)(2J+l)) Il<m m lzlm m>l /jq ·. 
- m a b o d a b ', ·~-."'J• 4 • 

rae u·., 38B8CHT T0)!(8 TOllbKO OT no:.peMeHHbiX Z , 3HSK p8B88CT ..... l' (C 

aocTaraTbCll (a HM&8HO np8 < m m 4 I fl m m b> II ~ + + . ) R \nc o a m
0 

md, m
6 

mb 

wee 3H8'188H8 u COBD8.Q88T C 88HM8HbWHM 388'18HH8M u .. 

§ 2. Pe8KIIHH THD8 % + 0 ... % + 0 • 

npaMepbl pe8KURI C j •J = \oi 
• l - l - 0 b d 

" + p .. "+ p • 

• p+ He .. p +He. 
ll1111 T8K8X pe8KU81 BB8.QY ( 1.4) 8 ( 1.5) HM88M 

<-!oiOizl-!oiO>=<!oiOiziY.O>ez+ 

<-l-i Olzl%0 >= <l-iOizl-!oiO>= z_. 

,Ll11!1 y.!l06CTS8 C'I8T88M p,HbiMH np083B8.Q88Hll B8yTpeHHHX '18THOCT81 '18C 

C , d, 8bi'IHCneH'II'll S apyroM B8p88HT8 '18T80CTeA np083BO.QliTCII 8881101"1 

TOT )1(8 pe3ynJ;>T8T, 3a.Q8'18 CBO.QHTCll K 88XO)!(.Qe8HIO 88HM88bW81"0 388'188 

BC81"0 OT .QB~X KOMDli8KC8biX nepeM&H8biX 

(1 -m 
I z 12 
~+ 
I q 1

2 

+ 

I z _12 

lfli 
npa cneay!Olll8X ycnoBHHX 88 aTH nepeM8i18bl& 

2 2 I z+ I + I z _I .. u (Ill 

i(-z+z~+z_z~)=21Jn z+ z~=u(O)P(8). 
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-t J J D 

[(21 +1)(21 +1)) III (2J+1)d (61<m0 mdiR lm m>l• 
a b J m0+~d ·• .. + •b a b 

(A) 

·l .. • 

+ 1 ) ( 2i b + 1 ) ) I I q + + • < lll 0 md I f I m m > ) , 
m0 m" ma •b a b 

qaeT cyMMY no npoetUIHRM m a , m b , m 
0

, m d • J ecTb 

TBa .llBR)f(eHHR. CyMM8 no J 6epeTCH .a.o HeKoToporo J
0 

(no.a.

). B paccMaTpaaaeMYX H8MR Q.aJiee c ny'lux aaaqeaa~ J 
0 

oTna

·o op6&TanbHoro MOMeHTS to sa 1/2 MB aa I, T.e. npa 6on..-

- t 141• 171 'ITO J., = 
0 

, 0cTanbHwe 0603B!l"'8BRH CM, B pa6oTax , 

n ( 1) a (A) aae.a.eaw cne.a.y10111Be o6o3lla"'eBBH: < m m If I ia m > 
• d • b 

T8MH 

J r.:;:--:1 J 
mdlf lm.mb>•{ir'!Vp.y21+1 ~m 0 mdiR lm.mb> 

( 1.2) 

J = 0,1,2 • • 1o ana J=~ .,, ••• J., 
eHT8MH 

••• + =~ J 
d ... b ~ d .. +• 0 d' 

(61 ·.+ • ., . ( 1.3) 

onapH38UHH P{O) '18CTHUW CO CDIIHOM 1/2, nepneBQ.BKynHpBOI II[ 

y"'ae HenonapH30B8HRWX ny"'K8 R MBI.UeBH MOlKHO nony•IIITb Blolpa-

.. Hv2i ~ [( 21 + 1)( 21b+ 11tV2 l: l: Hl~ -·:c t-1 
4 p2 a m' K •alS•m: 

a o 
J J 

D 
1 (-~r,O,,.-c;))<m0 mdl R I m.mb > • 

111 c+md,ma+ D\b 

~· J 
D, (·~r,O,~r-¢) <m: mdiR I m. mb>*" 

m0 +md'ma+mb 

(B) 

-I 
i.+1)(2Jb+1)1 I 

.. 
( q <·Ya m d l f I m m > ) • 
-~+•.m+m ab 

ma mb, m d d a b 

• ( ~li+ + <+Yz, mdl f I m mb> * ) • 
md,mamb a 

Y a .aanbHellweM npe.anonaraeTCH coxpaaeaae 'leTBOCTH, 3TO yMea~ot

x 'q,aa• 141: 

J I_+ ld-la· lb 
.·mb>•< m 0 mdiR I mamb>(-1) '1

0 
'1d /'1

0 
'I b' ( 1.4) 

4 

• 

I 

'·'~ 

t
,, 

' 

•",, I 

\1, ,, 

, .. ~·~ ,t I:. I; 

3Q.8Cb 'I 060388'1810T BHyTpeHHHe 'leTHOCTH '18CTHU, 4>yBXUHH 
/ /4/ 

H8388HCHMbl : 

J 
d'' .... 

dJ 
• nllt •D 

(61.- (-1 t "D dJ (0) - d J ( 0). .... . .. 
To>Ke He ace 

,( 1.5) 

Hawa 38.08'18 COCTOHT' 8 H8XO)f(Q.eHHH H8HM81JbWero B03MOlKHOrO 3H8'1BHHR q DpR 

aa.a.aHHbiX a( 0) , P(O) .H ]
0 

• Oaa CHilbHO ynpomaeTCa, ecna y'I&CTb cne.a.y10utee o6cToa-

TenbCTBQ, Kax aa.a.ao as (A) a (B), <flyaxuaa a{O) a P(O) aenocpe.a.cTaeaao aaa&CIIT 

TOnbXO OT DepeMeHHbiX .. 
<m mdlz lm m >• (q <m0 mdlfl m mb> ). 

o a b m
0 

+ md, m a+ mb • 

B oany sepaaeacTaa,Kowa-Byaaxoacxoro l(qt)l 2 < ~~~~~ 12 
, oTxy.a.a 

2t ~ :a \ 
lzl /l.q I' . nosTOMY I 

.. .. .. 
It 12 < [(qfl,I2/Jcilt· 

•1 2i l .. 3 
a >u =[(21 +1)(21+1)] l:l<m m lzlm m>l/lq 1, 

- m a b c d a b m +• , m + • 
c d • b 

(C) 

r,l:le u· 38BHCRT TO)f(e TOnbKO OT nepeM8HHbiX Z , 3aax p888HCTB8 B (C) MO>K&T 
m .. ., 

Q.OCTHraTbCH (a RMeHHO npH < m md I fl m m b> II q + 
0 

• 
81 o •d' + . ) H R09TOMy H8HM8Hb"' 

•a mb 

wee aHa'leHae o coanaaaeT c aaaMeHbWHM 3Ha'leHBeM a 
ID 

§ 2. PeaXURR TRD8 ~ + 0 .. ~ + 0 • 

npHMepbl peartuRI c I •I = Yz .. lb= 1d-o: ~r+p .. ,+ p, ~r+p .. Y+K 

p +He .. p +He. 

