
. ~ 

06bE.llHHEHHbllit HHCTHTYT Sl.llEPHbiX HCCJlE.llOBAHHJit 
BbiYVICIU1TEnbHbiH UEHTP 

Yf.H. KyxTHHa, .n.n. illHwKoa 

P-1497 

AnrOPYfTM BbiYYfCnEHvHI 
3nEMEHTAPHbiX CYfMMETPYfYECKYfX 

MHOrOYnEHOB 

.lly6Ha 1964 



VI.H. KyxTHHa, n.n. illHWKOB 

P-1497 

An10PVITM Bbll{V!CnEHVI.H 
3nEMEHTAPHbiX CVIMMETPVfl{ECKVIX 

MH010l{nEHOB 

( {)6 ~o~.ii~.••..-'!4J.Iit HHCTJ.n ., 

• ,• c.lleAOBa~'~, • 

'TEK.b 
ny6Ha 1964 



3neMeHT8pHblMII CIIMMeTpl!'l eC KIIMII MHOl"'O'JneH8MII/ J/ n -ro nopRL!K8 OT nepeMeHHblX 

M 
1 

, M 
2 

, ••• ,_M N HaabiB8IOTCR cyMMbl 

N 

I AI, AI, 
i.:.<i2 .< ••• '<in2 

n ;; N. (I) 

0HK H8XOL!IIT npKMeHeHKe B PRL!e 38L!B'I BblCWell anre6pbl, HanpHM e p, npH Bb!'IHcne

HHH KOacpcpKUHeHTOB nonKHOMOB UO 38Ll8HHblM KOpHIIM Knll npK Bbl'IKCneHHH n106b!X p8UHO

H8nbHblX CHMMeTpH'IeCKHx cj:JyKKUHll/l I. 

0KH Hl"'p810T CyWeCTBeHKY!O ponb H B HeKOTOpblX 38Ll8'18X KB8HTOBOII MeXBHHKH H 

RL!epHOll cpH3HKH, H8flpHMep, npH paC'IeTe SHeprHll B036y>KL!eHHbiX COCTO!IHIIH CHnbHO L!e

cpopMHpOB8HHbiX RL!ep H8 OCHOBe CBepxTeKy<Jeli MOL!enll RL!p8 C npoeuHpOB8HHblMH Bon

HOBblMH cj:JyHKUHIIMH
121

, npH Bhl'IHcneHHH cj:JaaOBbiX o6'beMos
131

, HccneL!OBBHHH K+·p 

B38HMOL!ellcTBHII npH 60nbWIIX 3HeprHIIX/
4 / 

KpoMe Toro, B pHL! e aaL!a'l, KanpHMep, B 
121

, BCTpe'laiOTC!I cyMMbl 

N 

I 
(2) 

•,<•,< .. . <In 

KOTOpble nel"'KO Bblp8>K810TCR qepe3 SneMeHT8pHbie CHMMeTpH'IeCKHe MHOl"'O'IneHbl, 

B L!BHHoll pa6oTe paccMaTpHsaeTCll scj:Jcj:JeKTHBHblll MeTOL! L!nll C<JeTa cyMM (I) H (2) 

HB sneKTpOHHbiX UHcppOBblX M8WHH8X ( 3UM ). 

rnABA nEPBA.H 

I. 0 Bbl'IHCneHHK sneMeHTBpHbiX CHMMeTpH'IeCKHX MHoroqneHoB 

CyMMbi (I ) o6paay10TCll cneL!yiOWHM o6paaoM: 6epeM N sneMeHTOB M 
1 

, M 
2 

, ... , M N, 

H3 HHX o6paayeM BCeB03MO>KHble CO'JeTBHHII n -ro nopi!L!KB (n <,.N ) , nepeMHO)!<BeM 

aneMeHThi KB>K.qoro TBKoro CO'JeTBHHR H CKnBL!biBileM nony'leHHbie npOI'r3BeL!eHHII, .fiCHO, 

\fTO KOnHqeCTBO cnaraeMbiX B ( ! ) C ~. 

N HanpHMep, 

I M11 M1 M1 = 
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= >: At I, ( }; M I (I M

1 
)). 

