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l.L Xopowo HaaecTHO, 'ITO cywecTByio·waR /xnaccH'IecKaR/ TeopHSI aaaHMoael!cT

BHSI 'laCTHU c noneM RBnReTcR norH'IecKH HeaaMKHyTol!. HanpHMep, cPYHKUHOHan ael!cT-

BHSI 
f ds (m -B cp) + f dx dt [ ( ~ )2 + cp 2] 

a xa 

npHBO!lHT 06b!'1Hb!M o6pa30M K CUe!lyiOWHM •ypaBHeHHSIM llBH>KeHHSI• : 

d 

d s 

r _ a 2 + 1 > q, = B ..; 1 _ x "(IJ lJ r x - xriJ l . 
a x1 

Ill 

121 

Vfa / 2/ cneayeT, 'ITO cPYHKUHSI ...fi..2_ npH X = x(l) npeTepnesaeT CKB'IOK, noaTOMy 
ax. 

3Ha'leHKe _i!l!_ npH x = x(t) He onpeaeneHo : Me>Kay TeM HMeHHo aTa Heonpeae-

neHHaSI sen~;Jka BXO!lHT B ypasneHHe / 1/, TaKHM o6paaoM, CHCTeMa ypaBHeHHA /1/,/2/ 

H9!10CTBTO'IHB !lUll onpeaeneHHSI BXO!l HWHX B Hee cPYHKUHI!. 

B 't:ny.'!ae 6onbwell paaMepHOCTH Tpy !lHOCTb ycyry6nsteTcst TeM, 'ITO none npHHHMa

eT Ha Tp89KTOpHH 69CKOH9'1H09 3HB'I9HH9, 

YKaaaHHast TpynnocTb, KBK oTMe'!eHo Bbrwe, xopowo HaBecTHa. Xopowo HaaecTHo 

TBK>Ke, 'ITO OHB HBnsteTCH HCTOKOM TpyllHOCTeA C paCXOLlHMOCTHMH B KBBHTOBOA T90pHH 

non st. 

Menee xopowo uaaecTHO, 'ITO y>Ke naaHo naH norH'!ecKH 6eayKopeaHeHHb!A nyTb 

rrpeononeHHH :;noli TPYLlHOCTH / a KnaccHKe / I .UHpax
191 

I. CynR no TOMy, KaK aenaroTcH 

CCb!UKH HB pa6oTy
19 1

, 3TOT LlOCTHrHyTb!l! LlHpBKOM nporpecc OCTBUCH He flOHHTb!M /eM, 
/ 6 7 8/ 

HanpHMep 1 ' ' /, 8 cepHH CTBTel!, KOTOpaH HB'IHHaeTCH HBCTOHWeA pa60TOI!, Mbl HaMe-

peHbi: A/ nosTopnTb paccMoTpeHHH 
191 

6onee nonpo6Hb!M H ct>opManbHblM o6pa -

aoM, 'ITO K caMo no ce6e Ka>K e TcH uenecoo6paaHblM BBKLly sa>KHOCTK nony'leHKoro s 191 

/9/ 
peaynbTSTa; B 'IBCTHOCTH, Mbl yny'IW HM paCCMOTp9HHe, Ll6HH09 B npHUO>K9HHR ) R 

LlOKS>KeM BblCK836HHOe s /
9
/, Ha HBW B3rfiHLl, 6ea LlOK836T9UbCTB8, YTBep >KlleHHQ 0 He-

36BKCKMOCTH peay nbTaTa oT ct>opMbi Tpy6KK; B/ noapo6Ho paccMoTpeTb sonpoc o aaKo

Hax coxpaHeHHH K Knacce nonycTKMblX ypaaneHHA: ypaBHeHHe, nony'lennoe a 191 , RBnSieT

cH RpOCT9AWHM, HO OTHIO.Llb He 9.ll.HHCTB9HHO B03MO>KHbiMj Mbl 6onee BHHM&Ten&HO npoc

MOTpKM BeCb KUBCC LlOUYCTI!MbiX ypaBHQHI!i!, C TeM 'IT06b! Bb!IICHHTb , HeT UH cpellH 

aTHX ypaBHeHI!A 6onee npHeMneMoro, 'I eM B3HTOe .0Hp8KOM, 
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1.2. B HaeTosrwell pa6oTe Mbl orpaHH'<HBaeMesr OJlHOMepHbiM enyqaeM. B aToM eny

qae npoeTellwee ypaBHeHHe / 19 / H3 nony'<eHH o ro HaMH Knaeea JlOnyeTHM b!X ypaBHeH Hil 

/ eM. n. 2.8 / o6naJlaeT TeM e a oi!eTBOM, 'ITO oHo He HMeeT Jl p yrux peweHul! Jlnsr eao6oJl

HOro JlBH>KeHHSI '<aeTHUbi, KpOMe paBHOMepHbiX H np!IMO!lHHel!Hb!X Jl BH >KeHHfl. npHBeJleH

HOe B n. 2,9 Hee neJlO BaHHe npHBOJlHT K npeJlnOno>KeHHIO, 'ITO / 19 / - eJl HHe TBeHHO e 

yp8BHeHHe H3 'IHCna JlOnyeTHMbiX, o6naJl8IOWee 3THM e so lieT BOM . nonHOe Tb iO Jl0K838Tb 

STO npeJlnono >KeHHe HaM He yJla n oeb. 

1.3. C TO'IKH apeHHSI cpH3H'<eeKOll HHTepnpeTaUHH, Jl8H HOH B /
9 /, ypa BHeHHe / 19/, B 

/9/ 
OT!lH'<He 01' ypasHeHHII, paeeMOTpeHHOrO B , OnHebJBaeT TO'Ie'IHYIO '<aeTHUy . 

