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Using the Free~is=Matthews'"""Salam equations for olu:'onological · 

pro~ucts of :field op~at«,;;rs ~ equat.ions for Green f'unt1tions of 

ma!Jl1' electroM and ph@t©ne are ~1 tt~no It· is· shown that for 
,. . ~ . 

finding any single Gr®e:rm functio!l. an inf'inite recursive syst~m 
I 

o:f these equations ia t~ be solwedo This system is r~duced,, after·. 

adding terms o ontaining the ex~fl:rnal electric c~re~t and exte:r- , 

nal elect:rqmagnetic pot(!ntial to the Lagrangian, to one equation. · 

containing functional derivatives o:f' highe:r orderso It~ is shown. 
, 

that all. relations and equations become much simpler ,vhen the 

de:finttlon of th~ Gre:ein. funct:ion :1.s appropriately cha~e~~ 

lo Intro du at 1 on 

'f (' 
The Green function G v of a system of many electron·~ and 

photon.s. can be expressed in terms of the field operators 1n t~ 

following mannerg 

( 1 ) 

where lJ l,J A 
T) T > ft and a.re ·the field operators 

in the interaction picture and in the Heisenberg one r~spectivelyo 

T is the symbol of the Wiok 0 s oh.:J:onologica.l product v the 



bracket ( · · · >D denot.es the vacuum expectat1,:m -val•:t® a.r:.d f•".'J:' 

the S -matrix eht f•oll,owing formula holds 

f 
i.jL(.,ndx 1 

5 = T B ~ 
. J 

where L is the ~-

t eraction Lagrangian of the system*o 
. ' 

As it is known., the Green :function· describes$ for given ,,. 

and s. . )) the process which takes place among the particles ae 

the result of the 1nteractiono ('.,, 1· has the meaning of tha 

total number of ele~trcns and p.osit:r.<0ns bl!lf o:r; and. after; th@ 

process and S means the same for th$ photonso 

· The Green fur: .. ctions satisfy eq_'l.lations whi::ih fvll.nw f2'0llil 

the field equations for the operato~s V '. ½1/ and 
I 

l-- ~ . ..1 :, 

If one takes the interaction Lagrangian in the form (') 

·~ 
L (x) = Le JJ-L cx>A~ <x> 

where 

J JJ-Y() : t r [ Ci1 ( ,<) > ly ( X >] 
:: . ~ ... 

one obtains the following equations for th·:: Grai~n. fu.rwtiona ef 

the nearest order 

10 H r 
Dx G (x; ~ ; - ) =- - Blµ.(;<> G ( x j ~; x ) + o ( X - ~) 

. ~ 
(~) 

Of · f0 
KxG (-)->i);Btr[p(x;G (~ 1 1f_)-) (211)00 

------------------------
* If not necessary~ the vector indices fA, .. /J-s 

tedo The spinor indices are always omittedo ·' 
are omit-

** The symbol X.. - is defined in Section 2a · 

',·! 

I ,'. ·{if 
·~;~f 

it, 

i1 
i ~ 



- J -

where 

D,'( = L ( t µ ; x. + t1\ ) ) { t µ l t'i., } = 2 8 µ v 1 

,.,. . 

6(><- ~ > = O(x0 -~0 
> 8 ex --j> 

1 
k,'( = -l <eix - di>. 

Thus, we have two equations for determining three unkQcwn funct-

GiO ' Go,. and· G11 . ions • As the third equation• we could 

, take either 

or 

H . 1e 0# 
D,t G ( x; ~ ; 1. ) == - e ;r µ (X > G (X , ~ ; t 

I 
t. > + o (x - ~ } G ( - , - ) e ) . 