It= I I 2r::tl. lz+ I 2 13= 12+ I 3 

npH noM OWH nonnoa ItH.llYKUHII .nnSI mo6biX uenhiX nonO>KIITenbHbiX n u N , 

MO>KHO .aOK838Tb, 'ITO 

N 

I At1: M 12 ..... M," = 

1 1 <1 2 < ..• < In 

N .. n+J 
I 

I = 1 
1 

N;r+> 
M 11 .2. 11

12 

I = I+ I 

2 ' 

N-n+.S 
I M ,, 

1 3 -= 'z+ I 

N 

I MIn 

1 n "" 1n.-l 1 

n:;; N 

( 3) 

<l>opMyn8 ( 3) .ll89 T 8nrop11TM C'I9T8 cyMM (I), KOTOpbiA pe8nllayeTCSI nporp8MMHhiM 

nyTeM npH nOMOWH n UIIKnOB, BnO>K9HHbiX O.lliiH B .llpyroll. 

3TO C03.ll89T, so-nepBblX, 60nbWOe Hey.ao6CTBO llpH COCTilBn9HIIH CT8H.llllpTH Oll npo

rp8MMbl Bhi'IHcneHIISI cyMM (I) .anSI mo6hiX n n N , TllK KllK .anuH8 ee C'leTnoll 'lllCTH 

nepeMeHH8SI (aasn.CHT OT nopSI.aKa n ) H, a o-aTOpbiX, .anSI 6onbwux n u N speMSJ c 'teTa 

Ha cywecTBYIOWHX 3UM CTilHOBHTCSI HllCTOnbKO 6onbWIIM, 'ITO 38.08'18 np8KTH'I9 CKII He 

B binonHHMa. 

HanpnMep, .anSI 3UM co CKopoCTbiO 20 T biC. onepau11ll a ceKyn.ay c nnasaiOweA 

31l!ISITOA (KOTOpyiO 6y.neM HM9Tb BBII.llY B .aanbHeAweM) , .anSI N ~36 II n ~20 H906XO.ll11MO 

38TpllTIITb 571 'lllC, 

H o ( I) MO>KHO npe.acTBBHTb 11 a s11.ae 

N I •1 
>: J1

11
M

12 

N 

&1 1 " =I 
'z = n 

M 1 ~ M1 
1 2 

1z < 1 z< ••• <ln 12 = r1 •1 

'ITO MO>KHO .llOK838Tb M9TO.ll0M nonnoll HH.llYKUHII , 

np8BYIO 'IBC Tb (4) MO>KHO pa3611Tb Hll 2 cnaraeMbiX : 

N II • I I •1 N •1 I •1 

I M, I M 1 ••• "! M 1 
~ M I A/

12 
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I 2 n N 

t n-z -1 

I M," 
ln=J 

I •I 

M '• ••• fA!, 
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= n•l I 

n 
., I 

2
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3
= n~ I~ 1 I 

N•l 

+ I 
•,=n 

'z -1 
M1 IM1 

I t,= n•l 2 

I,.,_, -I 
.. , I M," 

fnc. J 

N•l 

= MN I 
I < .. < 1 

A/1 M1 · • · 
I 2 

1 n•I 

N•l 

M1 + I M1 
n-t 11<... < 1 "I 

(4) 

+ 

(5) 

M, ,··· .ll , n 

Paa611enue (5) nerno B ocnosy n p e.anaraeMoro 8nro piiTMa BbPIHcneHHSI c yMM ( I). 

l'lporp BMMHO OH peanua ye TCSI .llBYMI UHKnllMH ,anSI n106oro n H N , llyTeM HT9p8UHOH

HOro nepexo.aa oT cyMM ( I ) k -ro nopSJ.aKa K cyMMBM (I) k+ 1 -ro nopR.aKa, k = 1,2,..,p·J. 
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3 T O !1 0 3 B O!IH!IO H811HC8Tb KOM!IllKTHy JO CTllHL!llpTHYIO nporp8MMY, K OT0p8R LlllOT B03MO>K-

HOCTb C'IHT8T b c y M Mhi (I) H ann 6onbWHX n H N • 

.lln R c p<tBHOHHH :o>¢¢o KT HBHOCTH yK8381'HhiX MOTOLIOB np>rB OLIKM apOMR C'I01;8 cyMM (I) 

LITIS! HOKOTOpblX cnyqaoa ; 

N ~36, 

N ~20, 

N ~ 12, 

n =20 

n = 10 

r. ~5 

N 

0,045 coK H 571 qac, 

0,015 coK H 42,4 coK, 

0,006 coK H 0,138 coK. 

