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Kaa3HilOTeHUH8JlbHbilt MeTOll B 3aiia11e 06 ypoBHHX SHepritit 

IlO3HTpOHHSI 

Ha OCHOBe KB83HilOTeHuHanbHOro MeTOll8 B KB8HTOBOA TeOpHH 

nonsi paCCMOTpeHO CBSl38HHOe COCTOSIHHe CHCTeMhl sneKTpOH + Il03H

TpOH ( Il03HTpOHHH) • nonyqeHa aenH'IHHa pacwenneHHSI OCHOBHOro 

ypOBHSI sHeprHH IlO3HTpOHHSI C TO'IHOCTb!O llO aS ( a -noCTOSIHHaSI 

. TOIIKOA CTpyKTyphi). Pe3ynbT8T cornacyeTCSI C npellhlllYWHMH Bhl'IH

cne11HS1MH, OllH8KO, HOBb!lt MeTOll 3118'1HTenbHO ynpowaeT B0Cb pacqeT. 

npenpHHT 06'b0.llHH0HHOro HHCTHTyTa Sl.ll0pHbIX HCCne.aoeaHHA. 

Jly6Ha.1964. 

Faustov R.N. P-1572 

Quasipotential Method in the Problem about the Positroninm 
· ·· Energy Lev~ls · 

The bound state of the electron-positron system (positronium) is considered on the 

basis of the quasipotential method in quantum field theory, The magnitude of the !3plit

ting of the ground energy level of the positronium is obtained with the accuracy up to a4 

(a.is the fine ·structure constant). The result is in agreement with earlier calculations, 

however th.e new method simplifies essentially the whole procedure, 
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npot5neMa nayx '18CTHU B KB8HT0B0JI Te0pHH nom1 srnmleTCSI onuoll H3 ueuTpanbHblX 

H npHHUKUKanbHO B8)1{HblX, T8K KBK Mbl nonyqaeM alleCb uant5onee aeTanbHOe 0UKC8HHe 

llHHaMHKH B38HMOllellCTBHSI. O0bl'IHO npH KccneaoaaHHH 3TOll npot5neMbl ncnonb3oaanocb 

nnt5o ypaaHeHHe 6eTe-ConnttTepa, nHt5o MeT0ll llHCnepcHOHHblX c·ooTHOWeHKll " ycnOBHe 

YHKT8pHOCTH. npn onKCBHHH CHCTeMbl llBYX '18CTKU C noM0lllblO ypaaHeHHSI 6eTe-ConnHTepa 

B03HHKaeT pS!ll TpyllHOCTell, CBSl38~HblX C qeTblpexMepHOCTblO BOnHOBOl! <pyH.KUHH (HeSICHblll 

<pK3H'leCKHl! CMblCn OTHOCHTenbHoro apeMeHH nayx '18CTHU; OTCyTCTBHe nonO)l{HTenbHOCTH 

H0pMbl B0nHOBoll <pYHKUHH H ap.). YpaaHeHHSI, nony'IBIOUlHecsi B MeTone llHCnepCK0HHbl_X 

C0OTH0WeHKll B KOM0HH8UHH C ycnoaHeM yHHTapHOCTH HMelOT cymeCTBeHHO Hennnel!Hblll 

xapaKTep, qT0 cnnbH0 aaTpyansieT nx nccneaoaaune H npnaollHT K t5onbwoil ueoauoanaq

nocTH pewennll. 

8 nocneanee apeMSI Obin npeano)l{eH KBaannoTenunanbHblil MeTOll OUHC8HHSI CHCTeMbl 

. Ill 
llBYX '18CTHU • YpaaneHHSI, nonyqaromnecsi B 3TOM MeToae, SIBnSIIOTCSI TpexMepHblMH H 

nHHel!HblMH 1 T8K 'ITO COXp8HSleTCSI OCHOBHOe ll0CTOHHCTBO ypBBHeHHSI 6eTe-ConnHTepa 

.nnneilHOCTb, B TO )Ke BpeMSI 0TCYTCTBYIOT yKaaaHHble BblWe neaocTaTKH. AMnm1Tylla pac

ceSIHKSI onHCblB8eTCSI ypaaHeHHeM Tuna ·nnnnMana - Wanurepa, a aonnoaasi <pyHKUHSI - ypas-

HeHneM Tnna Wpennurepa c KOMnneKCHbtM noTenunanoM, aaancsi mnM OT aneprnn. noTen-

unan nnsi 3THX ypaaHeHHl! CTpOHTCSI MeTOllOM llByxapeMeHHblX <pyHKUHl! J'"pnua. EcnH or

p8HH'IHTbCSI 38ll8'1ell nonyqeHHSI lpH3H'leCKOil aMn~HTYllbl pacCeSIHHSI, TO noTenunan MO)l{HO 

onpeaenHTb no TeopHH B03Mymennll C UOM()UlblO MaTpH'IHblX aneMeHTOB pacceSIHHSI Ha Mac-
/2/ . . 

coaoil noaepxnocTH. KaK noKaaano a , ot5a MeTOlla nocTpoennsi noTenunana aaIOT oan-

HBKOBbte peaynbT8Tbl npn Bbl'IHCneHHH 3HepreTH'leCKHX ypoanell CHCTeMbl. OllH8KO 
0

BTOpoll 

MeTO.!l ot5nanaeT cymeCTBeHHblMH npeHMymecTB8MK, T8K K8K onepnpyeT C aenH'IHH8MH Ha 

Maccoaoll noaepXHOCTH H, cneaoaaTenbHO, aonycKaeT HCnOnb30B8HHe CBOl!CTB auanHTH'IHO

CTK H YHHT8pHOCTH. 

8 H8CTOS!Ulell pat5oTe aeMOHCTpHpyeTCSI npHMelleHHe KBaannoTeHunanbHOro MeTOll8 

K paCCMOTpeHHIO CBSl38HHOro COCTOSIHHSI aneKTpoua H noanTpona (n03KTpOHHSI). 3Ta CHCTe

Ma yao6ua TeM, 'ITO BBHllY ManoCTH KOHCT8HTbl CBSl3H B KBaHTOBOl! aneKTPOllHH8MHKe, 

aaecb aonyCTHMO paano)l{eHHe no TeOpHH B03MymeHHil H COOTBeTCTBYIOUlHe peaynbT8Thl 

MO)l{HO Cp8BHHTb C 3KCnepnMeHTOM. SlCHO, 'ITO_ B HH3WeM n.OPSlllKe TeOpHH B03MyllleHHl! 

Mbl nony'IHM KynoHOBCKHe YPOBHH 3Heprnn. 8 cnellyIOUlHX nopS!llKax nOSIBHTCSI pacmenne

HHe 3THX ypOBHel!, 38BHC>11llee OT nom1oro CUHH8 H nonnoro MOMeHT8 CHCTeMbl. 8 pat5oTe 
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6y neT 01,l'{l!CneHO p11crneune1rne OCHOBHOro ypOBHR 3HeprHH ( n = l) C TO'IHOCTbJO no as' 

rne a - JIOCTORIIH1.HI TOHKOii CTpyKTYPbl. 

~ ' /3/ nonpaBKH K ypoBHIIM 3Hepr1111 ll0'3HTpOHHII C TO'IHOCTblO no a Bbl'IHCnRnHCb B 

Pacuie11neu11e OCHOBHOro .ypoBHR C TO'IIIOCTblO no as 0blnO on!!pBble Bbl'IHCneHo B 
141 

C 

llOMOUlblO ypao11emrn TH11a 6eTe-ComrnTepa. Hawn peaynbT8Tb1 nonuocTbJO coonana10T c 

3THMH IJbP-lHCneHIH1Mli. 

I. On;e.e.uene11n11 

BoeneM T -MaTpnuy, onHCbJBBJOIUyJO pacce11Hne .aoyx cj:,epMno1100 c Maccoll ,r. 

< t I s I; > = 1 - ; ( 2 11 J 'll '< P - P , < 1 I r I ; > , 
I I 

( I, I) 

r.ae S - M8Tpnua ynonneTBOp!leT O0bl'IHOMY COOTHOllleHHJO YHHT8pHOCTH 

t 
S S = 1 • ( 1.2) 

noncTaBnll>I (I.I) B ( 1.2) nony'IHM COOTHOlll8HHe YHHTapHOCTH nn11 T -MaTpHUbl B onne: 

t 
<ti r li>-<IITli>= 

t ( 1.3) 

' 4 = i (211 J · I ll ( p - p ) < I I r I n > < n I r I i > . 
n I n 

B .aanbHeilweM y.ao6Ho 6y.aeT paooTaTb n c.u,H, Onpe.aen11M nosToMy HMnynbCbl Ha

qanbHoro H KoHeqHor~ cocTO!IHIIA cne.ay101UHM oopaaoM: 

If, ;.t 1:, f 

' 

f l 

E,-1 E,-f 

Pnc. I, 

2 1 2 2 2 2 
nocKonbKY Mb) H0XOnHMCII Ha Maccoooll nonepXHOCTH, TO E = p + m = q + m . . . 2 . . 