1.4. .[l8JlHM cpopMynHpOBKY aaJla'<:t "peryn!lpH38UHH" ypaBHeHH SI JlBH>KeHHSI H no-

nyTHO nosreHHM eOJl9p>KaHHe eT8TbH. 

a / npu 3a)laHHOM y paBH9HHH nonR HaJlO HaHTH ypaBHeHHe Jl BH >K9HHR, KOTOpoe o6ee

ne'IHB8eT eyweeTBOBaHHe y eueTeMbl none-qaeTHU bl 06bi'IHbiX HHT erpanoB JlBH >KeHHR, TO 

eeTb 3HeprHH-HMnynbea 'J k H KOBapHaHTHOrO MOM9HTa KO!lH'I9eTBa JlBH>KeHHR ~ 

BsHJlY Ha!lH'IHSI npasofl qae TH B ypa8H9HHH nonR HMI!ynbe pk H MOMeHT KO!lH '<eeT sa 

JlBH>K9HHSI f non!l H9 eoxpaHRIOTeR /eM. / 6 /,/7 / H / 9 / /; noHnHeaa eHeTeMe none-

ttSCTHUbi, noM HMO noneBbiX aeniPIRH p Jc R f . .aononHHTenbHbie HMnynbc H ""MoMeHT"" 

q H 1r f n, 2.4/ II onpeJl9!lHB nO!lHbJe HMnynbe H MOMeHT, KaK eyMMy noneB biX H JlO-

nonHHTenbHb!X, - o6eene'<HsaeM eoxpaHeHHe P. " e 
0"1eBHL1.HO, aoneB.biB BenHlfHHbJ p H 3aJl8IOTeR KaK cpy HKUHH npeJlweeTByiO-

wero JlBH>KeHH!I eHeTeMbl !lO!lR H '<8eTHU. 38Jl8 JlHM ewe Jl0!lO!lHHT9!lbHbiil HMnynbe qk 

K8K H9KOTOpyiO q)yHKUHIO !lp9JlWeeTBYIOIUero JlBH>K9HHR; TOrJla ypasHeHH e eoxpaH9HHR 

HMnynbea Ill I eTaHOBHTeA ypasHeHHeM JlBH>KeHHR l n. 2.7 I . 

6 1 np" t .. ± 00 , KOrJl8 qaeTHUbl YJl 8!l!IIOTeR Jlpyr OT Jlpyra H Bb!XOJl!IT 

H3 ecpepbl Jl9ileT8H51 !IO!l!l, HMnynbe 

BHJl: 

P. H MOMeHT 

"· 
f 

I Za 
a K 

X 
a 

+ Pit 

za x a (t)- tZa + f, 
I I 

a a 

~ JlOn>KHbi npHHHMaTb o6bi'<Hbiil 

3Jleeb a HOMep '<aeTHUbl, XI (t) H V (t} - ee KOOp Jl HH8T bl H eKOpOeTb, 

z a = M !-' 1-(v <i)T, z a = v a z a . VIM nynbe e ao60JlHOii '<aeTHU bi o a V 1 o 
za BKnf0489T 

HMnynbC ""npHBR38HHOro"' K tt8CTHUB fi01IR, HS060pOT, p
1 

MoMeHT eao60JlHOro nonsr, paeeeAs weroe s / npH t-+ + -

H f 
1 

eyTb HM nynbe H 

I ao seeM npocTpaucTae; 

OHH O!lp9Jl9!l!I IOTeH eornaeHO / 3/ H /4/ , eenH HHTerpan B /3/ 6p8Tb no 'IaeTH !IpOeTpaH

eTsa /6eeKoHe'<HOI yJlaneHHoll oT '<8CTHu. Yenoaue 6/ eyweeTseHH O orpaHH'<HBaeT nep

soHaqanbHO aeebMa 6onbwyiO, eornaeHo a /, eao6oJly Bbi6opa JlOnonHHTenbHoro HMny nh

ea !eM. n. 2.6 H n. 2.8 / . 
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a / HaKoHeu, ycnoaue oTcyTcTBHst y ypa aH e HHst LlBH>KeHHst 6ea BH ewHero n on st 

!lpyrHX p9W 9 HHii, KpOMe paB H OMepHbJX H npstMOIIHH9HHbJX LlBH>K9HHH
1

CO!'Il8CHO llp9!l llO 

IlO >K9HH JO , yK838HHOt>IY B n. 1.2, COBepweHHO Y HH'ITO >K aeT BCSIKY JO CB06oay B Bbi60pe 

LlODOIIHHT91lbHO!'O HM DYilbC8 H CBO!lHT B9Cb Kll8CC LlOilyCTHM biX ypaBH9HHH LlB H >K9 HHSI K 

eaHHCTBeHHOMy y paBH9HHIO / 19 / / n. 2.10/. 

1.5. TaKHM o6paaoM , ecnH aepH o npeanono>KeHHe n, 1.2, nHH eilHoe ypaa HeHHe nonst 

B pa CCM OTpeHHOM H8MH O!l HOM9p HOM Clly 'lae B H9KOTOpOM CMbiCil9 /eM . n. 1,4 / 0LlH 0 -

3H8'1HO onpeae nsteT y paaHeHHe aBH >K9 HHst 'laCTHU. YMeCTHo OTMeTHTb, 'ITO TaKoll pe

a ynbTBT npOTHBOpe'IHT pacnpOCTpa H e HHOl\ TO'IK 9 apeHHSI / eM ., HanpHMep /
11 , CTp. 21/ . 