.Uns T8XRX pe8KURII BBR.tly ( 1.4) H ( 1,5) HM88M 

<-YzOizi-YzO>=<YaO!ziYaO>" z+ 

<- Yz o I z I Yao > = < Ya o I z I - Ya o > = z _. 

.Jlna y.006CTB8 C'IRT88M p8BHbiMR npOR3B8,1:l8HHSI BHyTpeHH~ '18TROCT&I '18CTBII a , b II 

c , d • Bhi'IRcneHtiH a apyroM aapaaaTe 'leTHocTell npoaa&OAHTCR aHanorH'IHO a .a.aroT 

TOT )1(8 peayni;>TST, 38.08'18 CBO.llHTCSI K H8XO)f(Q.8HHIO H8HMeHbWero 3H8'1eHRR <flyHKURB U m 

BCEirO OT Q.B)'X KOMnnexCHbiX nepeMeHHbiX. 

q = .. I z 1 ~ 
_.±..-, + 
I q Ia 

+ 

I z _I~ 

lfl2 
DpR cne.tlyiOUIHX ycnOBRSIX H8 9TH nepeMS.Hb18 

2 2 
fz+l +lz_l =a(O) 

I( -z+ z~ + z_ z~ )•21m z+ z~ •o(O) P(O). 

~ 
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Ecna ae ssoaHTb cpyHKUHIO o , To aaao paccM&TpasaTb aaaaq:y c 6onblllHM '!HcnoM nepe-
J m 

MeHHbiX f , J = 1/2, 3/2.,, ]
0 

• 

Mo)f{HO HaliTH 3KCTpeMyM 0 m UpH ycnOBHSIX (2,A) H (2,8) C UOMOlllbiO MeTOl!a 

HeoripeaeneHHbiX MHO)f{HTenell narpaH>Ka. CneayeT, oaHaKo, HMeTb s ·SHl!y, 'ITO HaHM9Hb-

WHll 3KCTpeMyM (1' 
m 

MO)f{eT H He pbiTb HSHMEIHbWHM 3Ha'I9HHeM (OHO MO)f{eT l!OCTHraTb-

CSI Ha rpaHHU~o 3aecb Mbl H3lJO)f{HM apyroll CUOC06, KOTOpblll .uaeT HM9HHO HaHMeHbWee 

3Ha'leHHe· om (cosnaaaiOlUee C MHHHMYMOM, KaK OKa3biSaeTC~) H K TOMY )f{B npome, 

nycTb 

MeHHble r 

z = 
+ 

H a 

p+ e:xp ilj+ H 

: p+= r sin a 

z _ = p _ e:xp i11 _ • .Llanee sMec'To p + H p _ sse a eM nepe

p_=rmsa. Toraa (2.A) H (2.8) npao6peTaiOT saa: 

2 2 
lz+l +fz_l =r 2 =o(8) 

r 2 sin 2a sin ( '1 - '1 ) = o( 8) P (O) • 
+ -

nocne 3TOrO Om MO)f{HO aaUHCaTb B BHl!e 

0 = 4~ro(ll) ( sin
2
a + ~) 

m ~+ I_ 

.. g Jo J 

I.+ = 4~r I q +I = I. (2J+1)[d ( 8) 1 
J=IO 

10.10 

2 

.. 2 Jo J 2 

I =I. ( 21 + 1 )[ d (II) l . I. = 4 "1 .q 
li ·10.10 J= 

Ha (2.1) H (2.2) cneayeT, 'ITO sin 2a sin( 'I+ - '1_)= P(8) , OTKyaa 

(2.1) 

(2.2) 

(2.3) 

I P(O) ~~ illD 2 a 1 ~ 1 • Tenepb ocTaeTCSI HaliTH HaHMeHbwee aHa'!eHHe (2.3), ecnH 

I sin 2cz I MeHSieTCSI s 3THX npeaenax. 

C UOMOlllbiO cpopMyn 

sin2 a= V. ( 1 + .j 1-sin 22a ) , 
~ 

a>S 2a = V.( 1:;:-~2a 

( UpH aaaaHHOM sin 2a B03M0)f{Hbl l(Ba 3Ha'!eHHSI sin 2 a H COOTBeTCTB9HHO COS
2 

a 

)f{aeM 0 m qepea sin2 2a 

) a&rpa-

o =4~ro(II)IV.(~+-1_)+V.y'1-sin 2 2a (_1 ___ 1_) I. 
m ~ :£_ - };.+ S _ 

HaHMBHbwee aHa'!eHHe 0 m nonpraeTCSI itpa aHaxe + , ecna xaaapaTHSSI cxo6xa oTpaua-

TenbHaSI H UpH aHaKe -, ecnH QHa UOfi0)f{RT9llbH8,, .Llanee, Sblp8)f{BHHe 

V. (_1_ + _1_) -V.y' 1- sin22a 1-1 __ 1_ I 
l+ l_ I.+ I,_ 

SIBllSI9TCSI HaHMeHblllHM UpH HaH60llbW9M B03MO)f{H0M 3H8'1eHHH KOpHSI, 'ITO L!OCTHr&eTC!I 

npa HaHMeHbWeM sin2 2a , T.e. npH sin 2 2a=P 2 (8); YfTaK, 

6 

-

; 

u > o > 2 "o(O) [ ( _!_ + _i. ) -y' 1 -P 2(9) 1-1- - ..J-1 ] 
- m- !,+ ~- I+ .-_ 

Ecna HeT ycnoBHSI (2.2), TO aaaMeHbwee aHa'leHHe sin
2
2a paaHo 

ell y)f{e aaaeCTHSII cpopMyna o ~ 4~r o(8) I \• rae ~ - 6onblllee H3 I.+ 

HeTpyaHo npoaepHTb, 'ITO neaa11 'I&CTb (2.4) 6onbwe 4~ro(O)/lcr npa 

B 'ISCTHOCTH, npa P(8)= 1 a l\5» I.M nonyqaeM an11 HaHMeHbwero aHa• 

'IRHy 2~ro(ll) I I.M , 'ITO rop4aao 6onbllle 4~ru(ll) I I. 6 • ''I.To6bl aHa'!ef 

CT8llH COBMeCTRMbiMR Tenepb (xoraa H3B9CTHO, 'ITO P(ll)'!' 1 ) UOTpe6y• 

6onblllee ]
0 

• TaKHM o6paaoM, a 3TOM cnyqae oueaxa 1 0 ana 10 aHa'!a 

CSI, JlODOUHaTellbH811 aHcpOpM8UHSI 0 UOllSipH3 8UHH He yny'lwaeT ODeHKy, ec 

uHSI paaaa ayn10 (ana ecna ~(ll)':l'I._(II) , eM. pac. I a 2). 