Both these equations, however, contain a higher Green function. 

besides G11 • To determine it, another equation must be added, 

but this contains, again, another Green :function and so on. In 

this way, an infinite recursive set of equations is to be so1Ye4 

for.determining G'0 
, G

0
i • As it was shown by Sohwinger Ill, 

this trouble can be avoided by constructing a certain general re-

lation among Gre_en functions of diifferent orders with the ~elp of 
if . fO O# 

which the G can be expressed in terms of the G .and G • 

This can be done, for instance, by introducing external sources_ 

into the interaction Lagrangian. In this way, the S -matrix 

as~·well as all Green functions become functionals of the function 

which describes the distribution of the sources and, moreover, the 

higher-order Green function 1a expreaeible 1n terms of functional 

derivatives of the nearer-order Green functions. For.instance, if 

we add the term Le Jµ (X) Aµ (x) ( where ":J µ (X) describes. the distri

bution of external sources of photons) to the Lagrangian, we obtain, 



_,_ 

using (1), the following general relatioa 

8 Gr s (Xi . • . X t' ) ~ ,t • " t,/ '(" ) t t ' . . t s ) :: e GO 'c- . -. 1r ) Gr 5( X ... t . u ... lJ . l ... 1. ) 
d r:)A (lr) > ) J\ ,1 rldl <1~1 -1 S 

rs +1 
-eG (K1'. .. xr;~1 ._ .• _~t> f1-y··· 1. 5). CJ) 

In the case '( = 1 , 5 = o this relation can be used for elim1nat= 
fl 

1ng G from (2): 
. t,, 

·•~\ 

I D x + e .r,, oo G 
01 

(- i - ; x ) - l" ex > / · •] G< x , u ; - ) = o c x. - ll) . 
· p. ,· ::Jp. (X) d d 

(J) 

This is the well-known Schwinger equat1on9 Due to the above men

tioned change of .the ·Lagrangian, e_qo (2') is to be replaced b,-, 

· - OI . · · . 10 

k x G ( - ; - , ~ ) = e, t r t,/x ) G (~ > ~ ; - ) - e ; µ oc >. 
. ' tJ. 

- (J') 

·There are, of 'course, other poss1bil1t1e_s of introducing 

external sources into the Lagrangian" For 1nstance,the funct

ions ~ (xJ and · ~ (x), which describe the distribution of sour·

ces .of the electrons and positrons, are frequently usedo With 

the help of all the thr·e·e one·s, namely :J~ ' Y) 
-

and ~ , it 

is :possible to replace the equations :t'or the Green functions bi 
!unotio~al differential equations for the s -matr1x (see [2D. 

- .. 
However, the '1 and '1 have the formal meaning ·only 

without any deeper physical interpjetation·as it 1s in the case 

· of ::J /J. 1 which describes the external electric current o Also, 

their mathematical ·character is not ei"ear. In !act I these o.;.. 

numbers must antioommute with one another and also with ly(X) 

and 'i/ (X) , in order to obtain the right mathematical sansa 

.-:~. _.,~ 

., 
( 

~ ' 

; 

f • 



for the. field equa.tionso It_ 1~, th~re:fore,· very desirable· to 
-

nage without 

Anderson I JI_ 
_ ") _ and t] in the theoryo So has been done. bi· 

I 

P~livanov 14 1 and Berest'etski and Galanin l'l •· , ' . 

·which have deduced the SchB'1nger equations (J), (.;•) 1131ng the 

'"':ip. only o 

Till now, all our considerations have.been !"elated to th• 

case of one particleo Now we shall show the situation in theca.""' 

se of many particleso 

For one-particle Green functions we havef the equation& (2) 

and (2'), which contain the following funot1ona 

eqo (2) 0 Q (I O O O O • • • G jO I G H . 
eqo (2') o o o o o o ••• G0

_, G 10 
I . 

Using ( :J ) we have obtained the following scheme v~ f?} 
G 10 GfJ' eq., (J) o o o o o o o • • • ) 

Eqo (J') o o o o o • • •. • 
G Of' G IO 

I 

i .. eo a system from which tvro unknown functions G 10 and G 01 

can be determined without resorting to the a)Jove mentioned re= 

cursive system of equationso On the other hand 8 in the case of 

many particles, it w:1.11 be shown that equations oorrespond,ing to 

(2) and (2') contain the functions 

~1-fS rt-i5+f re: G .G '. G V 

J ) 

and 
G rs H Gr t t e, Gr s Gr s - t · 

) 

respectively (see eqso (6) and (6 9 ))o Using () ) we shall ob ... 

ta1n the following scheme 
r 1-1$ Of . 