.Tor.aa Koa.apaT nonHoil sHepr11n n c.u,11. S = 4 E = 4( p 2 + m1 , a nepe.aaqa HMnynbCa 

t = -(p -9 / = -2p 2 ( l ~c:mil).i;,cm, B Bblp8>K8HHH ( 1,3) orpaHH'IIITbCII ynpyroil yHHTap

HOCTblO (.anyxcpepMHOlll!".IM llpOMe>KyTO;.Hbi°M COCTO!IHHeM), TO :Mbl ._~0n~'IHM 
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t 
< p T, - T I q > = - 2 i Im < p I T q > 

4 
=i(277) Jdk o(2E-2,/k 2 +m 2 )<ffli 

( 277) 6 

( 1.4) 

r 
I dk yk 2+m 2 o(E 2-k 2-m 2)0(E)<p ITlk><klTI;> 

E,f 

PHc, 2. 

B COOTBeTCTBHH C MeTO.OOM pa6oTb/ l/ 3BlIHWeM Terrepb .amI MBTpH'IHOro 3JieMeHTa 

T -MaTpHUbl JlHHeltaoe ypaaHeHHe THlia nHlilIMBHa-llJBHHrepa C KOMlIJieKCHblM lIOTeHUHBJIOM 

T' • noTpe6yeM. 'IT06bl rrpu .ae8cTBHT8JlbHOM lIOTeHUHBJie Mbl lIOJiy'IHJIH 6bl rrpaBHJlbHOe 

.OBYX'IBCTH'IHOe COOTHOllleHfre yHHTBpHOCTH ( 1.4), 3cpcpeKTbl 3Bl183.QblBBHHSI H HeyrrpyrHX 

rrpoueccoB 6y.aeM C'IHTBTb BKJll0'18HHblMII B l10T8HUH8Jl. I' 3TO ypaBH8Hlle l!MeeT Bil.a: 

T(p,q) = v (p,q J+_l_ J V(p,k°') v~ T(k, ;) 
( 277) 3 

( E + i , ) 2 
- k 2 - m ( 1,5) 

3.aecb T (p. q) o6o3H8'188T M8Tp11'1Hbl8 3JleMeHT pacceSIHHSI BHe :rnepreTll'leCK08 lIOBepx-

HOCTH E 2= p 2 + m2
1t:: q~ rn 

2 
, npH 3TOM T II V 38BHCSIT OT E KBK OT rrapaMeTpa, 

HO 3TO He 6y.aeT SIBHO YKB3blBBTbCSI. 

noKa)KeM. '!TO B cnyqae .ae8CTBHT8JlbHoro rroTeHUIIBJia V 113 ypaB'l8HHSI ( 1.5) rrony-

qaeTCSI COOTHOlll8HHe YH11TapHOCTH ( 1.4). ,llJISI 3Toro rrepel1Hlll8M ( 1,5) B CIIMBOJlll'leCK08 

cj:,opMe: 

T=V+VFT, ( 1.6) 
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r.ae F - ".llHaroHanhlliH1" 1 
MaTpuua ( 211 Y 

o (! - (•) \' k 2+ m 2 

(E+i,)2- k 2 - m 2 

TorLJ.a, B3HB MHHMYJO tJaCTh, IIMPnM: 

+ 
Im 1 e V ( Im F) ( Re 1) + V ( Re F ) ( Im 1 ) = V ( Im F ) 1 + V F ( Im 1 ) 

HnH 

•J t 
fa. 1 = ( 1 - VF) V (Im F ) 1 , ( 1.7) 

Ho H3 ypaBH8HHSl ( 1.6) cneayeT 

T ~ ( 1 - llF j1 V • 

noacTaBnHH 3T0 Bb!pa>Kenuo 0 ( 1.7), II0JIY'IIIM 

rae 

i 
Im 1 ~ 1 ( Im F ) 1 

Im F = - -"- /,:a;-;, li ( E 2- k 2
- m" 0 ( E) li ( k - k' ) , 

(2") 3 

.'IT0 a TO'IHOCTII coananaeT c ( 1.4 ). 

B MCTOJlC JlBYXBpeMellllJ,IX ,jiyHKllllil rp!HW Mb! HMC8M ypaa11e1111e / 
1 •2 •91 

r (p, ,i J , r < r, ;; J , J .. , J v (;,,; JF < k , ; < k, ~· , dk 
(2;:) 

( 1.6) 

AMnnuTyJla pacce11111111 1 011peaensieTc>1 qepe3 JlByxapPMe1111y10 ipyHKUHJO rpuna JlBYX 

'IBCTHU T: 

-i 'F i 'F ~:· ·a· --'i ··F , 
a 

'Y'(k) I d ( s I ( k • . E + ' .J s, ( - k, E - • ) , 

rJle 'S - 0Jlll0'lllCTll'lllllll <f•YIIKl!IHI rp1111a <\)epMllO!lll, 

B HH3WeM 11puGn101<.eunn 

r:,, y0 y 0 (k 2+ m 2
) - y 0 E ( m.:, ); Ji. ) + ( m - ; k

0

) y 0 E -( :n -y k➔)(m•; k) ( I. 9) 
I;, (k ) = 11 I · 

2 
I 2 

\k+:n 2 (E-k 2 -:n 2 ) 

KaK neTpy ano BIIJlf>Tb, dct 'fi; (I<) ~ 0 II, cneaoaaTenbH0, 'PYHKUIISl ---,;::(k) ne HMe-

eT o6p8THOil. OJlll8KO y>Ke llpH y'leTe llp0CT('illlHIX ·paa11au110HHblX nonpaB0K K OJlH0'IBCTH'I

~ -
llb!M cpyHKIIIHIM tpHIW cpepMIIOHOB; dct F . .(I,) CTllH0BHTCSl 0Tn11'1HblM OT uynsi, 'ITO B 

. . -
CB0I0 0'lepeJlb II03B0n11eT uocneaouaTenbllblM o6pa30M II0CTp0HTb KB8311110TCIIUHBn V 

II 2 9/ 
ucnonb3YII ypaa11e1111e ( 1.8) • • • 

.lln11 npllKTl1'18CKHX Bl,l'Hlcne1111n. yao6uee cnpoeKTllp0B8Tb ypaa11e1111~ ( 1.8) na C0CT0SI

HHSI C nono>KnTenbtl0/1 311epr11eil (mianorH'IIH} T0My, KBK 3T0 ae-naeTCSI B ypaBH8HH11 .ilupaKa) • 
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rlpu 3TOM Mb! 11ony'IHM ypasHeHue 

r.ne u - Clll!HOpbl .nn,i COCTOSIHHli C nonO)KHTenbHOil 3Heprnell. 3anHCbIB8!1 ypas11e11ne ( 1.10) 

~ CHMBOnHt.J:eCKOM BH.ae: 

nony'!HM qiopManbHOe Bblj)B)KeHHe .nn,i KB83HIIOTeHuHana 

-1 
V

4
= 1

4
(1 4 F

4
1

4
) 

Ypas11e11ne .!lnst BOIIIIOBOl! cpyHKUHH CB!l3811HOrO COCTO!IIIHSI 6y .neT JipH 3TOM HMeTb an.n: 

2 ( E - ..; p •+ m 2) if, ( p J = _I_ f v
4 

( p, ;; ) if, + ( ; ) d ; 
+ (2JT)3 

B COOTBeTCTBHH C aaMe'IBHHSIMH, c.nena1111bJMH BO BBe)leHHH, Mb! B )l8llb!18l!WeM 6y.!leM 

CTpOHTb KB83HIIOTeHUHan V C IIOMOWblO M8TpH'lllblX 3lleM8HTOB BMIIIIHTY.llbl paccen111rn 11a 

M8CCOBOl! noaepXHOCTH, HCIIOll_bayn .nnst 3TOro ypaaHe1111e ( 1.5). 

Onpe.!lensin, K8K o6bJ'IHO, BOIIHOBYJO cpyHKUHIO B HMflYllbCIIOM npOCTpaHCTae qepea aM

nnHTy.ny paccesi11n11 

.. I v p•+ m • .. 
q J + -- • .r (p, q 

(2,r) 3 E 2 
-p _-_m 

2 
m ' 

nony~HM na ( 1.5) .nnst if, cne.nyJOmee ypaa11e11ne 

yp 2 + m 2 
+ 

(E 
2
-p

2
- m 2)(2,r )

3 
fV(p,q) 2 

m • 

(I.II) 

( 1.12) 

8 .nanbHel!WeM Hae 6y.!leT HHTepecoaaTb IIH!Ub 38/l8'18 0 CBH38Hllb!X COCTOSIIIHSIX;,-noaTOMY 

8 -cj,yHKUHIO B npasoil '!BCTH (1.12) MO)K!IO OT6pocHTb. B peaynbTaTe Mb! nony'IHM ypaB11e

HHe 

1-ieTpY.!lHO BH)leTb, '!TO B 11epen11THBHCTCKOM npe.nene 

ypasHeHne Wpe.n1111repa 

(~-lV)if,(;) 
m 

rile IV=2(E-m)- a11epr11st cs11a11. 

