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H 0 T 8 L( H II 

, aeilcTBYIOlllae B HeKOTOpOM KOHcparypauaoH-

Tp Z , xapaKTepa3yJOlUail KS>Ka bill a3 &TaX ... 
eXMepHOM npoCTpSHCTBe E • On epaTopbl </> ( :t 1 

0 

-+ •I .. )cf>(x)U (a), 

uae rpynnhl Tpaacn11uall a E 

iTOpOB, npa'leM ycnoBa!l He:<n;.aaaaneaTHOCTa a ae

'ISCTa'IHO. 11x nonuoe acnon&3oBauae, naaepno, 

Ha!IM an11 ¢ (~) 

a npeaaapaTen&HhiM waroM K pemena10 o'leH& 

3aaaqa 0 HSXo>Kaeuaa noKan&HO- KOMMyTaB·Hb!X, 

hiX nonell ¢ (x) , rae x - paaayc-BeKTop a 

r a c t 

:ed which act in a certain configuration 

characterizing each of these operators -ensional space E • The operators </> ( x) 

..-. 
X), 

-y)<J>(x)~O 
...... -l .. 

<J>(x) U (a), 

entation of a group of translations in E 

tors has been found, the conditions for 

are used only partially. It _!;; very 

simpler expressions for ¢ (11.) • 

preliminary step towards the solution of 

ntum field theory, namely the problem 

d operators ¢ (x) where x is the 

~ 

.I 

1. nocT8HOBK8 38aa'IH 

nycTb ¢ (1) 
.. 

-aewecTBeHHoe onepaTopuoe none. nepeMeHHSll X , X8p8KTepa-

3yl0lll8ll p83lla'IHble onep&TOpbl IIOllll, npeaCTSBlllleT Co6oll paaayc-BeKTOp TO'IKa B 

ot5h!'IHOM TpexMepnoM npocTpaHCTBe E • Sea oco6blx aaMeueuall ace HH>KecneayiO-

mae paccy>KaenaSI MO>KHo ot5o6maTb aa cny'lall, Koraa 
.. 
% eCTb paaHyc-BeKTOp B 

npocTpSHCTBe n106oro 'tacna a3MepeHHII C nliOCKOII /eaxnaaoBCKOII anH nCeBaOeBKnaaoB· 

CKoJ!/ MeTpaKOJI, ¢la3a'leCKOe 3HS'IeHae HMeeT HMeHHO YK838HHblll cnyqall, KOTOpbiM Mbl 

a orpaHH'IHMC!I, BeKTop&l B aToM npocTpancTBe t5yaeM ot5o3a&'I8Tb 6yKB8Ma 

co cTpen~toll H8 aepxy, Bee onepaTopbl aellcTBYIOT B ueKoTopoM Boo6me 6ecKoHe'lao

MepaoM npocTpaacTBe - a xoacparypauaonaoM npocTpancTBe H • 

OnepaTopbl <P (%) aemecTaeaabl: 

+ .. .. .p (x) • ¢ ( x) , /1/ 

npa'leM +· o3H8'1aeT &pMaTOBCKoe conpii>KeHae, OHa KOMMYTHPYIOT Me>Kay cot5oll: 

cf>(xJ<P(yJ -·<P(YJ<P(;>- 0 npa lliOt5biX 
.. .. 121 X a Y, 

a o6n8a8IOT Tp8HCniiUHOHHOJI aHB8pH8HTHOCTbiO: 

¢(; + x) = U(-;) ¢(x) u'' (:;) npa lll06biX 
.. .. 

/3/ a R x, 

npa'leM U(;) - HeKoTopoe yHaTapHoe npeaCTSBll~HHe rpynnbl Tp8HCni!Qai!: 

•I .. + -+ 
U (a) = U (a) •. 

141 

B &Toll p86oTe Mbl H8llaeM ot5wall Baa onep8TopHblX nonell "'(xJ • yaoaneTaopll· 

IOlllHX Tpe6oB8HaiiM /)/ - /3/. M b1 CBeaeM &Ty 3Sa8'1Y K HSXO>KaeHaiO onpeaeneHHbiX 

MHO>KeCTB peweaall HeKOTOpbiX ot5b!KHOBeHHbiX nHH911HblX aacpcpepenuaanbHbiX /ana CHCTeM 

HHTerpo- aacpcpepenuaan&Hb!X/ yp8BHeaaJI, .Y CnoBall He3KBHBaneHTHOCTa H Hep83no>KaMoC

Ta aCKOMbiX npeacTaBneaall Mbl He 6yaeM noliHOCTbiO acnOllb30B8Tb, T8K 'ITO Ot5Ulee 

peweaae f1.8Bepao Mo>Kno npeacTaBHT& B ewe t5onee npocToM aaae. Mbl He 6yaeM ac

cneaoaaT& BonpOCbl CXoaaMocTa 6eCKOHe'IHblX CyMM a aHTerpaliOB, TSK 'ITO aoK838-

TellbCTBa t5yayT B HeKoTopoJI CTeneaa cpopM8nbHbl. 

0TMeTaM, 'ITO p8CCM8TpaaaeMall HSMa 38aa'l8 noao6H8 38a8'1e 0 H8XO>Kaeaaa 

npeaCT8BneHHII rpynnhl TpSHCBn!luall: 

<ll (; + X) a u ( ;) <ll (X) I 

rae <ll (X) a <ll (~ + ~) - BeKTOpbl B KOHcparypaUaOHHOM npocTpaHCTBe /l , a M8Tpa·Ubl 

u (-;.) , o'!eBaAHO, KoMMYTHPYIOT 

3 



U(;)U(b)- U(b)U(a) • 0. 
u ~ ;.j. 

Pew ease aToll aaaa'IH TpHBR411bHO - U( a) • e () • , a <I> ( x) - 111004!1 cpyHKUH!I nepe-

MeHHOll ; • "CpaBHQHHe aTHX ypaBHeHHII C 121 R 131 nOKa3biBaeT pa311H'IHQ Memay 

aTHMH aByMH 3alla'laMR, 3aaa'IH paccMaTpHBaeMOrO HaMH THna nO'ITH HHrae He pewa-

1IHCb, H HQT OOWRX noaxoaOB K HHM, 

8 KBaHTOBOII TeOpHH n01111 HCK1110'1HTe1!bHO BalKHa aaaa'la 0 HaXOlKae-

HHK 1!0Ka1!bHO-KOMMyTHpy10lUHX, 110p8HUOBCKH-HHBapRaHTHblX onepaTOpHbiX nonell 

... 
</> (x) , 3aBHClllUHX yJKe He T011bKO OT npocTpaHCTBQHHoro paaHyc-

-+ Ill 
eeKTOpa ;? HO H OT apeMeHR t: .x ~ (t, x ) I , cTp. 7221. B cny'lae semecTBeH-

HOrO CKa1!RpHoro n01!R, O'leBHaHO, onepaTOpbl </> (X) npR 1!1000M cpRitCHpOBaHHOM 3Ha-

'IQHHR t =to oy ayT y aoB 1!eTBOpHTb seeM TpeooBaHRHM 11 I - 131. ltOTOpble M bl Ha1!0lKR
... 

11R Ha </> (X) , IQopaTHOe yTBep.>KaeHRe, KOHe'IHO, He HMQQT MQCTa - He KalKaoe pewe-

... 
HHe cf>(x) ypaeHeHRII 11 I - 181 MO.>KHO paccMaTpHBaTb KaK aHa'leRRe ¢> ( x) npH 

t - t I. CneaosaTe1!bHO, onepaTOpbl ¢> (x) B ltB4HTOBOII TeOpHH n011R SIB11HIOTCSI 
0 ... 

oaHonapaMeTpH'IeCitHMR CQM8iiCTB4MH ¢> (t, lt) noaxoaRlUQ Bb!OpaHHblX onepaTOpOB, pac-

CMaTpRBaeMoro HaMH THna: .. •l 
¢> (x) • T(t) <{> (x) T (t) , 

rae T( t) -HeitoTopoe npeacTaBneHHe rpynnbl Tp~HC11HUHII so apeMeHR, TaKHM oopaaoM, 

aaaa'ly 0 HaXO.>KaeHHH </> (~) MO.>KHO paCCMaTpHBaTb KaK npeaBapHT811bHYIO 3aaa'ly It 

npOD11QMQ HaXOlK)lQHHH 110p9HUOBCKH-HHBapHaHTHbiX 0011811, KOMMYTHpyiOlUHX 'a npOCTpSH

CTBeHHO p43lJ.Q11QHHbiX TO'IKaX, C apyroll CT0p0Hbl 0 9C11H Mbl 38MQHHM TpeoOB4HH9 181 
... 

oonee JKecTKHM Tpet5oeaaHeM, 'ITOobl none <P (x) n011y'la110Cb H3 110peHUOBCKH-HHBapH-

aHTHOrO 0011R cf>(x) npH t~ 0 , TO BBHay nopeHUOBCKOII HHBapHaHTHOCTH YC110BHe 

121 6yaeT aKBHBaneHTHO YC110BRIO IIOK411bHOII I(OMMyTaTHBHOCTH R Mbl Obi nony'IH11H OT

BeT K aaaa'le 0 HaXO.>KaeHHH 110Ka11bHO-KOMMyTaTHBHbiX, 110peHUOBCKH-HRBapHaHTHbiX nonell, 

TaKHM oopaaoM, Hawa aaaa'la HB1!SJeTCH TaK>Ke MOaenbJO aaaaqs o HaXoJKaeass onepa

TOpHb!X nonell B KB4HTOBOII TeOpHR n01!ll, 

2. Ot5mse ypaBHeHHR anSI aneMeHTOB MaTpHUbi cf> (-;) 

... 
KaK aaeecTHO, ace HeipHBOaRMbie yHKTapHbie npeacTasneHHH U( a) 

TpaHC11SIUHII oaHOMepHbl e' 111 
'
1 , rae p - BeruecTBQHHblil BeKTOp B 

rpynnbl 

E • Cne:a.o.., 

B II TaK, 'ITO!Sbl MaTpRua U(:;) 6Mna BaTe11bHO, Mbl MOlKeM BblopaTb t5a3HC B 

asaroHa11bHa, nycTb npH aTOM BbiOOpe B oaascHbie aeKTOpbl xapaKTepHayioTCSI aaa.-

'19HHeM oaHoll nepeMeHHOII m , HM eJOlUQll KOHQ'IHOQ H11H oeCKOHQ'IHOe 'IHC110 KOMnOH8HTo 

MQHI'I!OlUHXCSI B HeKOTOpOM MHOlKQCTBQ M- . KaJKaoMy aHa'leHRJO m cooTBeTcTByeT .. . 
, TaK 'ITO aneMeHTbl MaTpRUbl U(a) 6y-OaHO 3H8'19HHe P 1ft nepeMeHHOII ;. 

ayT 

4 

.,; . 
U(m,'A,n) = B(m- n) e "' 

rae n - nepeMQHHaSI, aHa110rH'IHaSI m H npo6eraJOlUaSI Te lKQ C4Mbl8 3H4'19HRI'I, 

a 8 (m- n) - 0006lU9HHblll CHMB011 KpoHeKepa B MHOlKQCTBe M - npoHaBeaeHHe 

/3 - CHMB0110B IKpOH8KepOBCKHe MaTpHUbl H11H cpyHKUHR nHpaKal. COOTBeTCTBYIOlUHX 

BCQM KOM1lOHeHTaM m • Toraa aneMeHTbi 

H 181 1lpHHHM4QT BHLl: ..., .. ;-m·1 
¢ ( n 

1
, a + x, n) = e 

... 
cf>(x) oy ayT cf> (m, x ... , n) 

cf>(m,~,n)e 
... .. 

lpn•• 

Ot5oaHa'IHM 
... ... ... 

cf,(m,O,n)=cf>(m,n) H nonolKHM x ... O, a .. x, HaxoaRM - ... .. 
((p - p ) ' K 

¢(m,x,n) = ¢(m,n) e .. n • 

CneaosaTenbHO, B 6aaace B KalKLlblll aneMeHT MaTpHObl cP (;) 3aBRCHT aKC1lOReH-

UHa11bHO OT 
... 
" , npH'IeM KOacpcpHUH9HT nepea 1 B aKcnoaesTe paeea yMHo.>Kea-

HOil Ha pa3HOCTH 3Ha'leHHll p , COOTBQTCTBYIOlURX aByM R HaeKcaM paCCMaTpRBa• 

eMoro aneMeHTa. 