G "s G G > 

and G lrS+f GI--HS G rs G t-s- 1 
) 1 ) 
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·(see eqs (7) and (6' )) .. We see that in the general oase this 

method 1s not effective because we obtain a system of fwo equat-

ions from which four quantit'ies are to be determined o Thus/· fo; 

avoiding the infinite recursive system 1 we must eliminate more 

than one term from the equationso 

:rn the present paper two possible ways are shown how .to 

perform the above-mentioned elimination without us:l..ng t.1•1~ 11 •• ,, -~-- ..... Ii 

·and ~ o The first one (Section J) is the simplest possibi-

lity, whioh apparently has only the'formal mea:aing .. The second 

one (Section 4) leads to a high-order functional differential 

equation, which contains only one Green functione It is rather 

complicated but may be simplified by redefining the phofon part 

of the Green function .. 

2o Equations for general Greea fun6tions 

•·· In this section it will be shown how it is possible to de

duce t·he equations for ireen functions of many particles by ge

ne~al1z1ng th~ method of Berestetski a:o.d_ Galanin I .5 l and using 

the Fresse-Mathhews=Salam equations 16 1 fo~· T ~products of the 

field operatorso 

If choosing the Lagrangian in the form 

I 

L (x) == i. e (j µ <x > -t· ':Iµ ex. IA I-' (x > 

the Freese-Mathhews-Salam equations have the following form: 

D .t,T {-lf' (XI).. - o/(X,)'o/(~.) ... 1-p(~y-)A.µ1 ( t1). · .Aµc; (l 5 )} ~ 



· I( . . ., .. • 

+ },, H {'P 8 (X, -~f )T{ljf (Xe_) • • 1J-' IX, l 'fl% l ... ijF( ~y-,) -ii'< ~_p,,\!j_J ( ~, )Ap, '.l 1) - . Aµ
5 
<lsl} 

·, (4) 

Kt IT { 1jf (X l ) •.. : Ycx r /tc~f) ... tii<~r)Ap/11) ... Af s (1 s )} :: ··!. 

. { - - - ~ (4') 1 
; (-1 { Bt \rt l-'11 Ct.1) T !.t~J] ½! (X,) ... V (Xy) 1./(1..i~) 1l/(~ 1) ... ½!c~,. )Aµf (e1 ) ... A P.s n,s)J-

The symb 01 · (-1 ) '<' T { 1t1 ( 11 ) 1J! { X 1 ) · · . 1f ( X r ) 1fl ( i.1 ) Y ( ~ -1 ) - • • 1t (~ r ) } - --has the following meaning 

where 

and 
T l ~ (X ) 1-f (X)} :: y ( X ) V ( X ) 

Tl 1±1 (X) y ( X) J = y ( K ) 1t1 ( X ) . 

(5) 



-a-

The advantage of t~is notation is that the operators : "'LJ!(x) 
-

and ¥ (X) may be regarded as antieommut:tng inside the T-pro-

duct, analogically as _the Y (.>() 

dependent· argume.n.ts. 

--· 

's and 1±' (~) vs with in-

From •. (4) and (4'), with the help of (l•), one immediately 
•'•'>t'" ,-

obtains corresponding equations for the Green functions of ma-

ny particlesi 

'Ir ,.c_ 

Dx,G ~cx1_ ... x.,.> t, ---~..,.i l1 .. -1:.s): 

Gr:1+1( - X -:t. --,r "-t· -= - et 
1
/x,) x 1 -.. x r i ~,. ... ~ r > µ • ~ 1 • : • t.. 15 , 

(6) 