§ 2. P e r y nHpuaaunH y paBHeHHII /1 / 

2.1. PaccMoTpHM HMnynbc f CK81ISipHO!' O DOIISI 

f 

- j 

3aecb 

a,,~ __!!_2_ + y, 5 ,k [(a 9 J2+ 9 2 1_ 
a x, a :.. a :ra 

nocKOilbKY ypaBHeHHe DOIISI /2/ - HeO!lHOpO!lHOe, B91lH'IHHbl 

apeMeHeM : 

H 

df 
dt 

lC ( t) --.!!.J!__._ 
dt 

ll(t)+• 

I 
:J<(t) -· 

~ 
dt 

H 

/3/ 

/4/ 

/51 

MeHSIIOTCSI CO 

161 

171 

2.2. nony 'leHHbl9 ¢opMyllbl Tpe6yroT 3H4HHSI CKB'IKOB DpOH3BO!lHbJX IIOIISI H8 TpaeK- . 

TOpHH 'IBCTHUbl. none of> M b1 npeacT8BHM B BH!le rae 

"" - peweHHe oaHopoaHoro ypaaHeHHII KneAHa-ropaoHa, a 
"'o 

¢
1 
= -~..1 d·s(r)]

0
(y(t-r) 2 -(x-:J<(t) 2

) 

1)[(t- r)
2
-(:J<-%(r))

2
] 

/8/ 

aaecb / e aanee l ds(r) & dry 1- ~ 2(r) 1) (z) 

Ll81lbHellwero 38M9THM COOTHOWeHHe : <{> 1 ( J<(t), t ) -+ g -2-

paapbrBbl npoH3BO!l H biX Ha TpaeKTopHH HMeeT TOilbKO 

5 

- cpyHKUHSI CK8'1K8) LlllSI 

RpH t -+ :!"; oo • 

H3 /8/ nony'laeM 



:: 

. \ 

~ 
a r. 

r(t) + < 

I 
r(t)- < 

/Sa/ -= -g n .. , 

r.lle n k - 8LlHHH'IHblA B8KT0p HOpMan& K Tp48KTOpHR : 

"• - · ··~ v i-T(tf 
n 1 - i r (t)n 4 

2.8. no.llcTaBHB / Sa / e /6 / , nony'IHM / c y'leToM /5/ /: 

d p. ~ ~ ••• 
~ ~- ~ . /9 / 

3Ll8Cb 

••• 

"'· · >n[~l + ...2.!L. I ar,. ll(t)+< ar. r(t)-< 
/10 / 

2.4. EcnR .M b1 XOTHM, 'IT06bl CHCT8M4 RORSI H B34HMO .ll8iiCTBY !O lUHX C HHM '14CTHU 

- CRHrynllpHOCTell HM8R4 COXp4HSIIOlUH8CSI !18RH'IHHbl HMnyRbC4 H 0 M OM8HT4", H4M CR8 .lly -

8T RpRRHC4Tb STOll CHCTeM e , ROMKMO ·noneBbiX B8RH'IHHbl pk H , Tax >K e .aononHH 

Ten&Hble H M nynbC H • MOM9HT', qlr R k , H3M8H8HHe KOTOpbiX BllORb TpaeKTOpHH 

cor nacHo / 9 / H / 7 I onpe.lleneHo cpopMynaMH: 

2 

q• (2) - q •(1) • I f ds 

2 r•• 
k (2) - k ( 1) • ' f ds [ r 1 ¢ 4 

1 

Onpe.llenHB nonKble RMnynbc H • MoMeKT• 

k , 0'18!1HLlKO, 6y.ll8M HM8Tb 

d P. 
= 0 ' 

d t 

'Jk R 

d .~ 

dt 

.. , 
"'· 

,., 
- r• ¢> 1 

1' K4K CyMMy 

= 0 • 

/ 11/ 

/ 12/ 

P. H q • • H 

2.5. BBHLlY cna6oll ceKrynRpHocTH nonR Ha TpaeKTOpHH B paccMaTpHeae M o M K SMH 

/2/ 
O.llROM8pHOM CR~'Iae MeTOLlOM, H3RO lK 8HHbiM 8 H4 CTp. 80, nerKO ROK434Tb, 'ITO B e -

RR'IHHbl pk H 06R&Ll410T Tp4HCcpopM4UHOKH_bJMH CBOJICTB8MH 88KTOpa H CK4RRpa, 

COOT!IeTCTB8HHO, 

3TO o6ecne'IHB48T LlORlKHb18 Tp&KCcpopM4UHOKHbl8 CBOli CT88 P. H ~ 

2.6. PaccMoTpHM Tpa e KTOpHto r• (s) , HM8101UY!O 8CHMRT0Tbl n p ll t .. +oo 
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<I>H3H'19CKH TaKall TpaeKTOpHSI COOTB8TCTByeT .OBH >K 9HHIO 'laCTHUbl, KOTOpaR npK 

HaXO.OKTCSI B o6naCTH npOCTpaHCTSa, CB060,aHOii OT BH8WHHX nonell. 

VIM ny nbc nonsr P k npH pacna,aaeTCSI Ha LlB9 'laCTK! 

a I '!aCTb, cssraaHHYIO co c so6o a H hiM noneM, paccesrsu!KM csr s npocTpaHcTse; 

(j/ '!aCTb, CBR3aHHYIO C noneM, ' npHBR3aHHb!M' K CHHrynHpHOCTK. 