0TM8THM, 'ITO onepaTOpbl HQB3aHMOaeilCTByiOlUHX nonell 06bi'IHO aaaaiOTCH B BRJJ.Q 

... 121 
¢lypbe-RHTerpa110B no X CTp. 801, T.e, B BHLle 11HHeiiHbiX KOMORHaUHil aKCnOHeH-

UHa11bHbiX cpyHKUHil. OaHaKo, sMell BBHLlY ODbi'IHOe npe:a.cTaaneuae onepepa.Topoe poJKae· 

:1: /31 
HHI'I. H yHH'ITOlK9HHH a CTp, 461, nerKO npoBepRTb, 'ITO npH 1IIOOOM cpHitCHpOBaH-

HOM Bb160pe m H n , T,e, anSI KalKaoro aneMeHTa ¢ (m, x-+, n), noa btHTerpanbHaH 

cpyHKUHSI OT11H'IH4 OT HY11SI He 6011bW9 '18M npR OaHOM 3Ra'leHHH HHTerpaUHOHHOil nepe

MeHHOII, TaK 'ITO HHTerpan CBOaHTCSI K oaHOll aKCnOH9HUHa11bHOil cpyHKUHH B cornaCHH C 
... 

HallaeHHbiM a.ciecb BblpalKeHHeM anSI ¢ ( m, x, n ), 

C apyroil CTOpOHbl, yC110BHe 121, BBHLlY Ill, 1lOKa3biBaeT, 'ITO npH 1lOMOlUH OllHO-

ro YHHTapHOrO npeo6pa30BaHHSI V( r, m) Mbl MO.>KeM npHB9CTH BCQ MaTpHUbl cp (;) K 

LlHarOHa11bHOMY BRay: 

¢(m,:.,n) 
•l ... 

IV (m,r)r/f(r,x)V(r,n). 151 

3aecb - HOBal'l nepeMQHHaSJ, aHanorH'IHaSI nepeMeHHOII m , XapaKTepH3YIOlUall 

6a3HCHbiQ BQKTOpb! B HOBOM, KaHOHH'IQCKOM 6a3HC8 Bo nycTb R MHOlKecTBO, KO-

Topoe oaa npo6eraeT. 4>yHKUHSI V' (r, x) aaeT LlKarOH811bHble aneMeHTbl MaTpHUbl cP (;) • 

Besay 11 I oHa semecTBeHHa. M aTpHua V(r, m) yHHTapHa H H938BHCHlUaH OT 
... 
" 

+ 
I V(r,m) V (m,s) = 8(r-s). 

161 

3aecb nepeMeHHaH s aaanorR'IHa· 

- CHMBon KpoHexepa B 6aaRce B 
0 ... 

cf>(m, x,n), Mbl nonyqaeM: 

H npooeraeT Te >Ke caM ble aHa'leHRSI, a 8(r· s) 

npapaBHRBaH ooa HailaeHHbiX Bblpa>KeHRH Ll11H 

5 



1(1 -;t )• it 
• _cp(m,n) • I. V"1 (m,r)t/J (r,"t)V(r,n)e ., n 

::ITO ypaBH9HR9, KOTOpoe JlOn>KHO HM9Tb M9CTO · npR nJ06WX m , n H 

He06XOJlHMbl9 H Jl0CT8TO'IHb19 ycnOBHll Jlnll </J(m,n) 1 t/J(r1 ~) 1 V(r1 m) H 

none ¢ (:) 6wno KOMMYTSTHBHWM H Tp8HCnliQROHHO ..;HHB8pR8HTHbiM, 

.. 
:r , awpa>KaeT .. 

p , '1To6w ... 

.... '\ 
,OH<tJ<tJepeHUHp088HR9M no :r /nonarall &TO B03MO>KHbiM/, RCKRIO'I89M </1X m, n): 

.. 
i I. v·t (m,r) ay, (r, z) V(r,n)

a? 

.. •J .. 
-I.p., V (m,r)t/J(r,z)V(r,n)+ 

I .. ~ 
I. v· (m, r) t/1 (r, :r) V(r,tr)p • 0. 
t n 

YMHO>KaeM &TO ypaBHeHJJe cneaa aa V( r, m) 
~ 

R cnpaaa aa V (n,s) 

ro
1 

KSK 8 HeM BMeCTO HSnRcanR 06o3H8'18eM 

.. ... •J 
W(r,s) =I. Y(r,m)p,.. V (m,s) 

II HMell B BRJlY /6/ HSXOJlRM 

a t/J(r,;) .. .. .. 
----,.-- 8 (r-e) + (t/1 (r, :r) - t/1( s, :r))W (r, e) = 0 • 

ax 

S. YcnoBHe aaTer~a~~MOCTR Jlnll V a t/1 

~acne To-

/7/ 

181 

CBSI3b /8/ Mbl MO>KeM p8CCM8Tp1JB8Tb KSK JlR!P<PepeHnaan&HOe ypaBHeHae Jlnll 
~ .. 

t/1 ( r, :r ) • TaK KSK t/1 - OJlHOKOMDOHeHTI!Sll .PYHKUall nep.eMeHHbiX r a x 

8 /8/ - TpeXKOMDOHei!THOe /aeKTOpHOQ/ ypaaHeHRe, KOTOpoe JlOn>KHO aM&Tb MeCTO npa 

mo6wx r • a :r 1 TO liCHO, 'ITO !jlyHKUall Jll 

TOpbiM yCROBaliM ai!TerpapyeMOCTH, 'IT06W Jlnll t/1 ( r,; 
Jl0RlKH8 y JlOBReTBOpliTb HeKO

Mbl Morna nony'laT& He 

TpHBaan&Hbl9 f38Bl!ClllllRe OT H X I peweaaa. 'ho6bl HallTa &Ta ycnoaaa, oT-

MeTaM npe>K.Qe BCero, 'ITO BCe ypaBHeHHR aHBSpaaaTHbl DO OTHOW9HHIO K nJ06oll 38M9He 

nepeMF.IHHOII 

r - r(r), 
/9/ 

ecna npa &TOM BBaJly /5/ a /6/ nono>KaM 

Y( ) I . a,- I - - .. I ar I ~ .. r,m = _ V(r,m), t/J(r,x)• _ t/J(1,:r}, /10/ 

a r ,};r 

rJle I ar I· - liK06HaH opeo6pa30BIIHRII /9/. '1To6bl HanacaTb /10/ Mbl oonarana, ar . 
'ITO Opeo6pa30B8Hae /9/ HenpepbiBRO, 'iTo6w nony'IRTb /10/ 8 CRY'IIIe, KOrJla HGKOTOpWe 

KOMDOHG.HTbl r 11 Op06eraiOT TOnbKO JlBCKpet'Hble 3R8'18HRll, Mbl MO>Ke M 38MG-

HHTb 8TH KOMnOHGHTW r • llPYf'HMH RenpepWBRO R3M8HRIOWHMRCll nepeMeRHbiMH 

6 

0' 

'·' 
J 
-.~: ,, 

:·:·: 

R.LW.IULIU .J )ll_Jili!UJ,IJU~llli.II)IUil~I~IU 111111111111 IIIII I 

,. 
H "' r , cliHTaa V(F,m), i'rl:m), iP (;',x),,J:(:';t) paBHwMH ayn10 BHe nepaoaa'lan&-

Horo MHO>KeCTB8, DO KOTOpOMy H3MeHSIIOTCR H r K HMeiQlllRe {j - 06pa3Rble 

0C06eHHOCTH 8 TO'IK8X "" r=rHr=r , 'IT06bl Bee Bb1WeyK838HHbie COOTHOWeHRR COX-

p8HSIRHC~ DpR 38MeHe V R o/J HS V H -;;, 
• Bwnwc&IaaeM CBR3b /10/ JlRll npeo6-

p83088HIISI r = f (;) . Bo3p8Ul8RCb Tenep& K nepBOH8'18RbHbiM nepeMeHHbiM r 

a 7 , Mbl nony'laeM o6o6llleHHhlll RKo6waa I iJr I , T.e. nony'!aeM RcKoMoe o6o6-

Ulenae CBSI3ell /10/. npeo6p830B8HHe /9/ Mbl Mo~leM p8CCM8TpRB8Tb KSK nepeXOJl J[ 

HOBOMY KSHOHR'IeCKOMy 6a3HCy B0 KOTOpbiii OTRH'I88TCR OT HCXOJlHOro 6a3RC8 B 
0 

TOR&Ko HyMepauwell 6a3HCHbiX BeKTopoa. Cne.uoaaTei!&Ho, HanO)I{RB Ha r HGKOTopwe 

JlODOIIHRTen&Hble Tpe60B8HHR, HO TSKHe, 'ITO HCXOJlR H3 R1060r0 nepBOH8'1811bHOrO BbJ5opa 

Mbl MO>KeM YJlOBneTBOpRTb HX npH nOMOlllH H8Jll!e>Kalllero Dpeo6p830B8HRll TKOS 

/9/, 3THMH Tpe60B8HHSIMK Mbl ae cy>KaaaeM o6mee peweaae 38JlS'Ia, Bocnon&3yeM-

CR 3TOII CB060JlOII DpR Bbi60pe nepeMGHHOII R , BMGCTO Hee Mbl BBeJleM Tpa HOBble 

oepeMeHH&Ie p •. p a r'· , 8 06UleM, TO>Ke MHOrOKOMDOHeHTH&Ie, TSK 'IT06bl 

RMei!H MeCTO cneJlyiOUlRe JlBa YCIIO'IHR. 