.... r p r r-1 s - 1 - t -. +[;
1 
(-0 + o(x,-~_p)G (Xa···xr;~1·.-·~_p-1~pt1--~.,; t ··· s1 1 

l/7;tG~
5
(X1-··Xri~1···~ri;1 ... lt;)" 

• 
- . r+1S-I , 

=(-1/etr-tµ/I1)G (1.,X1-··xr>!:_1~1···~r) 12-· 1.sJ-

) rs-1 . - . . . ~ + B p.,(1.1)G (X1 ... X,-.>~-1--·~r> ... 2 ... ls) 
(60) 

~ r ~ rs-2 . . -z .., 7 ) 
+ L u(c.1-Icr)Ou-1u6'G (X,--·Xr>~-1···~,-) ! 2 -.. i-(; .. , t.oi-:-~· (;5. ,-

cr:2 rt _ 

in which the arguments 1 1 , t 1 originate in the operatore 
- - -

Y ( t. L} -and lf ( 1
1 

) • ( 6) and ( 6 ') are the generalization ot 

the (2) and (2•) respectivelyo Using ( 1 ) we can, aialogioally 
-- ,...._ rs~, to the oneparticle case, eliminate the te~m containing \JI· · 

from (6} and obtain the equation 



(7) 

where 

, the 

Schwinger equation (J)., . 

~ '. 
Jo Reduction of the recursive system 

We shall show that, if taking the La.grang~an in the form 

( L1 
) , now it is possible to reduce the infinite recursive 

system (7), (6 9 ) to a system_ of two equation~ so.that from a 

single equation (7) and a single eq~ (6') 1t~1~ possible to 

determine two Green functions of the giTen order. 

To perform it we shall use the· relation ( :J ) , which· con

nects Green functions with different S • So, we can eliminate · 
. . . 

the G rs in (6() by expressing ·-it through G rs-i • Then, by 

iterating, we eliminate the G rs.-, too, by expressing it in 

terms of G rs -CZ. .. O After this transformation having been per-. 

formed,·the eq. (6•) contains oniy two GI'een functions, namely 

the /G rs - 2 and Gr-tiS-: 2 , and has the 'tollow1ng :torm (arter 

changing appropriately the symbols): 
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:I· 

· '{ f 6 OI 
·• · :-e.h'1r1 O':i-;.pr

1
>+1-(v-F (-;-;~)+e1;i./v;)Jx 

{ 

J ,. :o .. . Of · x • ·· + G . . . · . rs . . . . . -e o:l;/U-2) h :- I f2 )} G (Xr. ·X, i ~f ••• ~. i tr· ts).,, 
. 2 2 

r .. ·•.• ... I I J 01 ' } rHS . . . .., 
=(-1) etvv cu;)----~-t-G (-;-, Va) G r14x,-vXi,,)Vi~r··~r>1t···t5)t . . o;\1 e dJ;,. <v,> 11 2 - -. . a 
.. s ;t . r . ~~ , l 1:. 1:. v-: .) 
+ .L of lf/- t. 0 ) o 11 11 · G ( X 1 ... X t , ~ 1 .. · ~ r > l 1 · • · 6" -1 o"' , · · · s A 2 -,. 
. G':I 1r·o 2 

\--5 • . • . . . (7') 
.. +8(u-1-lr2)0A1i'2G (X, .. :x'r, ~,,~·· ~y> 1.1 ··· lsJ· 

'' · The equations (7) and (7') form a system which contains only 
01 

two unknown functions because the G is considered as known 

_from the system(,), (J•). Thus, the system (7), (7') is the 

many-particle analogue of (J), (J') •. 