nony'leHHa II cpopMyna MO)f{eT 6b1Tb RCUOllb30BaHa no-apyrOMf: ecnH 

J
0 

(cneaoaaTenbHo, aaaecTHbl ~ (0) H I_(O) ), a TaK)f{e 0 - H o(ll) (npir 

u/ 4~ru( II) >'1/I ), TO HMEI:!M TaKoe orpaHR'IeHHe Ha aenH'IRHY DOllllpR3bl 
6 

... ~ 
__ 1 )~ 

I6 II+ -I _I 
V. (l...o y' 1- p2 (11) ) < ( __ o 

4 ~ru(ll) 

KoHe'IHO, aTa oueHKa anSI P( 0) noneaHa TOllbKO a Tex cny'lallx, xor 

.l2.5) MeHbWe eaHHHubl, 

C DOMOlllbiO (2,5} Mbl MO)f{eM HEICKOllbKO YTO'IHRTb H3BEICTHbiA cp&KT 

pH38UHH B HYllb UpH 0 =no HllR 180°, a HM9HHO OUEIHHTb noaeaeHHe p( 

yrnoa. npa M&nbiX yrnax ' I-v.v. «I v. v. H noacTaHOBKa cpopMynbl ( r 
a (2.5) aaeT 

2 2 

P2(0) <[_o_- __ 4 __ ] .<Lo+1) (Lo+2) sir 
~ro(O) (L+1)(L+2) 2 

0 0 

' 0 < sin
2 

11/2 « 
(L + l)(L + 3) 

0 0 

8enH'IHHa L
0
= 1

0
- V. aaaHCHT OT npHHSIToro 1

0 
H aMnynbCa B CHCTeMe 

h L
0

= 10 P • 

§ 3. PeaxuHH THDa V. + ~~ .. V. + V. 

npH!>f9pb1 TaKHX peaKURA: n + p .. n + p I- +p .. I"+n • p +p .. 

npa COXpSHeHHH '19THOCTH B aaaa'le cparypa.py!OT 8 nepeMeHHbiX Z 

pewRTb aaaa'ly MeToaoM aaxoJKaeHHH ycnoaaoro MHHHMyMa, Cnoco6, Ha 

7 
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KUHIO q TO H8.ll0 paCCM8TpH88Tb 38.ll8'1y C 60I!bWHM 'IHCnOM nepe-
m 

3/2. •• Jo • 

KCTpeMyM O'm npH ycn08H>1X (2.A) H (2,8) C fiOMOlUbiO M9TO.ll8 

HTenell llarpaH>Ka. Cne.ayeT, o.aHaxo, HMeT& 8 ·8H.lly, 'ITO HaHMeH&

MO)I(eT H H9 6biTb HaHM9HbWHM 3Ha'leHH9M (OHO MO>KeT .llOCTHraT&

b Mbl H3nO)I(HM .apyroll Cfi0C06, KOTOpb!ll .aaeT HM9HHO HaHM9HbW9e 

SI01U99 C MHHHMyMOM, KaK OKa3bl8aeTC~) H K TOMY >Ke npowe. 

e:q> i17+ H 

I+ 
r sin a 

z _: p _ e:q> i17 _ • Jlanee BMecTo p + H p _ B8e.aeM nepe

p_:ra>sa. Tor.aa (2.A) H (2.8) npao6peTaiOT BH.ll: 

I z 12 + f z 12 = r 2 = u(8) 
+ - ' 

r 2 sin 2a sin ( '7 - '7 ) = u{ 8) P (6) • 
+ -

)I(HO 38UHC8Tb B BH.ll9 

= 477u(8) ( sin
2
a + cos

2
a 

:s+ :£ 

.. 2 Jo J 

:477lq+l =~ (2J+1)[d < 8) I 
J:~; 

!;,!; 

2 

4 "I q 
2 Jo J 2 
I:~ (2J+l)[d (8!1 • 

J:li ·Kdo 

cne.a.yeT, "'TO sin 2a sin( '7+ - '7_)= P(8) 

(2.1) 

(2.2) 

(2.3) 

, OTKy.aa 

• Tenep& ocTaeTc>t HaliTH HaHMeH&wee 3Ha'leHae (2.3), ecna 

:E>THX npe.aenax. 

Myn 

.n
2 a: Y, (1+y1-sin22a), a>s2a =V.(l-yl-sin 22a ) 

- + 

B03MO)I{Hbl .ll8a 3Ha'leHHH sin 2 a H COOTB9TCTB9HHO cos2 a ) Bbipa-

2a 

um=477u(8)IY,(~+-1_).±V.v'1-sin 2 2a (_1_-+) I. 
~+ ~- I+ --

U m nonyqaeTCH UpH 3HaKe + , ecnH KBa.llp8TH8>1 CK06K8 OTpHua-

' ecnH c'Ha nonO)KHTen&Ha. Jlanee, Bblpa>t<eHHe 

Y, (_1_ + _1_ ) - Y, v' 1- sin22a I _1 - _1_ I 
I+ ~- ~+ I-

npa HaH60nbW9M 803MO:>KHOM 3H8'19HHH KOpH>t, 'ITO .llOCTHraeTCH 

2a , T.e. npH sin 2 2a=P 2(8) ; YITaK, 

6 

• 

" 

u > u > 217u(Ol [(__!_ +'__i> -v1-P 2(0l 1_1_- 11 J. 
m- I+ ~- I+ I_ (2.4) 

Ecna HeT yCnOBH>t (2.2), TO HaHM9HbW99 3Ha'I9HH9 sin
2
2a paBHO Hyn10 H nony'IHT

c>t y:>Ke H389CTJfaH 'lpopMyna u ~ 477 u(8) I \• r.ae 1s -
HeTpy.aHo riposepHT&, 'ITO nesag qacT& (2.4) 6on&we 

/3/ 
6on&Wee H3 ~+ H I_ , eM. 

417 u(8) I II' npH PI o HI=/I. 
+ -

8 qacTifOCTH, npa P(8): 1 H ~>> IM nonyqaeM .ans HaHMeH&wero 3Ha'leHH>t u senH-

'IHHy 2rru(8) I IM , 'ITO ropaa.ao 6on&we 477u(8) II5 • l{To6bl 3Jla'leHH>1 0' H u{8) 

CTanH COBM9CTHMbiMH Tenep& (Kor.aa H3B9CTHO, 'ITO P(8)= 1 ) noTpe6yeTCII ropa3ll0 

6on&wee 10 • TaKHM o6paaoM, 8 :E>TOM cnyqae oueHKa J 0 ana r., alfa'IHTenbllo yny'lwaeT