1. npa KS>KJlOM <iJaKCHpOBSHHOM Bb!60pe RepeMeHHOII p'· nepeMeHHSR r'· DpaHa

MSeT TOnbKO C'leTHOe /ana KOHe'IHOe/ MHO>KeCTBO 3HS'IeHHII, 8 RpR KSlKJlOM <iJHKCRpOBSH-

HOM Bb16ope nepeMeHHLIX p'· a r'· HeKOTOpble H3 KOMROHeHT p a3M8HSIIOTCSI He38BRCR-

MO R Henpepb!BHO B HeKOTOpOII /OTKpb!TOII/o6naCTH B DpOCTp8HCTBe 3THX KOM1lOH9HT, RpR'IeM 

OCTSI!bHble KOMROHeHTbl Bb!pa>KSIOTCR KSK (j:>YHKUaa nepawx. /Cny'ISR, KOrJla DpH 38JlSH-

HbiX p' H 
. r . BCe KOMDOHeHTbl p MOryT H3MeHSITbCR He3aBaCHMO HRa KOrJlS Ha 

OJlH8 KOMDOHeHTS p He MO>KeT H3MeHRTbCR Henpepb!BHO, He aCJtiiiO'IeH&I/, 3HS'IHT na-

paMeTp r· xapaJtTepa3yeT pa3RH'IHble o6nacTa, KOTOpble npo6eraeT p lana HeKoTo-

pble ero KOMnoHeHTbll. Ecna aMeeTcR TOR&Ko OJlHa TSKSR o6nacT&, napaMeTp r· He 

Hy>KeH, HO JlRR eJlHHCTBa Bee >Ke Mbl 6y.QeM C'IHT8Tb, 'ITO nepeMeHH8R r' · cymecTay-

eT H DpHHHMSeT TOI!bKO OJlHO 3Ha'leHae. 

2. PaBeHcTBo 

.. 
HMeeT M9CTO DpK RI060M X 

H8'18eT, 'ITO napaMeTpbl p 
-+ 

UHa t/J ( :r) B ceMei!CTBe 

"' ( p\ p , 
I l 

.. 
r '·, xI 

I 
"' ( p;. p 

2 
1 ·;. 1 ) 

Tor.aa H TOnbK.O Tor.a.a, ecnH p- p H r'·::::. r'· • 3To oa-
t 2 l 2 

H r· X8p8KTepH3YIOT OTRH'I810WH9CSI Me>KJlY co6oll ci>YHK-

t/J (r 1 X) , 8 p'· X8p81tTepa3yeT DOBTOpliiOUlHeCSI <iJyHKQKR 

B 3TOM CGMeiiCTBe. 0603H8'1HM 'lepe3 D'· MHO>KecTBO, KOTOpOe npo6eraeT p'· ' qe-

pe3 R •.( p'·) - TO, KOTopoe npo6eraeT ,. DpR 38Jl8HHOM Bb160pe p' I ORO 

BOOt5Ule t5y.ueT 38BRCeT& OT p'· I a 'lepea D( p', r'·) MHOa<ecTBO HnH 
1
TO'lfHee.} 

o6nacT&, KOTopyiO npo6eraeT p DpH 38Jl8HHOM Bb16ope p' H r'· /oaa aoo6me aa-

BKCRT OT p'· R r'· , RpH'IeM JlRR pa3RH'1Hb1X p'· H r'· MOlKeT HMeT& p83RH'IHOe 

'!Reno H3MeReHall/. BBeJleM ell(e MHO>KeCTBO ana, TO'IHee, o6nacTb D (r') I KOTO-

py10 npot5eraeT p npa 38Jl8RHOM r'· H MHo>KeCTBO D'(r'1 p) KOTOpoe 

7 



I,--

' p npH 38)l8HHblX npo6eraeT 
t'· H p • Baaay Toro, 'ITO MHO>KecTBO D(p',r'-) 

aexoTopaH cpyHKUHSI yx a3aHHbiX nepeMeHHbiX, TOO oTKpblTO, Sl~IW, 'ITO ecna F ( p'1 p, r') 

Mbl MO>K8M J:lHcptP8p8HUHpOI18Tb ee no K8>KllOil KOMnOH8HT8 p I a o6nacTH D( p', r'-}f, 

ae onaCaSICb, 'l.'fO ae oyaeT HM8Tb CMbiC118 Ilblp8>K8HH8 F(p',p +tl.p,r')-F(p',p,r'·). 

KOTOpOe Ky>KHO o6p830II8Tb, 'IT06bl H&iiTk npOH3IIOllHYIO, T8K K8K 8CIIH /',p JlOCTSTO'IHO 

Mano, apryMeHT p + tl.p 6yaeT To>Ke a D( p'·, r'-) , T,e, OCT8H8TCS! IIO MHO>K8CTII8, 

xoToooe npooeraiOT p'· f p H t'· 

noxa>KeM, K8K MO>KHO Ilbl,ll911HTb napaMeTpbl p' , p H r'· , 9CIIH 38)l8HO ce-

MellcTBO ojJ (r, it) • 0T6pocaM npemae acero R3 ojJ (r, it ) ace noBTOpiiiOWHecH 

cpyKKUHH o/J (x) , COXp8KSIII no O)lHOll H3 HHX, :3TH OCT8IIWH8CSI, p8311H'IHbl8 M8>KJ:tY co-

6oll cpyaxuHH ojJ ( x) X8p8KT8pH3YIOTCSI TeM >Ke nap8M'9TpOM , TOIIbKO OR y>Ke 

oyaeT H3M8HSITbCSI IIO MHO>K8CTII8 

R 06o3H8'1HM 'lepe3 p'~. 

D'~. • oonee Y3KOM, '18M nepBOH8'1811bHOe MHO>K8CTIIO 

sTy nepeMeHHyiO, OTIIK'I8IOWYIOCSI TOIIbKO TeM, 'ITO OKS 

H3M8HSieTcll a D'~ a seaR. Kose'IHO, Mbl Mo>KeM se C'IHT&Tb xoMnoseHT8MH p'~. Te 

KOMUOH8HTbl , KOTOpblM )l0CT8TO'IKO Jl8Tb TOIIbKO O)lHO 3H8'18HH8 /aooowe 38BH-

CSIW88 OT 3H8'18HHil OCT811bHbiX KOMUOH8HT/, 'IT06bl nony'IHTb BCe OT111'1'1Hbl8 M8>KJ:tY co-

601! cpy HKUHH ojJ ( '/) ceMellcTaa ,P(r,1) • KamaoMy ssa'leHHIO p'~. cooTBeTcTayeT 

H8KOTOpoe MHO>K8CTIIO 3H8'18HRil , npH KOTOpblX 1/J (r,;) = o/J ( p'~, i!) Jl11SI K8>K)lO-. 

ro t , 0603H8'1HM '18p83 p' IIC8 STH 3H8'18HHSI nepeM&HHOll • CneaoeaTen&'"' 

HO, p' npo6eraeT Te >Ke C8Mb19 3H8'19HBSI, 'ITO B , HO K8>KllOMY 3H8'19HBIO p'~. 

COOTB9TCTIIYIOT p83Hbl9 MHOlK9CTII8, KOT0pbl9 p'· npo6eraeT. npB STOM TO>Ke MO>KHO 

OT6pOCHTb Te KOM nOH9HTbl r , KOT0pbl9 npB 38Jl8HHOM p'~. SIII11SIIOTCSI cpyHKUBIIMB 

OCT811bllb1X, nycTb KOMnOH8HTbl nepeMeHHOII p" npB K8>K)l0M 38)l8HHOM 3H8'19HBB p'· 

npaKBM810T 3H8'19HBSI, KOTOpble noKpbii1810T C'I8THOe 'IHCIIO /oTKpblTbiXf 00118CTell, II006We 

pa311H'IHO!'O 'IHC118 H3MeH9HHil IBK1110'18SI H 0, npB'IeM oonaCTbiO Hyneaoro H3MepeHHSI 6y

Jl8M c'IHT&Tb TO'IKyl. KalKJ:tYIO R3 STHX o6nacTell Mbl Mo>KeM xapaxTepB30B8Tb 3H8'19HB-

eM K8KOTOpOrO llBCKp9THOI'O napaMeTp8 r' CO C'leTKbiM 'IHCIIOM KOMnOHeHT, K~i!>KJl8SI 

H3 KOTOpblX npo6eraeT C'leTH08 MKOlK8CTIIO 3H8'18HHII, 8 Ke38IIBCHMble MelKJ:tY co6oil He-

npepb!IIHO H3M8Hli10WH8CSI KOMnOHeHTbl t , COOTII8TCTIIYIOWH8 38Jl8HHOMY t'· /a p'· 

npeJ:tCT8B11SIIOT COOOII KOMnOH8HTbl nepeMeHHOll p • :3THM ~;~ce napaMeTpbl p'· t p 

H r' Bbl)l911eHbl, 

nycTb o" = o" ( p~..~) B a'·= a'( p'·, p") 

Ltiie npOH3II011bHble o6paTHMbl9 cpyHKUHH fBTOp8H npH cpHKCHpOI18KKOM p" u nycT& 

nonyttalOTCH H3 a" TeM me cnoco6oM, l.JTO r'· p - H3 p" H s' H a 

Ot.teBH.lJ.HO, ~TH nepeMeHHbie o'· a ' s'· yJ:tOBneTBOpSIIOT TeM >1<8 YCJJOBHliM 1 H 2, 

a ace nepeMeKHble p'· p r' · , y )lOBneTBOpliiOWHe 9THM ycnOBHSIM, MO>KHO nony-

IIHTb T8KHM cnoco6oM. ::JTHM IlblSICH9H IIOnpOC 0 HeOLtH03H8'1HOCTH B Bbl6ope nepeMeHifbiX 

8 

. ~ 

.'I 

.I Ill lULl 11111111~-IIIIIIIUII.IIII_, _________ _ 

Kose'IHO, yxa3aHH811 npoueaypa B03MO>KHa, ecna p'~. UpH 38Jl8HHOM . p' npo(5e-

06WeM paaaoro 'IHcna B3MepeHKII/, raeT HeKoTopoe c'leTHoe MHO.IKecTao o6nacTell/ .11 

XOTSI 6bl npH O)lHOM onp&Jl8118HHOM Ilbl6ope cpyHKllHII u'~(p'~) H u'(p', p") • 3TO 

ycnoaae ae o'leH& orpaHH'IHTen&ao. HanpHMep, ecnH MHO>KecTao 

raeT r , npeacTa'l!lnHeT co6oll o6nacT&, a ,P(r,;) BBnlleTcSI 

R , KOTOpoe npol5e 

eA OT , nerxo ROK838Tb, 

Henpepbi'I!IHOA tPYHKRB

'ITO oao BblnonHIIeTcll. Mw 6~LteM C'IHTaTb , 'ITO aTo 

ycnoeae Bblnonaeao. 