4. Replacement of the recursive system by one equation 

In this section a more effective method will be given9 Two 

following purposes are intended: 
H 

1. Having eliminated_ the term with G from (2) Schwinger 

has, firstly, lowered the.number of unknown functions but, simul

taneously, he has removed the interaction term from (2)e Since· 
~ 

the presence of an interaction term causes great troubles in 

every field equation~ the eliminating of it also from eq. (J~ 

(or the general eq. (6')). is desirableD In this way, we should 

obtain, 1nst4ad of (6'), a functional.differential equation 

which together with (7) forms a system of functional d1fferen-

.;_ 

' ~t 
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';.;'4 •. 

tial equations not containing the-interactio~ term~e'Conse~~ent-

1:,1 there is in principle· possible to solve the field equations 

without using the perturbation theory and express the solution 

in closed formo 

2o In eqo (7) the operator X:, is defined which lowers 

the index. Y . by one, leaving the S unchangede Thus, it 

the operator ~r XY-i ... X'2 ><; is applied to (7) one obtains, on 
. . os 

the right hand side, the function G i.e. a Green function 

which does not contain the electron part. If an analogous ope

rator V will be found lowering the S · and ·1eaving the• ·y . · 

unchanged, it will be possible to exclude the photon part·of 

the Green function too and-obtain an equation which contains, 

on the right, no Green function at all and, on-the le.ft; the 

G rs for one value of \r. ' s 'onlyo . ·:,-· . 

Ad. lo For excluding the interaction term in (6 9 ) ·let''us 

choose the Lagrangian in a symmetricsl form 

where Q µ. (x) denotes the external classical electromagnetic 
:\ II 
., potential.( L ( X) apparently represents the most general form 

of electromagnetic interaction) o Then, analogously to ( J ) , 

the following relation is valid: 

(a) 
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~~:f.r I• 

With the help of (, a ) , eq. (6') turns into 
.. : '. • > ', 

· rs · · · 
·1<1,_G-(x,.:.Xri~1···~.,.; I, ... ts)~ 

-. 

{ 
J . ,o . ~ 1 rs-, ::. 8 . - +etr!µ(l,)G (l,;1.,;-)-eJµil,) G (X,···Xt;~,.--~t;l,-·;t.5)i-. a <i,> , . - -P, . 

, s rs-2. · .. . .. 
+ ~e.8(1.1-I?)O}l,f-A-G"G (x1··· xr>~1···~r) 1.1··· t.G"_,tGi-1··· I5). 

This equation contains no interaction more" There ax·e thre:e va.--= 

.lues of the photon index and.one Talue of the electron one in 
\i;• 

1to 

Ad 2o For constructing the operator V it is su:f:t'ioisnt 
. " . ' ...., 

, rs rs•1 A.I 
i,.j now to express the G in terms of G using ( J ) • After 

performing it and after changing appropriately the SJ"'Tl1bols one 

obtains 

rs . 
V:x11 G (X 1 ... X.,-i~1 --•~v-i I, ... ls)= 

s . r 'rS- 1 • · • l ) : [_ a ( lf1 - I cr ) o A G ( X t . . . X r > ~' ••• ~ r, 1:. t . . . 1 o-1 1. 6"-t·' -- . s ( 8 () 
'(j =I.' . 1 fl (S . 

where 

, (' · Of 
\ / .. 1 I .I O . LI G ( . . . . V. ). . 
vi\ 1 -:::·-e "'"1 ~"-I (,,.) + "v -) - ) 1 -

1 0 J).f Vf . f A1 

d . iO · · . 

- <laA/v. i'- etr l;i,C½ JG (!!1; ![,; -) + e '.\/½ l 
: 31 

is the operator looked for o If taking the Lagrangian l'• in-

.,,. 

, 



- 1, = 

, 
stead of L , eq., (7) turns into 

(8) 

where _, ._ . . _ 
01 •. ·. . ,j 

x 1 =DJ(,+ elµ ex.,>( G (-i-; ~• )+ °,~ (x, >)-Kµ C~1.> SJ,,,.<x ,/ 
Now, using (8) and (8 9 ) we ,obtain_:t;he following, equation: 

, " ~· .. ' . . 