C>t, .!lononHHTen&HaH HHcpopManHH o nonspaa auaa He yny'lwaeT oueHKY, ecna aTa nonspHaa-

llB>t pasHa HyniO (anH ecnH I (8)~I (8) 
+ -

, CM. pHC. 1 H 2), 

nonyqeHH8 H cpopMyna MO>K9T 6b!Tb HCnOnb30B8H8 no-.apyrOMf: ecnH R3BeCTHO r 
0 

'xnH 

] 0 (cne.aoBaTenbHo, H3B9CTHbl ~(O)H I_(O) ), a TaK>Ke u· H u(8) (npir aTOM, KOHeirHo, 

u/ 4 1717{ 8) > 1/I 
6 

), TO HM9:!M T8KOe orpaHH'IeHHe H8 BenH'IRHY nonapR38UHR P(8) l 

Y, (l..o v'1- Pll(8) ) < ( __ u 
4 170'{0) 

"' "' __ 1_) -+--
I6 II+ -!_I (2.5) 

Kolle'llfO, aTa ouelfKa .ana P( 0) noneaaa Ton&Ko B Tex cny'lasx, xor.aa npasag -IBCTb 

. {2,5) M9Hbille e.aHHHUbl, 

C fiOMOlUbiO (2,5) Mbl MO:>K9M HeCKOnbKO yTO'IHHTb H3B9CTHbiA tP8KT o6pauieHRSI nong

pR3aUHR B aynb npa 0: no RnR 180°, a HM9HHO OU9HHTb fiOB9.ll9HHe P(O) B6nR3H 3THX 

yrnoB, npa Manb!X yrnax · ~-Y,Y, « :S Y, Y, 

B (2.5) .aaeT 

a no.acTaaosKa cpopMynbl ( f1.6) npano:~KeHRB 

2 2 
(1 

P2(0) <l-{0) 
170' 

_4 __ ) ,!Lo+1) (Lo+2) sin2 0/2 
(L+1)(L+2) 2 

0 0 (2,6) 

0 < sin 
2 

0 I 2 « 1\ 
(L + l)(L + 3) 

0 0 
8enH'IHHa L

0
= 1

0
- ~~ aaBHCHT OT npRH>tToro f

0 
H HMnyn&ea B CHCTeMe U9HTpa HHepnHH: 

h Lo = 'o p • 

3. PeaKUHH THna Y, + ~~ .. Y, + Y, 

npH!'fepbi T8KHX pe8KUHll: n + p .. n + p I.+p .. I .. +n H T.n. 
= 
p+p .. A+A 

npa coxpaHeHHR qeTHOCTH 8 aa.aaqe cparyp&pyiOT 8 nepeMeHHbiX z • HaM He yp.anoc~o 

peWHTb aa.aa'l'y MeTO.llOM HSXO:IK.lleHHR ycnoBHOrO MHHHMyMa, Cnoco6, H3nO>KeHHblll BbiWe, 

1 ;, 
7 
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\ 

v 

n038onseT ao..:TH'Ih ~~:enH. AuanorH'IHO cny'laJO YO+ O-.YO+ Q 

~~eayiOUlHM o6pa30M (I!MeCTO npoexaHA CDHIIOB •YO H +YO 

napaMeTpH3yeN nepeNeHH~e 

DRUl9M DpoC~O -, H +): 

<--lzl-->• z __ =r alna slnfl
1

ainy
1
explll_ 

<--lzlf+>az =r 'sbta aln~ cosy expl11 -+ I I -+ 
(3.1) 

<-+I zl-+ > .. z22- r IIID a ClOS {31 aln.c\ exp 1111:1 

<-+lzl+->•z
21 

= r sina =•fl 1=s81 explllu 

<+-lzl-->az
1
_arClOsa sinfl

3 
alny

2 
expl11 1• 

(3.2) 

<+-lzli+> !!Z
1
+=r ClOSa .. IIID fl

2 
Cl0sy2ellpl7jl+ 

<++lzl ~+ >• ~2 •r ClOSa Cl0s,8 2sin 8Jexpl11+ 2 

<++.I z I+->,. z+ 1= r ClOS a Cl0s{3 2 ClOs 8 ~ exp 111+1 • 

,. 12 
CyMM~ 4 IT I q + ., + m 

ma md' a b 

o6o3Ba'IHM qepe3 I __ 1 I-+ 1 I 00 H I 0_ coOTBeTcTBeBHO 

3Ha'I9HHIIM ( m
0 
+ m d1 m: mb) • 8 CHny ( 1.5) B saaa'le BCTpe'laiOTCH TCIDbKO 9TH ~eTblpe 

CYMMblo 

¢1opMyDbl (A), (B) H (C) DPHHHMSIOT BRa: 

• 

2 2 
o( 6) = YO I I z1 I = r /2 

I ~ 

0 ({1) p({l) •-Im ( z __ z~. + z_+ z~+ +z22 z: 2 + Zg 1 z: 1 ) • 

2 
= - .-..!._ sin 2a [ sin "' sin y sin fl sin y .sin ( 'I - 111 ) + 2 ~-'1 I 2 • •· • 

+ aln {3
1 

cosy
1 

sin {3
2 

ClOS y
2

sin !11_+- 11 1) + 

+ ClOS f3 sin 8 ClOS f3 sin 8 sin ( 11 - 7! J + 
I I 2· 2 22 + 

+ cos,8
1 

Cl0s8
1 

ClOS {3
2

Cl0s8
2 

sin ( 712! 71+ 1)],. -o(6) sin 2a [P ] .• 

8 

(3A) 

(3.8) 

'\ 

•' 

,, 
\'~i 

' 
l , 

3aMeTHM 1 'ITO an11 CHNNeTpHH 3TCII <tJopMynbl npHUlDOCb 0603Ha'IHTb 

B OTDH'IHe OT ( 1.3) 

qJ 
+t,•l 

~ 2 

lzl r { 2 • 2 s12 2 I o =4rrY.I-•-=4rr- ~+sin a[sin f3(~+~)+Cl0s, 
m I 2 I •I I I 

I 0 • • • •+ 00 

Tax >Ke xax R B § 2 an11 om MO>KHO uanacaTb 

o ? 4rro((J) I Y. (_1_ + s > - Y.v' 1- sin 2 2 a I _1_ - s I I 
m !.a_ 2o 

s "' sin 
2
;3 sin

2 
y + 

I_ 

2 .• 
sin tJ cos y + 

I.+ 

2 

~ 
!.oo 

noxa>KeM, 'ITO I[PJI R3 ¢opMynbl (3.8) MeHbUle HDH paBHO 1. .lleACTB 

CBOaRTCII X CXan~pHOMY npoRsBeaeHHIO aayx eaHHH'IHblX BeKTOpOB ~(I) ~ ; 

