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ranSIC9BH'I 3. P-1517. 

AcHMIITOTH'IeCKoe Bb!'IHcneHRe cpyHKIIHH rpHHa B IIpH6nH)I{eHHH 

BSI3KOl!: )I{HLIKOCTH LJnSI CBepXTeKy'IHX 6oae- CHCTeM. 

npH HCIIOnb30BSHHH HOBOrO MeTOLia, IIpeLin0)!{9HHOrO H.H.Bo­
rOnJ060BbiM LinSI Bbl'IHCneHHSI QJYHKIIHi\ rpHHa B wllpH6nH)I{eHHH HLle­

anbHOl!: )!{HLIKO CTH~ Ha OCHOBe ypaBH9HHl!: rHLipOLIHHaMHKH BSI3KOA 

CBepxTeKy'<lel!: )!{HLIKO CTH KSK ycpeaHeHHblX ypaBH9HHt:! L1BH)!{9HHSI 

CHCTeM 6oae-'!aCTHU H CBSI3H M9)!{LIY Cp9LIHHMH 3H8'<19HHSIMH H aa­

ll83llb!B810ll.1HMH cpyHKUHSIMH rpHHa B pa6oTe IIOny'leHbl cpyHKUHH 

rp HHa B w IIpH6nH)I{9HHH BSI3KOl!: )!{H!IKOCTH w. 3To IIpH61IH )!{ eHHe noa­

BOnSieT y'leCTb acpcpeKTbl aaTyxaHHSI. KoacpcpHuHeHTbi aaTyxaHHSI a ,1 

p8)!{8IOTCSI '<19pe3 KHH9TH'I9CKH9 K09cpcpHUH9HTbl /o6bl'!HOt:! H BTOpOi\ 

BSI3KOCTH H TerrnonpOBO!IHOCTHI. 

OpenpMHT Oo~.nMnennoro MHCTMTyTa ll,nepHbiX MCCAe,nosanMil. 
~yona 1964. 

G-alasiewicz z. P-1517 

Asymptotic Calculation of the Green Function 
in Viscous Liquid Approximation for Superfluid 
Bose- Systems 

The new method suggested by N.N.Bogolubov for calculat­
ing the Green functions in the "ideal liquid approximation" was 
used to obtain the Green functions in the "viscous liquid ap­
proximation ., • These functions have been obtained on the basis 
of hydrodynamic equations for viscous superfluid liquid as ave­
raged equations of motion of Bose particle systems and on the 
basis of a relation between the mean values and the retarded 
Green functions. This approximation allows us to take into ac­
count the damping effects. The damping coefficients are expres 
sed in terms of the kinetic coe fficients ( of the usual and se­
cond viscosity and thermal conductivity). 

Preprint Joint Institute for Nuclear Research. 
Dulrla. 1964. 



§ I. :Bse.neaKe 

B pa6otef1/ H.H. Eoro~m6os BHBeR ypasHeHHH rM~po~Ha­
MHXK H~ea!bHO~ CBepxrexyqeA ZH~OCTH npH Ha!HQKH BHemHHX HCTOQ­

HHKOB, KCXO~ft H3 ycpe~H6RHHX ypaBH6HKA ABMXeHKft ~~ft 6o3e-CKCTeM. 

B CRyqae Ma!oro OTK!OH6HHft OT COCTOftHKft CTaTKCTHQ6CXOrO paBHO­

BeCHR ypaBHeHHft rK~POAHHaMHKH pemaDTCH. B QHCTHOCTKJnonyqeHa CKO­

pOCTb ABHzy~erOCft KOH~eHCaTa. KaK fiOKa3aHO B/2/, npH Ha!HQHH 

xo&AeHcara (cnyqaR csepxreKyqeR IH~ocrH) cpe~Hee 3HaqeHHe 6o3e­

-oneparopa ('V(i1-T)) oTJIHQHO or ayu. 4>a3a 3Toro cpe.n;Hero 3Haqe­

H~I RB!ReTCI fiOTeH~HaJIOM CKOpOCTeR ABHXeHHft KOH,ll;6HCaTa. Kpoue 

TOrO, H3BeCTHY ~opuynw, CBH3HBaD~He Bap~a~HID Cpe~Hero 3HaQeHHH, 

npOHCXO~HIIIYD H3-3a MJta6aTKQeCKOrO BKJIDQ.eHHft B03MYllleHHR ( B )taR­

HOM cnyqae B03yY~eHHeM HB!R6TCH QJeH raUH!bTOHHaHa C BHemHHMH 

HCTOqHHKaMH) C 3ana3,D;YBaDlllHUH ~YHK~HRUH fpHHa. 0TCDAa noJiyqaDT­

Cft ~OpyY!H )l;!ft KOUfiOHeHT CKOpOCTH ~BHXeHHH KOH~eHCaTa. 0HH 

BHpazaDTCH qepe3 ~ypbe-o6pa3H 3aUa3~BaD~HX ~YHK~HA fpHHa. 

CpaBHHBaR HX C pemeHH6U ypaBH6HHA rKAPOAHHaUHKH )l;!JI CHCTeUH 

OAHHaKOBHX QaCTHU)nonyqaeu ~ypbe-KOUUOH6HTY 3ana3~HBaDlllHX ~YHK­

~KR rpKHa. JTO npH6!HX6HHe Ha3BaHO H.H. EoronD60BYU "rHAPOAHHaUH­

qecKHM npH6!HX6HHeM" )l;!H ~YHK~HA fpHHa. 

-----Ue.1IbD Hacroa~eA pa6orw RB!ReTCR nonyqeHHe ypaBHeHHA rH.n;po.n;H-

HaMHXH ~83KOA CBepxTeKyqeA XH.n;KOCTH H Ha OCHOBe HX BYQHC!eHHH 

~ypbe-KOMfiOHeHT 3ana3,D;YBaDlllMX ~YHK~HA fpHHa •. B OTHHQHe OT cnyqaR 

H~ea!bHOA XH.n;K~CTH 3TO AaeT B03UOXHOCTb yqeCTb 3~eKTY 3aTyxaHHR. 

B § 2 6y.n;yT BYBe~eHH ~opuynw, CBH3HBaDlllHe 3ana3AbBaDlllHe 

~YHX~HH tpHHa C BapKaQBHUK cpe~HHX. B § J Ha OCHOBe TO~eCTB, 
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nony4e!IH~X B/1/, aaxo~RTCR ypaaaeHHR rH~pO~HHaMHKH BR3KOII 

caepxteKy4ell 6ose-xHAKOCTH. B ~ 4 nonyqaeTCR axycTH4eCKoe 

npM6!HXeHHe ypaBHeHKA rH~pO~HaMHKH.§ 5 llOCBR~eH B~4KC!eHHD 

~YHKUHH rpMHa B npH6nMX8HKH BR3KOII XHAXOCTH. HCllO!b30BaHHe He­

KOT~p~X CBOACTB pea!bHOII 6ose-XHAXOCTH ( re!HR ll) npMBO~KT K 

ynpo~eHHD nony4eHH~x ~opwyn. B ony6nHKOBaHHOA B nocne~nee ape­

MR CTUTbe/J/ paCCYOTpeHa CBR3b rH~pO~HaMM4eCKKX ypaB HeHHA C 

KOppenRUMOHH~YH ~YHKUHRMM. KaK npHMep 3TOrO 6~no paCCMOTpeHO 

ypaBHeHHe ~M~Y3HH CllHHa H RB!8HHR nepeaoca B HOpManhHOA XH~­

KOCTM. 

§ 2. Csasb sana38YBaD~Hx WYHKUHA rpHaa caapxauHeA 

, cpeAHHX 3Ha4eHHi 

CBR3b 3ana3~~BUD~MX ~YHKUHA rpHaa c BapHauHeA cpe~HHX 

3Ha4eHHA 6~na nonyqeHa ( cu., HanpHMep,/ 4/) llpH paCCMOTpeHHH 

peaKUMM KBaHTOBO-YexaHH4eCKOA CHCTeM~ Ha a~Ha6aTH48CKOe BK!D-

4eHHe B03MyiqeHHR, ~pyrHYH CnOBaMH, OpH paCCMOTpeHHH BnHRHHR 

BKnD4eHHR B03uy~eHHR Ha cpe~HHe 3Ha4eHHR ~HaYH4eCKHX nepeMeH­

H~X . 

nayxspeueaa~e sana3~BaD~Me TeunepaTypH~e ~YHKUHH rpMHa 

~ R(t)j Blt)~r onpe~en.RDTCR cne;cyDII{HM o6pa3oM: 

~A (t ) ;B( t)/;'= G )t -L 1 :c - i8(t -1:)( [ A{t ),BeTTI) ( 2.1) 

l-1 t / 0 ) 
E)( t) "' o',t (o 

4 

r ~e ( . . . > osHa4aeT yep 

rH6dca: 

,._ Sp (e. 

Sp (i 
( ... ) 

A(£ ) , 8(t )-reAseH6epr 

~ypb8-KOMUOHeHTU 

-f- o.l 

tf R. ai '0 .1.. J~ ~) ~ 2.7( 

- o<J 

llycn R - onepaT 

CTaTHCTH48CKHA onepaT 

R(t) = Sp 

Onepatop ~ aaxo; 

. J~(t) :::: {f 
-{. dt 

r~e Ho ... Re sancaull c 

TH48CKOe BK!D4eHHe BC 

JH 
j. 

HaqaAbHOe ycnoBHe ~AI 

HMeeT BH,ll: 



~po~HHaMHKH Bft3KO« 

aerca axycTH4ecxoe 

OOCBft~eH BH4KCHeHHD 

OCTH. llCOOHb30BaHKe He­

(reHHft ll) npKBOAHT K 

saHaoR B nocneAHee spe­

awHqecKHX ypaBHeHHR C 

roro 6Hno paccworpeHo 

BOCa B HOpMaHbHOlt XHA-

aa c sapHa!lHett 

C BapHaUHelt cpeAHKX 

4/) npH paccworpeHKK 

~ aAHa6aTH48CKOe BKHD­

paCCMOTp8HHH BHKftHHft 

R AKHaMKqecKHX nepeueH-

parypHHe ~YHK!lHH rpHHa 

6pa30M: 

(2 .1) 

rAe( . .. > 03Ha4aeT ycpe~H8HHe no 6onb•owy KaHORB46CKOyY aHCaMOHD 

fH6dca: 

( ... > 
) J 

(2.2) 

R(i: ) , 8(t )-re1t3eR6eproBcKoe npeAcrasneRHe oneparopos R , 13 . 
~ypbe-KOMnOHeRTa (2.1) KMeeT BKA : 

(2.3) 

llycn A - oneparop, asao ae 3aBHCH~HH or speMeHH, ~(t) -

crarxcrHqecxxlt oneparop. TorAa cpe~aee 3Ha4eRHe 11 pasRo 

R{t) =- Sp { :J)(t )II] (2.4) 

Oneparop~ aaxo~HTca H3 YPaBHeHHH ~BHXeHHH 

. J.:tJ(t ) =: [1-1 -f J 1-1 :lJ(t ))7 
-{_ dt 0 t ; 'J (2.5) 

J 

rAe Ho ... He 3as•ca .. JI or BpeMeHH rauHHbTOHHaH CHCTeMH, J1- aAHa6a­

TKqecKoe BKnmqeHHe B03yY~8HHH , TaK08 1 4TO 

J~'=-oD = 0 (2.6) 

Haqa.llLHoe ycJIOBHe ~.Ill crancrK4ecxoro oneparopa ( r=-- o0 ) 

HKeer BH~: 
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- Ho 
e & 

:J){-t ) -=- 5J ::: Sp{e -~0) 
(2.7) 

3TO 03Ha4aeT, 4TO npMt= -~CHCTeMa HaXO~HTCH B COCTOHHMH 

CTaTHCTH4eCKOrO paBHOBeCHH. llpe~no~araH, 4TO OTK~OHeHHe OT CTa­

THCTH4eCKOrO paBHOBeCHH Ma~O, dy~ey HCKaTb~~)B BH~e: 

;n(t ):=: ~ f 8~(t) (2.8) 