= ~ ~ p J' (x, - ~ p / .. () (X r.: ~p)Kd (11', •lGj rJ'A f /Le;,·· : o'{v& -~l"{ J~~ . 
(9) 

Here '[ 

(
1. .. '( )Pp 

and 
P1 ··J'r 

and [ denote the summations·over all permutations 
PG' . .. .. . . ; 

1 S .· · 
( 

01 
_· .. ,. 05 ) respectively, 1f being the sign 

of the former permutation& 

In this way, we have obtained an equation for the Green funct-

·ion describing the general system of electrons and photons, which 

equation contains only one value of the indices Y , S and, 

consequently, is'sufficient for deter~inrng·'.· .. c;.r5~,- :it·1s, how

ever' rather Complicated. because :of c'omplexi ty of the x0 s and 

V's o It will be shown now that an app:eeciable simplific'a.tion can· 

be ac'hieved if 'the photon-part of:. G'"'·5 
'·is reaefined according 

to the following relations: 
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G(i)_= ~(1) 

G ( 12) :: ~ ( 12) -r ~. < f) 9 C2") 

G(123):: ~(123J~~cr,9ce3J+~(2)i(f3) + 

+ ~ (3) i (12 ) + i ( 1 ) 9 ( 2 ) ~ ( 3 ) . 
(10) 

·and so on., Here G ( fe ... S) denotes· the old'. Green function 
05 

G (-j-;t 1 ... t. 5 ) and', the· ·~(1 . ., S) d'enot•s the new onee 

These relations are demonstrated graphically for. 5-= 3 in 

Fig •. 1 ... 

For the 

equations hold: 

~ -functions, instead of (6 1), the following 

k:,.G(1) :etrv Ct.1)D(f;1;-)-e1u ("t-,) 
c.1 d ,1 aµ.-, i1 ... .,.. r-1 

. . r,1 . 

(11) 

" .. 

. Kt. ~ c 1 e. ) = et r ! c I 1 ) a< 1 ; J j 2 ) + J < 1 , ~ l 2 ) J µ .L 
1 p,. µ 2 I-'-• d _ µ.2 , ,-- a 

(11') 

kc1~(12 ... S)=etrt/-'-i(If)~(~,l j c ·· ✓ 5) (11") 

the last one being valid for s = J,4,5, •••• The function 

~(!)!; 2. ... S) is defined according to Fig. 2. The prz,of is given 

in Appendix I •. 

Instead, of ( :j ) and ( -- a · .) the following relations are 

valid: () 
JJµ/'-,l ~< 2 .. ·S)::.- qc12 .. Sl ()') 



- ---- --------------~ 

+ 

Figo lo The first t~:irn relations (10) .. The G -function in
cludes all higher order graphs (radiation corrections) inclu~ 
sive the cases in which several external lines are not connected 
one with anothero On the other hand, the ~ -function inclu
des only the connected graphis .. The closed vacuum-vacuum diag~ 

-rams are, of course, excluded in both oases· by the factor .J_ 
in (1) and (lf)., · < S}o 

Figo 2o The _9(1u.5) ~function and the ~(Jj..J.>2 ... 5) -function 
for the case s = J. 



fl 

and 6 
Jtrr2 > ~ce ... s)=etir<Y: <1.1)aC11·2 ... s> 

µ.l 1.;. t · /J-1 d - 1 
- J 

(ct') . 

( s = 2,J,4,o ... ), respeotivelyo The proof is given in Appendix IIo 

Further, in place of (8'), equation 

t 8 .· J · 
- - W -- a (1 > - . a ( 1 ) r( ) r e 1r OJ (V-) d u: - r d t-O V~t.1 °1iu A ,- _oQ).(1.r) .. p. ,~• (12) 

for s =land equations 

J J . 
-~k --0(12 ... 5):: -~C12 ... 5) 

e. v- O~/-U-) d . oa)Jlf) , (12~) 

for s = 2,J,4, .... are valido Therefore, instead of (9), we obtain 

the following equation: 

·u;. ><r ... )(1 f1: Ocv-- i 'l <l,._,.. f hJJ> Jrx, - ~p,)- . . 8 <xr - ~1', l (U) 
' .f 

~ors.land 
lf). >(.,. . . . x, ~ 'r 5 = 0 (1.:,•.) 