7 

( t.13) 

m .... Mb! HMeeM 06b!'IHOe 

_ (I. 14) 



§ 2. I loc.T_eooHHe noTHHUIHlJJa 

flpn IIOCTpO<!llll!I IIOT<'IIUll/lnil .nn'1 ypan11e11HS1 ( I.I;!) 6y.neM IICXO.UIITb 113 Toro, 'ITU 

ilMllnttTy.aa paccestHIBl 11,'J .Maccoooii 11onepXIIOCTlf 11p.:uutnbllO UIIHC1,IB8eT K{JK 11pone<.;CU pac

Cl."SIIIIHl, T3K H CDH.3[111111.le COCTOHHHSI ( nonmca UMll/lHTY ilbl ). rlo3TOMY i.ll,I6epeM IIOT(HIUH.'.ln 

V TUKHM o6paaoM, 'IT061,1 ypanueime ( 1,5) npannnhllO on11Cb1Bano aM11m1Ty.ny T 1w 3Hepr.,-

2 2 2 2 Ill 
Tll'ICCKOil nonepx110 CTI! E = p +m = q 2 + ,r. • 3TO MO>KIIO C.l1UJl8Tb, aa.aanasi aMnm1-

Ty.ay 

a11 V 

1 110 T<>OpHII 003MYIUeHHil B BH.Ue cyMMbl rpacjmn <t>el\llMBll8 II onpe.nemrn n0Te111111-

• /1/ 
nocne.aonaTenbllhlMH 11Tepa1111S1MH ypan11eu11>1 ( 1.5) no Teop1m aoaMy1ue1mil • rlepe-

IIIIWCM ypai11te1111e ( 1.5) B BH.ne: 

V(p,q) ·• ·• ... J 
1(p,q)-(211)3 

• ~ J ., ➔ 
V ( p, k J v k + m 21 ( k, q) dk 

(E 2
- k2- m2 ) 

nmr CIIMBOnH'leCKII (cM. ( 1.6)) 

1'=1-VF1, 

II 11pe.£1CT8BIIM V 11 1 0 arr.ae p83JIO>l{eHlril 110 Teop1111 B03MyLUeHrt>l 

1 = r' 2
' + 1<•>+ 

V yUJ~ v<•> + 

Tor.ua, 110.llCTOBll>l>l (2.3) B (2.1). no.1y'IHM: 

v'•' = l 1<•, 

v<•> ~ I r<•J 1-1 I r< 2'1.F 11< 2' 11 • 

(2.1) 

(2.2) 

(2.31 

(2.4) 

r.ae KnanpaT111,1e cKo6Kn 06oa11a'!a10T a.aech nepexo.a 11a Maccosy10 nonepx11ocTb. B cny'la<' 

KB'111TOBOil 3J!eKTpO.l111118MHKII npn pacce,;imrn 31lC>KTpo11a Ha 110311Tpoue COOTHOWeHfl!I (2.4) 

MO>KHO 11306pa31!Tb C IIOMOLUblO .l11101"'p8MM <1>ei1HMBH8 crie!lyIOLUHM o6pa30M. (B npl!H!ITOM 

11p11611H>Ke111111 L10CT8TO'IIIO orpaUH'IIITbC>l nnarpaMM8MH no 'leTsepTOro nop>t.aKa BKllIO'IHTem.-

110): 
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I !+r I 
a g C 

Il - IrI X 
d e 

r< ·. H~JF~+H-rF1 
f 9 

. 

L[+]X[ 
l 

P II c. 3. 

(Cnnonrnirn nHHH!! o603H8'1BeT .9neKTpOH HnH Il03HTpOH, BOnHHCT8!1 - cpoTOH). 

(2) 
np11 3TOM V OllHCbIB8eTC!I J:lHBrpaMMBMH a If f pHC, 3, a y(4) - BCeMH OCTBnb-

Hb!MH .011arpaMMBMH • .Ll11arpaMMbI, r.oe attyTpH 

Bbl'IIITaeMble 'lneHbl B onpe.oeneHHH (2.4) .on11 

BCT.'.lBneno F, ycnoBHO H306pa)Ka!OT 

(4) 
V • Bonee no.opo6tta11 aan11cb 11ctta Ha 

(2.1 ) . .ll11arpBMMbl f • g , h • i OilHCb!BBIOT TBK H83bIB8eMoe 06Me11Hoe B38HMO.lleii-

9 



CTDHe anoKTpo11a C II0311Tp0110M, y<tHTblBDIOlUPP B03MO>KIIOCTb BHpTyanbllO!'O npespautellHSI 

3JICKTpona H 110311Tp011ll B tj)OTOHLJ. 

K,JK IIOTPY /1110 llll/18Tb, IIOTe11111rnn V SIBn!!eTCSI KOMnneKCllbIM. JlellCTBHTE)nbHO, 

111rnrpD"1Ml,I j HMelOT 11ey11pyroe 11eyx,j,0TOHH00 npoMe>KyTO'IHOe COCTOSIHHe, H, cne11oea

TeJtbHO, HX MllllMllSI 1.JllCTb B o6nacTH, rne HMelOTCSI CBS138HHble COCTOSIHHSI, ·s ='4.E 2 < 4 ,r. 2 

OTnH'IHD OT nynsi. KaK H3BeCTIIO, MHHMDSI 'IDCTb noTeuuuana xapaKTepuaye: Heynpyrue 

11po11ecc1,1, 8 llDHIIOM cny•iae 0113 OIIHCl,IBBeT eepOSITIIOCTb pacna11a napano3HTpO~HSI 11a 

11na qJOTOHD, 

BbI<tHCneuue yponneil auep,HH 1103HTpOHHSI Mbl 6y11eM npOH3BOLlHTb no Teopnu B03My

Ul8HHi!, np11 aTOM 38 HCXOLlllOC np116nH>KCHHe ec·reCTBeHHO B3SITb KynouoncKHll noTeHUHan, 

nonHOBl,10 lflYHKUIHI KOToporo xopowo H3BPCTllbl, npeLlCTannsrn LlHBrpBMMY 

B Billle 

Va = C + I\ Va , 

rL1e C - KynouoncKHii noTenuuan, H 060311aqas, 06M<m11y10 L1HarpaMMY 

~ I ' nonyllHM .anH noTeUUHllJtll Bbipa>K.eHHe 

V= C+/\V +V + 
• I 

(4) 

V 

a J)HC, 3 

pHC, 3 'ICP.83 

(2.5) 

V 
I 

4nellbl fl. V
8 

H IIM8JOT nepBblil IIOJ)SILlOK ManocTH (=a), a 
(4) 

V - BTOpoi! nOpSILlOK 

ManoCTII ( - a 2 ) • 170:aTOMY 11pu Bbl'IHCneHHH nonpaBOK K KynoHOBCKHM ypoBHSIM 311<',~!'Hll 11e-

ObXOLlHMO Y'IHTb!B8Tb <tnen BTOporo nopS1L1Ka TeopHII B03Myutenull, nony<taIOutHl!C'l OT 'lllCTH 

' 
n0Te11u11ana ( I',. v. + V, J 

'!8CKH 3'111HC'1Tb B BHLl0: 

TaKHM o6pa30M nonpaBKY K ypoBHSIM aHeprnu MO>KIIO CHMBonu-

< I\ V. + V 
1 

> + < y< 4J > + 

+<(/\V
0

+ V
1

) F(/\V.+ V
1

) >. 

t.E 
(2.6) 

Benuq1111a F onpe.neneua B ( 1.6), a CHMBOn <,,, > 03Ha<taeT MaTpH<tllbill aJieMeHT no 

nonHOBLIM cj:,yHKUH!IM ypaeneHH!I, (I.I 3) C KynoHOBCKHM noTe11uuanoM. 

§ 3. 81,1q11cne11ue ypon11eii a11epruu l103HTPOIIH!I, rlp!!MOC B31lHM0/1CiiCTBHe 

PaccMOTpHM ClllPtana D.HlU'p8MMbl a - e pHC. 3, O~HCblDlllOIUHe npstMOe B381fMOLleH-

CTBHe aneKTpo11a H 1103HTpo11a. 8 IIH3WCM 11op11.nKe np!!MOi! IIOTeHUltan 11aeTC!I .nilarpaMMOil 

a pnc, 3 na Maccoeoii noeepxnocTu. Hc11onb3YII 011pe11me1rne 1 -MaTpHULI (I.I), nony-
. ,~, 

qaeM 113 (2,4), cornac·1w o6bl'!HbIM qiei!HMDHOBCKHM npmrnnaM a 

!'.,(~.,; - e 
i I u (p ) >1' u1-r; JJ[';;- r-~>r" /<-;;I 

I 2_ 2 __ 1._ 

(;-q/°-ib 
(3.)) 
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Ot>03H8'1eHllii IIMnynbCOB COOTBeTCTBylOT p11c. I. Mb! 11cnonb3yeM cneay10mee npeacTaane

Hlle anSI J' -MaTp11u: . 