Hs (2.7) BH~HO, 4TO • 

8 ~(- oO) :::; 0 

llo~craBHY (2.8) B ·(2.5) H npHHe6pexew npoH3Be~eHHew (dJJ . J~) 
4ro6H pe•HTb (2.5), BBO~HY Bcnowarare~bHHR oneparop 

d~ =: ei. HJ cfJJe-i Ho:t 

) 

y~OB~eTBOpHD~HR, KaK ~erKO npoBepHTb1 ypaBHeHHD 

• c/._ 6lJ _ i He t [ (' H "1! 7 -d f0 t 
1. --;a, _, - t o .:t.) cPJ e 

C Ha4a~bH~M yc~OBHeY 

s :ti,f (- oO ) = 0 

KHTerpHpyH (2.10) npH yc~OBHH (2.11), HaXOAHY 

t 
o:IJ(t) ;: j_ j -<- HJ r-t)r r ] _ ~ H.tr-:t) 

A. e L o H.. JJ e r1. t. 
} 

- ..,0 

6 

(2.9) 

(2.10) 

(2.II) 

(2.12) 

Tenep~no~craB~HH (2 

TOT ~KT, 4TO no~ 3H 

Ka oneparopos, no~yq 

t 

if= 5p{:JR] -ij-
-ol> 

i cO 

~ ( A) - i j 8(t --; 
- o<.> 

r,~;e R(t ) , bf/r'r.)-reR3e 
'L 

Ec~H npHHHTb , q 

3aBHCHT OT BpeueHH 
. ( 

6 H :: [e-LL 
't JZ 

r~e v,il, ... onepaTop, He 

d4 ;; A- ( A) 
+oO 

~Ret) =--i L_ J e(t -'t)< 
&._., 

=- L·r<( RCt\ v&. 
a, -..., 

fipKHHMaH BO BHHYaHHe 

J ~(t) =: 2 rr I e-A. 
t.I2t 

B qacTHow cnyqae o~H 

-;_ ruttf. t 
6Rrt) =: 27re ~~ 

L't.Jt t f. t 
rlTr€ 1.f 



(2.7) 

J~HTCH B COCTOHHMH 

~TO OTKROHeHHe OT CTa­

b:tJ(t) B BH~e: 

(2.8) 

H3Be~eHHeM (diJ. ~~) . 
l onepatop 

(2.9) 
) 

HeHHil 

(2.10) 

(2.II) 

, HaXO~M 

(2.12) 

Tenep~nO~CTaBRHft (2.8) B (2.4) ( C yqeTOM (2.12))H HCllORb3JH 

TOT ~KT, liTO ~0~ 3HaKOM ~{ J B03KOXHa UHKRHIIeCKaH nepeCTaHOB­

Ka one paT opos, noJiyqaeu _Ito 

if = Sp{ :tJR]- i jt Sp[ t -s [firtJI ~ f!,Jc:ij} 
-~ Sp ( e -lfoj 

"fcC 
(2.13) 

=:. ( R) - i j 8(t -<: )([ A(t) ,J t/J?:J}) d. -r 
_ ., 

r,~;e R(t) , bf~z)-reR3eH6eproscKoe npe~ctasneHHe onepatopos 11
1

SH'""t • 

EcnH npHHHT», liTO sapHaUHH ra»HnbTOHHaHa nepHO~HIIeCKH 

(2.15) 

llpKHHMaH BO BHHKaHHe (2.3), nonyqaew OKOHIIaTeRbHO: 

-~& t+e;t "' 
J ~(:t) ~ '2 7f ,ie ~Aj \(rz ~ :S4+iL (2.16) 

B llaCTHO» cny11ae o~Holt qacTOT!i, xor~a ~ :::.t: w , Hue eM: 

-.:.'<Jttt.t ,.. 
6Rrt>::: 27Te ~/fJ V~) . +-

E :I".J H£ 

L4J(tf.t ,;-

t-lTr€_ ~AJ Va) . 
f::W-.£.( 

(2.17) 
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TaKHM o6pa30M, MH npHW~H K ~opuynau, CBH3~BaD~HM BapHaUHD 

cpe~Hero 3Half9HHH c ~YHKUHHMH rpHHa. EcnH 6~ y~anocb KaKHM-AHdO 

o6pa30M HaaTM 3TY BapHaUHD cpe~Hero 3HalfeHHH , cne~oBaTeAbHO, 

H neByD lfaCTb (2.17), TO T9M CaMNY MH OW RamAH ~ypb9-KOMnOH9HT~ 

3aOa3~YBaD~HX ~YHKUHA rpHHa. 

YpaBHeHHH rM~po~HHaMHKH ~aDT B03MOXHOCTb BYlfHCAHT» cpe~­

HHe 3HalleHHH ,Cy~eCTBeHHHe ~AH CHCT9M O~HHaKOBHX lfaCTHU C nap­

HHM B3aHYO~eKCTBH9M ( a HY9HHO J(y(t1 :f!))) . B CAe~DI!leY napar­

p~e MH nepeD~eM K BHBO~Y ypaBHCHHA rHAPOAHHUWHKH RH3KO~ XH~OC­

TH, HC X O~H H3 ypaBHeHH~ ~BHX9HHH ~Aft CHCTeM O~HHaKOBHX d03e­

qacnn~. 

§ 3. YpaBHeHHA rH~POAHHaMHKH ~na BB3KO~ CBepxreKyqeA 

6039-XH~OCTH 

PaccuaTpHBaeTCH CHCTeMa O~HHaKOBHX 6oae-lfaCTHU C napHHM 

B3aHMOAeDCTBHeY,rawHAbTOHHaH KOTOpoA B npeACTaBA9HHH BTOpHlfHOro 

KBaHTOBaHHH HMeeT BH~! 
( t- _.., \ ( t ) ..J --=> H :: i_"" ) V lfCtJ r)'\7 '\j!(t/)<itr - A ) "'f(tJT "'!'Ctf·) <i-'1" + 

( t ~ _J-')~ -') 
+ I, J1'(-r- -r-')lj'Ct,tr)\j'(t:Jr')'f(i1'f') lji(t, ~r) cvfv._ ,f'l t 

+ ) h':t)-r)''lf(t,-r-1 +'7 h, r)1JI(t-;")) d.~ =- H o + ~ Ht 
(3.1) 

1': 
3AeCb A - nocToBHHaSI 1/l(t/-r) , tjt(t1T) - 6ose-onepatopw B npeACTaB-

neHHH reK3eH6epra ( nOA 3HaKOM ~yHKUHOHaAbHOR 3aBHCHMOCTH MH 

OHIIIeM BMeCTO -,=-' npoCTO r- ; h_ ::: ~ ) • 

B uero~e, npeAnoxeHHOM H.H. Eoro~v6oBHuf 11, Kpoue o6HlfHHX 

4AeHOB, CO~epxaTCH eme ~OOOAHHTeAbHHe lfAeHY raMHAbTOHHaHa 

* C •HCTO'lRHKaMH lfacntU" 7{ t , r) ,7 (t; T), ltOTOpHe HB~HIITCJI 3a~R-

8 

HYYH - ~YRKUHllYH. BBe 

BKADlffHHe B03yY~eHHH) 

UHH OT OdHlfHHX rHApO~H 

lfHTb BHpaxeHHll ~a ~YR 

TOpYM, B006~e roBopa, 

6y~e» o6o3HallaTb ( .... 

Ina nonylleHHll ypa 

TO~eCTB, B!ipaJaD~HX n 

TH lfHCAa llaCTHU ~ , C 

3Hepru ~ £( E./aaepriul H 

HHaHOY (3.1). U!i BHOHm 

XO~HMH ~~a no~yqeBHH y 

KOR D,UOCTH! 

J f (t 1) 7 7 

--m a1 + V1 (;t/)::: · 

dj~:::. J.... fl_ L1 o - j_ ""' 
~t ~'1"1., a-r. ) Mrv L 
0 "'- () 

- j_ ( Oj(R) f 17\ ( - v ) 
:L ) () R.t LoUt "i 1\ t-

d • 
+ ± ( J_ 1'] f ~ 1?*- ~ 

(),--()(. ( 0r.L ( I 

o(~t:) = £ D.((A'\li+)-111 --
'()'t 8'171."- T 1 

+-I_~ I~~~A<U1-(A"'1 
~l't"'L 'b"f, I 'f 

/'.> 

+i)~(tf-1"1{1(t}1")({ct,~l)'o/ 
- ?(t,'f1)<yh,lf')f1~tr')1f'(~ ~ 

-r "~ (7 tl'ft-_1(*4Cf-t 



CBR3~BaD~HK BapHanHD 

6~ yAa~OCb KaKHK-~H60 

IHR 1 C~eAOBatenbH0 1 

:am~H ¢ypbe-KOlUIOHeHT!i 

,cT» aHqHc~KTb cpeA­

~oBHX 48CTHU C nap-

• B c~~AYDmeK napar­

,HHUKHKH RR3KOa Jm,l4KOC­

M OAHH8KOB!iX 603e-

03e-4aCTHU C napH!iK 

ACTaBneHHH BTOpH4HOrO 

(J.I) 

oneparopii B npeActaa­

oA 3aBHCKKOCTH Kli 

liw(II, KpoKe o6HqH~X 

N J"aKH~bTOHHaHa 

TOp!ie RBJUIIITCJI 3aAaH-

HiiKH - ¢yHKnHRMHo BBeAeHHe BHemHHX HCTOqBHKOB (aAHa0aTHqeCK0e 

BK~DqfHHe B03My~6HHJ1) HYXHO ~~JI TOrO, qro6Y 6paTb no HHK BapHa­

UHH OT 06iiqHYX rH~pO~HHRMHqeCKHX Cpe~HHX H TaKHM o6pa30M llO~y­

qHTb BYpaXeHHJI ~~ ¢YHKnHI rpHBa. 3TH Cpe~HHe, B3JITYe C HeKO­

TOpYM1 B006~e roaopa, Hep&BHOBeCH~K CTaTHCTHqeCKHK onepatopoK, 

6y~eK o6o3Haqan ( .... ) • 

~~JI nonyqeHHJI ypaBHeHHI fH~pO~HHRMHKH B/l/ BYBe~eH pH~ 
TO~eCTB 1 BYpazaD~HX npOH3BO~HYe no BpeKeHH OT Cpe~HeR n~OTHOC-

. ~ 

TH qHcna qacrHn ~ , cpeAHero notoKa 1 H cpe~ea nJIOTHOCTH 

3HeprHH ~ £( .£;-3HeprBJI Ha O~y qacnuzy) ~JI CHCTeMY C faMlrtJibTO­

RHaHOK (J.l). Mii BYnHmeM 3TH TO~eCTBa, TaK KaK OHH TRKXe Heo6-

XO~HMY AJII llOJiyqeBHJI ypaBH6HHJI fH~PO~HaMHKH B npH6JIHX8HHH BJI3-

KOit XH,UOCTH! 

--m vyct)d + V1-:-'(t")"' .i tm['n(.t)r)'f(t)-r-J-7~) ~Jr1:t)"")] . at J c ; 
(3.2) 

J1~ :::. .1.. fL ~ _ 1_ ~ Q_ < olf+-?1. _ ~J/J"f ) 
aT ~t,..., a~ g 2;7111 7 ay; 'J -r,_ ~~ ':l1 ';} ,."'-

- fJ~:~ {2)t(~-R)t-oVt(4"-R/\)}d1\~ t 

+ .1.. ( df"'~ f- J_J_ 'YJ*- <p,.~ ~ 'f ~ ) 
L o-r"'- ( fM'.c ( I 0"'"'- '()tr"'- J (3.3) 

o(f() =- l:.. A((A•u+),u - -ul(A'f)) +-~ l () ~(R) [G(")(,..J -1('+-G(~f-r-~JRJd.R+ 
'(Yt 8-m.L T l T L) 'OR.._ t '/ t IJ 

. r ~ 

~ ~~ [~ .. /,~ L\f-(A1)~~) +- ~~(R)GtC"jRJ cL~) + 

+i) ~(tf-'~'"'{~(t)'~'")( y{t; -r')'o/(i;, r')\fl( t J 1)( t ~(~ 1"J({Ct;-r)'f(~r'J1jl(tJ1)) - (3 • 4) 

-7(~;-r'J<1f't(:t;")f1t,-r')1f'(t;r)> - 7(~-r)( 1f't-(t),.)1"it;r)-y.-(~ r~ d.?'+ 
+ /·'"" (( Llr'll--~*4r+~,~4-r - YLlr J , 
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~(.:t,..,-) =- / Y ft ·r)!fftJ'T')) J Cf(tJ~)::: <1f(:t)-r))) 

j.~.Jt/r) =- +. ( J'l{(t; ~) 11/(t ,-) - ·w(t -r) d lf(tv-rJ) (oL ~ 11. 3 ) 
"" a .,-"" T J 1 -; 0 ,.oJ.. J , , 1 

~(t1-r) t:{t1f) =- ~~((61f(t1-r)1f(~-7)f 1j;(;r){t11(9·)'j>1'fjt}(-r-r?cl1(~r~ 1)d.i)1 
. ~ I 

~ f1j '1"'~ r) :0 (y/(x_/r)1fCt1'1"')1j (i1 ~'J '!f(l,;'1) > ::: a'{ (rt; -T· '1' ') "" 

~ f[ ~(-r ; -r- -t)+~(t7j~! rr)j 
1 

G (ti)(,. ,, ~-r) = 'ti_, ( vYr,,-i1f{~,-ry 'dtf{i,-r~- 1f1~7") 1V(ijr)) ¥{~ r)\ 
t J · · ~ ' ~ ?J-r. 'd"f: I ' I '/ 

(' I* J 

(3.5) 

-..:, ~") -} R :::: ~- r ;. 