B xa'I&CTBe npHMepa paccMoTpBM ceMeAcTBO 

.P ( r,-;) = ( r + r + r + r ) + ( r 2 + r 2 + r 2 + 
l 2S 4 l 2 I 

r 2) ;2 
4 

r.oe r 
• r 

2 
r 

4 
, -'I&Tblpe nepeMeRRble, HenpepblBHO R3M9 RBIOWB&Cll 

OT .QO + 0'18BBllHO, napaMeTpbl 

, 
p ··= r + r + r + r 

1 l 2 I 4 
(--.. <Pi·<+ oo) 

p'~-= r 2 + r 2 + r 2 + r 2 (O < p" < + .. ) 
2 I 2 ~ 4 ~2 

X8p8KTepa3yiOT p8311R'I810WR8CSI Me>K.Qy C06oA cpyRKURB r{1 (;) B CQM&ICTIIQ r{1 (r,-; ) . 
Cne.QOB8T811bRO, BX MO>KRO paCCM8TpBB8Tb K81t KOMRORQHTbl p'~. , Jlanee ·BR.QRO, 'IT 

o6wee p8W8HBe BbiW8H811RC8HRbiX ypaiiH9HHII MO>KRO np&LtCTSBHTb B BH.Qe: 

r.oe 

r 
l 

r 
2 

-------
¥.( p'· + p'· -·p'~) + p'· _l_.J p'~-- s(p'~• p) 

1 2 1 o ..;2 2 I J 

Y,(p'·+ p'· -p'~-) -p'·..l.- V p'~·- II (p"-·, p'·) J 
J 2 l 0.,(2 2 J 

r 
3 

, 
p j, r • p'· 

2 

s( p , p '·) = p '.2 + p' 2 + y, ( p '. + p '. _ p ) 2 , 
l l 2 l 2 l 

a p:· =:, 1, -·oo <p:·, p;< + oo 

p8CCM8TpRB8Tb KSK KOMUOH8HTbl 

B, C119llOB8T911bHO, ' p .• 
l 

p'· 
2 ' R p'· 

0 
p'· • LfTo6bl .QIIII r , r , r , r 

l 2 I 4 

IIHCb B8W8CTB8HHbl8 3H8'18HBSI RpB cpBKCRpOBSHHOM p'· , Mbl .QOII>KHbl RM&Tb 

MO>KHO 

UOIIy'!B-

p'~. > S ( p'~., p') LfT06bl p83110>KBTb Ha o6nacTB STO MHO>K8CTBO B npOCTp8HCTBe nepe-
2 - J 

M8HHOII p'~. , Lt0CT8TO'IHO BB8CTB OllBH napaMeTp r'· ; UpHHHM810WHII .QII8 3H8'18HHll, 

H&npBMep 0 H 1, H nOIIO>KHTb 

p'~. =s(p ,p') -oo<p<+oonpB r'·= 0, 
2 J l 

p >s(p ,p') -oo<p <+oo npB r'·• J. 
2 J J 

CneaoBaTen&ao, o6naCTb D( p'1 r') oa·soMepaa npa r'·= 0 H aeyMepaa npu r'·= 1. 

LfTo xacaeTcll MHO>KecTBa D'·( r', p ) , oao onpeaenlleTcll ycnoeaeM p = s ( p , p') 
, • B 2 z 

npH r'-= Q H yC110BH8M p > S ( p 1 p ) npR t ·= J • BHllY ll8HHOI'O Bblp8>K8HBll 
2 1 

Ltnll s ( p
1

, p'·~ HCHO, 'ITO D' {0, p ) npH xa>KLtOM cpaxcapoBaHHOM p liBnlleTcll annxn-

' p . • 
l 

COM B nnOCKOCTH p'· , a 
2 

D'{ 1, p)- BHyTpeHHOCTbiO aToro annanca. Koae'!Ho, 

9 



1 ,1,1, •. o ... '..' 

OJlHH H3 B03MO>I<Hb1X
0 

HO He 9JlliHCTB9HHO B03MO>KHblll CnOC06 BBBCTH napaM8Tpb1 

p H r'· B paCCMaTp&BaeMOM npliMepe. 

VJMell BBBJl)', 'ITO nepBblll 'III8H B ypaBH9HBH 181 paBeH H)'IIIO npR r .;. s , a nep- . 

M HO>KRT91Ib BTOpOI'O 'III9Ra paBeR H)'IIIO ClpR 
,• . .; ' S· RIIR p -/ U 1113 111 I 

,llHO, 'ITO ecnH t'·.f a'· HIIH p .{ U , OH He MO>K9T aHyliHpOBaTbC!I !I, Mbl nonyqaeM, 
~ . 

MaTpana w (t, B) ,llOII)KHa RM9Tb BR.ll 

W(r, s)• i~ (r)8(p'-u'·Jll (p-u)8(r'-•.s'~ +· 
k k 

112/ 
+;(r, u'·) 8(p -u )8 (r'·-s'), 

Jl9 t R3M9HR9TCB II R'· . p - B D (r'·). a p'· - B D' (r',. p ) • no noBTOpii!OIUBMCB 

HJl9KCaM no.llpa3)'M9B89TCII C)'MMRpOBaRHe. 3Jl9Cb k XapaKT9pH3)'9T KOMnOH8HTbl p k 

nepeMenuoll p , a 8•(p-u)npe.llcTallnBeT co6oA npouaBO.llHYIO tPYHKnaro 8(p-u) no 

p • EcTecTaeuno, paaMepuoCTb ¢yHKnRH 8 { p -u)Mo>KeT aaiiHC8Tb OT ana'leRRR 
, 

r . 

k 
lunu, 'ITO ace pa11no, oT s'· I. Ecnu neKoTopoMy ana'leHHIO r'· ue coOTBeTCTByeT ue-

lnpepbiBHO R3M9HRIOIUaHCII nepeM9HHaR p , TO, 0'1911HJlHO, B BTOM CII)''I88 Mbl JlOII>KHbl 

C'IHT8Tb, 'ITO lJ (p -·u)= 1, H, CII9.!lOBaTelibHO, nEipllblll 'III9H B npaaoll CTOpORe 1121 B~ 

na.llaeT. Koa¢¢unueRTbl 

KOMnOH9HTaMH V a R 

; R U npR Ka>KJlOM k RBIIIIIOTCH B9KTOpaMR B E C 
k 

u ka (a a 1,2,3) • . VJMeHHO npH Bb!BO.!le 112/ BCnOIIb3)'9TCH cnenu-

anbHblll Bb160p nepeMeHHbiX p'· , p B ' r . • Bb!BO.ll ocuoBbiBaeTcR na uaaecTnoll 

/4/ 
TeopeMe I , cTp. 121 I, 'ITO ypaaueaue 

u(t)8(t) c tIt (t), 

.zte u(t) - 38,llaHH811 tPYRKIIBR, ne RC'I93aiOIU8B IIpB 
t=·O , ue 6y.zteT uMeTb peme-

HHSI, 9C1UI 
npHHRM89T TOIIbltO C'I9TH09 MHO>K9CTIIO 3Ha'I9HBII 1 TaK 'ITO 0 ( t) · npen-

cTaBnRe1' co6oll MaTpBny KpoaeKepa
1 

a 6y.zteT aMeTb 6ecs:oue'lnoe Mno>KecTao pewenull 

w ( t) =-u ( t) 8' ( t) + v 8 ( t) • 

xapaKTepuayeMbiX napaMeTpOM V , eCIIH t B3M9HR9TCR uenpepb!BHO B H8KOT0pOM 

OTKpblTOM HHT9pBane, TSK 'ITO o(tf npe.!lCT8BIIR9T C060l\ tPYHKIIHIO .LlHpaKa. 

TaK KaK nepeMenaaR 
.. 
p BewecTB9RHa, a M8TpRU8 yunTapua, H3 /7/ nony-v .. 

'Ia eM, 'ITO MaTpnua w (r, s) caMoconpg>KeauaR. Cne.ztoBaTenbHO, ¢ynKUHH .. 
Bell.leCTB9HHbl, a V - caMoconpR>KenuaR MaTpnua no p'· B 

rne 

.. 
u • (r) c ~ (r), 

k 

;(p~)p, ,~)u~·) =~(u·~·p,r~,-p~-), 

0603Ha'laeT KOMnneKCH09 conp!!>K9HR9. 

' (J· 

.. 
u 

k 

Mbl 6y.zteM nonaraTb, 'ITO tPYHKURR 1{! u V an¢¢opennupyeM bl no p. 

J:!OnyCTRMO, TaK KaK MHO>K9CTBO, no KOTOpOMY B3M9HR9TCII p npR 38J:[8HHblX 

TO)i(9 

/13/ 

3TO 

p"· H r"· 

OTKpb!TO. noacTaBnSiel\4 /12/ B /81 • nocne cyMMRpOBaRBH I BIIH RKTerpHpOB8HRRI no 

s HSXOJ:[BM 

10 

'., ! __ , ~~~-.... L... ...... 

. ~ 

u"' (r) al{!(r,x) 
k ----

ap. 

al{!(r, x) 
--~----ax 

1141 

noacTaBnHeM /12/ T8KlK9 B /7/, 3aMeHSI9M B nony'leHHOM ypaBR9HBH m ua n R 

)'MHO>KaeM cnpaea ua V ( s, m), noapaayMeBaR cyMMHpoeauue no s nony'laeM 

. .. a v ( r, m ) .... .. ' ' ' 
•u (r)----- + .<. v(r,uJV(u,p,r,·m) 

• a , PI! u 

V(r,m)p 115/ 

3J:!8Cb, 0'19BBJ:[HO, npB Ka>KJ:[OM 3aJ:!aHHOM Bb!60pe p R r'· nepeMennble p'· H u' 

H3M8HSIIOTCSI B D'(r'1 p ) • BMecTo m Mbi eeeaeM aee HOBblX nepeMennblX 
.. 

p. H p 

npH'19M 
.. 

p 
.. 

::: P
111 

, a IJ. - J:[OnOIIHHT91IbH8SI nepeMeHH8SI, KOTOpOII XapaKT9pB3YIOTCII 

p831IH'IHbl8 3H8'19HHII m , COOTB9TCTBYIOWH8 J:[aHHOMy 3Ha'I8HHIO 
.. 
p • Toraa 1151 

npHHHM89T BHJ:! 

.. 
i u .. ( r) ~{!.~1'2-P_L + ~ v ( r, u' ~ V ( u~·p, r',·p., p) = V ( r, ll, p) p • 

k ap. u' 

0TM9TBM, 'ITO nOJ:[CT8HOBKa 

. nepeBOJ:[HT /14/ B ypaBH9HHe 

KOTopoe noao6no ypaenenuro 

..... 
, ..... •lp X 

1{! ( r, i ) = ~ X ( r, p) e .. 
p 

i; (r) 2_xLr .. :2J = x (r,p)p, 
• (lp. 

/16/, B nao6opoT, ecnu nono>KHM 

.. .. .. •I i/•1 
U(t,jJ.,p,x)= V(r,jJ. 1 p)e 

TO 9Ta tPYHKUHSI 6yJ:IeT YJ:!OBII9TBOpSITb ypaBH9HHIO 

\ 

rJ ( r) au (r.! _ _l!..!j.!_~}. - ii v (r, u'J U(u'1 p,r'1 p., p,~ = au_('.!J':!_i~~-1. __ 
ap a-; 

k 

THna 114/. 

VJTaK, BonpOC 0 HaXO>KJ:!9HHH </>(:.) CBOJlBTCII K OTblCKaHHIO cPYHKURII 

i1 (r), v(r,u'~. l{!(r,x) H V (r, p., p ), 
k .. 