( 1 0 ) , 
0 -1 

.... 
y ( 0 

- iJ 

·• a 
0 ) ' 

rae a - cn11Hoar,1e M8Tp11uhr naynu, 11 CKanSipHoe npo113aeaeH11e onpeaenSieTcSI KBK 

aµ bµ = ,I' b0 - ;; b .. • 

(3.2) 

Dnll nony,'.!eH11SI aanhHeliwero np116nn>KeHHSI yao6Ho npeacTaBIITb qeTbrpexKoMnoHeHTHhre 

_cn11Hopbl u + " u- B llBYXKOMUOHeHTH0li cpopMe
161" 

u jpo+m(a .. w 
2 0 .!!.....lL. 

p po+:,; (3.3) 

rae W - npOH3BOnbHbre llBYXKOMUOHeHTHble CUHHOpbl. 

npeo6pa3yeM T8K>Ke CUHH0pbl 

conpSI>KeHIISI C 

u H u II 
-+ 
U C UOMOUlblO M8Tp11Ubl 3ap,1.11oaoro 

u 
+ 
Cu-, (3.4) 

3TO CO0TBeTCTByeT BBeaeHIIIO BOnHOBOli cpyHKUIIII no311TpoHa
161 

MaTpllUY 38p!l/l0B0ro 

conpSI>KeHll>t Bbr6epeM B BIi/le: 

C 

Y'IHTb!B8>1 COOTH0WeHlle 

11 none TaBnSISI ( 3.2) 11 ( 3.3) a ( 3. I ) , nony'IIIM: 

+ 

v. (p, i/) 
2 

e 

I [ I + 

1 

(po+m)(qo+ m) 

(~p)(;;Iq) 
(po+m) ( qo+ m) 

2 m, 

(p0 + m)(c/'+m) 

lf 1 + rt 2 pJ rt 2 q .. > 
(po+ m)(qo+ m) 

(3.5) 

X 

I + 

(3.6) 

w w 
1 :, 

➔ 

k p-q 

nocKonbKY K8K 1 ' T8K II 
V SIBn!lJOTCH M8Tp11U8MH, 'IT0 CO0TBeTCTayeT pa3nll'IHblM op11eH-

T8UH>IM CUHH8 3neKTp0H8 11 110311Tp0H8 ( nonSip1138UII0HHbJe IIH/leKCbl y cnllHOpOB U II W ony

UlUHbrl, _TO B 'aonbllellwe!" Mb! 6yaeM onyCK8Tb cnllH0pbl .. ' nony'l8Sl T8KHM o6p830M ,ia-

. Hoe· MSTpH'IH0e -BbrpameHtte an SI 1 II V • ·. np11 Bbl'IIICne111111 non pan OK K ypoB.;!lM 3ttepr1111 

II 



HllllO 6ylleT D3RTb M.:.lTpHttllhle 3neMeHThl V no COOT[HJTCTHYKIIUIIM co6r.TI\PHHJ.IM q}yl-lKUJ.t-

RM nonttoro yrnoaoro MOMeHTa H cn111w. Mhl 11po113neneM 11 (J6) Hep,in11T111111cTcK<Je pa3no-

>1<eu:ue no p / m; 11ocKOnhKY B .nanbIH'!'iiWeM npn u1,11-u1cncn11111 11011panoK K KynoHOBCKIIM 

ypOBIISIM 311epr1111 HllM upnneTCSI 6paTb MaTpH'illble :aneMmtThl no KynollOBCKIHI aonllOllblM 

cj,ynKUIIRM. 3TII q,yllKUHH conep>KllT MIIO>KIITC'nt, 
r 

p 

( p 2 - m lfn ) l' + 2 

rne I~ - KynouoacKne ypoa1111 3Heprnn, no3TOMy np11 HHTerpaunu 110 p OT O llO 

oc11oa11oll BKnan 6yneT nanaTb o6nacTb P 
2 = Im IV" I 2 2 m a TaKIIM o6pa3oM pa3no-

>Kenne nonb111Terpanb11oro 01,1pa>Kett11st no p / m 6yneT 3KB1mane11T110 pa3;10>Ke11nro acero 

HHTerpana no a (np11 ycnOBHH CXOllHMOCTII IIHTerpana). 

npl!MeHst!I HeCKOnbKO pa3 COOTHOWelllte 

a1 a1 = i ,,,.a•+ 0 11 , 

MO>KHO npeo6pa30BBTb (3.6) K Blllly: 

V .. ... e2 
( p, q) =- k2 I 1 + 1 

4m• 
(Jiti,,,.;1 rJ+ ,; J + 

I 2 

+cli!)(t;J -
t 2 

+4(p q) z -• ·• 
k ( cr

1 
a 

2
)) I 

k=p_q, 

(3.7) 

KaK iieTpy'n110 BHlleTb, nepBblll '{ne11 B Bbtpa>KeHHH (3. 7) naeT KynoHOBCKKil IIOTeHunan: 

2 
e 

C <;,, ~ J = - (r, - <t > , (3.8) 

KOTOpbtli Mbl Bbt6epeM B Kll'ieCTBe IICXOllHOro np116nn>Ke11n11. HepenRTIIBIICTCKOe ypaa11e1111e 

( 1.14) np11 3TOM naeT xopo1uo n3aecT11t,1e ypoa11n 311eprn11 
/6/ 

Jtn=-~ ( ~) 2 1 
4 ,4:r ,,r-

~ a2 
.4 ,,:i • n = 1, 2, ••• (3.9) 

2 a=-;k 
BbtnHWeM ewe 311a'ieH11e KBartpaTa MOllYJHI aon11011oll cj,yHKUHK a r -11pocTpa11cTae np11 r=O 

2 3 

l\l(OJI=~. (3.10) 
r · 8 11n 3 

KaK 113BeCTIIO, nnst CIICTeMbt llB_yx q,epMHOIIOB coxpa1111eTCR OTttenbUO KllK non11wil 

MOMeHT Konn'ieCTBll llBll>KPIIHSI, TBK H nonHhtil CllHHOBbtll MOMeHT. 8 CBSl311 C 3TIIM nee 

ypoa11n no311Tpo11nst MO>Kno pa3nen11Tb na cn11rneT_Hbte ( napano3nTpounil) c s = 0 n Tpnn

neTHbte ( opTono3nTpo1111ll I c s • I ( s( s+ l) - co6cTneHHble 311a'!e1111st' onepaTopa Knanpa

TB nomtoro. cnu11a). l lenbro 11acT011U1ell pa6.0Tbt RBnsteTCst Bbt'<HCn_e11ne pac1Uennem1R ypoa11ell 

:rneprnll OCIIOBllblX COCTORIIHll(n=I) opTo- H uapan03HTp011HSI, T,e. ,AW= E( 11 S )-E(i's,. 
t 0 

Op611Tanb11blll MOMeHT npn 3TOM paae11 11ynro u, cnenoaaTenbHO, cooTaeTc-rayroU1ne aon110-. 
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Bbte cpy11K111111 11e aaa11c11T OT yrnoa1,1x nepeMe1111b1x. B KB'lecTae pewe1111ii ypaa11e111111 ( 1. 14) 

C noTel!UHBJlOM (3.8) Mbl B03bMeM nayneBCKHe BOJll!OBl,Ie cpyHKUIIII, KOTOpbte B .ll811110M cny

qae 6y.llyT C06CTBel!HblMII rpyHKUH!IMII onepaTOpa KB8.llp8T8 nOJlHOro Cnt-!HB. 

B 11113WeM nop!l.llKe Teop1111 B03MyllleHllii nonpaBKII K ypoBH>IM ::,uepr1111 (3,9) HMe!OT 

B11.ll 

• 
t, E 1 f if, ( p) I',. v. ( -;,, ;) «µ(;) dp 

.. . {2;p dq (3;11) 

r.ae 
C , {',. v. = V . 

a v. - .aaeTC!I Bbtpa>KeHHeM (3,7). Mi,1 He Y'IHTbIBBeM a.aecb pen11THBHCTCKHX nonpaaoK, 

KOTOpbte .aaeT ypaa11e11He ( 1.13) (cpaKTOp ,J p
2 + m2 ) noCKOJlbKY 01111 He . .aa!OT BKna.aa B 

pacmenneHI!e OCIIOBHOrO ypoBH!I n03HTpOHH!I. npH HHTerpa1111H B (J. 11) OTJ111'1Hbll1 OT Hyn,i 

peayJtbTaT .aaroT .aaa nocne.a1111x 'lneirn Bbtpa>Keu1111 (3. 7 ). 1-1cnonb3yR q,opMyny 

(3.12a) 

rne -; H ,b KOMMYTIIPY!OT' 

.. 
I if, < q J 

(3.12) 

2 22 .. .. 2 2 ..... 
e I </I < o, I - < u u > = ~ \ .,;, co, \ < u u > = ,4m2 r .J t 2 .Jm2 t 2 

3.necb no.a' CIIMBOJlOM .<. - > no1111MaeTC>1 B3!1Tl!e MBTpH'IHOro 3JleMeHT8 no co6cT&e1111bIM 

cpyHKUH!IM o_nepaTopa Kaa.apaTa non11oro cn11ua. 