VIa ypaBHeHHII 12 1 H coo6pa>KeHKll n. 2,5 cneayeT, 'ITO 'laCTb 6 1 KMnynbca non11 

nponopUKOHaJtbHa ~ , npK'18M K03cpcj>KUH9HT nponOpUKOKaJtbHOCTH O.llKH H TOT >K Q 
ds 

npH H 

nonH bill BKJtaLl 'laCTHUbl B HMny JtbC pac cMaTpKBaeMoli CKCTeM bl I TaKoll BKJtaLl, pa-

3YM99TCII, MO >K eT 6b!Tb 0LlH03Ha'IHO Bbl.ll9119H JtHWb npK I cxna.abl-

BaeTCR !13 'laCTH 61 HMnynbCa nOJtR H .aononHHT9JtbHOrv KMnyJtbCa 1}!/; 'IT06bl 3TOT 

BKJta,a ofSnaaan 06bi'!Hb!MH CBOIICTBaM H HMnynbCa CB060llHOil '!aCTKUbl, H 9 06XOLlHMO 

II dxk ~ •t 
npHHRTb ero paBHbiM as C K03'+"'"'HUH9HTOM nponopUHOHaJtbHOCTH " , oa-

HKM H T9M >Ke RpH 

HHT81tbH.blll HM nyJtbC 

.. + - H 

CTpeMHTCR K 

tPHUH9 HTOM It , O.OHHM H T9M >Ke npH 

m~ 
ds 

t~ + 00 

npK 

H 

0TCIOLla cneayeT, 'ITO .a on on-

t .. ± 

3TO H 9CTb YC110BH9, OrpaHHHHBaiOf.Ll98 TpaeKTOpHH, nO KOTOpb!M MO>K9T LlBHraTb

CR 'laCTKUa fH3 111 I RCHO, 'ITO STO yCJtOBHe BblnOnH9HO OT H IO.ll b H9 .ORR BCeX Tpaex

TOpHIII. 

2.7. He cocTaBnHeT Tpy.aa nony'IKTb 

ycnoaKeM n. 2.6. Tax xax aexTopbl d:r. k 
~ 

MO>KHO npe.acTaBHTb B BKLl9! 

CornacKo 11!1 

dxa dqa 

d-;- ds 

q Q 

k 

~ 
ds 

d:r.a 
ds 

.. , 
<;;a • 

KJ18CC ypaBH9HHII .OBK>K9HHR, 

d' 
K ..;.?;- OpTOrOHaJtbHbl, TO 

ds 

, OTCl0.08 

VI a / 8 / 11 /9/ cneayeT aa>KHoe cooTHOWBKKe 

d :r.a 

ds "' 
C nOMOI.LlbiO KOTOporO K3 / }3/ HaXOLlKM 

.. , 
a 

_!_rL ' 
ds 

7 

COBM9CTHbiX C 

B9KTOp q k 

/13/ 

1!41 



F[~ 
" d s 

l 
1 

d 

ds 
F + g cf> ) • 

TaxHM o6paaoM, / 13 / MO >K HO nepenHcaTb s BH ae : 

d d1xk 1 
ds1 J 

+ ~[F!!...=....t. 
d s d s 

((rn-,1¢) dx•]=8¢'"' 
d s • ds 

I M hi nepeonpeaenHnH F 
I 

H 0003H8'1HflH w1 = (~ )1 
d s 2 

I . 

dF 

ds 

/ 15/ 

/ !6 / 

C'1HT8SI B / 16 / F aaaan11oli HIIBapHaiiTHoli !j:>yiiKUHel! npeawecTBY JOLUer o Ll_BH>Ke-

IIHII '18CTHUbl H 3118'1e11Hii IIOflll B '18CTH t'< t CBeTOBO!"'O KOHyca C Bep W HHOI! B 

TO'IIte t, x(t) , MO>KeM paCCM8TpHB8Tb / 16 / K8K ypaBIIeHHe LlBH >K eHHIIx / 

npH T8KOM UOHHM8HKH / !6/ onpeaenlleT / BeCbM8 OOWKpllb!fl / Kfl8CC ypaBH e HKii 

LlBH>KeHHII '18CTHU, KOTOpb!9 COBMeCTHO C ypaBK0HHeM UOflll /2/ o6ecne'IHB8JOT COXpaH e -

HHe 3H0pl"'HH H HMIIYflbC8 CHCTeM bl IJOflll H '18CTHU. 

LlonOnKKTenbllblll KMnynbC, COOTB0Ta'ByJOLUKii ypaBHeHHIO / !6 / , eCTb 

2 

q. ~(m-8cf>-F.)+-1 
ds w2 

d x dF 
([81~ 

/ 17/ 

/eM. /13/ I. 

Knacc aonycTHMbiX !j:>yllltUHI! F B / 16 I yMellbwaeTcH ycnosHeM n. 2.6, xoTopoe 

MO>KIIO CBeCTH It Tpe60B8HHIO CTpeMneHKII F K HynJO npH t .. + 00 

2.8. 6onee TR>Kenoe orpaHK'IeHHe 11a xnacc !j:>yHxuHl! F cneayeT H3 ycnoBHR, xo-

Topoe nonyqaeTcR 3aMe!loli B paccy>KaeiiHR n. 2.6 KMnynbca "MoMeHTOM •. 3To ycno-

BHe MO>KIIO C!j:>OpMyflHp0B8Tb B BI!Lle : k-x 1 q•+ "•q 1+ 0 npl! 

t -+ ± ce • 0TCJO.ll8, UOLlCT8BKB /16 / B / J2 / H UpOHHTerpHpOB8B UO '18CTIIM, no-

ny'IRM: 

ds dF 
f ----;;r (["8 

d 1" 
~ - da:· t:"l / 18/ ~ 

d·s 
l = 0 • 

CornacHo onpeaeneHHJO w
1 

, Ll8HKOMY B n. 2.7, 3Ll0Cb [ ..• 1- w ll03TOMY 

ycfiOBHIO /18/ YLl0Bfl0T!!!OpReT fll00811 !j:>yHitUHII F , 38BI!CIILU811 TOflbltO OT apr y MeK

dF 
~ T8 W ' • 3TO BM0CTe C TpeoOB811HeM, 'IT06b! !j:>yHKUHH F K 

w 

x/ / 16/ IIBnHeTCII CKCTeMOH LlBYX ypBBIIeHHli C OLlHOI! KeH3BeCTHOH !j:>y iiK UHel! 