/16/ 

/17/ 

/181 

y J:[OBII9TBOp11101UHX ypaBH9HBIIM /14/ B /}61 • npn 9TOM cPYHKUHH U k B9W9CTB9HHbl, 

cpyHKUBll op (r,;) TO>Ke B9W9CTB9HHa, npH'19M ORa OT p'· He 3aBHCBT p , npB paa-

IIH'IHblX p B r' npBHHM89T pa31IH'IHbl9 3H8'19HHII, cPYHKUHII if(r,u') caMoconpsr>Ken-

BaSI no OTHOW9HHIO K p' H u'· , a cpyHKUHII V(t, p.1 p). npeacTaenReT o6wull ane-

MeHT oauoll yHHTapuoll MaTpHUbi. Cne.llOBaTenbHO, ecnn Mbi paccMaTpnaaeM 

KaK ceMellcTBO ¢ynKunll apry.ltenTa r , xapaKTepuayeMblX napaMeTpaMB 

TO ORB opTOHOpMHpOB8Hbi: 

11 

V(r,jJ.,;) 

p. H p 



L V(.r,jJ.,p-+) V* (r,v, q) = li(IJ.-11 )li(p- q) 
r 

/19/ 

H o15paayiOT nOIIHblll H800p cpyHKUHli B H • Baaay /13/ HcHo, 'ITO onepaTop, aellcT-

8 y 10mali a neBoM 'lneHe ypaBHeHH!I /16/. caMoconpHlKeHHblil H, Cl1eaoBaTenbHO, peweHH!I .. 
p OpTorOH811bHbl H yCI10BHe 119/ B eT.OM V ( r, l4 p) STOrO ypaBHeHH!I npH p8311H'IHb!X 

cl1y'lae 8BTOM8TH'IeCKH Bb!nOI1H!IeTC!I. '-ITo lt8C8eTC!I peweHHli, COOTBeTCTBYIOWHX O,QHOMY 

H TOMY lKe p.. , 111008!1 HX llHHeliHa!l KOMOHH'8UH!I !IBI1!1eTC!I T8KlKe peweHHeM, T8K 'ITO 

HeTpyaHo HX opToHopMHpOB8Tb. KoHe'IHO, Mb! aonlKHb! HMeTb aocTaTO'IHO MHoro pewe- " 

HHli V (r, l',"p) ·' 'ITOObl Y.llOBI1eTBOpHTb H YCI10BHIO nOI1HOTb!. 

npa 38Jl8HHb!X ; H : Mbl MOlKeM p8CCM8TpHB8Tb /14/ H /16/ lt8K yp8BHeHH!I 

" 
Jlll!l 

"' 
H v nepaoe H3 STHX yp8BRBHHit JlHcpcpepeHUH811bH08, 8 BTOpOe -TO JKe 

aacpcpepeHuH8nbHOe ana, TO'IHee, npeacT8Bn!leT col5oit cacTeMy HHTerpo-aacpcpepeHuH811b-

HblX ypaaaeHHit, T8K K8K I, 03H8'18eT cyMMHpOB8HHe no .llHCKpeTHb!M H HHTerpapo-
u· 

aaHae no Henpepb!BHb!M KOMnoHeHT8M nepeMeHHOit u. Peweaae ypaaHeHH!I /14/ ol511er-

qaeTcR TeM, 'ITO B HeM ReT JlHcpcpepeHuHpoB8HH!I HH CyMMHpOB8HH!I BilK HHTerpHpOB8HH!I 

no r'· H p'· H nOSTOMY ORO p8Cn8Jl8eTC!I H8 OTllel1bKblB nOllCHCT&Mbi Jlll!l K8lKllOil 

KOMnOHeHTbl o/J , COOTBeTCTByroiUeit 38Jl8HHOMy BbiOOpy p'· H r'· • B. /161 HeT 

HH l1HcpcpepeHUHpOB8HH!I, HH CyMMHp088Hll!l no 
, 

r . , T8K 'ITO OHO TOlKe pacnaaaeTC!I. 

C apyroit CTOpOHbl, peweHHe 9TH X ypaBHeHHit 38TpyllH!IeTC!I TeM, 'ITO OHH !IBI1!110TC!I Tpex-

KOMnOHeHT Hb!MH /aeKTOpHb!MHf :ypl8BHeHH!IM II, KOTOpb!e l1011lKHbl HMBTb MeCTO npH 1110-.. 
H p , Toraa KaK o/1 H V .. 

X , COOT BeT CTBBHHO OblX r ' ll H !1811!1-

!OTC!I OJlHOKOMnOHeHTHb!MH cpyHJtUH!IMH r'· p R 
.. 

X , COQTBeTCTBeHHO jJ. 

H p , ll, cneaOBaTellbHO, npH npoH3BOilbHOM Bb!OOpe iJk H V OHH He OYllYT HMeTb 

peweHH!I. LfTOObl peweHH!I CYW9CTBOB81l11 1 JlOil)I(Hbl HMBTb MBCTO H&KOTOpb!e yCIIOBH!I HH-.. 
p TerpHpyeMOCTH - cpyHKUHH U.. H ;J , KOTOpb!e OT 

" 
He 38BHC!IT, l1011>KHbl jJ. H 

6b1Tb Bbr6paHbl T8K, 'ITOObl: 1 I noc 11eaoB8T&IlbHOCTb acex ypaaHeHHA I 161, X8p8KTepaaye-

Mb!X 3Ha'leHH!IMH n8p8MeTp8 r'· , aonycK8118 HeKoTopyro nocl1e.llOB8Tel1bHOCTb peme-

HHit V(r, ll,;) , X8p8KTepHayeMb!X nepeMeHHWMH ll H p 

Hblli Ha6op cpyHKUHli no OTHoweHH!O ~o BceM cpyHKUH!IM F(r) 

1 KOTOpble o6p83yroT non

a npocTp8HCTBe nepe-

MeHHOli r ; 21 p8311H'IHbiM 3H8'1eHH!IM .. 
38BHClllUHe OT p'· peweHH!I o/J (r, X) , 

p H 
, 

r . COoTBeTCTBoB811H p8311H'IHbi~H8 

ypaBHeHH!I /14/. 

.. .. 
4, YcnoeaR HHTerpapyeMocTH an11 ulc H v 

Cor:I18CHO /17/, K8>KJlOMY peweHH!O ypaBHeHH!I /16/, HIIH 6o11ee o6wo, K8*lloit HX 

llHHeitHOit KOMOHH8UHH CoOTBBTCTByeT OllHO peweHHe yp8BH8HH!I /18/, npH'IeM o6e STH 

cpyHKUHH COBn8Jl8IOT npH 1 ~ 0 • Toraa ycnoeae noi1HOTbl, KOTopoe yTBep>Ka8eT, 'ITO 

12 

(J 

'l 
'· 

"-· 

11111,11~·11"1 ,I,J..~ --

11ro6y10. cpyHKUH!O F(r) MolKHO npellCT8BKTb B BHJlB llHHeitHoit KOM6HH8UHH peweHHit yp8B

HBHHR /}6/ npH noJlXOJl!llllHX P , noK83biB88T, 'ITO ypaBHBHH~ /18/ TOlKe JlO·IllKK~ 
HMBTb peweHHB, KoTopoe npH X= 0 CBOJlHTC!I K npoH3BOilbHOli 3apeHee 38)l8HHOli cpyHK

UHH. F (r) • 3To oaMa'l8eT 1 'ITO yp8BHeHKe /18/ aon>KHO 6b!Tb He TonbKo HHTerpHpyeMb!M, 

T.e. HMeTb H8HC'I838!0Wee peweHHe, HO H BnonHe KHTerpHpy&MblM, T,e. HMBTb peweHHe 1 

KOTopoe npH .t = U CBOJlHTC!I K nro6oit 38paHee 38Jl8HHOit cpyHKUHH F (r) • LfToob!· H8liTH 

&To yCIIOBKe nOIIHOli HHTSrpHpyeMoCTK, npelK)l8 acero H8nKweM /18/ CHMBOI1K'IeCKH B 

BH.Ile (ll i!,. _2_ _ ;;,u = yu . 
apk ar /20/ 

3aeCb p8l1H itp8TKOCTH apryMeHTbl He BblnHC8Hbl, lJ npe.llCT8Bil!leT Co6oit cpyHKUH!O .. 
li( p'-u'~oa cyMMHpoB8HHe no u' noap83yMeaaeM, BBHllY Toro, 'ITO ll H V !IBI!!I!OTC!I 

M8TpHU8MH no OTHOWBHH!O K apryMeHT8M p, H u' BepeM BHXph aa aToro ypaaHeHK!I 

K nol1y'laeM 
(lj:k_a_ -•i# )'/- ~ m 01 

ap,. ax 

npK'IeM X o6o3H8'18eT BeKTopH08 UpOK3BeaeHK8 B TpexMepHOM npocTp8HCTBe E , /Ec-

IlK 6b! npocTpaHCTBo E KMeno OOilbWS Tpex HSMepeHHii, BMeCTO B8KTOpHoro npoH3Bene

HH!I !IBHI18Cb l5b! 8HTHCHMMeTpH'IH8!1 '18CTb np!!Moro upOH3BeJl8HH!II. VfCKI1!0'18!1 npOR3BOll-

-+ 
Hb!B no X , H3 STHX llBYX ypaBHeHHli ~bl H8~0JlRM 

c llu ...L- -·iv );t. (llu
0 

_a __ - i<l )U = o. 
" L a · ilp" p f .. .. 

BBHllY TOrO, 'ITO npoHSBelleHHe 8HTHCRMMeTpH'II!Oit MaTpHUbl U X U H8 CHMMeTpK'IHY!O 

a•u · " f 
MaTpRUY ------ paBHo 0 1 STO yp8BHeHKe npeo6paayeTC!I B 

apk ilpe a: . .. .. .. au 
(-/llfk X---+ I(Uf XV + Uf)l-- + 

apk .. ap£ 
+ [ ;; " x _i_!__ + ; x ~ 1 u • o . r 

ll p /21/ 

" 
Yci10BKe nonsoit aHTerpapyeMOCTH ypaaaeHK!I /18/ noK83b!BaeT, q·ro aTo cooTHomeaae 

l1011»<HO HMeTb MSCTO UpH 111060M Bbr6ope U npH t • 0 , 8 T8K K8K K08cpcpHUHeHTbl ne-

pea U H !..!!._ J OT ~ 
ap£ 

He 38BHC!IT, M bl nony'laeM Cl1eJlylOIUHe yp8BHBHHSI Jlll!l 
.. 
u,. 

a: . ... ... .. .... Sit x __ £_ + 1(u 0 xv + v x uf) = 0 1 

k ap k L 

/221 

..,.X 
.. 

£.!. 
1281 ... .. 

+ IU XV = o. 
k 

H V 

llp,. 
1paBHBHII8 /14/ TO)I(e JlOfi)I(HO l5b!Tb HHTerpHpye~blM npH K8lKJl0M 3H8'18HHH r' . 