tor s = • 2,J,4 o ~ o • The operator \f;. ~ the f'orlil 
. · 1. · o · . 6 
½:- 8 kv- d);i.(1.t) - oa;\(lf) . 

and grs . delnotes the G;ree~ fu,nctfoa. the ele~~rcn pEtrt rtif .. 
which is defined by (1) <>r (l•) and the photon pa.rt b.7 (lO)o 



-

5o CO n Cl us 1 ~ n 

If equations for one-particle Green functions are genera

iized to the case of many particles·an infinite recursive set 

of equations arises, which must be solved for finding any single 

Green funotiono The system was reduced to the higher-order funct

ional differential equation which contains only one Green funct= 

iono The Lagrangian used contains two indeperidant classical 

funictlons 9 whith have a clear physical interpretationpo 

As to the redefinition of the Green function~ it should b~ 

remarked that both G and ~ are used in literatureo F:r·om 

the formal point (<J:£. VJ!,g½. the latter is more useful because all 

:formulae _a.re simple-:i'i: fQri ito Physically~ it could be consider= 

ed as not so oo,wreiilt.1er.1·t;: as the former because it is mot 

symmetrical with 1.t•~J.st,,ect to electrons and photons o However :i) this 

question has not a great meaning because the G ~sand the 

9 's are connected by comparatively simple relations (lO)o 

The author wishes to thank Prof., v .. votruba 1 Profe Ning Hu,, 

Chou Kuang Caao and Loio Lapidus for their interest and valu= 

able discussionso 

"7 l)t,1.e,;·~1;;;-;,~;;~;~:, '. 

fflepnwx uccJieJ{oBaH;t 
6v16JJl,10TEKA 
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A.ppend.ix I 
O?Y::t"1 -

Let us prove the equations (11), (11') and (ll"}o Equ~t

ions (11) and (11') may be proved immediately bf expressing i 
. through the G and inserting them into (6'). Eq. (11") for 

generals~ J will be verified by showing tta.at the correspond

ing eq. (6•) follows from it~ 

We shall write down·different equations of the type (11") 

in ·order to obtain, by summarizing them and· using the relation 

(10), the equation (6•)o A product of k Green functions will be 

called the product of the k-th ordero 

First of all, the equation for one product of the first 

order is to be written down;-

_ k :r o < 12 ... 5 > :;; et v- Y < r.1} o < 1 , 1 ,, 2 ... s). 
'-1 ~ • (J fl f ~ · - -

.Then, equations for all possible products of the second order 

will be written: 

,# 

' 



-~---------------------
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t 

(and so on)o The second of.them represents by itself s.• 1 equat

ions for tr= 2,J,4, o i o, s and the third one represents (§f) 
equations :for different combinations o! · o1 ·. , 02 ,, In a si~ 

milar way all othe, "second order equations" will be Wl'itteno 

Only the first of them o ontains the term with :J,_,. ( l.11 and ': 

only the s - 1 second equations contain the term wit~ 8cz,-l5) 
Now, we shall write the equations for all products of' the 

third order: 

./ I _ . . -I I 
k 

11 
~(16}~(2 ... o ... 51)~(51 ... S)=etri,._,} t,>i<J ;!/5)~(2 .JJ ... 51 )~(s, ... S)t-

+ 6("t.1- t.0 )~ c2 ... ff' ... s1 )~ cs; ... s) 

and so·ono The arguments are 'to be distributed·among the factors 
" ,. ' . . ,~ ,V 

in all possible ways (the· equivalent possibilities being omit= 

ted)o Similarly, equations for all higher-order products should 

be writteno The last egqation containing ocl, - ~6") is 
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k1.
1 

~(1C5)~(2) ... 9co-1)~(6+1) ... 9(S): 

= ( etr !µ• ( 1 1 )~(1,f16) r 8 (1 1- r.<5_))~ (2) ... ~ (6-1 }i(fJ·t- i) ... ~ (S) 

The last equation c~nta1,n1ng )µ (l 1 ) 1a -·~imultaneom~ly the 

last one of all thejsyst.em and· has the form 
t"' 

k1,~<n~(2) .. -~(S)=(etrap./1.1 )~(1; t;-)-BJµ./!1))~c2, ... ~-:s). 