Caepxrexyqas 6o3e-KKAEOCT» xapaKTepH3yeTCH sa~xqxew 

(y(t;-r))=. Cf(~~) =- iL~pu·X.) 4:0 , rAe ·!.'~ =- ~ - noTeauHcu _.., 
CBepne&yqel CJtOpOCTJI 'lJ; .URK8HH8 JtOH,D;eHCata. J[JUI ~YRltUHH 

J. 11 1L B pa6ote III no.1yqesw CJIUYillllHe ypaBHeBKH 

:f = ~ + f:: -~(v~t- t~(1*t-1) -
-i( { .... } -) 

- fAa-) q><R) X,/",'R) + )\;t;(tfjR) d.R. ().69 
} 

-<- ~~1. =- ~ {a z.LlX -r .l4 \7~. \hL j + 

f \7 ~ + f 1r~lrx (4ji)- x (tr, R.lj dR 1- JL(J- 1 Jt) 
ZJ ~ J 

(3.61-) 

r.-e 

X~(""',.~,.)::< rtf}t,#(~,.'J1f(t;"")) rftrr) 
~ . J 

l<t;"') == "?.ft)-rJ i•_A(~,..) 

I O 

1 
\ 

l<t;lf') 

H3 (3 .6a) noHy4aeTCH 

-7n ov~ ~ 'V[ All 
()t v.vm 

t- A:) p(R)[Xir 
CaepXTeKyqaH :a:K. 

TOHHHH. 3a 3TH napaM 

~ t Tewne~.,Typy f: 
KOH,ll.eHCaTa 'lJ; M Tp 

1£ • ECJIK KCTOqHK 
""' 

KOfO paBHOBeCMH 3TH 

B cnyqae HaJIH4KH HCT 

flpH OTKJIOHeHHH QT pa 

KeTpaKM COCTOHHHH TO 

MeHIID~HMHCH ~YHKUHHM 

Cpe;J;HMe .li.J!H coc 

(_ ... . > 
~ ,e, ~~'s, 'lT~ 

cpe.II;HIIKH THna 

r;J;e 

ot'fl-~ < ( J\ ((,t,'t1 ») 

:::::. {)t (rl. -IT~ 1 • . . J 

"" 

I < t -' '1. ) = 



-)'> 
' ) 

(~ ~ 123 ) I I J 

{rfv-r- r?JJ(~ r~ -r) d/ 1 

T' t 1 

(< /f'- "'') =-

i 'f(~r)J y{tj T~ 
) 

(3.5) 

- noreHUHWI 

~eacara. lna ~YREUHH 

te ypa.BHeHKJI 

) -
iJt 

+ 
J 

r->*) 

(3.6¥ 

(3.6-t) 

J 

H3 (3.6a) nonyqaerca ypasHeHHe Ana csepxreKy4eH 

--rn- -av:; ::;_ v[ Ail - /fn v;~- 1 ~ 3 + 
at la;m. -y ~a-

-t- b) p(R)[XiTj~) + x;r"jR~ ctit J 

(J.7) 
-7 ~ '( 

CKOpOCTM 'IJS"Mi-'VJ, 

(3. 8) 

CsepxTeKy4aR XH~KOCTb OllHC~BaeTCJI BOCbMbD napaweTpaMK COC­

TOHHHH. 3n 3TH napaMeTp~ Y~06HO npKHHTb: nnOTHOCTb 4KCna 4aCTKU 

~ , Tewne~Typy f) , TpH CJiaraew~e CBepxTeKy4elt CKOpOCTH 

KOH~eHCfiTa ~ H TpK C~araew~e CKOpOCTH "HopuaKbHOlt KOMllOHeHT~" _.., 
1/~ • ECJIH HCT04HHKH OTCYTCTByDT, TO B COCTORHHH CTaTHCTH4eC-

xoro paBHOBeCHH 3TH napaweTpH llOCTOHHR~ • 

B CJiyqae HanH4HH HCT04HifKOB ~ "' l5 (.-r) 

llpH OTKJIOHeHHH QT paBHOBeCKJI yKa3aHH~e BeJIH4HH~ C4HTaDTCH napa­

MeTpaMH COCTORHHJI TO!bKO TOr~a, KOrAa OHK HBJIRDTCR Me~JI6HHO 

MeHSD~HMHCJI ~YHKUHJIMK BpeweHH H npOCTpa HCTBa. 

Cpe~HKe AJIR COCTORRKJI CTfiTKCTH4eCKOf0 paBHOBeCHR 0603HaqHM 

( .. · . > . B AfiJibHeltweM HUM npH~eTCH ~MeTb A6JIO CO 
~ J 81 II'S 1 'll'"'-

Cp6JI;HIUIH una 

(J.9a) 

rAe 



a ~y-JIKHeaH~e KOM0HHa~HH H3 ITOCTORHH~X H oneparopoB AH~epeH­

~HpOBaHHR no npOCTpaHCTBeHH~M nepeMeHH~M (cw., HanpHMep, BHpa-
1'1\ rrc~.) X 

J:eHHR .nna 4JYHK~HH uU , l7 , t ) • t t 
llepeR.new ceRqac K paccwoTpeHHD Hsyqaew~x B rHAPOAHHaMHKe 

HepaBHOBeCHHX npo~eCCOB, AJIR KOTOp~X HepaBHOBeCH~e BBJIH"'HH~ THna 

()t.'"- ";_ < (JJ-1 t(t,-t;,) ' " ~ y(t) tr,.. )) > =- 6t"" (t; ~{~- 'r;;; .. . ~-~) 
(J.9B) 

MeHIIDTCR ,ItOCTaTO"'HO ue,nJieHHO npH BpeMeHHHX H npOCTpaH':TBeHHHX 

TpaHCJIII~HII X 

1 -) f +-to . '7'· -) 'T: + '1~ 
) 'J 3 l.tl ~ T ; 1-r.l -;:::: l , 

r .neT speua penaxca~Hl\ a l - .nnHHa CBOOo.naoro npoOera. B oKpecT­

HOCTH Ka~:,noR TO"'KH(t1~~) HMBDTCII JIHWb uan~e OTKJIOHeHHII OT "no­

KaJibHOrO CTaTHCTH"'eCKOrO paBHOBeCHH", OnHCaHHOrO 1.1epes JIOKaJib-

H~e BemrqHHbl ~(t;"") , e(:t/r) , v{"-)(;t
1
'1') , v;!_<4(t

1
tf) • (Nbl npe,nnonaraeu, 

"'TO OTKJIOHBHHII OT CTaTHCTH"'eCKOrO paBHOBeCHII aCHUnTOTH"'BCKK 

saryxaDT j~aK "'TO MOJ:HO onpe,neJIHTb, XOTII 01>1 no nopHAKY BeJIH"'HH~ 

T w 1 ) . EcTec::tseHao w~ Oy.neu C"'HTaTb, "'TO rpa.nKeHTH no t 
H ~ nepBoro nopH.nxa Oy.nyT uanuwH nepsoro nopH,nKa, a rpa.nHeHTH 

BToporo nopa.n&a Oy.nyr uan~uw BToporo nopH,nKa H r.,n. qroO~ TeXHH­

qecKH CqJOpyY~HpOBaTb 3TO npe,niTOJIOJ.:eHHeJB/6/ H/l/ BBe,neH HeKOTO­

p~R napaweTp MaJIOCTH )L , xapaKTepH3YD~HR UaJIOCTb rpa,nHeHTOB. 

lloJib3YHCb 3THW rrapauerpou, HarrHmeu (J.9s) B BH.ne: 
"" 

r;._- 'r;, j P-) = a (i 1 If;, I -r;_- 'f1 1 - .. ~- ~) = Oi ( ).L t } fl '(, J 'T;_ - ff;, I ' ' • 
~ ~ 

"'--' 

=- C{_( Ll S1 ) Rl..1) ... J R. .... j ,.u.) I 

t ....., _., --'1 """" _., 

"t=LL ) 'c "::;U.I'(' R :o.rf: -1': 
;- · ') 1 / . 1 I j'1 l ~ r 

12 
. 

npHilew 

0£,,._{ 't 1 5-f 1 RJ.4 , .. . R,.,1, 
~q) 

+ fl- (J(, """( c:J ~1 , R.~1, ·. R_, 
~~ 

r.ne ~~ nonyqaercH sa: 

COOTBeTCTBYD~HYH cpe,n 

JIHHeRaoR 4JopuoR no or 

H r.,n. 

3auerwu, "'TO ra~ 

YpaBHeHHR HOpuaJibHOR 

uu Hmeu ero pemeaHe,d 

raeu no "creneHaw rpa 

HcnoJibSYH Bse.neH 

Tenepb· K HaXOJ:,neHHD y 

KOCTH C y"'eTON BII3KOC 

npHHa,ItJIBJ:a~HNH K THITY 

m- ()~c-r,~) + L_ -ar,; 
~1:' ~ a 

- 'a "\ 
~~- I.~l.t:~ (~ 
01:. p .J(> 

+ ~ { v p(R) R J)ct( R)c 
L J oR.~., 'f) -r ' 



IepaTopoB ~H~epeH­

t., HanpKYep, BHpa-

t~X B rKAPOAKHaYKKe 

JB9CHH9 B6RHqHHN THna 

(3.9B) 

I 0::::: l 
' ' 
toro npodera. B oxpecT­

lTKROHeHHH OT "no-

tHoro qepes noKanb­

• ( MH npeAnonaraew, 

I aCHYnTOTKqecKK 

:o nopHAKY BenKqHH~ 

ITO rpaAM9HTH no i 
ipHAKa, a rpa.JU19HTH 

. K T.A. qTOd~ T9XHK­

K/1/ BB9A6H H6KOTO-

YaROCTb rpaAR9HTOB. 

COOTBeTCTBYI>DtKJ.tK cpeAHKJ.IH ( · · ). ., - ~ 
S'J"Ili)Jv.-.._ 

RHHeAHOH ~OpltOA no OTHOmeHHI> K rpaAK6HTaJ.t 

K T.A. 

3aweTKM, qTo TaKaS CHTyaUHft OdHqHO B03HKKaeT npK BHBOA9 

YpaBH9HHA HOpMaRbHOA ZHAKOCTH K3 KKH9THqecKoro ypaBH9HHB, KOrAa 

MH KWeY ero pemeHHe d~R3KOe K "noKaRbHO paBHOB9CHOYY" K pa3Ra-' ) 
raew no "cTeneHBM rpaAUCHToB". 