/3TOT apryMeHT B Jl811bHeilweM Mbl He 6yll&M UHC8Tbf, 0Ho JlOil>KHO HMBTb peweHHe 

o/J ( p, "l) , KOTopOe oT /u He 38BRCHT /xOT!I H KO&cpcpKUKeHTbl ;; OT p' MOryT 38BH-k 

ceTbl H npa aTOM T8KOe 1 'ITO cor nacHo /11/, ec11H P ,ol P 2 , TO 

o/J(p,;)" o/J(p ,; 
J 2 

1241 
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xoTH 15bl .anH o.aaoro 

nony'laeM 

r.ae u 

'" 
;;(p',p 

k I 

; • EcnH Mbl B03&MeM BBXpb 83 /14/ DpB p' • p'· 
I 

fl a x a~ ~ 
I"-~- ~a-==--

0. 
"P" It 

KpoMe Toro, &3 I 14/ .. 
u 

IIPB p'·• p'· 

a.p • al - ._..,. . 2k 

HMeeM 

t Mbl 

TBX 'ITO HCXII~'IBII npOH3BO.OHy~ 110 
.. 
lt , H8XO.OHM 

ap, ar 

HIIH 

.. .. 
ulk x u:i 

a2.p 

ap ,.aPt 

_a_ x ;; :i .i!L - o , 
ap,. ·apt 

it 
11< 

a;_g a.p +u x_e.. __ /25/ 
0 • 

u op, apt 

8TO coqTHOWeHBe npe.aCTBBIIlleT COI5oll CHCTeMy BeKTOpH&IX .aa¢4>epeHuRBIIbHbiX ypaB-

HeHHII, xapaXTepB3yeMbiX 3.Ha'leHHBMH p l 8 

lPYHKUBB 1/J npa K8lKllOM lPBKCHpOBBHHOM 

p 
2 

, XOTOpblM .OOII:>KRB Y.OOBIIeTBOpliTb 

l . Oao Bblpa:>KaeT yclloaae HRTerpapy-

eMOCTH - eCIIH 1/J ( p) - BeKOTOpall lPYHKUBH, y.aoBneTBOpliiOW811 STBM yp8BH9HBIIM, TO .. 
MOlKHO HSIITH lPYBKUBlO 1/J(p, lt) , y.aoBneTBOpli~WYIO /14/, KOTOpaH CBOllBTCH It 

I{!( p) npa n106oM 3a.aaaaoM 3Ha'leaaa ; • ; • B 'ISCTHOCTB, npa p • = p'·• p nep-
o I 2 

Bblll '1119H B STOM paBeHCTBe 6y .aeT 0, B Mbl IIOIIy'laeM ypa&HeRBH .nepBOI'O 110pHlllt8 

.ana 1/1 (p > : 

.. 
u 

" 
x ai:e ao/1 

ap, apt 
= 0. /26/ 

nycTb 1/1"( p) - IIOIIHblll Ha6op lPYHKilBOH811bHO Be3aBHCHMbiX /a He 38BRCKWHX OT 

~ / pe;ueHHII ypaBHeHifll /25/, Tall: 'ITO 111060e BX peweHHe MOJKHO np9llCT8BHTb B 

BHll9 

1/J(p) = F(l{!"(p)). 
/27/ 

0'19BH.OHO, 9CIIH CHCTeMa /25/ CBOllHTCR It /26/, lPYHKUHII F 15y.aeT npOH3BOIIbH8, 

B o6rueM cny'lae oHa He npoaaaon&Ha, HO ace >Ke cywecTayeT, Tax xax o6wee pewe

HHe 1110601'0 IIHHeiiHOI'O ypBBHeHHH MO~HO npellCTBBHTb XaK IIHReiiHyiO O.OHOpO.OH)riO lPYHK

UHIO HexoTop&rx ero peweHall. Tax xax /25/ BblpaJKaeT ycnoaae HHTerpapyeMOCTH, nl0-

6oe peweHH9 1/1 ( p 1 "i) ypaBH9HHSI /14/ MO>KHO npe.aCTBBHT.b B BBll9 

1/1 ( p., " .. J = F ( 1/1 " ( p J , x J • 
/28/ 

Ec11a peweHaH I{! "r p) TaxoB&r, 'ITO cywecTayeT, no xpaiiHell Mepe o.aua napa aHa'le-

HHII p t H p 
2 

, TaKaH 'ITO I/Jn(p
1

) = 1/J"(p) npH BC9X n , TO COI'IIaCHO /28/ Mbl 

6y.aeM HMeTb TBK>Ke t/J (p, Z) a 1/J (p ;;: ) npH RI060M Z , KBK 6bl Mbl HH Bb16HpanH F. 
2 

Ho cor11acHo /24/ aTO HeB03MOlKHO, C11e.aoaaTenbHO, peweHHll t/1".( p) .aon>KHO 6&rTb 

14 

·1 

, Jl I [Ill~ II\ I: II I - ~~- .~._I 1 I ,_!1 I • ' ±_ ~; 

.QOCT8TO'IHO MROI'O, 'IT06bl ecna p of p , TO t/J"( p ).ft/J"(p )XOTH fib! .OIIll OllHOI'O 11 ·• 
'I ' J 2 l 2 

J.13 STOI'O cne.ayeT, 'ITO Ha6op t/J "(p) nOIIHblll - He TOIIbKO 11106oe peweaae ypaBJ[9HBI 

/25/, HO B 11106y10 lPl'HitllHIO 1/J(p) MOlKHO npellCT8BHTb B BBlle /27/ npa Ha.anelKa-

weM F IKOHe'IHO, y)l(e He Tpe6ya, 'IT06bl lPYBKilHll F( p) y.aoaneTBopllna /25//, B 
'lacTaocTa, eciiB 'IHcno K KOMnOHeHT nepeMeHHOII p KOBe'IHO, . TO C HCTeMa /25/ 

.QOIIlKH8 HM8Tio T8K)I(e no Kp&IIHell Mepe [{ lPYBKilHOH811bHO Be3&BHCHM &IX p8W8HBI 

- ecnH 61o1 IIX '180110 fiblno M8HbWe I'{ , TO ypaBHeHBSI t/J"(p)•c" npa 38ll8HHOM 

BbiOOpe c HMenB (5b[. 60IIbWe OllHOI'O peweHBH- lliiB p , 'ITO npOTBBOpe'IHT TORio¥ 

xo 'ITO .aoxaaaaaoMy~ Tor.aa, BMeR B aa.ay, 'ITO nro6aR naaellaaR KOM6aaauaa peweaaa 

ypaBHeBHII /25/ eCTb T8X>Ke peweHIIe, Mbl nony'laeM, 'ITO 90118 p O H f O H9KOTOpltle 

3HB'I9HHH p a t , TO Mbl MO>KeM aaiiTB Taxoe peweaae .po ypaaaeaall /25/, 

'IT06bl npa p • p 0 
ace npoB3BOllHble ~'ft. paBHRIIBCb aynro, 3a HCKIIIO'IeBBeM .ru/1..!..., 

ap, .. ap t• 
KOTOpall .P8BHHII8Cb e.aBHBile. no.aCT8BIIHfi B /26/, nony'laeM, 'ITO U y llOIIIJeTBO-

pHIOT ypaBHeBBIO .. 
u 

" 
npa P"'P 0 • f•·t 0 

, T.e. apa acex 

.. 
X ~L 

ap" 

p B 

" 
- 0 /29/ 

, T8K KBK Po B to MO>KHO Bbl-

6paTb apoaaaon&ao. Mbl noKalKeM ewe, 'ITO ¢ysKuHH it (r) 

" 
OT p'· 3aBBC9Tb Be 

MoryT. Ha caMOM .aene, nycT& p~ B p' - .aBa 3HB'IeHBH 
2 

r'·r= r 10 
, p • p o 1 k •·k" R a•ao Mbl BMeeM 

aD , ao , o 
u 

0 
( p . , p o) .f u ,o( p . , p ) • 

1c I 2 

Y'paBBeHBe /14/ npH a a a 0 H npB p'• p' BilK p'• p'· .aaeT 
I 2 

p', 

a.p 

a,x a 0 

a• u, (p'·,pJ a.p 
I ---, 

a• " r p'· , P J a t/1 
2 -ap k ap, 

iJt/1 
arao 

= u 

no.aCTaBIIAII 3.QeCb 
0 

p =p r/;•1/10 • Mbl nony'laeM 

;J,/, 0 aO , a t/J 0 aO , 0 
~a "' u o r P ., P o J , _,_,___ - u ,o r P . , P J , 

lt aO k 1 0 X aO 2 

Taxae, 'ITO npa 

ISO/ 

'ITO aeao3MO>KHO BBH.OY /30/. 8THM .aoxaaaao, 'ITO itk (r) oT p' ae 3aBHCBT, Tor.aa 

YCIIOBBe lfHTerpBpyeMOCTH /25/ CBO.QHTCA K /26/, a OHO y.aoaneTBOpeHO BBB.OY /29/, 

Cne.aoBaTeilbHO, ypaBBe&Be /14/ BliOIIBe HHTerpHpyeMO - npH 111060M B&r6ope 1/J ( p) 

aMeeTcA peweHae .P ( p, 1 ) , Taxoe, 'ITO 1/1 ( p, ; ) = o/1 ( p) • K poMe Toro, noc-z•o 
KOIIbltY ;t OT p'· Be 3aBHCAT, Mbl nOIIy'laeM It i-;. + ; 'I- Uk • 0 B, cnenoBaTenb• 

" k 
HOJ /22/ TO>Ke CBO.OHTCA It /29/. Tax yCIIOI!IBH HHTerpHpyeMOCTH ypaBHeBHil /14/ H /161 

CBO.OATCA It .aa¢¢epeHUH811bHOMy ypaBBeHHIO /29/ .01111 i1 k H K ypaBBeHBIO /23/, KO

Top·oe nocne Toro, xax a aero no.acTaaneHo aexoTopoe peweaae ypaaaeaaa /29/, 
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npeBp8W80TCSI B CIICTOMY IIHTerpo-,a.llcpcpepeHUII81lbllbiX ypaBHOHHll Allll 

.. 
v , 3Ta CHC-

TOMB npOCT8 B CMbiCIIe, 'ITO AllcjlcpepeHUHpOB8HIIO II IIIITOrpllpOBaHHe npOH3BOAliTCll llO 

pa3Hb!M nepeMOHHbiM p H p' • 

.. 
5. Haxo)K,a.eHHe cpyHKUHll u 6 

~ \ 

068 ypaBHeHHll /29/ H /23/ He CTilHA8pTHbl B CMb!CIIe, 'ITO BBIIAY H81111'1Hll' BeK-

TOpHbiX npOH3Be,!leHHil onpe,a.enHTellll K09cp~IIUHOHTOB nepe,a. npOH3BOAHblMH HOH3BecT-

HbiX 
.. 
u« II ~ llO nro6oll 113 H03aBHCIIMb!X nepeMOHHbiX pk p8BHbl 0, nosTOMy 

STH ypaBHOHHSI HOIIb3ll pa3p9WHTb llO OTHOWeHHIO K llpOH3BOAHb!M OT HOH3BOCTHb!X llO 

11
eKoTopoMy p

6 
11, cne,a.oaaTe/lbHO, He/lb3ll npiiMeHIITb TeopeMy KowH, 'IT06bt ysHaTb, 

IIMO!OT 1111 01111 peweHIIll, II eCIIB HMeiOT, TO K8KIIO npOH3BOIIbHbl0 91IOMOHTbl COAep)K4T 

o6w11e HX peweHRll. M bl llpiiBeAOM CIICTeM bl /29/ II /23/ K 6onee llPOCTOMY BH.!lY llO.!l-

XO,!lliWIIM Bb160p0M nepeMOHHbiX pk , npoR3BOA0M 31lMOHy nepeMOHHbiX TROll /9/: 

Pe Pe(P·'· 
/31/ 

np11 9TOM Mbl fiy.!lOM RMeTb 

II 

l !..t.lll(p u l - ap -u 8 (p-

8
6 

(p-u) 
a 

1 
a ii 1 • - _. -:) 1· a; , aD. 8 f ~ _ - l 

-·- ....,.-- u(p ·U + .,.--, -'-"-- p u • 
ap. up op ap. f 

CneaoaaTe/lbHO, 'IT06bl coxpaHBTb .Qe¢1fHRUROHHble paaeacraa 161, /5/, /7/ a /12/, B 
' .. .. .. 