PaccM-oTpllM Tirnepb BKna.a a noTe11uHa11 oT .n11arpaMMbI b p11c, 3 (nonpaaKH a aep

WHHHY!O .. ~CTb), '3TOT BKJlB.ll CBO.llHTC!I K y'leTy 8HOM8JlbHOro MBrHHTHOro MOMeHTa 3JleK-

TpOaa (noa11Tpo11a) • .ileiiCTBHTe/lbllO, npH Bbl'IHC/lel!HH nonpaBKH K ypOBH!IM 3HeprHH Mb! 

nony'IHM HHTerpan THna (3. 11 ). AHanorH'IIIO npe.llbI.llyllleMy nerKO y6e.nHTbCl1, '!TO B 3TOM 

HHTerpane OCIIOBHOll BKJ18.!l 6y.ayT .nasaTb MBJlbie 311aqe111111 IIMnym,coa p II .. 
>Kel!He .llJl>I aepw111111oll 'IBCTII TpeTbero nop11.llK8 --npH MBJlblX 3118'1el!H!1X p 

/5/ 
811.ll ' '". "'"' ( P, q) = _a_ [ ( P - q ) y/1 - yl' ( P - q ) I 

811',r. 

II 
.. 
q IIMeeT 

nocKOJlbKY B noTeHUIIBJle r 6y.aeT CTO!ITb Me>K.ny CTTHIIOpBMH _,, U • TO MO.-KHO 

IICnOJlb30B8Tb ypaBHeHlle nHpBKB 

( p - m ) u- (p ) 0 , 
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Tor.aa 

'ii+ (p > r,, ( ;, q) u -(q) = 
8

: 
111 

;+(;) [(p"-;J.yfl -,yfl(;~-q-) J. u-(q) _ 

a -+ ➔ P. • ..., 
--u(p )[-(p+qJ,,+2m y] u-(qJ. 
,41Tm 

nep·Bblll 'lneH He ,ll8eT BKna.aa B pacmenneHHe OCHOBHOrO ypOBHSI fi03HTpOHHSI. 8Kn8.ll 

BTOporo qneHa B noTeHuHan 8KBHBaneHTeH aaMeHe TO'le'IHOl! sepwHHbl e y H8 ej! 2: 
'!TO H COOTBeTCTByeT yqeTy 8HOManbHOro MarHHTHOro MOMeHTa. 

Bbrpa)KeHHe .ansi nonpaBKH K ypoBHSIM aHeprHH MO)KeT 6b!Tb nony'leHo noaTOMy 

YMHomeHHeM. !I. Ea HB 2 _'.:_ , nocKOnbKY HMelOTCSI .ase. sepwHHbl ( .rise .llH8rp8MMbl b ), 
2,, 

T aKHM o6paaoM 

AE 
b 

a 

1T 

• 2 

!I. E = ~ I of,, (0) I < t 
• .,3 m2 r z 

.. 
a > • (3.13) 

Y:aCTb noTeHuHana,. CBSl38HH8SI C ,llHarpaMMOl! C pHC. 3, He .aaeT BKna.aa B nonpaBKY K oc

HOBHOMY ypoBHIO aHeprHH noaHTpOHHSI. AellcTBHTenbHO, nOCKOnbKY aTa .llHarpaMM8 HMeeT 

nopSl.llOK • a , TO npH Bbl'!HcneH_HH M8TPH'IHblX aneMeHTOB C .llOCT8TO'IHOll TO'IHOCTblO MO)K-

➔ .. 
HO nonO)KHTb B .Bb!p8)KeHHH .ansi noTeHuHana p = q=O, E = 111 • npH 8TOM, 0.llH8KO, B 

. .. .. 2. /5/ 
CHny ycnOBHSI HOpMHpOBKH .ansi nonsipH38UHOHHOro onepaTopa II[(p -q) J, B Hyne 

Il (0, = O; • I "' o k
2

Il(k) k2=0 

COOTBeTCTBYIOUlHll qneH !I. V C B noTeHUHane o6pamaeTC!I B Hynb. 

PaCCMOTpHM TEmepb BKna.a B noTeHUHan OT .llByxcj:,oTOHHoro o6MeHa, .aaaaeMblll ,llHar-

p8MM8MH d H e pHc. 3, a TBK)Ke nonpaaKy K ypoEH!IM aHeprHH BTOp•oro nopSl.llKB OT 

B03MymeHH!I !I.Va· CornaCHO cj:,opMyne ( 2.6). 8TB nonpBBKa 6y .aeT HMeT BH.ll: 

r.ae 

t,.·E'· = _1_ 
(21T )3 

J-J (p) [fdt !I. V (p,k)F(k) !,V (k,~J].,f,(q)dpdq, 
a • . 

cornacHo ypasHeHHJO, ( 1:13) 

F(k} = _1 
( 2,,y E • - k • 

V k 2
+ m• 

m ·a • 
(3.14) 

nonpasKa K ypoBH!IM aHeprHH OT 'IBCTH IlOTeHUHana, COOTBeTCTByJOUlell .llHarpaMMBM d 

pHC. 3, ,ll8eTCSI Bblpa)KeHHeM: 

llE" =-1- f if,(;) I T<4,(p, q )-, 
d (21T )' d (3.15) 

➔ ➔ ➔ ·➔ ➔. ➔ ... ' ➔ 
f v. ( p, k ) F ( k I v. ( k~ q ) d-k I if, ( q I dp d q , 
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rae rJ'' o6oaHaqaeT KBlltlpllTIIYJO tlltarpaMMY Hll MllCCOBOli IIOBOpXIIOCTH, a V, tlllOTC!I 

nh1pm1<euneM (3,!l. CK1111a1,rna11 (3.14) 11 (3.15) c yqeTOM Toro, '!TO ,'.\ v. = v. - C 

nony'IHM: 

f C (;, f> 
➔ ➔ ➔ 

,f, ( q ) dp dq 

2 

C ,;,iJ-- e 
(p-lc"°)2 

. 
f ,f, (p) Rd(;, q

4
) ,f, (;) dp d;; 

8h1pa>KeH1rn an11 
,,, ➔ .. 

T (p, q) 
d 

na M3CCOBOil nonepXHOCTH C y'leTOM ( 3.4} HMeeT Blltl: 

(3.16) 

(3.17) 

_u,( .. .. ) i e 4 

Md p, q = --, 
( 211) 

➔ 

np11 Bbl'IHCneHHH HHTerpanoB B (3.16) MO>KIIO npeue6pe'!b 38BHCHMOCTblO p 

➔ 
II q II COOTBeTCTBeHHO nonO>KHTb 

nponopu1rn11anb11a 

2 2 
E = m , TaK KllK nonpanKa ti. Ed 6yaeT npn 3TOM 

H, cne.aoaaTenbHO, y1.1eT ':lneHOB THna ( p 
2 

/ m 
2
J cs a 

2 

aacT npenh1we1111e TO'IHOCTH (cM, aaMeqaune nocne cpo~Mynb1 (3.6) ). no_ 3Toil :ace npnqnne 

MO>KIIO C'!IIT8Tb1 '!TO CIIIIHOpbl u 11MeJOT nnwb aepx,rne '6onhwne• KOM11011e11Tw, nocnea-

Hllli qneH B (3. 16) ne aaeT BKnaaa B pacmennen11e OCHOBHOJ"'O ypoBH!I 110311Tp011H!I H Mbl 
(4) 

He 6ytieM ero aaecb paCCMBTp11B3Tb. C yqeTOM 3THX aaMeqa1111ll Bb1pa:ace1111e an!I !.Id MO>K· 

HO npHBeCTH K cneayJOIUeMy BHtiy: 

2 2 2 >, 2 k k 2 [(m +kl -k -m 1[(m-k )-
fL /l U 0 
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r.oe np11 B3l!TIIII IIHTerpana no yrnaM 11cnOITb30B8H8 cpopMyna (3 .. 12) II COOTHOW0Hlle 

( ;; ;; ) ( ;; a-+ ) = 2 ( ; 
I 2 I 2 I 

no.llCT8BITllfi B ( 3. 16) BbipameH11e (3.18) .on>1 

-+ 
a 2) • 
1 (4) 

d 
11 Bb1pamem1e ( 3.11) .on>1 t,,. Va 

11 IIHTerp11py~ no k O , 11MeeM .on>1 · !<,. Ed Bb1pameH11e: 

r.oe 

11n11 

t,,. Ed 
4 

e =--
( 2tr )' 
~ 

m• 

2 

I t/J (OJ I < , 
➔ ➔ 

a a > 
I 2 

1 • 

I ; f dk I 1 1 8 m m 
yP+m"'--k-+ 3k• (,./k•+m2-l) I =-8" [l'n~-..!__], 

m '3 

t,,. Ed= 
a• 

m2 

3.oecb B0ITll'IIIH8 

2 

I t/J, (OJ I < 
-+ -+ 
a a -> 

I 2 
fn~ 

m 
_8_], 
3 

(3.19) 