MepROM DpOCTpaRCTB9 1 Ka>Ka~A H3 KOTOpblX HMeeT KOMDOKeRT~: 

a1 = sin fJ aln y aln t a5= cos {3 aln 8 sin 11 

a2 "' sin {3 aln y cos • a
8 

• cos fl sin 8 cos 'I 

a
8 

= sin fl cos y sin t; a7 = cos f3 cos 8 sin {I 

a
4 

• sin fl cos y cos ( a
8 

• ClOS fl ClOS 8 COS {/ • 

, npa 9TOM aaao npHRSITb, 'ITO II - 7j = rr/2 - (t -f) H T.a. nosTOM 
-- I• I 2 

uanorR'IHO npeablayUleMy cny'laiO cneayeT, 'ITO I P (0) I S.l sin 2a I .'S_ 1 

I P(O>l ::J (PJI !> 1 • .Uanee 1 npaaas 'I&CTb (3.3) ecTb nHueAuaH cPYHKilHII 

HaRM9HbUlee 3Ha'I9HRe 1 Koraa S MHHHMaDbHOe (xax B cnyqae 1/!.0 • >s, T&l 

HOM cny'lae). npeaCTSBRM B B BRae x 2/I + y
2
i!. + Z 

2
t/'!.10rae X 1 y 

-- -+ ' 2 2 
noHeHTbl eaRRR'IHOro aexrop£: x2+ y + ~ = 11 a ~H I M cooTaeTCTBeHHO 6c 

M9HbUlee R3 I-- I I-+ • I 00 • nocne 3Toro BRaHM, 'ITO H8HM9HbUlee 3HI 

paBHO V~: 
2 2 

•=1/~ + y(l!I. -1i/!.6) + z (l/IM-VI6). 

HTax, HaRMeHbUlee sHa'leHHe a aocTaraeTCII, xoraa sin 
2 

2a a· s HMeJO 
m 

mae 3Ha'leHRH. EcnH ace aoceM& nepeMeHHblX z HesaBHCHM~, TO sin 2 2a 

DpHHRMaTb CBOH RaHMeHbUlHe 3Ha'laHHII oaHOBpeMeHHO, .£leACTBHT9DbH0 1 S•1 
I •(l) 
ct>axcapoaaH~ 3Ha'leHHII yrnoa fl1 a y 1 aexTopa a 1 a HMeHHo xoraa na6c 

2 2 
.RR60 /JtO' I yl•rr/2na6o ~~=tr/21yl- nl06oe. A pa&eHCTBOSin2a=P (6) HM91 

.... (1) .. (21 ... (1) 
xoraa (P]•(cP> a )=1 , T.e. xoraa « II a • nocxonbxy yrn~ aexTopa · 

BXOaiiT
1 

TO BCeraa MO>KHO caenaTb ;(2) napannenbH~M· Bb16paHHOMY B9KTOI 

9 



nH. AuanorH'IHO cnyqaiO ~ + o .. ~+ 0 

(aMeCTO npoeKUHII CDHHOB -~ H +~ 

napaM&TpHayeM nepeueHH~e 

naweM npocTo -, H +):. 
j 

1--> E z = r sin a sln,8
1 

sin y
1

exp 171 _ 

!++>ez_+ =r sitla sinf3 1 ex~sy1 exp1'1_+ 
(3.1) 

z I - + > = z
2 2 

= r sin a CXIS {3
1 

sin •\ exp 171112 

lzi+->EZ21 r sin a cos ,B 
1
cos8

1
e:11p 1'1u 

I z 1-- > = z = r cos a sin ,B sin y exp l71 
1· 3 2 I• 

(3.2) 

lzl++> = z
1
;r cosa sin {3

2 
ex~sy2 e:~pl'1 1+ 

lzl :-+ >"' :~~t- 2 =r CXISa cos,B 2 sin 8 4exp1'1+2 

.I z I+->= z+ 1= r cos a cos,B 2 CXI8 8 11 exp 171+1 • 

m + .. 12 
a b 

o6oaHa'IHM qepea I __ , I-+, I
00 

H I 0 _ cooTB&TcTB&HHO 

+m) , 8 CHny ( 1,5) B 38.1l8'1& 80Tpe'1810TCH TOnbKO 9TH ~&Tblpe 
a b 

(B) H (C) npHHHMBIOT BH.Il: 

2 

u(8)= ~I lz1 l=r 2/2 
I 

u(8) P(8) =-Im ( z •• z~. + z.+ z~+ +Z22 zt2 + ~~ zt 1 ) m 

2 
= - .• _r_ sin 2a [ sin ,B sin y sin ,B sin y .sin ( 'I - "1/1 ) + 2 1 I 2 • •• • 

+ sin ,8 cosy sin ,B cos y sin ('I - 'I ) + 
I 1 2 2 •+ I+ 

+ cos f3 sin o cos {J sin o sin ( 'I - 11 J + 
I 1 2 2 22 + 

+ cos,B1 coso1 cos {J 2 ex~so2 sin ( 7121 '~+t) l,. -o(8) ·sin 2a [P 1 ·• 

8 

t#l 

(SA) 

~ 

(3,8). 

~· 

?~ 

I,-

\l 

,.ii/i/ill·;i 

3aM&THM 1 'ITO .llnH CHMM&TpHH 9TOII <iJopMyn·bl npHWnOCb o6o3H8'1HTb 

B OTnH'IHe OT ( 1,3) 

qJ =-v'2J+l /(8) 
+t,•l 417 +1,•# 

• ~ 2 

u = 41r~I ~ =4tr_r_( cos!lz + sin 2 a[sin
2 

{J (~ +~ )+~J·(3 C) 
"' · I 2t I 1:£. I I ' 

I 0 • • • •+ 00 

Tax lKe xax H a § 2 anH o.. MOlKHo aanHC8Tb 

um}4tro(6)1 ~ (_1_ +S )-~v'l-sin 2 2a 1-l--s II 
Io_ Io 

• 2,, si 2 
s•sm;. ny + 

I_ 

2 .2 
sin {3 cos y + 

I_+ 

2 

~ 
Ioo 

(3.3) 

noxalK&M, 'ITO I[Pll H3 <Popuynbl (3.8) MeHbW& HnH paBHO 1. JleACTBHT&nbRo, [p]. 

CBO.IlHTCH K CXMIIPKOMY n~H3B&.Il&HHIO .llBYX &.llHHH'IHbiX B&KTOpOB ~(I) H ;;(2
) B BOCbMH

M&piiOM npoCTpa.tiCTBe, K8lKLl~A H3 KOTOpbiX HMeeT KOMDOIIeiiTbl: 

a 1 • sin fj sin y sin E a
5 
= cos ,B sin o sin 71 

a
2 

= sin ,B sin y cos • a
6 

= cos ,B sin o cos 'I 
(3.4) 

a
3 

= sin ,B cos y sin ( a
7 

= cos ,B cos o sin 8 

a* • sin ,B cos y cos ( a
8 

= cos ,B cos o cos 8 • 

, npa 9TOM 118.1l0 npH11HT~1 'ITO '7 -'I = tr/2 - (E - <) H T,,ll, no9TOMY H3 (3,8) 
-- I• 1 2 

uanorH'IIIO npe.llbl.lly!Ueuy cny'laiO cne.llyeT, 'ITO I P (8) I S.l•in 2a I .~ 1 8 TBK}!{Et 1 'ITO 

I P(8l1 ::_I[Pll !> 1 , Jlanee, ttpaB8H '18CTb ( 3,3) eCTb nHHeiiHaH <iJyHKUH!I 8 H HM&&T 

H8HM&HbW&e 3H8'1eHH& 1 KOr,lla 

HOM Cny'!ae). npe.llCTBBHM S 

noueHT~ &.llHHH'IHOro aexropa: 

S MHHHM8nbHoe ( K8K B c;:ny'!ae l/I0 > S, T8K H B o6pa~ 
2 2. 2 -

B BH.Ile x /I __ + y II_t z i!I11f.lle x , y , z -xoM-

2 2 2 x + y + z = 1, a It5H I M iooT&eTcTBeHHO 6onbWee H 

MeHbWee H3 I .. ' I-+ ' I 00 • nocne 9Toro BH.IlHM, 'ITO H8HMeHbWee 3H8'1eHHe s 

paBHO 1/:;: 2 2 
s=1/l',s + y(l/!