Ka'lecTBe sa~toaoa npeo6pasoaaaall· .!l/111 V , 1{1 , It , u K , a v 

npHHRTb paBOHCTB8 v r r, m l = I _a,; I "" v c i , m l, ( i: = c P ', i> • r' n • 
i!p 

.. 
1{1 (r, x) I a(> ·1·1 ~ f;,iJ, 

iJp 

f(r, s) = I £,;1W (i'~ :;;'J, 
i!p 

ii. (i) = ii (r) aei 
L k -iJpk 

;(r, o'·) =:; (r, u') -t ~ J __ In 1~1 
k i!p k iitJ 

M bl llOII)K Hbl 

/32/ 

8Ii81IOrH'IHbiO paBeHCTBilM /10/, Tor,a.a ace HallaeHHble BbiWO COOTHOWOHHR COXp8HliiOT-.. 
v 

.. 
CH, B '18CTHOCTR , ypaBHeHRll /29/, /23/, /16/ B /14/ Jl/ISI U k 

v B 1/J 

T8K)K9 OCT810TCII, Cne.!lOB8TO/IbHO, TeopHSI RIIB8pH8HTHa llO OTHOWeHRIO K 3aMe&e nepe

MeHHbiX /31/, Kill[ R CI!Oil0B8/10 6bl 0)Kllll8Tb BBRil)' Toro, 'ITO Mbl ewe He H8KII81lbiB8-

16 

-~ 
r7 

''··-·· 

1111 Ha Bb160p p HRKilKOro CllOUII8IIbHOrO orpaHB~eHBSI, Kp0M8 o6wero Tpe6oaaHBR He-

npepbiBHOCTH. non&SyiiCb STOll CB060.!lOll, Mbl MO)K8M llWI K8)K.QOM cpHI[CBp088HHOM f, 

3H8'18BHII r'· C088pWHTb 38M CRY nep8M8HHbiX TBll8 /31/, T8K)'I0 0 'ITOISbl HOBW8 cpyHJt-

111111 ;; llOII)''IHIIB B03MO)KHO npOCTOll BH,!l, H8llpiiM8p, B03M0)KHO 6on&wee 'IBC7!0 BX 
k -

KOMll0118HT C,!l9/18Tb paBH&IMB 0 11118 1. ny·cTb 118M ll8HO O.QHO p8W8HB8 it (p) ypaa-
. .· k 

BOHall /29/, 

npaBe.QeM It lt8HOHH'18CKOMy BRAY Rp8)K,!l8 · BCero ltOMllOHeHT&I U: ( 1: • J1 21 , ,_ .), 
Pat:CMOTpBM 06LUBA C/1)''181, ltOrllll Cpe,a.B HJiX 8CTb no KpaAHell Mepe O.QH8 OTIIB'IH811 OT 

Hynll a HeJtoTopoA o6naCTB nepeMe&BbiX PJ: • Cornacao /32/, cpyRJtUBB Pt ( p J: ) 

aon*H&I y.QoaneTaopBTb ypaBHOHBliM 

u' u l ( p 
J: 

aj;f(P.} 

ap" 
/33/' 

f 

-l -
Cne.QOB8T811bHO, OCIIB 6bl M&I XOT811B C,!leii8Tb Bce U f p8BH&IMB H)'IIIO, TO pf ( p J:) 

,!lOII)KH&I llp8.!lCT8BIIliTb coiSoA cpyHJtUKOH811bHO-H838BBCBM &18 pOWOHBII yp8BHOBBII 

'IT06&I apeo6pa3oBaHBe 6wno 

u' ( P J a 'Pf p.,J = o , 
k .. ~ 

o.QH03H8'1Bb1M a o6paTBMb!M. B '18CTHOCTB, ecnB p HM88T 

lt0HO'IH08 'IBCIIO K JtoMnoHeHT, TO sTo ypaaaeaBe .!lOII)KHO RMeT& K cpyHKUBO-H811b-

HO H838BHCBM&IX BHTerp8110B, Ho1 lt81t B38eCTHO, IIBH8AHOO OllHOpO.QH08 yp8BH8HH80 y 

ltOTOpOrO He BCO ltOScpcpBUBeHT&I paBH&I 0, HO BM8eT CTOIIbltO cpyHitUBOHilllbHO H838BB-

CRM&IX peweHBA. Cne.aoaaTen&ao, o.aHa 113 JtOMIIOHeHT ;; : .QOIIlKH8 6&ITb OTIIH'IHOII 

OT 0 B C8M&III IIPOCTOA BBll BeiiB'IBH U l 
J k 

6y.QeT 

u: -=· 1' - l u,. 0 (1< = 2,3, ••• .). /34/' 

npeo6pa30B8HB8 /81/, ltOTOpOe nepeBO.QBT U l B T8KOA BB.Q, 38.Q.8eTCB 'lepe3 
k 

u~ ( P } _,..___,__ 

ap" 

•l, "! (p_ ) aPcfP.J ... 0. 

ap" 
3TB ypaBH8BBB Y*8 BC8r.!l8 HMOIOT cpyHKUBOH811bHO H838BBCBM&I8 peweHBB, T8K 'ITO 

CB8,!l8HB8 It /84/ B03MO>KHO. nocne STOrO npeo6p830B8HBB ypaBH8HBe /29/ CT8HOBHTCII 

J 
2 aue 

u --
k ap" 

a u 2 
- f 
ap, 

2 
J aue 

u --
k ap" 

0. 

= 0. L UJ - 0 . ap t 
1 

!13 IIOCII8,!lHHX ,!lB)'X yp8BH8HHA B8XOllHM 
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3 3 
ue=Fe(px ( K = 2,3, • • • ) 1 u 2 = F

2 
(p ), e e 

a nO!lCTaHOBKa 9THX Bblpa)!{eHHli B nepaoe ypaBHeHHe !laeT 

F. aFe 
Kap 

1\ 

F 3 aFt 
,..-ap-

K 

0 r K = 2,3, .. ,,, e = 1,2, •• ,.). 

/35/ 

1361 

/C:;MMHpOBSHHe no nOBTOpSIIOIUeMyCH HH)leKCY K no!lpaayMeaaeTcH/, B !lallhHeltweM 

9TH nepeMeHHble pk H cjlyHKUHH 

Y CIIOBHHMH /34/ nepeMeHHble pic 

; Oy!leM 0003Ha'iaTb npOCTO 'iepe3 p H d 
k It 1: 

·, KOH9'1HO, O!lH03Ha<~HO He onpe!lenSJIOTcSJ. M bi soc-

nonb3Y9MCH OCTaBweltcH CBOOO!lOli, 'iTOObl, COXpaHSISI /34/, nepeBeCTH H u/ B KaHo

HH'ieCKHli BH!l. 3TO BTOpOe npeo6pa30BSHHe 3a)lSeTCSI OrrHTb 'iepe3 /3J/, BBH!lY /34/ H 

nepBOI"O ypaBH9HHSI /29/ Mbl !lOII)I(Hbl HMeTb 

ap- = 1 , ~ 0, 

apt ap 1 

OTKY !la nony'iaeM 

p =p + F (p,), p =F (p,) (;;,X 
J J Jl\ K Kl\ 

2,J,.;,,). 

Tor!la, BBH!lY /35/, BTOpOe ypaBHeHH9 /29/ CBO!lHTCSI K 

u 2 + u 2 
l K 

a F 2 aF __ i_ = F 
1 

+ F: ___J npa f = 1 

a p K apK -{ -2 u 
e 

2 ape 
u ·--
" apk = F2 aF.l. 

K ~ 

ap K 

a Fx 
u2 --

K a p K 

up a e = A = 2,.3, ... 

/37/ 

/38/ 

ny'iwe acero ObiiiO Obi nonO)I(HTb ace u 2 paBHblMH 0, O)lHaKO 9TO HeB03MO)!{H0, noTo-

; e 2 2 aF 
MY 'ITO a o6meM cny<~ae, KO!"!la He ace u panHhi 0, ypaBHeHae F ---= 0 He aMe-

" K ap 
eT CTOrrbKO cjlyHKUHOHarrbHO HeaaaacHMbiX peweHalt, 'iTOObi npeo6paaoaaHae 731/ ObinO 

O!lH03Ha'iHbiNI a o6paTHMbiM, B 'i&CTHOCTH, ecna k npo6eraeT KOHe<~Hoe 'iHCno K 

3Ha'ieHRli, a K - K - 1 

6y!leT aMeTb TOrrbKO K - 2 

aHa'ieHHli, TO SJCHO, 'ITO ypaaHeHae F 2 2.!_ = 0 
K. apl<-' 

cjlyHKUHOHSUbHO He3aBHCHMb!X peweHHli, a fCUOBH9 HeBbl-

pO)!{)leHHOCTH npeo6pa30BSHHH /3}/ Tpe6yeT [(- 1 TaKHX peweHHli. no9TOMY Mbl no-

nO)KHM 

; 21::1 
l 

F• 
l 

0, -· u 

TaK KaK no npe!lnOrro>KeHHIO He BCe 

F = 1 , 
- 2 
u 

ll 

2 
F =0 

ll 
( ll = .3, 4,." ) , /39/ 

u 2 
A 

paBHbl 0, H , CU9!lOBaTerrbHO, cjlyHKUHH F 2 
A 

MO)I(HO Onpe)leUHTb TaK, 'iTOObl ace 9TH paBeHCTBa HMerrH MeCTO. LITo KacaeTCH KOMUO -

HeHT bl F: , TO H3 /35/ HCHO, 'ITO TpeoOBaHHe oopaTHMOCTH npeo6pa30BaHHSI /3}/ He 

H8Kn8llbiBaeT HHK8KHX orp8HH'-l9HHif H8 Hee H,6esycnOBH0 1 Mbl M0)K9M ITOnO>KHTb 

18 

,._L.,l~J. _,, _.li.!.LI.JJIJ\IJJJ..JU.U.I-!,1Jll.L U.!L 

u 2 =F 2 =0 .; no!lCTSB11SISI B /36/, M bl norry'ia9M _a_ F 2 = o 
ap e 

H, C119!lOBaTerrb-
J l 

HOt 3 
u e c P 

3 
= Fe r P 

3 
)•Ge(Pil 

2 

( ll - 3, 4, • '. ;) • 

HeKoTopaSI cao6o.a.a a Bb16ope nepeMeHHbiX p BCe eme OCTS9TCSI, B Mbl ee HC00Ub3Y9M, 

" 3 J 
'iTOObl ynpOCTHTb H ue(pK)• Ge(pll) , KOHe'iHO, COXp&HSISI /34/ B /39/. BBH!lY /34~ 

BTOpoe ypaBH9HHe /31/ !l&9T 

L pl 
iJp 2 

- o. iJ 

iJp2 

p 
2 

no!lCTaBn!leM /37/ a HHTerpapyeM. HaXO.llBM 

- o, _a_P = o. 
iJp2 ll 

p-=p +F •p+G(p ),p •F •p +G (p ), p =F =G (p ), 
1111 Ill 2 2 2 21l V V Vjl 

( jl, v - .3,4,." ' • 

TO!".ll& Tp9Tb9 ypaBH9HB9 /32/ CBO!lBTCSI K 

u 1 + u 3 

1 jl 

iJG 
--4 

iJp jl 

G1 + Gl aG 
1 jl ~J. 

iJp 
jl 

npa f - 1 , 

~. 