X (t)j COOTIIOW0HHe / !5/ o15ecne 'IRB8eT COBM0CTHOCTb 3TH X y paBHeHHil. 
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o6pawanHCb a Hynb npH OJ = 0 , TO ecTb anH ceo6oaHor-o LlBH>KeHHH /cM.n.2.7 I, 

o npeae nHeT / eoaMO>KHO, He n o n HocTbiO I Knacc y paBHeHHll LlBH >KeHHH 'I&CTHU I 16 I, cos

MecTHbtX C ypaBHeHHeM DOnH /2 / / u yCnOBHHMH, CBH36HHb!MH C CyWeCTBOB6HHeM COX

p&HHIOWHXCH HMDynbC6 H "MoMeHTa • C HCTeM bl nonH H 'laCTHU - CM. n. 2.6/. 

VIa co o 6pa>KeHHll HHBapHaHTHOCTH npH Heco6CTBeHHb!X npeo6paaoBaHHHX nopeHua 

F(-OJ) = F(OJ) • KpoMe TOr-o, Mbt 6 y aeM npeanona-

raTb F ( OJ ) aHanHTH'IecKol\ npH - .. < OJ < + ... 

2.9. HaKoHeu, npusne '!eHHe LlHHaMH'IecKHX coo6pa>KeHHil noasonHeT ewe 6onee 

r::y3HTb Knacc LlODy CTHMblX ypaBH9HHll LlBH>KeHHH. 

a / nocKOnbKY 'laCTHUa OTpHU&TenbHOJI MaCCbl MO>KeT, Hany 'laH, y CKO pHTbCH, TO M bl 

O!"'paHH'IHMCH paCCMOTpeHHeM nHWb '!aCTHU C nonO>KHTenbHOll Maccoll: m'+ £ z > 0 ; 
2 g2 ~ 

_g_ - nonesaH Macca, m' = m - CM. n. 2.2. 
4 2 

6 / nycTb KOa cj:lcj:>HUHeHT A paano >K eHHH F(OJ)= A OJ
2 

+ ••• oTnH'IeH OT HynH H 

n o no>KHT e neH. Tor-aa nHHeapH3aUHH ypasHeHHH 1161 aaeT: 

m'"X _ A r(IV) + ~
2 ! J,~z) dz [x(t-z) -x(l;l + x (t)]- 0 

I co. n. 2.11 /; aTo y pameHHe npH 

At 
x(t) ~ e >. !> 0. 

A > 0 , rr.' + > 0 HMeeT peweHHe 

TaKHM o6paaoM, cn y qal! A > 0 Mbl MO>KeM HCKDIO'IHTb Ha TOM OCHOB6HHH, 'ITO 

'laCTHUa B OTC Y TCTBHe BHeWH9!"'0 DOOR MO>KeT COBepwaTb LlBH>KeHHe, OTDH'IHOe OT pas-

HOMepHO!"'O H npHMODHHeliHO!"'O / 6onee TO'IHO- LlBH>KeHHe 

'IHBO / . 

A <0 CHTyaUHH CDO>KHee; ypaBHeHHe 

r(t) ~o npH A>O HeycToA-

m ' ."i • .2 ---:2 
- AA+-"-(...}1+>. -1)=0 

2 ' 

LlDH 0 npeaeneHHH XapaKTepHCTH'!eCKO!"'O DOKa3aTenH DODO>KHTenbHblX KOpHell He 

HMeeT; OaHSKO ecnH BenHt.{HH8 I A I He cnHWKOM senHKB, 

I H rr.' + L > 0/ 
.4 

:3TO ypaBHeHHe HM eeT napy KOMnneKCHo-conpH>K9HHblX 

KOpHell B npasoll nony nnOCKOCTH . 

npH I A I .. I Ao I Ka >K Llbtll H3 3TH X KOpHell cnHB8eTCH c CHMM eTpH'IHbiM eMy 

OTHOCHTenbHO MHHMOll OCH KOpHeM XapaKTepHCTH'IeCKO!"'O ypaBHeHHH TBK, 'ITO DpH 

-1 A0 I -< < A < -I A o I • > 0 X8p8KTepHCTH'IeCKOe ypaBHeHHe HMeeT 

npH lm A > 0 .QB8 t.IHCTO MHHM blX KOpHSI, CK8 >K eM, >., (A) H A 2 ( A) ; 

nepBbtll H3 KOTOpbtX c oocToM I AI LlBH>KeTcH o-i- TO'IKH eoaHHKHOBeHHH BHH3, a BTopoll 

BBepx; KOpeHb A 
1 

(A) onpe.aeneH, O'leBH.QHO, npH acex A <-lAo 

B cny qae 'IHCTO MHHM b!X XapaKTepHCTH'I ecKHX DOK83aTeneJI BO DpOC 06 ycTOii'IHBOC-

9 



TH He ~ewaeTC!I nepBbiM npu6nu>KeuueM. M bl paccMOTpenu nepsy10 nonpasKy K nuuei!

HOMy npH6nH>KeHH·JO; ee OK83SnOCb llOCTSTO'lKO, '!T06bl ll0K838Tb HeycTOH'lRBOCTb pe-

weHR!! x(t) = 0 npH -iAJC!t) > \t, npR - i A 1 (A) < Y, CTSKOBHTCSI 

Heo6XOllRM yqeT nonpasoK 6onee BbiCOKoro nop!lllKa; Mbl aToro H!! llenanR. TaKRM o6-

pa30M, ecTb OCHOBSHHSI O>KHllSTb, 'ITO cnyqai! A < 0 HCKniO'l89TCSI no TOll >Ke 11pH'lH-

He, '<TO cnyqal! A > 0. 

r/ nyCTb Tenepb A c 0, T8K ttTO 
2n 

F (o.~) =Bo.~ + ••• rlle n .;o, 
uenoe/. BbmRcaHHoe BbJwe nHHeapH30BSHHoe ypasHeHHe npu A = 0 , 

n~? 2 I n 

m'+.! > 0, 
2 At 

r.; .. < 0 A > 0 uMeeT peweHRe e , 1103TOMy M bl orpaHH'lHMCSI Cny-

'<!19M 

tr.' ·>O 

rr. ' > 0 /ocTSBHB 6e3 paCCMOTpeHHSI B03MO >KHOCTb II. .. c::; 0 I . !-1TSK, n ycr b 

R B -=1 0 • BMeCTO nHHeapHaosauuor o ypasHeHHH Mbl nony'<aeM: 

, .. 
tr. X 

2 

B d ~ (i' 
:Zn·t 

+ HHTerpanbH bifi 'tneu 0. 