HcnonLsys BBe,D,eHHHA HaMH YB.JIHD napawetp }L , nepeH~ew 

Tenepb· K HaXO%A6HHI> ypaBH9HHA rHAPOAKHaMKKH CBepxTeKyqeH XHA-
lJ G(~> 

KOCTH C yqeTOM BB3KOCTK. MH dyAeM KM6Tb ~6J10 C ~YHKUKBMK t , t , 

npHHaAnexautKMK K THny ~~. H3 ypaBH6HHA (3.2)-(3.4) noJiyqKJ.t 

(3.10) 

n 



. * (co() * dQ. +-i4.111.()-1)11"~ + JL(")+l) dJP-

(3 . II) 

HJIH 

0 ~ d T: ' (.<) -{-- ') 
_1::-:::: L--!:! + i..'arrn.,()r- 1)"; +J-V(J'-rJ)~ , (3.12) 
-a~: ~ 'dsf 1a5"" 

r~e t + 
1 - T(o) T (A) _ A \d 'f ()y () ,,, () \LI ) (, - +.u.. -- --+ T:J_ + 

d.-tJ .._/, 1 "1" - J_'lf\- -a,.,.o~.. d~ u~ 'dr~c~-

t ± ( () pcrz) R ~fQ) c~ ~)dR + )L t ( J~o~)R .5(i)c~ R)d.R c3 • n) 
) a !\d., (i r ' . ) CJ R.,L r -r ) • 

KaK noKa3aHo B/I/ 

T(o) -=- s (i)(o G) - -m." ~"-lv- (t~)- '111. P v (') V:JI'> 
l.,t..~ ""-(' T )J )~ 5 """ )"L "'- ,._ 1 

o =-.!._ P()F(~~eJ..u.) e =:. o - <; 4 =-(L~:, - v .... ):t (3.14) 
)'j ~) 'O.U... ) )'11.. ) s J 

rAe f- ~aBJieHHe, F- cBoe5o,D;HaH 3HeprHH, ~5 - nJioTHOCTh KOH~eHcara· , 
~'1\.- llJIOTHOCTh HOpMaJihHOR KOJlJIOHeHTll. Haxo~H.U ~aJiee 

o(~£) ~ L i {[h ( ~t( !:1-t)- ( ll"f'+) 91 ) + 
-a 1: j) as~ ~.m. ()~ u~ 

~ ~ ~) ) J ... c mrR)Gr1 (~ R)d.il? - L ( ~ R G(.L\s R) d.K t 
) ':t' t: ) ,(. ) ()R.o(, !'! 1:: J 

( i) I J . (1)0 _.., a~R) ~€oCI 
+ftl d\~ t;;_i((~'fl)lf -"f-t(Alf)) + -~ ~'") G: ('V,)cLR -~ o R,~. ~GL (51R)dKt 

14 

+ 1 I ~ ( d 1><R-) R. ~ ~)(" 
i'd.. ilsr) aR ... fJ t 1: 

-1) ~<R)X 7s~R)d.R)+ ~a. 

HJIH 

d(~E):: ' () I(i t- i:. (~ 
()'1; ~ d~~ ,lL 

2.. 
. ( f ).m. V"s 

t-LtL ~ - l T + 

r~e . 

I -Ic·J Ic~' -[!:._<a'ljl 
~- (1 + .JL - 'f"'l.l. 'a..J. 

~) " /" 
+~ ~(R)G!}\)d.R: - ~ ~ ~ 

+r[~5~~11'\t (CA~J'¥ - ' 
() 'fCR) ~1~) ~ 

-~ a Rei. Rf'l G .. /sJR)d.l\ 

B/1/ noKa3aHo, 4TO 

I(o) :::- 1\(~/~,.u..) ~!Jcv~ 
" 

- v;,._VJ) r~ f_ + 9 +-

r ~e 1\. - XKMHIIeCKHR n 

Heoe5xo~KMO nowHH' 

KOTOpaH C5HJia noJiylleHa 

X1: r ~/) :: x:l (f) R) + / 



(3 .II) 

-~1)~~ 
aro(. ' (3.12) 

) + 

~s)R)d.R . (3.13) 

v-,..(f!) 
I 

:t 
~ - v,...) (3.14) 

l., 

nAOTHOCTL KOHA6HCBTB, 

HM ABAee 

~) ' + 
~ 

. J t 
(11 

if -Ia~~)~G~c ~ift 
- a:- 1 Ro~. r :5l 

' ~ 

HAH 

()~~>= ~ ;t i- i(s'*~~(R)XC~i)<Lf-1)~CR)XC~~f\)c!R)t 

(3. 18) 

rAe 1\. - XHWHIIeCKHR noTeH{lHBA, 

Heo6XOAHWO nOWHHTL, liTO B flOCAeAHeW IIAeHe ~opwyn~ (3 .15), 

KOTOpaH 6~Aa flOAylleHa H3 (3.4) B 0603HB4eHHHX (3 .7) 

X1: r'f;R.) = x:1
(f

1
R) + ~ x:1(s,R) i- • 

T') 



~3-3a npKcyTcTBH.fl a (3.4) 4JieHoa, a xoropNe axo.Il.HT X(s -P-R,R) , 
rrOCJie pa3JIOXeHH.fl B p.!!)l. llOfV ITO.IIBJI.IIDTC.fl 4JieHN TKrra 

~ ( J, r- (o) - 7 x"' {o) 
fti"J"")'i'(R)X l~/)RcL d.R, OHM paBHN HYJID,noTolly liTO .IIBJI.fleT-

C.fl 4eTHOH ¢yHK~Kelt ~ , llpH rroJiylieHKH (J.ll) llN KCflOJlb30BaJIH 
"'{o) • -::'? 

TOT ¢aKT, 4TO ;/J -r. .RBJIReTC.R lieTHolt ¢yRKUHeR R 
3aueTHM, liTO ¢opwN t_J'l , If) cocraBJieHN K3 aeJIH4HH THna 

ot_,K flOTOyY llN BOCITOJ!b30BaJIHCh )I.Jl.fl HHX pa3JIOX6HHeM (J.9c). 

BHrrHcaHN TOJihKO 4JieHw HyJieBoro H rrepBoro nop.R)I.Ka no~ 

Y4eT 4JieHoB HyJieBoro rropR)I.Ka 

T = T <•) I = to) 
"-jl ,j_,? ) f'J /" 

npHBO)I.KT K ypaBHeHH.f!M fK)I.pO)I.HHaMHKH H)l.eaJibHOR CBepxrexyqe~ 

XH.li:KOCT/l/, 

CJie.nyD~HR nop.11,nox no _i.L 

T = T (•) t T c•l 
.L.(' .~.-,~ J'v ... /" 

I = fo) + I c;t) 
(3 - /> JL ~ 

npHBO)I.HT K ypaBHeHHRM fH)I.pO)I.HHaMHKH CBepxTeKylieR XH)I.KOCTH C 

y49TOM BR3KOCTH, lloJiylieHHe 3TKX ypaBHeHHit RBJI.IIeTC.fl ~eJibD )l.aJib­

HeHmKX BU4KCJieHHit. 

~TaK, ),(),1 aw)l.e.IIKJIH B "'(p H J~ liJieHhl 1_~ , TJ; , KOTOpHe 

)I.OJIXHN 6NTh JIKHeltHNMH ¢opllaMH no OTHOmeHHD K rpa)I.HeHTaM ~ , $ 

1J(ol.\ 1T (o1.), ( a TaKJ:e no OTHOIIIeHHD K f , "n >f , KOTOphle, KaK 
s ""' ( 

BHARO H3 ( J.2)Jnop.II)I.Ka WaJIOCTK 3THX rpa)I.HeHTOB), ilpe)I.ITOJIOXHM, 

4TO JlHHeRHNe ¢opMU HMeDT BHA: 

!6 

( 

) 

..( 

_(A) { 1.~-,., = s ... ~ c'l di~~~ + 

M 

+ c ( a '\Ttl.) 'd v: ~: 
-~ - +- _s 

~s~ ~1 .... 

I (:f) 

('> 

d$ + 
::: ll1 'd'S~ 

r .n.e CA. J JJ-4, -HeKoropNE 

liJD XH)I.KOCTb ( ~,;-Ko: 

KO~H~HeHT 06HliHOI 

Ha3HBaellOR BTOpOR Bl 

]; 6y)l.yT BBe)l.eHH 

] 1 H ]~ 6Y.Il.YT TaK 

RHe HaVH KO~M~HeR 

cnyqae cna6oro B3aH 

MOfJIH 6W 6HTh BW4HC 

cnyqae xe npoH3BOJih 

pHMeHTa. 

U3 ycnoBH.fl ere 

Ha OCHOBe ypaBHeHHt 

~~ jp(R)X(o) iR 

= 1\.(~,e,a~ 



i ii rr,ma 

X"' (o) 

,nOTOKY 4TO HBRHeT-

[) KY HCllORL30BaJIH 

r. 
i H3 BeRH4MH THna 

t 3ROX6HMeM ( J.9c ) . 

J pH .!Uta no )'<-- • 

wR csepxrexyqe l1 

3Ky4eR XMAKOCTH C 

iBJI.ReTcH uenb~ .u;anb-

T"> It-t) 
.1..('> 1 "-f" 1 KOTOpYe 

K rpa.u;MeHTaW ~ 1 f) 

-'f 
1 , 7 1 KOTOpl>le, KaK 

iTOB). Tipe.u;nonoxMw, 

(J.I9) 

(J.20) 

r,u;e C4)~~-HeKOT0pble KO~HUH8HTY 1 xapaKTepM3Y~~He CBepxTeKy-

qy~ XM)UtOCTb ( 1l,rxo3<pt>HUHeHT .iU1cWJY3HM, ]J~ TennonpoBO,II.HOCTH J ('f­

KO~HUMeRT o6bi4HOR BH3KOCTM, a c1 ' C~-Koa<M>HUMeHTbl TaK 

Ha3WBaewoR BTopoR B.R3KOCTH). JJ.pyne KO:$PI-~"IU~eHTbl 81 , 8:L , B3 

]~ 6y;J;YT BBe,D;eRii npH paCCWOtpeHHM ypaBHeHH.R (J.8), npH4eM 

]
1 

H ]~ 6y,u;yT taK~e KoaqxpMUMeHTaWH BTopoR B.R3KOCTH. BBeAeH­

RHe HaKH KO~MUMeHTbl Kbl 6y,u;eu C4HTaTb 3a,D;aHHI:rlKH BeRM4J1HaWH. B 

cnyqae cna6oro B3aHuo.u;eRcTBH.R wex.u;y qacnruawM, OHM B npimUHn'e 

wornH 6w 6YTL BH4MCJieHH npH nowo~H KMHeTM4ecKoro ypaBHeHM.R. B 

cnyqae xe npOH3BOJlLHOrO B3aMUO,D;eRCTBHH MX HaAO B3.RTb M3 3KCne-

pHWeHTa • 
113 y CJIOBM.R CTaTHCTH4eCKOrO paBHOBeCH.R B pa6oTefl/ nonyqeHO 

Ha OCHOB8 ypaBHeHHR (J.6a,B) 

1Ljp!R)X·'-LR ~ _:,,; P!R)x·':f( ~ 

=fde,,e,a) -
(3.21) 

I7 



ITpe,II.IlOJlOl[MY, liTO liJieHii BliC•ero nop.IIAKa 110 jA- HMeDT Bll ~: 

.iL{ ~J- )q>(R)X(s,~f'if +f .. J~(R)X(s,Rr*dR :::: 

"" 
[ 

-? -) '- /' t1 1 + l 
= ~ B-1 dL~v; + ].L :li~ v"" + ~ ( + /"1 7 J -; u.. 2 a.. • 

(3.22) 

TorAa M3 (3.22) H (3 .6s) noJiyliMM, liTo 

2_: J p(R)XJs,Rt}tf == r [B1 rli~~' +]:L rli~ lf+b/?f~;?j f 
-1-JL );.- j J (3.23) 

)_Q 

HcnOJlb3y.ll Tenepb (3. 2!), (3.22), Y1i HaAAeM, liTO B npMH.IITOY Ha­

YM npH6JIMXeHMH ~OpyYJia (3 .8) MYeeT BHA: 

m -avs~>_ o [I\ ) '\!:2. :~.,J 
o't -- d~ 1\(~,e}lL + 'tr\..:0~-? (11; - ~} + 

+p.l-~-~ ~~ div-~ +] ~~ c4v-1!~ + h: ~ + Jr _,._ 'd ('* J-
o ._,.x.- :Lu) -1 {! Jo~.. 4 O ~ o<. 

() j. 