.\ , 06pe3a10wa>1 11HTerpan no k B Hyne, OTpamaeT H8ITll'lll0 

IIHcppaKpaCHOll pacxO.OIIMOCTII, no.opo6Ho 3TOT aonpoc B CBH311 C Bbl'IIICITOHHeM ypoaaell 

aaeprHH n03HTpOHHll paccMOTpea
17 I. 3.oecb me Mb! TOnbKO 38M0THM, 'ITO B cyMM0 C no-

npaBKOH .on>1 ypoaHell aaepr1111, .oaaaeMoll .011arpaMMOll e p11c. 3, qnea c norapHcpMoM .\ 

HC'le3aeT. nonpaBK8 K noTeHnHany, .oaaaeM8ll .011arpaMMOl1 e PHC. 3, Bbl'IHCITll0TCll coaep

weHHO aaanorH'IHO npe.ob1.oyweMy. 

B pe3ynbTaTe nonyqaeM: 

v. (0,0) 
(4) 2i e4 

1 (0,0)=-- "'" 
• (2tr) 4 

2 ( k2 2 z -+ -+ f k dk f dk o - ::;.r k 1 ( u· u ) 
t 2·2 l 2 = 

(kl' I [(m-1.12 - kz - m2J .:r 

= e' _L f elk 
1 1 5 

2 

- - ---+ m I( .... 
k .,jTf+mI 3 (,/ k2+ m z) ~ uiu.:r) (2tr )' m2 

= a:, 

mZ 
[ - fn ~ + ~ . J . ( -;;. q ' • 

m 3 I 2 

nonp8BK8 K ypOBH>IM aaeprHH 6y.OeT HM0Tb BHJl: 

az 
I ,t,, ro, I 

2 
< ;. ;; > [ - tn ~ + _!_ J 6E = --;-;-. I 2 m ~ 

CKIT8JlblB8ll (3.19) H (3.20), nony'IIIM: 

(3.20) 

a.2 2 ...,. .. 
¢. Ed + t,,. E.= - --;;;a , .,,, ((J I < u, (T 2> • (3.21) 

Co611pa11 BMeCTe BblpameHHll (3.12), (3 .. 13) 11 (3.21), nony'IHM nonpaBKY K OCHOBHOMY 

YPOBHIO aHeprim no3HTpOHllll, o6ycnoaneHHYIO np11Mb!M B38HMOJl0llCTBlleM: 

16 



a TT 

-;;r I - -'-'-
2.r 

2 
3 

-• .... 
" a I 2 

§ 4. Bb1'i11cne1111e ypo011ell a11epr1111 110311Tpo1111si, 

06MeHHOe B3BIIMOJlellcTlrne 

(3.22) 

PacCMOTpHM Tenepb DKllBJl B noTeHUHBJl V OT o6MeJillblX qnenoB, .naBaeMblX nno.-

rpaMMBMH f - i pHc. 3. 

Bb1pa>1<e1111e nnsi 11onioc11oll n11arpaMMb1 

T (/1,q) 
f 

e• 
4 E. 2 

C H)'>KHOll TO'illOCTblO MO>KIIO 110J10)Kl1Tb 
E.\.m2 

m• HMeeT nopSIJlOK a• a BOCb 

2 
E. 

2 
m 

np1161H>Ke!IIIS1. 3aMellSISI CIIHIIOpHb!e q:,yHKUHH 

qne11 

+ 
u 

p11c, 3 IIMeeT Bl!Jl: 

(4.1) 

TaK KaK COOTAeTCTDYIOutaH nonpanKa 

a 6
, '-ITO BblXOLlHT 3a paMKH npH.HSITOro· 

11 u-, cornacuo ( 3.4), · nony'iHM: 

-t 2 
1 (p, if) ~ _e_. -+ ~+ µ - + ➔ - ➔ /1 - ... 

[ u 
1 

( P) y Cu 
2 

( •p ) )[ u ( • q) C y u ( q ) J • 
, 4 m2 . 2 ·I (4.2) 

nocKOJlbK)' D BblpB>KeHHH (4,2) JlllSI T, COJlep>KHTCSI MHO>KIITeJlb a /:n: TO MO>KHO C'ill

TBTb, 'iTO Cllll110pb1 u (3.3) IIMelOT JlllWb aepx1111e '60J1bWlle" KOMllOHeHTbl, TBK KBK yqeT 

Hll>KIIHX KOMlloHeHT naeT nonpaDKII nopst.aKa p 2 ,j m ~ a 
2

• KpoMe Toro BL1pax<e11ne (4.2) 

MO>KeT 6!.>ITb npnneneno K BIIJlY, rne M1lTPIIUbl O OTHOCIITCII ){ CIJIIH11M OTJl,.?JlbllblX qac-:

T1111131 (n pacwennenne OCHOBHOro ypOBHII JlUIOT BKJlUJl TOJlbKO npocTp1111CTBe!llll,le y -MaT

p1mbt): 

rne 

.. w 
1 

+ 

(4.3) 

➔ 

s ~1 ( o
1 

+ a 
2 

J 
(4.4) 

- onepaTop llOJlllOro cmma CIICTeMbl. Ouye Kast JlB)'XKOMllOHeH'rHl>te Cllll!IQPLI I> • uonyqaeM I 

cornacno (2.4). Bb1pa:»<e1111e :Om1 110Te1111nana 
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nonpaeKa K ypoBHHM a11epr1rn nony<rnTCH nocne ycpe;rne1111>1 (4.5) no eonHOBhIM cpyHKUHl!M 

ypaBHeHHH ( 1.13) c KynoHOBCKIIM llOTeHUHa1toM; 

l'iE 1 =<V
1

> 
. 

__ l_ f ,f, (;)d; f ,f,(;;)d;. 
(217) -~ (4.6) 

BonHOBh!e cj:,yHKUIIII ,;, (;) MO:>KHO np116n11:>KeHHO nony<ll!Th, l!Tep11py11 ypaeHeHHe ( 1. 13) 

C KynoHOBCKIIM noTeHu11anoM II B3>1B B KB'ieCTBe HCXO.UHOro np116mnKeHHH KynoHOBCKHe 

BOnHOBbre cj:,yHKUIIII. tf,c , y.noeneTBOpSllOUlij_e ypaBHeHll!O ( 1.14). 

Tor.na B nepBOM np116n11>Ke111111 HM(!eM! 

,:, (p} = 
v p 2 + m 2 

fC(;,;;,,:, (q) dq = 
E•-p•-m, C (4.7) 

2 yp2+ m 'z ➔ 

m ,:, (;) + p ,:, ( p ) , --1/' C ( p ) = 
m v p• +· m• c ,myp2 +m 2 C 

2 

r.ne nepaoe cnaraeMoe .naeT 11epen>1THBHCTCKoe np116n11>KeH11e np11 ~ << 1. HopM11poaa11-
' '• , ' '/, tr. 

11y10 KynoHOBCKYIO BOnHOByJO cj:,yHKUIIIO S -coCTOHHIIH MO:>KHO npe.ncTBBIITb B 011.ne: 

1 (➔ ) _ 2ma ,J, (O) 1 ( 
'I' c p - y2ii' / • -(-p~'~+~¼-• m-,.• a--,-2-),-.,-, - 4, 8) 

11cnonb3YH (4.7) II (4.8,), C Tpe6yeMoll T,O_'IHOCTblO MO:>KHO 3an11caTb IIH'I'.erpanhr, cj:,11ryp11-

PYIOU1lle B (4.6) cne.nyJOUIIIM o6p830M: 

➔ ➔ r::s 3/2 
f tf, ( p) d p = ( 2 tt) .. ,f,, ( C) [ 1 + 

.1/2 

2a 

" 

,\ 

f dp 
ypll+m• 

= ( 2 rr ) ,f, (0) ( 1 + a L ) 

]= 

(4.9) 

Ben11qi111a L npe.ncTa0n11eTc>1 pacxo.nSIUIHMCH HHTerpanoM ( A - 06pe3aH11e). O.n11aKo, 

KBK 6y.neT B11,!lHO 113 .nanb11el!U1ero, B cyMMe C nonpaBKBMH K ypOBHHM 3Hepr1111 OT .n11a

rpaMM g ( p11c·. ·2) Mb! nony'IHM KOHe'IHhlH pe3ynhT8T. _no.nCTBBnllll (4.9) B (4.6), l!MeeM: 