I M; A! i ••• .11 1• ( C · + C · + + C · ) 
§ 2. 0 Bbi'IHC!IOHHK C YM M \ <i, <..<i, J 7 n l I l 2 ... l n 

3 T>r c yMMhi nonyqaroTcR auanorH'IHO cyMMBM (I), Han pH Mop, 

• I M M1 (C, +C
1

) = MIM 2 (C 1 +C 2) +MI M 3 ( CI + C,) + 
lz < 12 II 2 I 2 

+ JIIM• (CI + C4 ) + M2 Ms(C 2 +C 3) + M261 4(C2+C•) + 

+M
3

M
4

(C 3 +C•) ~C,MI(M•+ M,+ M•) + 

+C2M2 (MI+ M3 +M 4 ) +C 3 M3 (M 1 +M 2 +41•)+C•M•(Mt+M•+Ms) 

npH !IOMOWH !IO!IKOa HKLIYKUKH MO>KHO L!OK8 38Tb, 'ITO 

N•I 

CkM k I M 1I M12., M (6) 
fn-t 1 

I z< I 2< ••• <1 n•J 

,,. 'fk 

I' L! O BHYTPOKHRR cyMMa ocTb cyMMll a>r.oa (I), cocTaanoRKllR H3 Tox >Ke :o>noMeKTOB 

M 
1 

, M 
2

, •• ,. M N 6ea M k K KMOJO!llllH nopR.llOK n ·1 • 

V1a ¢opMynhi (6) cne.oyoT , 'ITO, HMOS! CTllH.llllPTHYJO nporpaMMY Bhi'IHCneHHH cyMM (I), 

MO>KHO norKo Bhi'IHCn!ITb cyMMbi ( 2), BpeM!I cqoTa cyMM ( 2) c napaMoTpllMH n H N 6y

.oeT a N paa 6onbwo, 'fj!M ape MH cqoTa cyMM (I) c TOMH 1KO napaMeTpllMK. 

rn ABA BTOPAH 

§ I. 0nKC8HHO anr o pHTMll Bbi'IHC!IOHHR 3!10MOHT8pHbiX CHMMOTpH'IOCKHX MHOrO'I!IOHOB 

,11 I , j a 1,2, •••• N, .llOfl>KHbl 6b1Tb paC!IO!IO>KOHbl B !IBMSITH B BH.llO MBCCHBB. 

Heo6XO.llHMO KMOTb MllCCHB pa6o'IHX !!'lOOK r 1 , i=0,1, •• .,N-n+l, 

c o.oop>KllHHOM [rJ =0, [r
1

]"" 1, ia1, •.• , N· n +1. 

CyMMB (I) nonyqaoTCR a SI'IOaKe r N...+t 
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8bi'IHCnHTenbH8R CXeMS anropHTM8 BbirnRJlHT cneJlyiOIUHM 06p830M: 

5JqeAKH 

'o 

'z 

CO,LlEPIKAHHE PABO'iHX .H'iEEK BO BPEM.H C'iETA 

nepBOH8'18nbHOe 

COJle.E_>KHMOe 

0 

nocne nepao A HTe paUHH 

0 

(r) x .11
1 

+(r
0

] = M
1 

a 0 

l 

~ M, 
I l 
l 

r
2 

1 (r
2

]x.lf
2
+(r

1
]=AI

1
+M

2 
~ i M1 

I l 
.. .............................. ........................•................. ...... .............. ............ .. ................................................................... 1 ... .. . 

r k 1 ( r k ] x AI • + ( '• •l ] "' M 
1 
+ AI 2 + •• , + AI k = f M,z 

'z 
·····;~·=~··· ···· · ····• ·••••••• l •••••••• ·· ·· ·· •• ·•• • • • •• • ••••• •• · ••·• ("";· ·N····=·~· ··i ··; ·~i·N···•••+··l·· ·· ·· ·~·[ ;·· ··••·•·•••••i· ·:·········•••·••••••••···· · ······· · ····· 

-rro -n N•n N~+1 

5JqeAKH nocne BTOpoA HTepauHH = Aft+ AI,+ - + M N·n+l = ~ M, 
'z I 

r 
0 

r, 

0 

(r1 ] x M2 +(r 0 ] = Al 1 Al 2 

-a 
2 

= ~ Al1 Al 1 
l j( I 2 1 2 

r 
2 

( r 
2

) x M
3 

+ ( r) = ( M 
1
+ AI 

2
) M 3 + 

3 

+M
1

AI
2
xM

1
M

2
+A1

1
AI

3
+AI

2
M

3 
= ~ AI11 U 12 ......................................................................................................................................................................... ' . .l.~.' .• ......... . 