- JA-- (L0) 
) ~"'- 2-CL 

(3 .211) 

Ha OCHOBaHHH onpeAeJieHH.II 3HTpOl1HH B BMAe 

5:::- 'JF 
'J& 

( F- CB060AHa.R 3Hepna), B pa6oTe/I/ 61iJIO noJiylleHo )'paBHeHHe 

AJI.II nJIOTHOCTH 3HTponMH. llocJie aHaJiorHliHiiX npeo6pa3oBaHHR, Ho 

C y4eTOY ~OpYyJI (3 .20), (3 .22) H (3,23) noJiyliMY AJI.II CJiylla.ll B.II3-

KOlt l[HAKOCTM 

!8 

~ 

( 

~ 

I 
J 

a(~S) + L. a r~uf;>s) 
·a t 13 o '5

1
:! 

+iJZ.(j
11
- JX-:B-1c~ VI 

! '1J ft._ ·ry) 
+(1+1)(~ t f 

llocJie Toro, KaK B ypt 

Hlie 7 , 7/r H rpaAME 

yliTeHu, B ypasHeHH.IIx 

nepeRTH OT BcnouoraT E _., 
nepeueHHW t , /f' • 

poAMHaYHKH AJI.II B.II3Ko~ 

~ r L d(~sV/oL)-f 
~ t "'- () ,.,-a(. 

'7rt,~ lo 1!.(") " -..f«J) = "';'"" GJc\~\ ~ + )"'u,;, L 
/> 

-711..0 #>v:~>-17Tl o v-C"-
) > ~ s )"'- ,., 

+ i.a._ m (Jf-J)v;(<>~J . 

'J v.(ol) d [ 
m _s:::- ;:;- 1\.(e.,) · 

'Ot u'f.L 

+[B q_ <L:v ;; + ]~ ~!)': 
1 ()~ 0 "'-

- ~ ( 3'\ 1) 
fd1'.,;_ :J,/)._ 



l llO ~ HLtellT B11 U:: 
-) 

\ .:::::. 

(3 .22) 

(3.23) 

4TO B npHHHTOY Ha-

(3 .211) 

IJIY46HO )'p8.BH6HHe 

160dpa30BRHHR, HO 

·4.1114 )!.Jill CJiyllall Bft3-

., 

(3 .25) 

IlOCJie Taro, KaK B ypa.BHeHHliX rHJI.pOJI.HHaUHKH llJI6Hil, nponopUHOHam,-

fr L\ ' ~ ,.(o~.) (o<) 
Hble 7 , 7 H rpa)l.H6HTaJ.t ~ , v u

5 
, V;,_ .J db1JI.11 Bhl)l.6JI6Hii H 

yllTeHH, B ypasHeHKllx (3.10), (3.12), (3.24), (3.25) cne)I.JeT 
-"} 

nepeRTH OT BCllOWOraTeJibH!lX nepeueHHHX T
1 
~ K nepBOHallaJlbHHM 

-") 

nepeMeHHHM r ' ~ . B pe3yJILTaTe Mli llOJ!YilHM ypaBHeHHH rH)l.-

p0)1..11HaMHKH )!.Jill Bli3KOA d036-IH)I.KOCTH 

?_s r L d(??sV/1.)+ ({""" v-,!.·il) - . ( -'f.- ) 

rat o(.. 'J--ro(.. - L CL ) -1 J (3. 26) 

'ITL~r~~-u;(")+ ~"' ?t"'') == L ~ 1 s"'"' [-P t c cti"'U:) +C dLv-i?-~- c 7 t c J' '?} + J-
/J ~ L r 1 s :t ?t. s >( 

-mo ~)ltOJ)_tm. o v-C"~I/J) +( (()11;C"-l 'd1J: 1~")) + C (CJ11:'""1 'dli. f~l )} 
) > ~ s )"1- ..... ,.._ J -;:;- + -j ~ +- -~ + 

d"f. 'dtr.... • 4 'J 1f" a rr-.,_ 

+ ia, m(jf- J)vtl + (3;*+ l) ~~cL 

(3 .27) 

(3 .26) 
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~(~S) rv (~v~)S) ;t 
~ +L 'd"f" ~ e [ci),.il~+ ~L£\8+ 

(3 ,~ .; 

ti a.(J~- J)(-1\ di,.V:~- B.l.ciiv11,: -4'7-4~'7 *- J ;I ) t 
'f. t 14- ) C) ( 3.29) 

t- {jf l) ~ '1 J + i (]•,._ J) ir) \7<1-] . 

B <Popwynax (-;) l.. ') , (3)n) 
-~ -:'I -'J ) j "- (~~ v-~ r S"" ~ .... . 

(3.30) 

§ 4. ~BHeHHJI rH8POAHHaMHKH AJIR CBepxTeKyqe~ XH8KOCTH 

C yqeTOM BJ13KOCTH B aKYCTHqecKOM npH6JIHXeHHH 

PaccuoTpHM Tenepb c nowo~bD (3.26)-(3.29) cnyqu~ 6ecxoae4HO 

uanoro OTKJIOHeHHR OT CTaTHCTHqecKoro paBHOBeCHR TIOKOH~eRCR 

J:HAKOCTH. 

ilOJIOXHM 

~ ~~0tb<;,) ') "'=S
0+ss Je ::. E/~ se I 

v:_ =: 61J,... J 7 = 67 

_-, (' _., 
'1[s::. <l '1t~ 

) 

Tor,na C TOqHQCTbD AO BeJlHqHH~ BTOporo nopH,nKa MaJIOCTH 

7 ~ J . 
Mu nepexo,nHM, TaKHY o6pa30M, OT ypaBHeHHR rH,npo,nH~aMHKH K 

JIHHeapv.30BaHH~M "axyCTH'-IeCKHM y panHeHHHW
11 

• 3TO 03Hal:laeT, qro 

B ypaaaeHHHX (3 .26)-(3.29) w~ npeae6peraeu qneaauH nponopUHO-
->:z. _, :z. - ? - -:- 2.. 

Ha JibHHNH 1.\ J tJ-,.,_ J 'tJs V""-)) H BeJlHqV.HOH J , yWHOJ:eHHO~ Ha 

20 

q 

........._ 

rpa,nHeHT~. 

f.a.no no,n4epKHYTl 

npH6JIHXeHHeM COBCeW ) 

napawerpy, xoropoe BE 

XHAKOCTH. AKyCTH4eCK( 

4eHHHX ypaBHeHH~ H M( 

aJibHOH XH~OCTH, TaK I 

fipHHHNaJI BO BHHJ 

noJiyqaew nHHeapH30BaJ 

( BepXHHH HH,neKC y ~ 

~ + ~~ ciiv-Vl + ~ 
'Clv.'") d'lJ:(~) 

'mP5 _$ + t1!'\ ~ ~ . 
) 2t '"" ~ t 

+ l c l\ v;(.L) + c . 
3 s 4 ' 

C ~ c>/< 'dr +- 5" + :._t_ 
'Utf",L S" ?J'f 

' 
'011;,(·1.7-- QSI\. + 

'111. 'it - 0~ 

B a~ B~ a~ 
f- j_L f ~ 

~r..L 3 () . 



. ]~'] ) 
;z.a. t 

( 3.29) 

(3.30) 

XTeKy4e~ XHAKOCTH 

KOM np~16JIHJ\eHHH 

3.29) cnyqu~ 6ecKoHe4HO 

IOBeCHR nOKOR~e"Cfl 

) 

)fl,II,Ka MaJIOCTH 

~ fH,II,pO,II,H~aMHKH K 

3ro 03Ha4aet, 4TO 

3M 4JieHaMH nponopUHO­

' yuHOl[eHHO~ He. 

rpa.n.HeHTii. 

Ea.n.o no.n.4epKHYTb, 4TO "axycTM4ecKo6" npM6~HxeHHe RBJIRetcs 

npH6JIHXeHM6M coBC614 .n.pyroro p~.n.a, 4614 pa3JIOl[eHMe no ua~ouy 

napa146Tpy, KOTOpoe B6AeT K rH,II,pO,II,MHaliMKe H,ll,eaJibHOA HJIH BS3KOA 

XH,II,KOCTH. AKyCTH4eCKoe npK6JIHXeHK6 COCTOKT B JIKH6apK3aUHH nony-

4eHHNX ypaBHeHHA H 140X6T 6!iTb npK14eHeHO KaK K ypaBH6HKSM H,ll,e­

aJibHO~ XH~OCTH, TaK H K ypaBH6HHS14 BS3KOA XK,II,KOCTH. 

llpKHHMall BO BHKMaHHe, 4TO ~~(.£):. '"J1J-/t'l 
V ' r('> 'iJ/f" o(_ 

noJiyqaeu JIKHeapH30BaHHNe ypaBH6HHft BS3KOA 6036-XH,II,KOCTK B BH,II,6 

(sepxHH~ HH,II,6KC y ~ , 8 , S onycxa6tcs) : 

~ _,_ . ~ -) ' ,, 
7Jt + ~s uivVS + ~?VdMJ-v,.._ = A- v~o ("1.1-7) 

) (4.1) 

'm" Cl-u;<"~ mt~ d'lr-!"''= - 'd Stt tC Q.. ri<:'lli!? + c q_ dL1liP + 
):; 3t "" ~ t '()tf"oL -1 '0-1'o~- s ;L (,)~ "" 

'l "1 (oL) f'\ (p) ) + l c~ 6. v-s("") + c "[ ~ ( 0 1[_.._ + (/ '\]""" + 
. 4 !' o-r; '() l'f"p '1 -r"'-

+-- c, ~ + c'f< ~+ 
'il 'fd._ 5' '0-r oL ) 

(4.2) 

} 

(4.3) 
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D ~ + ( 'c)~ C I. -4 
) 'Ot J ot + ~ .) ()(.(.1'\Y\J'""' 

::. ~ ( ~1 t\ s'S +- J):L b. s e ) ; (~.~) 

3~eCL 

J3 _ k_ 1 ....- * *- A 
J - ,., + ~Q, J ]j3 = ~ f z.a ) 

SA ::~A Se>t aA ss :: -S&e + .i SP ue, .., '() e ~ ) 

a.=~ 
0 ) 

f=~2.. 'U t:(5,e,u.) A =F + ~ oH~ , eJ .u.) 
~ ~ ) ~ ~ 

. 'JF 
I s -=.- dfl ) 

t.=F(~9Ll) - e ~ F(q)e}u.) (r;;c::,) ~ ~ 
) ' . 'J e ' -oe ~ .c"' 

(4.5) 

r )I.e ~. flJIOTHOCTL B COCTOJIHHK CTaTUCTK'IleCKoro paBHOBeCKJl. 

YpaBHeHKH ( 4.1) - ( 4.4) B CJiyllae, KOrM '7. =.0 0YJIK noJiy­

lleHY lf.M. X8JI8THKKOBYyi?/, KCXO,li.H K3 ~eHOMeHOJIOrHqeCKKX COOO­

paxeRHR. B nonyqeHRYe aauH ypasaeHHH axycTKIIecKoro npKOJIHXeHKH 

,li.JIH BH3KOR XH,li.KOCTK BXO,li.HT ,ll.eCHTb KO~HUKeHTOB, npHIIeU ~Ba H3 

HH X KOMnJieKCHYe, TO eCTL npaKTzqeCKH ABeHaAUaTL K03~H~HeHTOB • 

\{T06hl flOJJYIIHTb HeKOTOpYe CBH3H wex..rr.y HHUH, paCCMOTpHW CJJyqaR 
...;y 

CTaTHCTII!qecKoro paBHOBeCKH, KOr ,l(a '7 HBJIHeTCH ,ll.aHHOR ~YHKI.\Hea '7"' 
_., _, _., 

7-= Jr"'J J ~ = ~r«) ' e;;: &wrt. J ~ '0 "'sV>-) ' -v"" ::=.o 

Tor,ll.a ( 4.1)- ( 4.4) (nocJie ylleTa B (4.3) cooTHOWeHHH (4.5)) nepe-

XO,li.HT B ypaBHeHHJl 

~~ cLL 'L~~ ~ i_ ~o (7 "-1 J 
I ( 4.1a) 
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t 

~ '" 

_o6P +C idi.1f ~ + C5 e -rol. ~ 'il-r,_, 

_ oSP t 0 ~ ~ d.i:u1i~ +~· 
o r ~ "1~ 'il'fc~v 

~-1 ~ IS = 0 . 