2 . 2 
l'iE

1
=~ lif1,(0Jl<s 2>+,<V 1 >1"1 (OJI 2aL, 

rr. r (4.10) 

BKna.n B n0Te11u11an OT .n1iarpaMMhl g p11c. 3 11MeeT cne.ny10U111ll 011.n: 

➔ -+ ➔ -+ .... ➔➔ ➔ ... 
V (p,q)=T (p,q)-fdk V·(p,k)F(k) V (k,q)+ 

a 11 • I 

(4.11) 
➔ ➔ ➔ ➔ ➔ ....,.. ➔ 

+ T, ( p, q) - f dk V1 ( p, k J F ( k) V a( k, q), 
2 . ' 

r.ne 
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(4.12) 

Heo6xOL!HMO TaKme y,1eCTb COOTDOTCTByroumli qneu BTOporo I1Dp!IL!Kll TOOpllH B03My!Jle1rnli 

nm1 rionpanKn K yponusiM aneprmr H3 (2.6): 

. 
:\E'-~-1- ft/,(p>fd([1'\V(;,.kJF(kJV, (k,q)+ 

, ( 2:r) J • 
(4.13) 

•!"LIO 

l\V =V- C . . 
. E ➔ ·• C 

(p,k)=- (p-k)'. 
Bepsi MOTpll'lllhll! aneMeHT OT IIOTOHUl!Sna (4.11) II CKnaL!hJBO!I C (4.13), uony'IHM nn11 

nonpanKH K ypon1111M a11eprIrn Bblpamenue: 

l • .. .. .,. .. .. .. .:•,., .. -
:\ E = -- f,f, (p)l 1 {p, qi- f dk C (p,k) F(l:J V,(k, q)+ 

' ( 2rr )1. 11 

(4.14) 

v1cnonb3y!I ypaanenHe ( 1. 14) 11 npeL1cTasnen11e (4. 7) nmI ,;, 11peo6pa3yeM nTopoe 11 

'leTnepToe cnaraeMbJe 113 (4. 14) cnenyJOlllHM o6pa3oM: 

• r-2--;"' .. .... .. .. 
_l_

3 
f ,f, ( p ) ~ V ( p, q) ,f, • ( q ) dp d q = 

(2rr) • ' m I 

(4.15) 
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• ➔ 2 
_l_ f tf, (p) V (p,~) tf, (q) dpdq +<V 1 >1 if, (0) I a L, 
( 2rr) 3 c I c r 

I"'.lle, L onpe,lleneno a (4.9). 

TaKHM o6paaoM Bb1pa.>1<e1me ( 4. l4) .llnH A E g npHHHMaeT. aH.ll: 

!).E = f tf, (p) I Ts (p,q) + 
s • 1 

Ts (p,qJ-2V 1 (;,;;, I tf,.(;) a; a;-
2 

2 

- < V 1 > I tf,, (0) I 2a L 
(4.16) 

• 2 
. ➔ ➔➔ ➔ ➔ ➔ 

=ftf,
0

(p) R
11 

(p,q) tf,
0

(q) dp dq- <V,> \\Ir~ (0)\ 2a L. 

OTCIO.ll8 BH.llH0, qTQ .llelicTBHTenbH0 Bb1pa.>1<en1rn (4.10) " (4.16) B cyMMe .ll8IOT K0HeqHb!ll 

peaynbTaT, 

npH BbiqHcneHHH MBTpHqHb!X aneMeHT0B a (4.16) M0.>KH0 c .ll0CTaToqnoll ToqH0CTblO, 

KBK n paHbWe, non0.>KHTb a R (p, q) p = q = O " E =.m , a TBK.>Ke cqHTBTb, qTo s 
CilHH0pbl U HMelOT nHWb aepxHHe 'GonbWHe· K0Mil0HeHTbl. Bb1pa.>1<e1me .llnll aepwmrnoll 

qacTH npHHHMaeT BH.ll! 

r (O,m)=~ f 
,, i(2tr ;' 

2 ..2., 2 2 4 
y/l (2k~ - 3 k -,4m ) d k 

k 2 [ k 1 2 •] [ 2 2 'J i,(m-
0
)-k-m (m+k)-k-m 

0 

KpoMe T0I"'0, HB.ll0 np0H3BeCTH peH0pMHp0BKY BepwHHH0li <pyHKUHH r,, , K0T0p8ll B .llBHH0M 

cnyqae CB0.llHTCll K Bb[qHTBHHIO ee auaqeHHll B uyne r,, ( 11 CJ. npoH3B0.llll npeo6pa30B8HHe, 

aHanOrliqHOe ( 4,3), 0KQHqaTenbH0 HMeeM! 

2 

r:,. E = ~ I tf, ( C1 I < s 2> 
A m 2 .' 

rra 

~ 
I tf, < oi I 

2 

< s 2 > 
t 

.4a m 2 

" 
,4a 

" 

f4[ m -1]= 
k ,jk 2 +m 2 

2 
- < V 1 > \ ~~, (0) \ 2 a L • 

AnaqJaMMhI h onHChIBaroT aKna.ll B noTeHuHan oT acp<peKTa nonS1p11aau11H aaKyyMa: 

Vh (p, q 1 

I"'.lle 
➔ 

Th(p,q) 

➔ ➔ ➔ .... ➔ ➔ ➔ 
Th ( p, q) - f d k V 1 ( p, k ) F ( k ) V 1 ( k, q ) I 

e
2

[ d(4E)-1] 

'4E 2 

- - ➔ r 
[ u + (p) yf' C u + ( .; )l [ u ( • q) c yf'u -(q J I 

l 2 2 I 

(4.17) 

(4.18) 

<t>aKTop [ .d(.4E 
2

) -1 l nol!Bnl!eTCl! aa cqeT MO.llH<pHKBUHH cpoTOHHoro nponaraTopa. OTHOCl!

urnllcll CIO.llB qnen BT0poro nopll.llKB TeopHH B03MyWeHHll HMeeT BH.ll (cM. ( 2.6)): 
➔ ➔ 

l'I.E' = _1_ fif~ (p) [ f ak v,(;,i, F(k) V1 (k,q) I t/,(q) dqdp. 
h (2rr)' 

(4.19) 
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CK118llb!B8!1 (4.19) C MaTpH'lllblM aneMeHTOM OT V h • nony'IHM: 

. !'1Eh =(2:)3 f if, (p) Th (;,;)if,(~) d; d; • (4.20) 

3J:lecb, K8K H npe)KJ:le, C Hy)KHOi! TO'IHOCTblO MO)KHO Il0110)KHTb B Bbipa)KeHHH ll11!1 Th 

p = ~ = 0 E = "' • <l>yHKUH!I d ( k j B HH3WeM nop!lllK9 TeOpHH B03MywenHi! xopowo 

/5/ 
H3BeCTH8 npoH3B0ll!I COOTB9TCTByromyro peHOpMHpOBKY, HMeeM; 

2 

d (,4_m ? - 1 = e ( -~ ) = - ..!.!:,_ • 
4 tr 2 9 9 tr 

nollCTBB11!1!1 (4.21) B (4.18) H npOH3B0ll!I 38MeHy (4.3), nony'IHM H3 (4.20); 

/',Eh 
2 2 8 I "1, ro, I < s > < - _a_ J. 

9tr 

(4.21) 

(4.22) 

JlHarpaMMbl Y'IHTblBBlOT B03MO)KHOCTb BHpTyanbHOll llByxcpOTOHHOll aHHHrHn!IUH.H aneKTpo-

Ha H Il03HTpOHa. CoOTB9TCTByromHll BK118ll B IlOT9HUH811 coanaJ:laeT C MBTpH'IHblM 3119M9HTOM 

pacceSl,HH!I: 
,.,, ... ➔ 

V
1 

(p, q) = 1
1 

(p, q ) 

(4.23) 

➔ ... ➔ '&I ➔- -
f lyl'[ m -k 0y 0 --y (p -k ))y II r,, [m -y,,k0 -y(q -k)I ,y11 1 

2 ➔ .. 2 2 ➔ ➔ 2 ~ 2 ~ 2 2 
[k -(p-k) 0 ri)[k -(q•k)•mJ[(E+k )•k i[(E•k

0
)•k ). 

0 0 0 

M (p, q) = ..!.£_ 
I ( 2tr )4 

• 4 
, e f 

+ (2 ")' 

AHanorH'IHO npellblllymeMy paccMOTpeHHIO MO>KIIO nono>KHTb ;, = q = o, E ="' . 
JlononHUT91lbHO YMHO>KB!I B911H'IHHY . M, cneea H cnpaea Ha M8TpHUy aap!lllOBoro conp11-

)K9Hll!I C , nony'IHM: 

i 
C 1.11 (0,0) C 

• 2 
'a ---;a 

. t t " 
f /(m-k)yvC [C Yu(m•k),y

11
+ C r,/m+k) 1,ld\. 