0 
-li/!6) + z (l/IM-1/I6). 

2 
MTaK, H8HM&HbWee ana'I&HHe 0 m .llOCTHraeTcH, xor.lla sin 2a H s HMeiOT H8HM&Hb-

wae 3H8'1eHHH. Ecna ace aoceMb nepeMeHHbiX z ueaaaHCHMbl, TO sin 
2 2a H s MoryT 

UpHHHM8Tb CBOH 118HMeHbWHe 3H8'1eHH!I O.llHOBp&MeHHO, JleiiCTBHTenbH0 1 S= 1,/~ XOr.lla 
I .. (1) 
<iJHKCHpo&aH~ 3H8'1eHHSI yrnoB {3

1 
H y

1 
aeKTOpa a , a HMeHHO KOrJ:la nH60 fJ•O ,y•O 1 

2 2 I 1 

IIH6o f:Jt 0 , y
1 
•~r/2na6o ,B

1
=tr/2

1 
Y

1
- n106oe. A paaeHCTBO sin 2a=P (8) &MeeT MeCTO, 

.. -+(I) -+(21 ... (1) -+<') 
xor.lla {P)=(cl 1> a )=1 , T.e. xor.lla a: ll a • nocxonbKY yrn~ aeKTopa a a s ue 

BXO.IlHT, TO BCer.lla MO}!{HO C.llen8Tb ;(
2

) napannenbHbiM Bb16p8HHOMY BeKTOpy ; (I), 

~ ,, 
9 
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~· 
~. 
I. 
1:· 

t 
r· 

•ol. 

~:~.· . 

~·' r 

... 

B p83TBb1'8T6 nonT'IMM tjlopM'7ny T81t0r'O >Ke BH.Il8, '11'0 R ·a cnyqae ~+0-o ~+0: 

u > 2tru(8)[_1_ + _1_ -y1-P2(8)1_1_- 1_,1 •• 
% 

(3.5) 

- Io. ~ Io. 
, r.ae Tenep& l;6 o6oaaaqae1' 6onblllyiO H3 cyuu I.. , ~. + , I 00 • 

flpe.aoTaanaeTCR, 'ITO aano>KeHHbiM cnoco6ou MO>KHo. pewHT& sa.aaqy H a cnyqae 

RpoR3BonbHbiX CDHHOB, 0,aH8KO .ana ynpyrRX pe81CUHI B0311'Hit89T cneay!OIUAH Tpy.llHOCTb, 

Toraa ~tpoMe coxpaaeaaa 'leTHOCTH aueeT Macro er.ue HHBapaaHTHOCT& OTHOCHTen&ao o6pa
/4/ 

IU9HHa BpeM9HH 
J . J 

<m
0
mdl R I m.,mb> =< m.,mbl R I m

0
dd> 

ana z1.•z. 1 =z+ll' R zl+=z+ 1 
B cnyqae ~+~-o%+~ (npauep n+p .. n+p 

(3,6) 

). 

, .LlpyrBMH cnoe,AMB, B9JtT<•p ~~) 

(eM, (3,2) ) H He MO>K9T 6b1Tb 

.110 H9KOTOpOI CT9D9HH <!IRXCHpoB8H - y = 0 H ,S = 45° 
.. II II II 

napannenea aeJtropy a< I) , y KOToporo {3 = 0 ana tr/2 • 
I 

3aa8'18 H8XO>K.Il9HBR MHHHM)'M8 C1 m 3H8'1HT9nbHO ycnO>KHaeTCa, 

Erue 6onee oa~ ycno>KaaeTca a cnyqae peaKURH 

(3,6) .ll06aanaiOTCa erue COOTHOW9HHa 

p+p .. p+p, 0 Koraa It (1,2l H 

J J 
<mmiRim m>=<•m ,-miRI-m,-m>, 

od ab do b • 
(3.7) 

BbiT91t8JOIURe H3 TO>K.Il9CTB9HHOCTH '18CTHU, 3TO Be.ll9T It p8B9HC~)' BC9X Z B (3,2) HnH 

K {3 •·)' •O • 45°, 0.1lH8KO <!lopMynol (3,5) MO>KHO nonb30B8TbCa, RpBMHpaacb C B9KOTOpbiM 
J 2 II ' 

yX)'.IlW9HR9M OU9HJCH, ROCKOn&K)' )'TO'IH9RHe STOI tjlopM)'nbl CBoaRTCa It )'B9nH'I9HHIO H8HM9Hb• 

wero aHa'leHaa u • Hanpauep, ecna P(8)=1, TO llln
11

2a•1 H I[PII•l , nocneaHee .. 

., 
·."'~~ 

osaaqae-r, 'ITOaohc;u> a aon>KHo 6b1T& {3
1
=rt45°, B.pesynbTaTe •=~{III +lJI )+1-Sl:<OJ 

I -- -+ 
'ITO XOHe'IHO 6onbllle, '19M l/16•14(1/IIf l/l6 )+1/2\, BuecTO OU9HKB. o~2tru(8)(]/I0 _ + l,!I lS) 

.aaaaeuol <Popuynol ( 3.5) ana &Toro cny'laa, nony11aeu 

u ~ 2 tro{8) llll;, + lil2l;,., + ( III + J/'I ) I 4 I 
- - ~+ 1 

n PHJlO)KEHHE 

<I>VHKUHH !m,.(8) 

B o6C)')KJ189MOM cnoco6e OU9HKR f 0 tjlyaaAMeHTAnbHYIO ponb Br'peiOT CYMMbl 

Jo J t 

I Ui) = I { 2J + 1 ) [ d (8) I 
lllD IDD 

. J J 
1. CaoiCTB8 CRMMeTpHH, Hs CBOICTB CHMM9TpRH <liYHKURI d ( 8) 

/4/ .... 
B <!lopMynax ( A.1 ) H ( A,2) B , cneayJOT COOTB91'CTBYIOWH9 paaeHCTBA 

I (8)•1: (8) =I: (8) • I (8) 
DlD ·•• •D n, JD •D, •ID 

10 

• 

(n.1> 

, npaae.aeHHbiX 

ana I (8) 
121 .... 