CpaBHHBaH ( 4.2a) c ( 4 

c,.,::: 'S]-1 c :: 
) 

H3 (4.4a) cJie,ll.yeT, q1 

r2 
.f 

CJieAoBaTeJILHO, K3 ABE 

6o3e-XIIIAKOCTb , oCTu CTC 

TOr,l(a ypaBHeHII!H ( 4.1 ) 

a£~ t ~sdiv.V~ + ~ ... 
at 

'1,,.. (.L) • ';) v.;. 
C) V<, t tYYt O -

.om~" -- ':l"" () t ot 
() . -) 

+ \2, :B-1 a~vvs +- ( C;,..t I 

d * d t +-~B) ~ t- ~ 1)3 9J_ 
'()'(~ 0,-d-



~0 
) 

'd F .- -
'dG J 

(4.5) 

'0 pB.BHOBeCHII, 

;a "l. :.0 6YnH nony­

·Ronoreqecxex coo6-

H4ecxoro npe6nHxeHHH 

HTOB 1 npeqeM ABa H3 

;!laT:& R03<txfJHilHeHTOB · 

paCCMOTpHM cnyqaA 
-=v 

H ~HHOR ~YHKUKe~ ~ 
_, 

I 'V. :=. 0 
I _,.., • 

HOWeHHH (4.5)) nepe-

(4.Ia) 

( 4. 2a) 

=-0 
I (4.Ja ) 

(4.4a) 

CpaBHHEaH (4.2a) c (4.3a) , nonyqaeu 

c = 0 
) ~ 

(4.6) 

H3 (4.4a) cneAYeT, 4TO B Hamew npe6nexeHHH 

(4.7) 

CneAoBaTenbHo, H3 ABeHa~nare Ko3~HUHeHron, onecYBavmex BH3KYD 

6o3e-~H~KOCTb ,OCT~CTCII ceNb. ~CHH Tenepb yqeCTb (4.6) H (4,7), 

TOrAU ypaBHeHHH (4.1)- (4,1~) npHHHMaiOT OKOHQaTeHbHhl~ BHA: 

(4. H) 

(4.9) 
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m J·us(o('= [s -.i. (CJ;f))) J68 - i (~l'' ~~~ + 
at C) ae IQ, a "d.. ~ ()~ Je v-r~ 

+- J3 q_ d.i.'l!1i" + ] Q_ d.i'l! :J"' + ] ~· + ]31- ?!/_ f:-
'1 3ifJ... ~ :L 'ih'"o~.. "" ~ ';VfcJ. ) 'Orf,L ) 

P~tc..~+ Sc~.i".J-J! :::_1_:.J ~6e 
) 'at 0 'ot ~ "'" e .<. • 

§ 5. PemeHMe ypaBHeHMA B axycTHqecKoM npH6nHxeHMH 

H BuqHcneHue WYHKUHM fpHHa 

(4.10) 

(4.II) 

3a,IJ,aqeA 3Toro napar~ HBnBeTcH BupaxeHHe V,S r .t.) (;t
1 
r) 

(d.. -:.A, z,)) qepe3 <t>ypbe-KOMOOHeHTH <l>YHKI.\HM fpHHa Ha OCHOBe § 2 

H BH4HCneHHe ~~)H3 (4.8)- (4.1!). 

BapHal.\HD raMHnLTOHHaHa (1.1) 

~ H't = ~ {1ft (<t,-r') 1' (1:,,-') 1- yr1:j 1'" 1
) 7 ('r) r')] d;! I 

(5.1) 

BKnDqaeM a,IJ,Ha6aTHqeCKH, ,ll,nSI qero He06XO,li,HUO nonOXHTb 
-L·c.n:r- f. 7:.-t .l..·f:,;:', .t. .c,;T:...,. E 7:. _ ,._· "£"';;:..,, 

7 (7:) ,-') == e 71( -r e 7-k ; 
-ll- _,·c.J7:.t-E7:t-L·f;r' . :-'7~ 

n(c:,.,')-" "'" .,Lc.Jl:-tf.c.-.Lk.-r' 
( ; - c... r- + e 7J ~ 

-~ (k J 

(5.2) 

r,IJ,e f./ o , t, -'>o • H3 atoro cne,IJ,yeT HanHqHe B (2.14) O,li,HOH 

JlHMb qaCTOTH: Q -:: !{.() • 

II03TOM}' 
( _(W'l:tf'l:l/ .ic.J't:t€7:. 

oHT ~Q ~ + e 

24 . 

~w 
(5.3) I 

r~e ( ~r ;"'' 
vtc..J =- ) e. [ 'Y('l:. 

1: _.,, 
\j_W: \ e T ["¥( 

PaccuoTpHM BapHanHD 

6 ( "jj(t,lf")')::: S '((t/r) ~ 

--r 
+ (("f(tJ1"Jj1f't't:J1'))) ' 

t-) i'r":il·{)[~'fi'l 
-iwt+ct _( ,~-'tr-', 

:: e 2 'ff) e [~1/-

T€ ir.Jt"i7i jt'[«:'f 

EcnH nonoxun 
-i4..Jl 

J'f(t;-r-) :~ 

• ' (J s Cf(i-;t) =£ -L 

TO 



(4.10) 

,, 

(4.II) 

)U npH0JIHJ:eHHH 

(of. ) / ) 
•pa:reHHe 't'_S r ;t1 rr 

1H rpHHa Ha OCHOBe § 2 

, cL? I 

UUlO nOJIOJ:HTb 
. 7:-,-7, 

E 7: - -<. e"' 

7-k J 

(5.!) 

r. - ,(_t:_,..~, (5 .2) 
~ 

?" J 

lBJIHqHe B (2.!4) OIHO« 

I (5.3) 

' ( ' 

(5.5) 

(5.6) 

TO 
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.... 

,.,- * + r } dCfl{ :::.l7f{~i!Lr..;4.u. ~ '?-1< t <<ILt</LK ~E. "l_i< J 
' 

1< { + ~ ,... t t- ~r l Jr.~-. =;. 27{ ~.Q_I< ,·~I( tE '1-k. + !f:_Q_~ j il.,H. '} E f~5) (5.7) 

" ue ~ a.,<y j &_~ "» E' M T.~. 0603HaqanT ¢ypbe-KOMnOHeHTH 

COOTBeTCTBYD~HX 3ana3~HBaD~MX ¢YHK~HR rpHHa, HappMMep, 

.,.. i if{?-;;') 
<< lp('t) j"\f("')~: ::cfn-P J «a~/(~~ e dl~ 

(5.8) 

Ha OCHOBe paBeHCTB 

~1 _ ..: (? Scp/t),-) _ 'J S '{'(t)-r)) 
Vs {'t;'f") - z,m.Vfo . IJt/?.- ~ ,.."'-- J 

J a =;. -1 [ J r r~.; ""J + s· r rt) /f')] (5.9) 

B paOoTefl/ nonyqeHH ¢opwynH, CBH3YBaD~He rH~pO~HHawxqeCKHe 
BeBMQHHY, HaA~eHHYe H3 ypaBHeHKR (4.1)-(4.4~ C ¢yHK~HHMH rpHHa 

, I!L> ~ 2 7r .:z. [ r ~ *" + t r- } tIt 1J5 ~>"" llt\~0 ~ <{a;~K;.Q_K~ 7-K t~aJ<-~I(jQK~ 71< 
I 

(5.IOa) 

[ 
+ " * t + ~ ] b~ = Jt ~.Q,Ii.+~KjD:k~7-/~(LKt~kj (LK.:tE '71< 

(5.IOs) 
U3 (5.10a) BH~KO, '-ITO ecnH H.3 ypaBHeRHR (4.8)-(4.Il) MY 

"' ~) "'-> . 1<--HaR~eM L R 175 (lt.) , KaK <f>YHK~Hll lfJ /fJ , T01 UO~CTaBJIHH o(., [ /( ) ( -K. 

3aTeM pe3yBbTUT (5.I0a) H CpaBHHBaH KOaqxpH~HeHTY nprf 'l) f1} !f­

('<) (-k. 1 
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HaRAeM TeM CaM~M Bt 

3ana 3~~BaVmij X ¢yHKl 

B ¢ypbe-KOYnOHeHTal 

(/1) (flJ 
-E6~(1t) t ~sLR: VSCkJ 

/> 

(<I.J -E'7>\.[~.,~(f(i.J+ ~"' v-"'" (k)_ 

. c 1.~ (-<) . 'U k (· 
_.(. t;R'U".._ (k)--L~J.J11( 

(<i.) -*' 
- ~ k (B3 7k + ~ ~ 

' 

E[[~(~\+S] b~Cit) t( 
- i ;b.:~ R_Z g S(l) 

9 } 

E 1n:trt"h) ::: k. ~> ([-S -t 

· 'i2 t.C')\'L(f'),'"(N _ ;] 
-.(..v--11<. Ll(, u (I) "' J. 

~ s 

YMHozaR (5.12) H (5 

BBe~eHMR 0003Ha~eKH 

L_ k.(.~\r ( fl~ 
~ s 

CRCT8MJ ypaBHeRMit ( 

~~X i-~"'"Y-E 



~ ·"lkL 
~: 71(1) (5. 7) 

DT ~ypbe-KOMnOHeHTH 

HHa, Ha{IpHuep, 

)~>) 
. ) 

(5.9) 

e rM~pO~HHaYR~eCKHe 

4.4)) C ~YHKUMilllH rpHHa 

+ t tf" } 
Ll< -~l(j QK ~ 71< 

I 
(5.10a) 

(5.I0a) 
eHHA (4.8)-(4.11) llH 
;.-

, ro, no~cTaBJIRR 

i>HUHeHThl npn 1J IT} 1t: 
(k) (-k. 1 

HaAA6M T6M CaMhJM BHpa~6HKil ~Jill COOTB6TCTByDmKX ~yph6-KOMTIOH6HT 

3ana3~HBaDmH x ¢YHKUK" f pKHa . Teneph HanHmeM ypuBHeHHR (4.8)- (4.11: 

B ~ypbe-KOYTIOHeHTaX 

(5.12) 

E[[~(~\+S) ~~(It) t(~;\~6<~)} ~ 'S Sf ~l~Jvj1J -
- i ~.:1 k.z ~ S(t.) 

9 ) (5.IJ) 

E~ vi.(>(~)=: k. ~) [[- S+ t( ~~)q]Se(~) t ~~~~~ ~~t~)} -
-LB,. )l''L:~")'&~t)- .i.:BJ.tlL_it)1T:11t) - 1{{1.\~~ lK t :P,: "?-:) 

/} s /J 

(5.14) 
L ~) 

YMHOzall (5.12) R (5.14) Ha ~ H CYilllKpyR no ~ t nocne 

BBe~eHMft 0003HaqeKMR 

L. 11.C·~\r r "1 =- X L. It rfl> v-jts > :.::. Y 
;"J s ) .~ 

CHCT8yY ypaBKeRKI (5';-i-1) -(JJ~~) llOZell Bti.UlfCaTb B BH)(e: 

(5.15) 
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(~~5+ .l~B1 ~A t- ( E:_tm._~m.+ i (C:t.t 2. C4)Irt~) y -

- Rl a~1 S Q, -It (~:). ~ e ~ -<5 t{(1\ (~ -t B:7 _: ) 
~ ) 

(5.16) 

(Em\ ~ ti ~B~ R~)x + t.q,B) t Y - k~ (~~ )e &~ + k<-[ ~s- (~r)~}se ~ 

~ - k ~ 'S ( B ~ 7 >< t B: (-: ) 
I (5.17) 

o. x - " s Y -r E. ( ~ (~: ) + s' J ~ t [E ~ ( ~~) t i ~L ~ J ~ e: o c 5. ra) .., e ') a, • 

Mhl nony4HM, TaKHU 00pa30M, CHCTeuy \leTblpex ypaBHeHH~ C \leTblpbMH 

X ~ Q-1 (o!) 
HeH3BeCTHhiWH, 0TCIJM Mhl MOll:eM npHUO HaltTH . = L II. 1.!~ 

~ ~ 

KaK ~YHKUHD 7( , 7-k H HCHORb30BaTL ~opwyny (5.10 ), ECnH 

AeTepUHHaHT CHCTeMhl YphBHeHHlt (5. 15) - (5. 18) 0003Ha4HU 4epe3 

~(£), a ~eTepMHHaHT, B KOTOpOM nepBbl~ CTOnOeu 3aMeHReTCH npa­

BOR CTOpOHOit ypaBHeHHit (5,15)-(5,18)
1

- qepe3 ,!/),_ ,ro 
fJJy.. 
.7)(E_) 

" - ·"' L.E:ll (ol) ~ - L_ K 1r ! ~) = 
..... ~ (5.19) 

PaccuorpHM CHa4ana ~Ba npe~enLHhlx cnyqas, a saTew o6~Hit • 

a.) E ::.: 0 . 