(k:-k
2
-m

2
/[(m+k/-k

2
)[(m -k0 f-k~ (4,24) 

8 p8MK8X np111111Toro np116n11)KeHH!I- MO>KIIO C'll!TaTb, 'ITO cnHHOpbl U HM9IOT 11HWb aepx-

1111i:{ 6oJibWHe .KOMHOHeHThi.· Torlla BK11BJ:l· B pacmenneHHe OCHOBHOrO ypoBH!I Il0311TpOHH!I 

6ylleT 'llBB8Tb 11HWb cmilly10ma11 MBTpH'1ll8!1 CTPYKTypa B 'IHC11HTene (4.24); 

21 



-,...., t ...... t .... 
-:- Y. ( y k ) r, C [ - C y

1 
( y k ) y + C y ( y k ) y J 

I I / I . I 

vlHTerpaUHSI ITO yrnaM C HCITOIIb30B8HH8M cpopMynu (3.12) ITpHBOJlHT K Bb!pa>KeHH!O 

1 t t 
_ k

2 
r, y y C [ - C ·Y ·Y y + C y y y ] 1 3 In/ In/ /nl i,j,n=l, 2,,3 (4.25) 

HeTpyJlHO BHJl8Tb, 'lTO OTIIH'lHb!li OT HYIISI BKII8Jl Jl8!0T IIHWb 'lII8HbI, rae ace HHJl8KCbl 

i, j, n pa3IIH'lHbI. BBOJlSI Toraa MaTpHuy 

ITepeITHweM (4.25) a BHJle 

Y, = Yo '1 Yz Y3 , 

r 
,4k

2
(,r,y C)(C yy) • 

0 $ 0 $ 

v!CITOIIb3YSI TeITepb SIBHOe ITpeJlCT8BII8HHe (3.5) JllISI M8TpHUbl C ' ITOII)''lHM BM9CTO 'lHCIIH

Tensi ITOJlhIHTerpanbHOI'O Bb!pa>KeHHSI a (4.24) 

-4k
2
(yy)(yy). 

I 2 S 2 

MaTpH'lHblli 3II8M9HT B (4.23) ITpeo6pa3yeM 8H8IIOf'H'lHO (4.3) 

-+ + - -
( Uz '>';Yz u2). ( uz ys y2 uz ) ➔ 

w w ½ [ 1 - (;; ; ) ] w
1 

w 
1 2 · 1 2 2 

W W ( 2 - 'S 
2 ) W W 

1 2 1 2 

vlHTerpan B (4.24) ITpHHHMaeT BHJl 

2 

1 
4 2 - · ) 2 - k 2 ] 

16 i a 
fkdkfdko 2k2 z/[(m+k)-k1[(m-ko 1t . (ko - -m o 

2 
k · 2a

2 
dk -[ k + 

m
2
-k 2+i, =~f ,/(k2+m2)3 

2 
a 

=·---:r 
m 

[2!'n2-1-i11 ]. 

noacTaBITSISI (4.26) H (4.27) a (4.23), ITOIIy'laeM Bb!pa>KeHHe JllISI 

V 
I 

a2 

m2 
[ 2 fn 2 - 2 - "i J ( 2 - s 

2
J •. 

(4.26) 

(4.27) 

(4.28) 

YcpeJlHSISI V; ITO KYIIOHOBCKMM BOIIHOBbIM q,yHKUHSIM, ITOIIY'lHM COOTB8TCTBY!Ollly!O ITOITpaa-

KY K ypoBHSIM 3HeprHH 

l\ i?: = 
l 

11a 
-;;r< 

2 
s -

2 ' 

2 > I ,r, ro J I ~ < 1 - en 2 + _.!:i__ J 
, " 2 (4.29) 

KaK y>Ke YK83hlB81IOCb B paaaene 2, MHHM8SI 'l8CTb B (4.23) xapaKTepHayeT aepOSITHOCTb 

pacITa,!la' IT03HTpOHHSI Ha JlB8 }' -KB8HT8 H, cneJlOBaTeIIbHO; onpeaensieT ero Bp9MSI >KH3HH. 
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2 

noJlcTasnsrn Jlm1 Iv, (0) I Bb1pa>KeHne (3.10), nony'IHM nn11 sepo11T11ocTH pacnana: , 

0, 80,4. Jl)
10 

_l_. 
ceK (4.30) 

Co6upal! paseHCTB8 (4.10), (4.17), (4.22) u JlellCTBHTenbHYIO '{8CTb (4.29) nony'IIIM nnst 

rronHoll nonpasKH K ocHOBHOMY ypoBHIO ,rneprnif noanTpOHHll oT o6MeHiloro saanModer1cTs1rn: 

11a 

"ii?" 
2 

I ,:, , <Q J I I_ < s 
2 > [ 1 ,44a I + 

T;- (4.31) 

+</.:2 > ~(1 - fn2) I. 
1T 

§ 5. PeaynbTBTbl II 38KHIO'lenue 

CKn8JlblB8l! BMecTe rronpaBKH K OCIIOBIIOMY ypOBIIIO 3Heprnu OT rrp11Moro II 06Me11noro 

B38HMOllellcTBHll (paseHCTBa (3.22) " (4.31)) nony'IHM: 

6 F. = 
11a 

---;-, 1--a_ )+ 
2,r 

fn 2) 

J 

(5.1) 

J.13 (5.1) BHJlHO, 'ITO IIOl!Bnl!eTCl! pacmenneHne 

HHH. nocKOnbKY 

1
1 

S 
0 

H 1 S
1 

- COCTOl!HHll B II03HTpo-

➔ .. 

a o = I 2 
2 s

2 
- 3 ' 

TO 38BHCHMOCTb 3THX ypOBHell snepruu OT nonHoro ClIHH8 s CHCTOMbl 6yneT HMeTb BHJl: 

6 F. = 11a 

mT I 1
2 

;i I 7 2a "1, (O) < s > --;:r - ,, ( + + f:i 2 > I • 

0Tc10na nnll paauocTu TpunneTnoro H cuHrneTnoro yposnell nonyqaeM, aaMeHl!ll 

ero a11a'leH11eM (3.10) Jlnll n• 1 ·: 

J 
t. w = F. < 1 s,J 

= a4m 1.!_ 
12 

I 
-F.(l S

0
) 

- ( .16 + f,1 2 ) _a_ 
9 2,r 

(5.2) 

,:, <o, I , 

(5.3) 

3TO 3H8'1enue HBXOJlHTC!I B nonuoM cornacuu C 3KC11epHMeHT'1nbll0 HallJlen11oll senH'IHHOll 
/8/ 

pacmennenul! 

.\ W a ( 2,0333 !. 0,0004) • 105 Mru 
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TaKHM o6paaoM, npoaeaeHHbl8 Bb!W8 Bbl'IHCneHHSI IlOKS3bIBaIOT, 'ITO KBS3HilOT8HUHanbHblll 

noaxoa B KBaHTOBOll T80pHH nonsi SIBnsieTCSI acpcpeKTHBHblM M8TOLlOM ansi Bbl'IHCneHHH :,rnep

rHH C~Sl3aHHOro COCTOSIHHSI aayx qaCTHU. npeHMyIUeCTBO 3Toro M8TOaa no _cpaaHeHHIO C 

pacCMOTpeHHeM 3TOll aaaa'IH Ha OCH0B8 '18Tb!pexMepnoro ypaBHeHHH EeTe-Conm!Tepa COCTo

HT B TOM, l.lTO npH KB83HUOTeHuHanbHOM no.o.xo.ae ll.OCT8TOtfHO ·aaa'lieHHH "TpexMepHbIX" 

BOnHOBblX cpyHKUHll. 0CHOBHbl8 ycnO)KH8HHSI B 
141 

B03HHKaIOT HM8HHO ua-aa HeooXOLlHMOCTH 

ttcnonb30BaHHSI '18TblpexMepHblX BOnHOBblX cpyHKUHll, nonyqarowttXCSI nyTeM noacTaHOBKII Kyno

HOBCKHX aonHOBblX cpyHKUHli a npaayro qacTb ypaBH;HHSI EeTe-ConnHTepa. KpoMe Toro, no

CKOnbKY KBaaunoTenuuan onpeaenHeTCSI B TepMHHax aMnnHTYLlbl pacceSIHHH Ha MaccoBoll 

noaepXHOCTH, TO 3Ha'IHTenbHO oonerqaeTCH IlOCTpOeHHe 3Toro noTeHUHana (HanpHMep, C no

MO[Ilb!O auarpaMM <PellHMaHa H T8XHHKH LlHCnepCHOHHblX COOTHOWeHHll). 

B 3BKnIO'l8HH8 BBTOp Bblpa)KaeT. rnyooKyro 6naroaapHOCTb H.H. Eoronro6oay, A.A.no

ryuoay, Hryeu Bau Xbey, A.H. Taaxem:aae aa nnoaoTaopnbre H CTttMynupyroruue aucKyccnH 

u E.A.Ap6yaoay, A. T. <PHnunnoay, O.A. XpycTaneay aa 06cy)KL1enue peaynbTaToB. 
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