06paweHHe B Hynb K03<j:><j:>HUH9HT8 npH CTapwei! 11pOH3BOllHOi\ C03ll.SeT B 03MO>KHOCTb He-

9llHHCTBeHHOCTH peweHHH. 3Ta B03MO>KHOCTb peanH3yeTCSI npH !1 > 0 , Kor.na Bbr

a 
X ( t) = 0 t <I., , x (t) = C(t-t

0
) +.-

[a(a-1)]2"-1 =m', 

11HC8HH09 ypaBH9HHe ll011yCK89T peweHHe: 

npR t > t ; 3lleCb a= 2 + __ 1 __ 
o n- 1 

npH 

BC 2(n-1) 

Co6cTseuuo rosop11, oT TaKHX "nKWHHx" peweHHII CB060llH0f'O ypaBH9HHH MO>KHO H36a-

!IHTbCSI, 110Tpe60B8B HenpepbiBHOCTH BCeX 11pOH3BOllHblX <j:>yHKUHH ;r: (Q ; Oll.H8KO 9TO 

Tp960B8HH9 38B9ll0MO He Bbi110nHHMO Jln!l llBH>K9HHH BO BH9WHe M none, KOTOpOe CSMO 

M O>KOT He HM9Tb HenpepblBHbiX 11pOH3BOllH blX : B3RB BHewHee non e C "pa3pb1BOM • BHllS 

a-1 
cp O (X, t) a ( t- X ) + npu t > X, cp

0
( x,t) = O 

11pH t <X 

nonyqaeM peweHHe X (t) yiC838HHOf'O BbJWe BHllS; Jln!l o npeaeneHH!I C HS 3TOT 

p83 nonyqaeM ypaBH9HH9, KOTOpOe HMeeT llBS p83Hb1X KOpH!!. !-1TaK, cn y qaj! B > 0 

Hexopow TeM, ttTO npH HanHt.tHH · •paapwaoe • o"rrpe.aeneuuoro po.na eo euewueM none, 

ypaBH9HHH llBH>K9HHH B STOM cnyqae He llSIOT B03MO>KHOCTH OllH03H8'lHO onpeaenHTb 

TpaeKTOpHIO. 

Cnyqall lJ < 0 HaH6onee cno>KeH, H HaM He yaanocb aocTosepHO Bbi!IBHTb npucy-

wero STOMY cnY'<SIO ae<j:>eKTa; o6paTHB, O.aHSKO, BHHM8HH 9 H8 TO, t.tTO y paBH9HH9 

d 2 •• :zn-1 
+ I n I -- (x ) = o 

dt2 
m' :t• 

HM99T nepHOllH'leCKHe peweHHH, 'l8CTOT8 KOTOpblX Heorp8HH'l9HHO p8CT9T 11pH CTp9M119HHH 

aMnnHTYllbl K HynJO, ecTecTBeHHO npeanono>KHTb, '<TO Hawe ypaaHeHue npH B < 0 

ll011yCK89T peweHH9 B BHll9 KOne6aHHH, 8M1111HTYll8 H n epHOll KOTOpblX CTpeMHTCSI K H y 

n10 npn t ... oo nocK011bKY 
2 

6onbWOi! 'l8CTOT bl 9CTb _i_ X 
2 

f'118BH8!1 'lSCTb HHTerpanbHOf'O 'l119H8 ll11R K One6aHHi! 

, To y paaHeHu e ll11!1 npellnonaraeMoro HSMH peweHHH 

lO 



ecTb 
, .. 

Ill X + I B I a' 
d t2 

( j( ) 
2n *I 

+ - 0 • 

Ha M H e yaanOCb ycTaHOBHTb , HMeeT nH STO ypa BH e HHe peweHHe C HHT e p ecy JOUJHMH HaC 

CBOliCTBaMH, 

a / K 06Cy >K aaBWHMCSI Bb!We HeaOCTaTKaM ypaBH e HH H / 16 / C HeTpHBHilnbHbiM B bi6o-

p o M F ( <u) MO>K Ho ao6aBHTb ewe c n eayJOw u i!: nycTb npH w ~oo • 

Toraa ypaaneuu e 116/, n o -auaHM oMy , HM ee T p e weHHSI c acHMnT OTHKoA 

l-1U 
x(t) = t-at + ••• npu a =_P __ H a~ 0. 

:> -1 
/ 06 QCHOBaHHe COCTOHT B TOM, 'ITO Y K838HHBSI Bb!We cpyHKUHSI x(t) • y a oaneTBOpSJeT 

ypa BHeHHIO 

d 
[(n'+ F) 

ds 

dx 

ds 

dF 

ds 
0 

H noaCTilHOBKil STOll cpy HKUHH B HHTerpanbHblil 'lneH aaeT BKnaa 6 o nee BbiCOKOrO nop ga

Kil ManOCTH f . 