Tor~a 

X :: ~0 (1_; - "lk) 

S'~ 
(5.20) 
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3TOT pe3yRbTaT T04HO 

ARH cr.y4aH HAeaRbHOA 
r 

~ Qk · a..-1<~ 
J f:.,_() 

t- ,.. 
<<.al<j a_, I<. ~E oQ 

npHBOAHT K " Teopewe 

HO CT.,- k_ ~ 0 / 2/) . 

s ) e -=: o 
To rAn ~:, ::. ~ 

4TO ypaBHeHHH rHApO~ 

Ma.RbHhl~ CMhJCR, TCI.K Kl 

MH. Mhl paccuoTpHw 3T 

AaDT HamH ~OpyYRhl B 

~X =: k ~ [t m ~ + i ( 

- {tmc ~lfi. + E-~1 

1J(E) ::. m:z_~:t[ E. 3+- {_ f 

r,11.e 

ft.1. =- _:s [ ~(B1- :B.)+ c.t 

R ::: _:_c:z.(c -"B) 
o ""iS H J l.. 

H3 ypaBHeHHH (5. 22s: 

HweeT xownneKCHHe K< 



(5.16) 

(5.17) 

. ~.z.. 2.1 (' 0 
t eli oe= (5.18) 

: ypaBHeRH~ C qeTYpbMH 

X= L_ ~t~~1!;-') 
"'-

·PMYJIY (5.10 ) • ECJIH 

8) o603HaqHM qepe3 

OJI6en 38MeHHeTCH npa­

•e3 :!Jx To 

' 
(5.19) 

aa, a 3aTew o6~HR , 

(5.20) 

3TOT pe3yJibTaT T04HO COBna~aeT C pe3yJihTaTOM,TIOJiy4eHHYM B/l/ 

~JIH CLy4aH H~eaJibHO~ XH~KOCTH, H TOr~a 

If ~,.,- -f m. 'jo 
~ Qk . a__l< //. =: - -

' £:.,() fl-.z.. .rr~s J 

(5.21) 

npHBO~HT K " reopewe o 1/tt'L " ( oco6euaocn nma Ajk2... B oKpecr­

HOCTH k_~O / 2/) , 

B) e -= o . 
Tor~n (}fP 0 . (Heo6JW~HMO OTMeTHTl> , 

7) () :: 

4TO ypaBHeH~UI nUpOMHaMHKH npH {) -:. Q , MOryT lfMeTb TOJibKO ljlop-. 

MaJibHYR CMHCJI, TaK KaK BpeMeHa penaKCaUHH CTfiHOBHTCH 04eHh 60JibMH· 

MH. YN paccworpHY 3TOT cnyqaR ljlopwanbHO, qTo6Y nocvoTpeTb, 

~aDT HamH ljlopuyJIY B npeAeJie npH () -) 0 ) • B 3TOM CJiyqae 

qro 

:J)x ~ k2... [E_ m.~ + i (Ct'l- ~:BJkl.][(mt-c-L ~o - E ~ 13~)Jk -

- {tmc:~.!R. + ~ ~.B/' )'?_:] (5.22a) 

(5.22B) 

r .ne J.. lJ1 ( B) l. :~.. 
a - A [o(B - ]'It C l 0 :: C + ---;- CJ.<r - ~ , k_ ~ C 
ll:z,--~ ") ~ l-/ l.~j) 111 ,.,~'S .._ ) 

R '".2_c2.(L -"B) o ,..,~ H J l.. (5.23) 

H3 ypa.BHeHHH (5.22B) BH.RHO, 4To ypasReHHe :lJ( E) .:: 0 
HMeeT KOMTIJieKCHHe KOpHM. Ux .neACTBHTeJibHall 48CTb oqeHb 6JIH3Ka Jt 
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KOpHRW, nonylleHRYM B/I/ ~HH cnyllaH H~eanLROA ZH~OCTH 

t-E =c.IL = wo E-::. -ck--= - Wo 
(5.24) 

Kcxo~n H3 3THX KopaeA KaK nepBoro npH6Jin:eRHH pemeRKH ypaBReRHH 

(nonylleHHOrO H3 Tpe6oBaHHH 06pa~8HHH B HJHL BenHllHHY (5.22B )), 

nonyqaeu no uero~ HLDToHa 

llaH llaCTL) ,' 
nonpaBKY (Hac HHtepecyeT TOHLKO MHH-

! SJ (E. ~ 
J/171.- ~ = - J~ -;-( +) :lJ [ -

B-~ k :l. =- - i_ <. 0 
:/. '1>'1-

(5.25) 

TperHD KopeRLJllHcro MHHMYR, pnaeH 

, ,f ( ll) lz, . 
E ~ =- -L ..... ~ c2.'f -c;!h R.. :0 --<- [ J 

(5.26) 
qT06Y OH npHBO~Kn K 3atyXRHHD, [

3 
~on~HO 6WTL dOAL•e Rynn, 

a 3H8.llHT ~ c t 'l ) ~]~ . TorM 3HaMeHateJib (5.22B) lPYHKUHH rpHHa 

HM8eT BH~ ; 

:lJ(E) =/YI"\.J.S''Ywt <.(. - wo)(w t <E..+ c.J0 ) ( w t u~) 
(5.27) 

K3 (5.25) BH~Ho, liTO B paccworpeHHOM npe~e.IILHON c11yqae noRBJIRer-

CR 38.TJX8.Hlfe KOHe6aHHII C ll8.CTOTOII CJ
0 

.:: C k_ 

C) 0611lH~ CA)"'all 

lJIH H~eanLHOII ZHAICOCTH B pa6otefl/ OORYll8HO: 

30 

ilio... 

J} (E) ::; JJ [. E ~ - fcl+C l. 
0 ' 0 1 

::. (EL -c:e )(EL C 

ue 
2. -1 (grp) -1 c :0 ~ (,)~ s +- "J 

o, -1 

r \1 ~ [!_ (u rJ) t __?_ 
J 't ,..., () ~ s -tTl 

<-v = e~~)~ ) 

~o - ( 3H8.K +) CKOp 

Ka. 0Ha CTpeMHTCil K 

Ben~llHHa c1 (3HaK 

CKOpOCTb "BTOporo 3~ 

B cnyqae paccwa 

lJ (E) = B [ E 4 + L A3 ~ 

r Ae 

R~ 
-1 -

- l t- ' 
-~.., l'-1 



!Olt D,ItKOCTH 

(5.24) 

:eHHSI pemeHHSI ypaBHeHHll 

b BeJIHilHHii ( 5,22B )), 

HTepecyeT TOJibKO MHH-

<.0 
(5.25) 

(5.26) 

6iiTL 6oAL•e HYJIR, 

?B) ~YHKUHH rpHHa 

~ ) 
(5.27) 

!bHOM CJiyqae nORBJIR8T-

k 

YlleHo: 

JJ/E) <73[E~ -(c> <-)1<1 e-+ C a"- c~ R '1] :::. 
:::. (Ez. - c; k.')(e- - c_/·iz.l) =- (t._/-- c.1..k'l.)( GJl.-c/ ll ~) 

J (5.28) 

(5.29) 

) 

~0 - (3H8.K +) CKOpOCTb, CBSI3aHH8.R C 061illHOI CKOpOCTbD 3BY-

Ka. 0Ha CTpeMHTCSI K Hel KaK npH ~ ~ --7 {) , T8.K H npH f)~ 0 • 

BeJIHilHHa c1 ( 3H8.K -)-cneu~HileCKaR ~JISI CBepxTeKyllelt ~H,ItKOCTH 

CKOpOCTb "BTOporo 3Byxa•. 

B CJiyllae paccuaTpHBaeuolt H8.UH BR3KOI rn,ItKOCTH 

:lJ (E) ::13 [ E4 + i. A_, k:t.E ~-(c.> c.;) I{E t.t .i f\)~~E t- c~C1L~ \ 
(5.JO) 

r.u.e 

-1 . ~ .... B1 - ~ ., 1\. ~ 
R; - L t- t- :L 

-~- 1.'-t tm. '),., ~ (.'\)" 
( 5.Jla) 

I 
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~ 

fi _J ~~ (oP) ( - B) [ ~ .. s ( ' -i (-atp) ~le 
1- l-mt~~.,..\ a~ s cl.'f ~ .t. + ""l.~~""' cl..'i +-e, 1\) + ... ~ 'd~e &Jc:,.-

- -h- [2o,~C3.4 - <s(~sBl.t~~:B1)]~~ is) } 
1>1. <) ~-n- ~ /l% 9 ~ (5.3IB) 