(r.J x MH
1 

+(rk-
1

]=(AI
1 

+ •••. tM.)Aik+ 1 + 

+(M 1 AI 2 + •• +Aik-1 AI •) = 

rk 

k+1 

= ~ Jl, Al1 
1 2 

...................................................... .. ...................................................................................................... :········ .. ~.{.~~ .......... . 
= M 

1 
AI 

2 
+ AI 

1 
AI 

3 
+ ••• +AI • tl k+ 1 

t N•n+l 
(r ]xAI +(r ] 

N-n+l N•n+2 N•n 

Sl'leAKH nocne n -oA HTe £8UHH 

•• 0 

r 1 
(r

1
]xMn+ (r 0 1 = AI 1 M 2 ... Ain 

IV·n+> 
='£ M11 M, 1 

't'<•, 

= 0 

'£ AI, 
•1< •• < 1n 1 

n+1 

MIn 

[ 1 = l M1 ••• .11 1 r ( r 21 >< M n+1 + r 1 < < I 1 n 
2 1 t ••• n 

.... . .. . ........ ..... . ................. . ........ . ......... . ............... ......... . .... .. . . ............. . ..... ... ...................... . . ....................... ;.; ...... i~i''''''''' ''' ''''''''''' 

( ] = ~ M ••• M1 r. ( r k ] .x M n+k-1 + r k•1 I < •• <In I 1 n 

l .............................................................. ............................ ...... .................................................... .......... ........ .... iv ......... .............. .. 

( ] AI + ( r ] = '£ M, •• M ' 
rN...,..._l TN•rr+t X N N-n I < .. <Jn 1 n 

1 

0nHC8HHe <;>TOrO anropHTM8 Jl8eM H8 R3biKe Anron- 60
151

, H83biB8R COOTBeTCTBYIOillyiO 

npoueJlypy 3CM ( 3neMeHT8pHbiA CHMM eTpH'I eCKHJ! M Horo'lneH J . 
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Procedure 3CM (N) nop !!JlOK MHOroqneHa: (n) 3ne M e HTbJ : (M) 

Pea ynbTai: (S); !!!!.!!i..N, n ; 

integer N, n; !!!!.. S ; arrayM ; 

begin integer p, .. s, t; 

p : = N-n+1; 

r[ O]: = 0 ; 

~r [O ':N •n + 1] 

~ n p oH3 BenSCb 38CbinK8 H81.{8.n bHbiX 3H8l.leHHA: B M 8CCHB t 
p a6o'IHX !!'leeK ; 

!2!._ s : ~ 1 !!!!£_1 rmtil n ci> 

.!!!!_t: = 1 ~ 1 !!!!!11. p .!&. 
r[ t ]': = r( t] x M[ s+ t - l] + r( t•1li 

S •: = r[p] 

end 3CM 
- § 2. OnRcaHHe a n ropHTM a B b i'IHc neHH!I cyMM (2) 

CyM Mbi ( 2 ) c napaMeTp8 MH n H N n o JlC'IHTbiBaeM Ha oC HOBBHHH ( 6 ) n p !l noMOillH 

c yMM (I) c nap a M e TpaMH n-1 11 N-1 , Rcnon b3y!l np!l a TOM o cHOBHoe c aol!cTBO CHMMe-r-

pH'IeCKHx ¢ yHKUHl!
1 
I/ n~ CYTdOIDefflUO K COM HO>KHTe n!IM M i • 

,Un!! C 'le Ta (2), n OMHM O ( N·1) -(n-1) +2 =N -n + 2 pa60'IHX !!'lee K Bbl'IHCneHH!I CYMM 

( I ) , Heo6xOJlHMbl OJlH B p a6o '!a!l !l'lel!K a s H 0JlH8 !l'lel!Ka Jln!l CyMMbl (2). 

Bbi'IHCnHT enbH8!1 cxeM a a nro pHTMa B bi'IHcneHH!I cyMM ( 2) B birn!IJlHT c neJly!O lUHM 

o6p aaoM : 