Summing all these equations, one obtains o1 the left 

I,<., G(12: .. s·). 
t.1 . . 

On the right, the first term will be 

etr tp.,(1.. 1 )G (Ji i; 2 ... s) .· 

· The terms containing ':l µ ( t.-, ) give the expression 

-e 1 p/ 1.1 ){ ~ c 2 ... s) + L i < 2 ... s 1 ) ~cs; ... s ) ·•·. 

· I I _ } 
+[~_c2 ... S1)1<s1···.s2)1csa ... 5)+l..;.. + .. ; 

where. I. denotes the summation over all different possibi-

lities. in which the argur3ents 2 1J, G •• , s can be distributed 

among the factors. Summing one obtains the expression 

~ - " 

-e J/l < 1.1 )_G C 2 .... S ) , 
. . 
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· which is identiaal with the second term on the right-hand side 

of (6°). In a similar way, the terms containing O(l,-Ia-) :•giv~•\ 

for fixed 6", 

The expression in the bracket is, obviously, the function· 
-1 

·Gc2.~.6 ... 5) so that summing over 

s 
I. d(l

1
- l 0 )G(2.:.G-' ... s) 

(j: 2 

ioeo an expression which is identical with the third term on 

,the right---hand side of (6'). 

Appendix II; 

I 
The relation ( :j ) oan be proved a.nalogically. Let us 

write down the ( :J ')(s for product~ o:f different orders and · . 
for different distributions of arguments among the factorst 
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. . I . I I I 1l 
~~(2 ... ·51)9(15_,.r. S2 )~(52 ... 5)+~(2 ... 51)~(5r·· 5;;)~(152 .... 5)J 

and so on. For each order, all inequivalent possibilities must 

be written. Summing-the left-hand sides one obtains 

8 
c5~µ/l1> G (2 ··~ S). 

On the right, all terms have more by the argument 1 if oompared 

· with those on the left. All terms are different one from the other, 

Consequently, on the right the~e will be all terms which can be 

obtained by functional differentiation of all the products 

I I I 

~(c ... S,)~(51 ... 52 ) r. _· :· ~(Sk_,··· 5k)~(5k .. : 5) 

of all orders and all different distributions of the arguments., 

The Green function GU2 ... 5) 

moreover, it contains the terms 

c onJ;g~no • all ,.tif.ese terms but, 
""/-' • i;~//'J;•.'.:•·.,;•·,,. ·.f;~- \ "'i . I 

i l 1, 
. . I 

~ ( i ) ~ ( 2 . . . 5 ) , . j ( 1 ) ~ ( 2 .. ~ 51 ) !J ( 5 I.:'. _ _' . S ) > • • • • • • 
1 

I I 

~(1 )9<2 ... 51 )~(5, ... S2 )~(s 2 · ... S)
1 

••.•.. 
1 

(14) 

and so on, which cannot be obtained by differentiating any term 

on the left. All other terms the Green function G Cl ... 5) is made 

up of are obtainable by this differentiating. The sum of the terms 

(14) is equal to 



- 2J = 

~ ( 1) G ( 2 ... S) = G ( nG ( 2 ... 5) 

so that the right-hand side can be expressed aw 

- e { G ( 1 ... S ) - G ( 1 } G ( 2 ... S_)} . 

By this, the relation ( :J ') is demonstratedo The proot of ( a •) 
can be performed in a similar wayo 

The equation (12) follows from (11 9 ) by using ( ":J •) and 

( a•). Analogously, (12 11 ) follows from (11") by using ( cl •) 

and ( -a'). It should be remarked that if ( 'j •) and ( a ') 
have been proved it is possible to deduce (12°) from (11 11 ) without 

using the (ll")o 
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