llpK nonyqeHHH (5.31B) Ubi KCflOnb30Ba~K COOTHOmeHKe 

~~~~ )& ~ - (;:) ~ 
KOTopoe cneAYeT K3 (4.5). 

B!ipaXeHKe .li.JUI ~(E) aamtcaao npH6nn:eHHO .B TOM cwcne, liTo 

E.,. t Eo Kbl He YIIKTbiBaeu H3KeHeH}ffl KO~HnHeHTOB, CTORmKX npK 1 E 1 

H3ueReRKe B03HKKaeT scne~cTBHe noaBneaHa B ypasaenHax (5.!5)­

(5.18) HOBYX no CpaBHeHM~ CO CJlyllaeu K~eaJlbHOA ZHAKOCTH . IIJle­

HOB. EcJlH cqHTaTb, q:ro B CJlyllae H~eaJlbHOA XHAKOCTK fiOJlylleHHe 

~BYX CKOpoc:reA 3ByKa COOTBe.:rcTBye:r npoelneue KOJiedaHHA, BbiHy:QeH­

HYX J .H 7::(4J) , 6e3 yqe:ra TpeHHR ( 3aTyXaHHR), TO CJlyllaR Ba3KOR 

XH~KOCTK COOTBeTCTByeT npodJleue BYHJXA8HHbiX Kone6aHHA C yqe:rou 

"TpeHHfl". ll03TOKJ HaC KHTepecyeT npe:Qe BCero KO~HnHeHT 3aTy­

xaHHfl, a He neOOJlbUJOe K3U8HeHKe llaCTOT KOJledaHHA (K KOTOpouy 
' lf oL D 

npKBO~HT H3UeHeHHe KO~HUeHTOB npK · E J E 1 E ) .li3 (5.30) 

BK~O, liTO ypaBHeHKe 

:1.)(£)-::.0 (5.30a) 

dy~eT KUeTb KOMnJleKCHble KOpHH. Jlx ~ellCTBY.TeJlbHall llaCTb ,li;OJlXHa 

dbiTb oqeHb 6JlH3Ita K KOpHRU (5.28) (ubi npHHHKaeK, liTO OHa HK 

p8.BH8. ) 

32 

t t 
E. ":o. (..J "::. ( It -::. cJO 

0 0 0 

Co-""- w;~ -CoR " -Wo 

u VHMVaR qac:rh uana . 

npMdnKXeHMH peweHKR 

nonpaBKy (HaC HHTepE 

. 1m 6(!) 
./..., . 

O:rc~~ cne~ye:r, 11:ro 
t 

.Jrn_ cS - =: -

" 

Jm J t::; 
~ 

r~e A
1 

, Ft) AaHw ~Po 

H3 (5.29) cneAye:r, 

OT 3HaKa IIKCJlHTeJla. 

<Popuynw (5.34) 

qTOdbl onpe~eJIHTb 3H 

-~MAKOCTH, renHH ll. 

(~r)~ l-2. 
/i~s 

M3 (5.35) cneAYeT, 

{'a 'P) {d9\ ('dS' 
\':)~ s = \ CJ~ Ia -\'dq, 



(5.3IB) 

COOTHOmeHHe 

.B TOW CIIYCJle, liTO 

OR:IIlHX npM E4
1 E t-1 E 0 

ypaBHeHHR:X (5.!5)-. 
hHOR KHAKOCTH . IIJle-

HAKOCTM .nOJIYIIBHMB 

KOJle6aHMI, B~Hy~eH­

), TO CJlyllaR BR3KO~ 

KoJie6aHH~ c ylleTow 

~0 KO~HUHBHT 38TY­

laHHI (K KOTopowy 
- 0 
:: ) .1{3 (5.30) 

(5 • .30a) 

bHa.R llaCTb ~OJIXHa 

aew, liTO ona HW 

(5.32) 

U IIH~UaR llaCTb UaJia. Tor~a, HC XOAR H3 KOpHe" (5.32) KaK nepBOfO 

npH6:mxeHHR peweHHR ypaBH eHH.R (5. 30a.) nonv11aeM no MeTOJIY HbllT oua ' .) . 
nonpaBKY (HaC HHTepecyeT TOJ!bKO MHHMa.R llaCTb ) ~ 

0TCDAa CJle.JJ;yeT, liTO 
f 

:Jm_ s-==-
0 

fl3c;-+- fl1 k_'t = 
2 (c/·- c,/-) 

- t: 0 

R ~ c1 z. + f1 1 k, = _ £., 

• :1. (G/ - C/) 
) 

(5.33) 

(5 .34) 

r.ne A 'I ' ft~ ~aH~ <flopuynoR (5.3Ia,B)' a co ' c rcpopuynon (5.29) 

H3 (5.29) CJle,JJ;yeT, liTO Co2.- (1 ~)0, TaK, liTO 3HaK sal.. 3aB~CMT 
OT 3HaKa IIHCJIHTeJIR. 

~OpyYJl~ (5.34) COOTBeTCTBYDT TeopeTHIIeCKOI 6o3e- XMAKOCTK. 

l.froCl~ onpe.ne.nHTb 3HaK ~.,(_ HCnonh3yew cBolcTBa peaJihHOit 6o3e­

-x~.nKoCTH, reJUi.R ll. llOCJIB.ItRHI IIJleH cpopuyJI~ ( 5 .JIB) nponopUHOHaJieH 

( 5.35) 

(5.36) 
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Y4MT~Baa (5.36) B (5.29) nony4HW · 
) 

;L A ('J '~') 
,co ~ ,;;;;. t)" s 

) 

:l_ <.:.z. c1 ~ ...., ~~ & 
-?>t~~Cv 

(5.3'?) 

q,opwyna (5.3Is) ynpo~J~aerca, ecJIH HcnoJib30BaT:b (5.37) H HepaBeHCT­

BO C o)) C1 cnpaBMJIHBO ,ana reJIHa ll. 

Mez.ny KO~HU8HTaMH BTOpoR BH3KOCTH H.M. XaJiaTHHKOBHW/?/ 

HaR,neHa AO~aB04Haa CBa3b, KOTOpyD B HamKX 0~03Ha48HHHX MOZHO 

3amwan 

'5~B~::::: C,- ~s73-1. (5.38) 

PaCCMaTpHBaH CJiyqaR CTaTHCTH48CKOrO paBHOB8CHH, WH noAyqHM B 

§ 4, 4TO C1 =- ') 131 (cpopl.lyJI~ (4.6)). Tor.na H3 4P.T~pex Ko:$PHneuroB 

BTOpO~ Ba3KOCTH TOJibKO _nsa H83aBHCKl.l~. li3 (4. 6) H (5 . 38) B~Te-

KaeT 

~,)\ ~ '5, B:~..-
(5.39) 

M~ npHXOAHM K B~BOAJ, 4TO BH3Kaft CBepxTexyqaa ZKAKOCTb OnHC~Baer­

CH WeCThD K03<P<l>HllH8HTal.IK. fipHMel!eHHe (5.39) ynpo~aeT ~opuyJiy 

(5. 3Ia). 

llocne yqera CBORCTB reJIHH n ~~a K03¢<l>HnK6HTOB A3, Ar, 3a,naH­

H~e cpopuynon (5.3Ia,s), nonyqaew cne.nyD~He BHpazeHHa: 
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t 

1 . 
fL, =- -;; C.z.y -1 

1>1 )""--

A1 - { ~ (( 
,.,_~,__ 

Tor~ 

( ± A ( ]/YYL oo :::: - :z;. A3 + 

Jl1tf. J .! = 1 !b "'- !. i 
1 ~ C/· :L l 

llOlb3YftCb (5.34) HAi 

:f)( E.) ::.B(w+i.£..0 -(J; 

:: ( w"'- w;-+li wf. 

BHqHCJUIH :f) X B Cl 

~ k"''!Ts") ~ It' [ /1(0, 
/P\(eJL l 

- k.l-(6.(k; E)~c-L 

-m. ( ui·- W :L t 2i. w; 
1 

r .ne 

- J... !J'P) k. 'l.. -
L\ ( ~ E.) - 'rrt l~~ & ~ 



(5.3'?) 

:5.37) H HepaBeHCT-

CanatHKKOB!iW/7 I 

(5.38) 

, Wli noJlyqHw B 

JCX KO~HUCHTOB 

) H (5. 38) B!iTe-

(5.39) 

lH~KOCTb ODHC!iBaer­

)O~aeT 1Jopwyny 

aroB A3, A1, 3a~aH­

'I. XeHK.R: 

' 

1 . '71 

ft - c + ~ ~ - ---;; l. 't 
1>1 J'"" fCtr I 

(5.40) 

Tor)T.I'I. 

JAY> (o±. ::: - 4 (A ... + R"' ) k:2. - J. [_i_ C -f- i 13 ] L' c ( 0 .,. ,_ 0 .u .J c:.1 - l !"~~ .z.Lt -t>\ '1 f( = - '-o ) 

Jlhi.J!:::J.!b"' _!. [~(c _ePJ)+~~]k't~ - t <0 (5.41) 
1 :L C/ :L ""~,.., l.i ) ~ <5 Ctr 1 • 

fiOlb3ylCb (5.34) HJIH B qaCTHOY CJiyqae (5.41) MOXHO HanHCaTb . ~ 

J)( E.):::. B ( wt i.£..0 - (JoX CJ+i t. t wo'Xw t i~ ·- w-t)C (Jt.i Eft W-1) ~ 

= ( w'J.__ w;-+ liwE.o)( u:l - w/ t .2. .L cJ (-1J (5. 42) 

_ ll.2. ( 6(~1 E)~o- 4./lt,E) l)?l 
-m. (wl..- w1~ t 2i.w Eo)( w.z.- Q"l.tli<U t-1 ' { k J 

(5.43) 

ue 

,w,£)~ 1-,«:J.k't~~ -E ~ [ ~ ~~)s-( ~~(~s~. :J ; 
' 35 . 



~ 

D.jk,E.) .:: - E 
3 
+ E k :t5 { f5 ~~) - S ~ ) !l 

e S'"" Cv-

(5.44) 

KaK BH)J.HO ,npH MaJihiX ~ L1 ~lz2 tJ. .., """k 3 , 003TOUY Uhl M0-

:rcw npeHe6pet~b 4 -t no cpnBHeHHil c 

B pnOorefi/ noKa3aHo, t~ro 
4 

r ~ ~ 
~ ~ . ~/( )) ::: - ~ (L_ k ;' '!:k ~,:: ~ 0 ) ~ I E ~ o -

-f-'r t :1-'(-

<<.o:K;<LI< ~E " O =. - ~~kJ a..k~E. =.Q (5 .45) 

CJie..n.yH 3TOR paOore, 1lhl npKHHUB.eW, 'ITO paB eHCTBa (5. 45), MWellT 

Mecro B HH3lllew nopx.ue ~~ B HaPJeu cJiyt~ae. Tor..n.a H3 (5.10 ) , 

(5.4J) H (5.45) nonyqaew ..n.~H ~yphe-xounoH~Hr 3ana3)J.hiBalllHX 

lPYHKUMR rpHHa 
R ".{ ~ 4 ( k; E) f o 
~<L~j~~~ ~ -~------------~~----~-------

.., .. .:~ 't If WoW1 ( w + 2.iLo - woX VJ t ~(f. -1- <.J_.,) 
I 

+ !Hk1 E.)~. 
~d . (L ~ ~ - ~ . . ·~ • 

f<J K w+iE. 't ff W
0

W" ( Wt- 2.£ f..o - c.) o)( V.J+ J..Lt.
1

- W ;~ ) (5 • 46) 

li3 lPOPWYJI (5.46), (5.JJ), (5.J4), (5.4!) BH,llHO, 'ITO npli 

paCCNOTpeHHH CBepXTeKyt~eit ZH,UOCTH C yt~eTOl! BII3KOCTH OOIIBJISieTCII 38 

TyxaHHe xoneOaHHit 6Hr ( nor JIOI!leHHe nepBoro If BToporo 3Byxa). 

MHHMhle tlll.CTH KOpHelt aana3)J.HBall~HX lPYHKUKA rpHHa )J.allT KO~HUeHTW 

norno~eHHII nepsoro H BToporo 3BYKa B csepxTexyt~el Oo3e-cHcTeue. 

0HH 3aBHCIIT OT KO~HUeHTOB 06YtiHOA H BTOpOI BII3KOCTH H OT KO~ 

lPKUHeH'ra rennonpoBO.ltHOCTH. B CBII3M c no.llyt~eHueu HaMM t~neHoB 

3atyxaHHII, KOTOphle BhlpazallTCH t~epe3 KHHeTHtleCKHe KO~HUHeHTY, 

3aMeTHM cne.llyll•ee. 

36 

B cnyt~ae, KOr,lla B3aHMO 

nponopuHoHanbno HeKoTopouy 

KHHeTxt~ecxoro ypaBHeHHH (or 

0TCil)J.a CJleAYeT, 'ITO KKHeTHq 

Helnx t~neHax ypas HeHHII, 6y, 

BhlpaZ8HHJI )J.JIH paCCMaTpHBaeMJ 

G--1 oneparopos , ot~eBH~Ho, 

B OKpeCTHOCTH t =. 0, fi03TOMy 

HYX MeTOAOB TeOpHH B03My.eHJ. 

Asrop swpazaer rny6oxy1 

3a npe~ozeHHe reyy Hacroa•e 

CHH s npouecce paOorhl. 
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(5 . 44) 

,._, ~ k 3 , nosrouy Ul:i MO-

~ o ) 

(5.45) 

1 paBeHcTBa (5,45). HKeDT 

1ae. Tor.D:a H3 (5.10 ), 

) 
0 

'oX w t .2 ( f .. - w-~) 
) 

,41) BH,D;HO, \ITO npH 

(5.46) 

yt~eTOll BH3KOCTH' OOJIBJIHeTCR 38 

tepBoro 11 Btoporo 3ByKa). 

~Kl{HR rpHHa ,D.allT KO~Hl{eHTW 

3 csepxrexyt~eR Oose-cHcrewe. 

! BTOpOA BH~KOCTH H OT KO~-

ll OJlytleHlfeM HaKM llJieltOB 

!HHeTHtl8CKHe KO~Hl{HeHTY, 

' ' 

B CJlyt~ae, KOr,D;a B38.HKO,D;eitCTBHe KeJ:)zy llaCTHl{aKH p(R.) 

nponopl{HOH6JibiTO HeKOTOpowy Ka.JIOKY napawetpy £ , OCHOBHO£f tlJleH 

KHHeTHt~ecxoro ypaBHeHHH ( oTBetlallDtHH 38. coy ,~tapeHHH) nopH;ure e._~ • 
0TCil,D;a CJleAYeT, \ITO KKReTHqecltHe KO~Hl{eHTY ~YCTynall~He B ,D;aJlb­

Bei•Hx t~Jieaax ypaeaeHHa, dYAYT BeJIHtlHHaKH nopaAKa ~~. llosrowy 

BYpaxeHH~ .D:JIH pac~wa.TpHBaewYx ~YHKUHR rpmHa G H HX waccoBYX 

onepatopOB c;-~ , OtleBH~HO, He dy,D;yT aHaJIHTHtlHYKH ~YHKI{HHKH ~ 
B OKpeCTHOCTH f:. =. 0, 003TOKY HCITOJib30BaHHe ,D;JIH HX BYtlHCJleHHJI OdYtl­

HYX KeTO,li.OB TeOpHH B03wyll{eHHR KOJ:eT BY3BaTb cepb63HY6 COKHeHHH, 

ABTOp BYpaJ:aeT rJlydoKyll dJlaro,D;apHOCTh aKa,ll., H.H. EoroJIIldOBY 

3a npe~oJ:eHHe TeKH HaCTOJID{eR padOTY H 3a KROrOtlHCJleHHYe ,li.HCXYC­

CKH B npouecce padoru. 
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