2.10. TaKHM o6paaoM, MO>KHO o>KHaaTb, 'ITO BCSIKHil Bb16op F(w) 

OT TpHBHilnbHOJ'O F = const , npHBOa HT K y paBH9HHIO !lBH >KeHHSI, HM9JOUJeMy nHWHHe 

peweHHSI; B 'laCTHOCTH, paBHOMepHOe H npSIMOnHHel!uoe a BH >KeHHe CB06oanol! 'lllCTHUbl 

0Kil3biBileTCII anSI TllKOJ'O ypaBHeHHSI neyCTOli'IHBbiM, 

3aecb yMeCTHO OTMeTHTb, 'ITO TOnbKO npH F = 0 , m' > 0 pewenHe 

x(t') = O aocTaBnSJeT MHHHMYM cpyHKUHOHany SHeprHH • .£lel!CTBHTenbHO, cpyHKUHOHan 

aueprHH cocTOHT y uac H3 aayx 'lacTell - aHeprHil noneaoll H aononHHTenbnoll. noneaall 

aHeprHII B cny'lae oTcyTcTBHSI aaewnero non11 onpeaenSJeTcSJ cpyaxuull / 8 / . TaxHM o6pa-

30M, 3aBHCHMOCTb noneaoll SHeprHH OT TpaeKTOpHH BeCbMB crna>K eHHilSI; HHKBKOrO Oco-

6oro BnHIIHHII 3Ha'leHHSI npOH3BOaHbiX cpy HKUHll x(t) HB BenH'IHHY STOll 'IBCTH SHep-

rHH ue oxaabiBaJOT. Hao6opoT, aononHHTen bHaSJ sneprHSJ / 17 I IIBHO aaBHCHT npH F .;.o 
OT '}: H OT 'it , nosTOMy, M9HSIII Tpll9XTOpH10 H9CyUJeCTB9HHbiM /c TO'IKH 3p9HHSI 

BnHIIHHSI Ha BenH'IHHy none aoll SHeprHH f o6pa30M, MO>KHO C.ll9nllTb .llODOnHHT9nbHYIO 

anepr HJO xax yro.llHO 6onbw oll I nono >K HTenbnoll HnH OT!)HUaTenbH Oll I. 

J.-'JTax, Heo6XO.llHMbiM ycnOBHeM MHHHMyMa cpyHKUHOHana 9H9prHH IIBnlleTCSI OTCyTCT-

BHe nocne.llHero 'lnena B / 17 I, 'ITO Tp e 6 ye T HC'Iean o BeHHSI F 

AuanorH'IHbiM o6paaoM ycTaHaBnHBaeTcSJ, 'ITO ycnoaue n'>O 
x/ 

He06XO.llHMO .llnSI MHHHMYMB SHeprHH 

npH F • O TaK >Ke 

x / M bl ucnonbayeM cne.llcTBHSI Toro cpaxTa, 'ITO .llOnonHHTenbHaSJ sneprHSJ aaaecHT 

OT B biCO KO'IIlCTOTHOll aCHMOTOTHKH ¢ypbe-o6pa3a cpyHKUHH :<(t) CYUl9CTB9HHO CHnb-

Hee , '!eM n o neBaSJ sneprHSJ, CaM aToT cpaxT y >K e OTMe'leH B nHTepaT1fpe151. 
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HOI 
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pa:; 

He , 

u e~ 

r.; 

'I BE 

Jr. ' · 

06p 

en 

nH i 

npR 

Co( 

IIHT 

TpE 

MOl 

<P o 

npR 

non 

pa : 

Hex 

YPI 

Tpa 

IU91 

m' 

HMe 

aMn 

non: 

niO 

6om 

.. 
. \ 

" 
Hano HMeTb e BHny, 'ITO lf3 Toro, 'ITO peweHHe :r(t) = 0 He noeTalMHeT Mlf HH

MyM a cpy HKUH OHany 3 HeprHH, etUe, B006I.Ue rOB OpH, He e ne n y e T HeyeTOH'IHBOeTH 3TOro 
/3/ 

p eweHH!I / eM . / , XO T!I B HeKOTOpblX eny'la!IX TaKa!! e B!I3b H HMeeT MeeTO f Ha npHMep, 

B MeXaHHKe - MlfHH MyM noTeHUHanbHOl! 3He p rHH ye TOfi'IHB, eenno - HeyeTOii 'IHBO; 6o-
. /10/ 

nee eno>Knbtli npHM e p eM. I. 

V1 M e HHo noaToMy nonano6Hnoeb HeenenoaaHHe, npoaeneHnoe a n. 2.9. 

H ao6opoT , H3 To ro, 'ITO peweHHe :r: (t) noeTaBn!leT MHHHMyM cpyHKUH OH811Y 

3HeprHH, O'leBH n HO, eneayeT yeTOii'IHBOeTb 3TOrO peweHH!I, 

HaM yn anoeb npoaepHTb nono>K aTenbH OeTb BTopoli aapHauHH a Hep rHH npH m1 > 0 

F =0 , 3TO naeT !40eT8TO'IHO Ha nen< HOe OeHOB8HHe yTBe p >K!48Tb, 'ITO ypBBHeH He 

d 
CfS 

l[rn'-g( cp 

llHWHHX peweHHll He HMeeT. 

g 
2 

2.11. Mo )I( HO noxaaaTb, 'ITO 

d "• Jl as 
,., 

t ¢. , :n' > O 

2 2 
( R = - [ ;r a (tJ - "a (t) 1 ) 

</> ••• 
I k 

a 
7 

[ f d s ( r) J ' ( R) 
0 

x.(r)-:r•(tl d:r. (t) 
--as--

/ eM. /8 / H / 10 / / ; noneTaBHB o/>=¢0+¢,. 
,., ,., 

"'. = ¢,. .. , 

/ J9 / 

1201 

B / 19 / H 

Bblp83HB o/>
1 

H <{> t> qepea TpaexTOpHIO no 4>opMynaM / 8/ 

+ _H_o 
(I" • 

H /20/ 0 nonyqa eM 

OKOH'IaTeJlbHblll IIHn ypaBHeHH!I nBR>K9HHR 'IBeTHUbl BO BHewHeM none, npeneT8BJ1!19T 

HHTepee BblnHeaTb 3TO ypaBHeHHe B Hepen!ITHBHeTeKOM npH6JlH>KeHHH, 

OTxHn biB a !I uenHHel!H bte 'IJleH bl H npeue6peraH X :!,;!;'- flO ep8BH9Hifl0 e 

nony'laeM: 

aneet. 