1n.2> 

~ 

l .............. 

I: (8) = I: ( tr-8) • I: ( rz/2) = I (w/2), 
mn ,• m,D -m,n 

I 

2. Bblpa:>Keuae 'lepes nonHHOMbl f1Ko6a, JlnA BbiBoaa Haao aocnon&ac 

M9>K.lly dJ (8) H nonHHOM8MH fiK06H p"'""• m+n (cosO) (eM, ;g; 4lop1 
laD /10/ l•m 

tjlopuynol KpHcTo<P¢ena-Jlap6y (cu. § 3.2 H lj;JopMyny (4.5.2)). B nc 

ne aa.no c.nenaT& npe.aenbHbll nepexo.n z -o y ; aanee MO:>KHO aocnonb3lla 
/10/ 

MH (4,5, 7) , 'IT06bl B KOH9'1HOit lj;Jopuyne lj;JarypHpoaanH TOnbltO MHOT'O'l 

He HX DpOH3BO.llHb19, 3aeCb Mbl He, 6y .ll9M DpHBO.llHTb nony'I9HHbiX r'poM03.Z: 

Myn, a npaaeaeM TonbKQ lj;Jopuyny ana .;11,y, (0) 

I: (8) = 411lnll8/2 (L+ll'tL+2)~~ 
-Md4 ---.m'o (2L+3) 2 

I [ (1,0)1~' [ (l,O) II 
PL ) + PL+I I • 

ll 
-[ 2CDs0 +cos 812 I P(I,Olp(I,Ol I=:E ( rt-8). ,, 

(L+l)(L+2) L L+l KK ' 

', 

3aeci. L .. J - ~. nonHHOMbl f!Jt06H p< I,O) MOT'YT 6b1Tb Bblp8:>K9Hbl 'lepes 
Q L ' 

narpaH:>K8: 

dJ (8)=sln 
·K·M 

0/2 P(I,O'-) (cosO)= 
L 

=-sin 8/2 [PL+
1
(Cos8)-PL (cosO)I/1 

,l. 3. noaeaeHHe l: •K,K H };K, K DO.ll M8nb1MH yrnauH, C DOMOWbiO lj;Jc 

' HnH lj;JopMynbl (4,5,8)
1 

TAM :>Ke
1 

MO:>KBM nony'IHTb '\. 

l:.!i.!i(8) •sln28/2 (L+l)2(L+2)2 
2 

1 
0< sin 20/2 « ( L+1)(L+3) 

ft.. 2' 2 I (0) = (L+l nL+2) [ 1- sin IJ/2 (L + 3L + 1) I 
~ ·''2 

4. Bb1'1HCneHH9 I mil' (8). Kpoue uenocpeacTaeHHoro Bbi'IHcneHHII n 

HnH C DOMOWbiO lj;JopMynbl KpHCToljJ!jJena-Jlap6y, .ana npa6nH:>K9HHOr'O Bbl'l 

HCDOnb30B8Tb p83Hbl9 8CHMDTOTH'l9CKH9 Dp9.llCT8Bn9HHII DOnHHOMOB fiK06H, 

HanpHMep, .llnll Bbi'IHCneHHa ( n,4) MO:>KHO BOCDOn&aOB8TbCa lj;Jopu7nOI ( 8 

sin 8/2 P(I,Ol =v _.D.._ J [(L+l)81, 
L sin 0 I 

J I - lj;JyHJCUHa oeccena, o6naCTb DpHM9HHMOCTH 0:::0 <II (yTO'IH8HHa CM 

Ha pacyHJtax I 11 2 nso6pa>KeHbl C:.1YHKUHH ~-!> .~ 30V. , 0) H I"· !i ( 

pHC, 2 rpalj;JHKH DOCTp09Hbl DO 3tf8'1eHHAM, Bbl'IHCneHHbiM C'leTHOJI MAWHHO 

II 



yqaeM cpopMyny T&Koro >Ke sa.oa, 'ITO R ·s cnyqae ~+0-+ ~+0: 

(3.5) 
u > 2~ru(8) l-1- + - 1- -v'1-P

3
(8) I 

1 
- 1 11 - :to. ~ T "!6 ., 

o-
qaeT 15onbWYJO H3 eyMM l:.. , I.+ ,l: 00 

'ITO H3AO>K9HHbiM enoco150M MO:M<HO, peWHTb 38.1l&'ly H B enyqae 

0.1lH8KO .llAll ynpyrHX peaKUHII B03HHK89T ene.llyJOW8ll Tpy.llHOeTb, 

I ,.•-

Hll '19THOCTH HM99T M9CTO eLUe HHB8pH8HTHOeTb OTHOCHT9AbHO ol5pa-

J 'J 

<m
0
mdl R I m.mb> =< mambl R I m0 dd> (3,6) 

zt+ = z+
1 

B cnyqae ~+~-+ ~~ +~ (npaMep n + p-+ n + p ), 

T<'P 'Jil .llO H9KOTOpOit CTeneHR cpHitCHpoB&H - y = lJ H ,S • 45° 
.. 3 2 2 

eT 15&tTb napanneneH seKTopy a< l) , y KOToporo f3 = 0 ana rr/2 • 
I 

HHHMyM& U m 3H8'1HT9DbRO yeno>KHli9TCII, 

CDO>KHli9TCII B enyqae pe&KllHH p+p-+p+p, , Kor.oa K (1.2l H 

e eoOTHOU19HHll 

J J 
<mm IR lm m >=<·m ,·miRI-m,·m>, 

cd ab d c b • 

(3.7) 

6CTB9HHOeTH qaeTHll, 3TO B9.1l6T K p8B9HCTBY BC9X Z B ( 3,2) HJ1H 

H8KO QlOpMynolt (3,5) MO:M<HO nODb30B8TbCll1 npHMHplllleb e H9KOT0pb1M 

' 

., 

oeKODbKY YTO'IH9HH9 STOI QlOpMyAbl eBO.IlHTCII K YB9DH'I9HHIO H8RM9Hb• ' 

anpHMep, eena P(8)=1, TO llin
2

2a•1 H I[P)I.,.1 , nocne.oaee 

• h 

> H .oon>KHO l5b1Tb {3
1

- y t'" ~, B. pe3ynbT&Te, s = lH 1:/l: __ + li/~)+~ I.<OJ 

'16M 1/~,. ~(1/l:!f l/l6 }+1/2\. BMecTO oneRKH u~2rru(8l(1/l:0 _ + IAI 15 ) 

3.5) llAll 3Toro eny'lall, nony'laeM 

2~ru(8) llll't, + ~ + (1:/l: + Jf'I ) /4 ) 
• - -+ 

n PHnO)I(EHHE 

<l>YHKUHH l:m,.(8) 

cnoco6e oneHKH r 0 cpyHilaMeHT&nbHYJO ponb arpaJOT eyMMbl 

Jo 
J 2 

I (8)~ I (2J +1)[ d (8) I 
m D J .. D J 

MeTpHH, 113 esolteTB eHMM9TpHH QlyHKUHI d ( l.l) 

(n.1 > 

~/ -( A,2) B , eneJlyJOT eoOTB9TCTBYIOLUH9 paseHeTB8 llJlll 

, npase.oeHHbiX 

l: (8) /2/ ..... 
(8) =I (8) =I (8) = I (8) 

•m, •D n, m •n, •m 
<n.2> 

10 

• 

:,,,. 