P acnon o >K e HH e Mac cHaa M i • i = 44-., N 

}lqe JIKH ~ n e p BbiJI w a r 

nepB biM 

~ 

[(1 M1 

K M 2 
2 I 

I 

(S] + C
1 

x [ s ] x 

N•1 

B nBM!ITH M8Wl!Hbl BO a peMl! C 'le T a 

~ 
BTOp blM 

w aroM 

M 2 

B To p oll war 

[ K 
2 

J .. ·s , ( K N J .. K 
2

, 

[ s ] .. K N, 

[ S ]+C
2

x( s] x 

N • 1 

x i [KJ. x [K
1

] x ••• x [ K
1

] 
I 1 2 n• I 

x I [K
1 

] x ••• x [ K 1 ] 
1 n•I 

11 < • •• < ln•1 I < ••• < 1 
l n • J 

N•1 N • I 

= 0 + C1 M 1 I M
11

!.1 1 ;·· 

1r< •• • . <ln•1 

Ml 
n •1 

M N•1 = c 1 AI 1 I M I;·· 
.. ........ ................ 1 /• ••<1 n -1 

K 
N•l 

M 
N·1 Ml 

n•l 

'" =t 1 
AIN N •I 

+C 2 Jl 2 I M1 
1 
... M 1n·t 

I < .. . . <1 
1 n-1 .. s 

I k"f 2 
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·' 

N -bill war 

~ 
N-biM waroM 

nonrOTOBK8 
nmt N -ro wara 

Ana N -ro wara 
K nocne Hero 

MN 

M, 

,, 
I 

[K,] .. s; 

06 w Hll CllBHr: 

[ K I+ 1 l .. [K I J ' 

M, 

M, 

M, 
I 

X 

[S]+CN x [s] .x 

N•l 

~ Mil ... . 41 I n•l = 

11·< ••• <ln•l 

ltf N 

J= t, ..... N•l ; N 

MN -2 [ ·s] .. KN AI N•l ':" ~ .MI, .. ,M1n(C11+ ••• +C1n) 
................ .. ••·• ••••··••••••··•••••· •, <•f.•• <l n 

M M N .. s 
NdnKcaHKe anropHTMa Bbl'IKcneHKR cyMMbl ( 2) .oaeM Ha aabiKe Anron-60, H83b!Baa 

cooTBeTCTBYJOillYJO npoue.oypy 3CMB (3neMeHTapHbiA C KMMeTpK'IeCKKA MHoroqneH c B e

coM) , nenaa nna 60nbwell S!CH OC TK OllHO OTCTynneHHe OT <!JopManH3Ma 9TOrO 83b!K8: Mbl 

npHsenK .onKcaHH e npouenypbl 3CM, KOTopaa Hcnonb3yeTca B npouenype 3CMB He s 

onHc aHHax Tena npouenypbl 3CMB, KaK llHKTyeT Anron-60, a oTnenbHO B rn. 2, § 1. 

Procedure 3CMB ( N) n opanoK: (n) 3neMeHTbl: (M) Bee a: (C) 

PeaynhTaTt (S); value N, n; 

integer N, n; real S ; .!!!!!:I. M, C ; 

begin integer p, q; red s, S 1 ; procedure 3CM 

S': = 0 ; 

for p: = 1 !!!!:£ 
begin 

until N do 

.i.!.. P < N 
then begin s:=M[p]; M[p]:=M[N];M[N] ': =s end 

~begins:= M[l]; 
for q': =1 ~ 1 ~ N-1 do 

M[q]::.!f[q+J'l ; 

41[N]:=s 
nocne 3TOT'O see M CTanK TO 'IHO Ha CBOH Mec-

end 

3CM(N-L ~1, 

S: = s + C[p] X sx Sl 

.!!!!£!.. 

Ta KaK nepe.o Ha'lanoM npoue.oYJ1bl 3CMB ; 

M, S1 ) ; 

end 3CM B ; 
npHMe'laHKe. EcnK cpe.OK Ml H8XO.Il8TCS! HeKOTOpble o qeHb 6onbwHe 'IHcna, y.oo6-

HO npe.osapHTenbHO nonenHTb (ecna 9TO B03MO>KHO) see U 1 Ha 2• , 'IT06bl v.a6e>KaTh 

nepenonHeHHa, Tor.oa }; = 2•" };' , r.oe ~· nony'leHHaa cyMMa c eee.oeHHbiM 

MaCWTa60M, 

8 ' 

\ 
I 

I 

B aaKmo'leHKe Mbl npennaraeM 

wax !lpennnr aeMblll anropHTM C'leTa 

_perKCTpOM: 

,PopMyn hi nonc'leTa Komt'!ecTsa onepauKA, peanKayJO

cyMM ( I) .ona Tpexa.opecHoA MaWHHhl c HH.OeKCHblM 

n( ·N- n + 1) 

n(N-n+J) 

( n+ 2) ( N - n + 5) 
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