(m') ~ 
dt 2 

~ + _£r{ dr 1: ( R) :r(r)-:r(t) 
ax 2 -• R 

= g 

2 2 • 
R = ( t - r ) - [ :r (t) - x ( r) ] 

dx(t!) /21 I -dt, 

aq, 
~· 

C Hawel! TO'IHOeTbl0 0 O'l eBifnHO, HMeeM R ~ t -r • no n eT8BifM etUe B 

HHTerpan x( r)- :r(t) = .i (t)( r- t) + 

3088IUUReb cPopMynol!/
4 /, eTp. 428 

nonyqaeM ypaaHeHKe 

f ft(:r) x· dx = 
0 

r(l+}J2• 
lc r u-yJ 

2 2 
( , g ) d X 

m+4~ 
d 4 x ~- _g di' =tax 8 

12 
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l 
-4- , KBK aeTpyaao BRll&Tb R3 /3/, /5/, npeacTasnsreT co-

!SOIO noneByiO M8CCy '18CTRUbl, 

nony'IOHHOO ypaBHOHH9 BOCbM8 OTRH'I89TCSI OT COOTBOTCTBYIOW&rO np&Jl9{18 ypas

/9/ 
HOHHR, ll8HHOro B 

niO!SOnbiTHOft OCO!SOHHOCTbiO ypaBHOHHSI /2}/ SIBRSIOTCSI H8RH'IHe y Hero ·/s none oc-

uannRTooa C C06CTBeHHOA '18CTOTOft Meaee 9JlHHHUbl/ peweaaA B BHllO 

H938TYX810WRX KOne6aHRA. 

CyWOCTBOB8HRO T8KRX peWOHRA HO 03H8'189T OTCYTCTBRSI R3Ry'leHRR, Jleno B TOM, 'ITO 

H3Ry'IOHR9, COr naCHO ypaBHOHHIO /2/, B03MO>KHO TORbKO C '18CTOT8MR 6onee OllRHRUbl; 

T8KH9 '18CT0Tbl nORBRRIOTCSI npH Y'IOTe BbiCWRX CTeneaell z (t)- x(r) B pa3nO >K eHHR 

tllYHKUHll 6ecconR B /8/ H /20/ H Heo!SXOllHMO npRBOJlSIT K 38TYX8HHIO, 

ll S. 3 a K n 10 " e H a e 

PaccMoTpHM B38HMOJlellcTBHe asyx OllRHBKOBbiX '18CTBU. Cornacao n. 2.11, MO>Klly 

HRMH JlOICTByiOT CHRbl npHTSI>KOHHR, 'ITO, OCRH npeae(Spe'lb nOTOpRMH H8 K3RY'I9HIIO, C03-

ll80T B03MO>KHOCTb 4lHHHTHOrO 09p90llR'I9CXOrO Jl!IH>KOHRSI, npaHRTO C'IHT8Tb, 'ITO y'IOT 

B3RY'IOHHSI npHBOllHT I< 38TYX8HHIO T8KOrO llBH>KOHRR, T8K 'ITO no DpOWOCTBHR ll0CT8TO'I

HO !SOnbWOrO BpeMeHH CRCT9M8 38CTb1HeT B nono>KOHHB paBHOBeCRSI, 

Mbl XOTHM 31Jl0Cb O!Sp8THTb BHHM8HRe H8 TO, 'ITO T8K8R lt8pTHH8, no-BHllRMOMy, He-

COBM9CTRM8 C DOny'leHHblMR H8MR ypaBHeHHSIMR llBR>K9HRSI, 

HMOHHO, nono>Keaae pasaosecasr llRII p8CCM8TOHB80MOII 

CHCTeMbl llBYX '18CTHU MO>KOT 6b1Tb aeycTOli'IHBbiM, BBHllY TOrO 'ITO &My COOTBOTCTByeT 

B0RH'IHH8 4>,(:a:(t),t), p8BH8SI 8 HO _i___ , K8K JlnR CB060JlHOrO ll!IH>KOHHSI 
2 • . 2 

oaaoll 'laCTHUbl. TaKHM o6pa30M, KOs¢q>auaeHT ope ycKopeHRB paso an:'- A 1 2R npa •'<A /2 

0TpHU8TeneH; HO TOrll8 '18CTHU8 He KOne!SnOTCSI OI<ORO nono>KeHHSI paBHOBeCHR, 8 BOo6-

W9 roaopsr, MOHOTOHHO yaansreTcsr oT aero IB3RB 'IHCno y'laCTBYIOIUHX B llBH>KOHHH 'lac

Tau Jl0CT8TO'IHO !SOnbWHM, BCerll8 MO>KHO CllOn8Tb &TOT I<09¢q>HUKOHT OTpHU8Ten&HbiM/, 

npellCT8BnRnO 6bl HHTepec BbiSICHKTb H8 OCHOB8HHH ypaBHeHHSI /19/, 'ITO B aellcT

BHTORbHOCTH npOHCXOllHT C pacCMOTpeHHOA BbiWe CRCTeMoA. Hanp8WHB8eTCil npeanono

>KOHHO, 'ITO p8CCM8TpHB8eM81l CHCTeMa rae-ro "38CTpRHeT", T8K H He OnycTHBWHCb B 

DORO>KOHHO paBHOBeCHSI • 

nonb3yiOCb cny'I8~M no6naroaapHTb S.H. Banyesa, npotll. M.A. MapKOBa, 

IS 
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