......,....,. 

I (8) = I ( ~r-8) , 
mn ,•tnfll 

I ( ~r/2) = I ( ,./2) . 
mn •m 1 n 

(. fl.3) 

J 
2, 6blp8)1(9HH9 '19p93 nODHHOMbl ~K06H, )lnll BbiBOil8 H81l0 BOCnODb30B8TbCll e&H3bl0 

M9>KilY dJ· (8) H nonHHOM8MH ~KOI5H p"'""• m+n (cosO) (eM. /g/ cpopMyn~ (3.8)) H 
,.,. /10/ l. m 

cpopMynol KpHeToQ:lQ:lenH-Jlapl5y (eM, § 3.2 H Q:lopMyny (4,5.2)). B nocneAHel Q:lopMy-

ne H81lO CllenaTb npep;enbRbll nepexoll x-+ y ; ~:tanee MO>KHO soenonb3t>B&TbCII cpopMyna-

. /10/ MH (4,5, 7) 
1 

'ITOI5bl B KOH9'1HOI cpopMyne cparypHpOB8DH TODbKO MHOrO'IJ16Hbl ~KOOK, HO 

H9 HX npOH3BO.IlHbl6, 3.oeeb Mbl He, 6y .[19M llpHBO.IlHTb nonyqeUHbiX rpoM03.1l~HX OI5WHX cpop

~yn, a. npase.oeM TOAbKO <PopMyny llAll ~~.~ (0) 

I (8) .. 411in~8/2 (L+ll2tL+2)2 ... .~~ ---
.tn28 (2L+3)

2 
I 

( 1,0)1 t, [ ( 1,0)1 2 
[PL )+ PL+I -

ll 
-[2cos0+msiJ/2 IP0 ' 0>p<I,O)I=I (rr-8). 

(L+l)(L+2) L L+l KK 

(n.4l 

·. 
'a.oeci. L • J - ~. nonHHOMbl ~KOI5H p< I,O) MoryT 15b1Tb Bblp8)1(9Hbl qepe3 'nonRHOMbl 

0 L 

narpaa)l(a: 

dJ (8)=sin 
·KoK 

0/2 p 0 '
0 

. ., (cos 8) = 
L 

/ 

(h.5) 

=-sin 6/2 [PL+I(Cos(J)-PL (cos0)]/1-msO, L•l-!:S· 

I , I '!101 
3. nose.ll9HHe ·K·K H K, K DOll M8Db1MH yrnaMR, C DOMOWblO cpopMyn R3 4,21 

' HJ1H cpopMynbl (4.5,8) J T8M >Ke1 MO>K9M nony'IRTb 

I.K.l0(8) =sin 2 6/2 ( L+ 1 )2( L+ 2) 2 
2 • 

1 
0< sin 20/2 « ( L+l)(L+3) 

(rl.6)• 

2 2 .. 
!.K ,,,(0) = (L+1 )(L+2) [ 1- sin IJ/2 (L + 3L + 1) I 

4. 6bi'IHeneaHe I mil' (6). KpoMe aenoepelleTseaaoro Bbi'IHeneHHII no cpopMyne ( n.t) 

HAH e nOMOlllbiO cpopMynbl KpHCTOcpcpenH-)lapl5y, llllll DpHI5J1H)I(9HHOrO Bbl'IHeneHHll MO>KHO 

Henonb30B8Tb p83Hbl9 8CHMDTOTH'I9eKH9 npellCT8Bn9HHll DOJ1HHOMOB ~KOI5H, eM.' 
101

1 rn. 8, 
' 1101 
HanpHM9p

1 
llJ111 Bbi'IHCneHHll ( n,4) MO>KHO socnonb30B8TbCSI cpopMyAOI ( 8,21,17) H3 

sln8/2 P(I,O) =y_L_ J ((L+l)81. 
L sin () 1 . 1101 

J I - cpyHKUHll oeccenll, OI5J18CTb DpHM9HHMOeTH 0 < (} < 1f (yTO'IH9HHSI CM, ), 

ln.71 

Ha pacyaKax I H 2 H3ol5pa>KeHbl <!-'yHKUkH ! I 30YJ, ()) H 
-!~ .~ 

~ ~ ( :Jl~, 0) .' Ha 
!i • 

pHC. ·2 rpa,HKH D~CTp09Hbl no 31t8'19HII11M 1 Bbl'IHCJ19HHbiM C'I9THOll M8LilHHOll no <pOI)Myne 

,, 
II 

..\ 



~/ 

~·:' ,•·. 
i·· 

t' ~v~· 

•• 

' 
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t, 
I 

• 

r.oe Tl 

npoa3! 

Tor .or 

1Lt9HHli 

ana 

.!J.pyr 

{eM. 

3a.oa•· 

{3.6)! 

BbiTe 

K /31, 
yxy.o 

" W$rc 

03H8 

'ITO 

.OOB8 

I 

B cp 

• 
-- •-C- _!.,,~---~-~~· • ·•-

(n.1). 3H&'IK8MH • H&HeceHbl 3H8'19HHSI l:.I,4,Yz , Bbi'IHCneHHbl9 C DOMOlLtbiO cpopMyn 

(n.4) a (n.7). Ha pac. 1 3H&'IeHHA l:.J.4,Y. , nony'leHH&Ie no cpop~yne (n.1), H30fipa-

)l(eHbl 3H&'IK&MH J:; 3H&'IK8MH 0 H 0 B306p8)1(9Hbl 3H&'I9HHSI ~,Yz 1 DOlly'leHHble COOT-' 

BeTCTBQHHO DO cpopMyne { n.1) H C DOMOlLtbiO cpopMyn, &H&DOrH'IHbiX cpopMynaM ( n.4) 

a <n.7l. 
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, 3Ha'IKaMH • uaueceH&l aHa'leHH!I I.J;:I,Y. , Bhl'IHcneHH&le c noMoll.l&IO c:PopMyn· 

u (n.7). Ha pHc, 1 auaqeuuSI I.J;:I,Y. , nony'leHH&Ie no c:j:Jop~yne (n.l), uao6pa

auaqKaMu X ; 3Ha'IKaMH 0 H 0 H306pa)KeHb1 3Ha'leHH!1 I.;.,YJ 1 no)Iy'leHH&le COOT

eHHO no c:j:JopMyne ( n.1) u c noMoUlbiO c:j:JopMyn, auanorH'IHhlX c:j:JopMynaM ( n.4) 

). 
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