"e u' !.e.L 1 3 ac. 
U +U ...--- o' + G1 ~ 

ll ap 

npa f • 1 /40/ , 
" ' 

iJp" 
2 jl iJpll jl 

u 1 ~-o'!.!!.v npa t - v =.3,.4. ; ' 
ll iJp jl iJp 

ll ll 
VI cxo!lll H3 Tex me caMbiX coo6pa*eHHA, K&K npa paccMOTpeHHH /38/, Mbi nony'iaeM, 'ITO 

MO )RHO llOIIO)KHTb 

J 

;, I: ~ J -- 0, 
1 

.. 
u '- 1 , 

3 
"v = o r v s .4, 5,., d, 

'19M p9!lYKUHSI BeKTOpOB U 3aKOH'i9HS, 

" -6. HaxOM!leHae cjlyHKUHH v 

/41/ 

M bl Hawna, 'ITO 6e3 orpaHH'ieHHll o6maocTH Mo>KeM norrb30B8TbCSI aaa'ieHHHMH 

/34/, /39/ H /41/ !lUll U .. 
l 

u = (1,0,0), u = (0,1,0), it 
l 2 

.. 
(0,0,1), u)) 0(1) = 4,5, • .,). 

TOI"!lS ypaBH9HHe /23/ CBO!lHTCSI K .. 
~ X .!_!._ + i; X V_. I:S 0 • /42/ 

Baa!ly npaMe<~aHHSI K 

a apa 
ypaaaeHHIO I 191 sTo ypasHeaiie 3anac b!BaeTcll a pa3BepHyToM aaae: 

av' a;-
2 

!.::_.2 + i(v2v '- v3 v2) = O, 

ap, 

2.::!_1·_ ~ + i(v 3 v ~- v 1v 1 ) = 0 • 

ap 1 ap, 

iJvJ -· av
1 +i(v1.v2-v 2 v~) D o, 

iJp 1 iJ p 2 

19 
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H /IH ewe S SHll9 

"'' v(p',p,u'~+ ii;(p',p,r'-)x;(r',p,u'~. 
P r'· 1441 

rae rot o5o3aaqaeT SHXpb s npoeTpaaeTse nepeMeHHbiX p , p , p •. 
p l 2 3 

0eTa/lbHble apryMeHTbl p'l) S liSHOM SRlle S 1431 Be SXOlliiT, HO see paSHO 
.. 
v 

OT HHX MO>KeT 3aSHeeTb, TaX qTo see npOH3SO/IbHble 9/leMeHTbl lxoHeTaHTbl 8 ¢YHKU88 I, 

!tOTOpble noRSliTell S o5weM peweR88 STOrO ypaSHeH8R, 5yllyT 3aS8eeTb Up083SO/IbHbiM 

o6pa30M H OT p • 
l) 

M bl noxa>KeM, qTo MO>KHO Sb16paTb npOH3S011bHO v'., v2 a v· 3 

p•e PJ.,.cJ,p2•o
2 np8 IIJ06b!X 3HaqeH8RX OeTa/lbHbiX apryMeHTOS, qeM peweHKe )lpaSH9HKII 1431 8118, qTo 

see pasao, 1441 oaHo3aaqao onpeaensreTeR. Bo3bMeM aasepreHUHJO OT 1441. nonyqaeM 

1 · : rot ; - rot ; • :;. ., 0 • 
p p 1451 

Een8 3lleeb SMeeTO rot ., eornaeHO 1441 nolleTaSHM - i V X v , nonyqaeM MaTpaqaoe p 
TO>Kll eeTSO 

"· (; x:)- r: x't).; o. 1461 

3TO DOKa3b1SaeT, qTO ye/10889 nO/IHOII RRTerpupyeMOeTH YllOB/IeTBOp9HO, 05paTHbiM nyTeM 

nonyqaeM, qTo een8 STOpOe H Tp9Tb9 ypaS89HRH 1431 RM9JOT MBeTO npR /IJO!Sb!X p k 

a nepsoe - npu aexoTopoM 3aaaHHOM 3Raqeaxu p , To npou3BOllHaR nesoro ero qne-

' aa 6yaeT pasHRTbeR 0 npH TOM >Ke 3RaqeH8H p • Ha eaMOM aene, npH yxa3aHHbJX 
J 

npeanonomeauax H3 TO>KaeeTsa 1461 eneayeT 1451. Ore10aa nonyqaeM, qTo axseprea-

U8H nesoro qneaa 1441, T .e. eyMMa npoH3BOllRDIX ero xoMnoaeHT no p , p u p 
l 2 3 

paaaa 0. Ho nocxonbxy 3aaaao, qTo noeneaaae aaa ypaaaeH8H 8MeJOT MeeTo np8 nJ0-

5oM p , 83 aT oro eneayeT, qTo npOK3SOllHaH no p nepaoro ypaBHeHHll 1481 To>Ke 
k l 

llO/I>KHa 6b!Tb HOilb, qeM 8 llOKa3aHO YTSepmaeHRe, 

Tax xax v 1 , v2 H v 
3 

np8 aeex 3HaqeH8HX oeTallbHbJX apryMeHTOS 
p•o p=o.p=e 

aaaaH8bl ua nepsoro .fpaa~eH8H 143/ n~H 2 
p • c MbJ Mo.>KeM onpeaen8Tb v 3 Tax, 

J I p 
1
= c J 

q~o6bl 9TO ypaB HeRRe 8Meno MeeTO npH p l • C l - aeno eBOll8TeH K peweH8JO OllHOrO 

o6bJKHOBeaaoro 118Hellaoro ax¢¢epeHU8a/lbHOro ypaaaeH811 nepsoro nop HllKa 18118, Toqaee, 

K OllHOII e8eTeMe 8HTerpo-au¢,PepeHU8a/lbHbiX ypaSHeH811 BB8llY eyMM8pOSaH8R no 

S 144//, noene TOrO KaK Mbl noxaaanH, qTo 9TO ypaSH9HH9 8MeeT MeeTO RpH p
1

., c
1

, 

TO ITO Sblll.l9 llOKa3aHHOMy ORO 5yaeT HMeTb MeeTO 8 np8 111060M pl JHaH v f 

V2 8 V 3 , 83 ROe/19llH8X llBYX ypaSH9H811 /431 Mbl nonyqaeM S03MO>KHOeTb 
PJ==el P1=o1 3 

OQHoaaaqao onpeaen8Tb v 2 R v np8 nJ06oM p - aeno eaoa8Tesr x peweH8JO 
1 

llBYX 118Hell HbJX H90llHOpOllH b!X llH¢¢epeHU8a/lbHb!X 18118 e8eTeM 8HTerpO-ll8¢¢epeHU8a/lb-

HbiX/ ypaSH9H811 S 06biKHOSeHHbiX np083SOllHblX, S rrepsoe 83 KOTOpb!X SXOll8T TO/IbKO 

v• , a so sTopoe 
3 

v 

20 
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7. Cnyqa8 BblpO>KlleHHJI 

Pa3aenb1 6 H 6 ueqepnbiBaJOT o6w8A enyqall, xoraa l(~ 3 K npu aToM epeaK 

KOMnOHeHT ut U 
2 

H US 8M9eTeH no KpaiiHell Mepe DO OllHOII OT/18q8oll OT Hy
ll k /( 

n!l /enyqall AI. EenH K < J 8118 S HeKOTOpOM 83 ypaSH98HII /381, /38/, 140/ see 

u~ , U; 8118 u 3p. OKa3biSaJOTeR HynH, nonyqaJOTeR pa3Hbl9 Sb!po>KllBHHble enyqaK, 

KOTOphle MO>KHO eseeT8 K eneayiOUlHM TpeM, 

, Cnyqall B - il =(J,O,O), it • (0,1, 0) 
l • 

i: "' 0 . Toraa ypasHe8Re 1421 esoaaT
P. 

eH K 

~!~ + i ( v • v 3 - v 3 v 2 
) - 0 • 

ap2 

3 av + I I t I 
( V V - V ·V ) • 0) 

av2 

ap, 
a V 1

· --+ 
ap2 

ap, /47/ 

r/v 2 --v 2 vJ) =·0. 

CyMMa npoH3SOllHbiX no p 8 p nepSb!X llSYX 83 STHX ypaSHeKHII SSKllY STHX eaMbiX 
l 2 

ypasaeaHA aeqe3aeT To>KaeeTseHHO, CneaosaTeltbHO, yenosue HHTerpHpyeMOeTH Sb!ROI)He-

v'· v 2 &v
1 

• pJ•·e J pJr:aez•'P2••2 
v 2 , a nepsble asa - vi npw 

HO - JtaK H S enyqae A Mbl MO>KeM B3!1Tb ItpOH3B01lbHO 

Toraa TpeTbe ypasHeHHe /47 I onpeaenlleT OllH03Haqao 

seex aaaqeHHRX p 

Cnyqall C u... .. ( 1,0,0), ~ .. 0 • YpasHeHHe /42/ esOllHTell 11 
l K 

v 2 v 3 -· v $ v 2 = 0, 
/48/ 

a V 3 • 3 l I I a v2 • l 2 2 l 
-• -.-- + l ( V V - V ·V ) ., 0, --- + l ( V V - V V -) a 0 • 

_,. ap, ap • 
3aeeb MO>KHO S3HTb npOH3SO/IbHO v~. , v2 l H V~ , /IHWb 5&1 TOIIbKO V 

2 

• pJ:sc PJ•·e, p.ta:CJ 

8 v 3 KOMMYTHposanH. Tor a a HeTpy llHO npof.epRe<reR, qTo yenosae HRTerpHpyeMoe-
p· •o 

TH sirnoAReHo - npoH3SOllHbJe nesoro qneaa nepsoro ypasHeHHll paSHbi aynJO, Tax qTo 

ORO SblnO/IH9HO npH nJ0150M 

nlleT OllR03Haqao V 2 H 

Cnyqall D - see 

v3 

... 
u 

k 

p l 
• CneaosaTenbHO, sTopoe H TpeTbe ypasReHHll onpeae-

npR n1060M P, 

paSHbl Hymo. Toraa /42/ eSOll8TeR K 

/49/ 

vx.v=O. 

.. K OMn089HTbl S9KT0pa V aaaaJOTell TpeMH npOH3S011bHbiM8 KOMMyTHpyiOUlHMH MaTpHU8MH 

v a (p'·, ct'·). 

v 

a. PeweH89 nonyqeHHbiX ypasaeH811 

... 
np8SelleHHbiA Sb1W9 8H811H3 H9 TOitbKO noKa3biS8eT, S xaxoll Mepe S9KT0pbl U k H 

K qeTbipeM enyqaHM 
npOH3l50/lbHbl, HO T8K>K9 eSOllHT HaXO>Kll9HH9 0 

k 

2l 



A , B , C , D 1 a aaxo>Kaeaae v - K peweaa10 oTaenbHbiX o6biKHoBeHHbiX aaQ:>-

Q:>epeauaanbH&IX /ana eaeTeM HHTerpo-aa,P,PepeauaanbH&Ixl ypasaeaall anst Ka>Kaoll xoM-

noHeHThl v : 3Ta eBOaKa He TpBBBanbHa, TaX XaK Hexoaa&Ie ypaBHeHast /29/ B /~/ 

npaaeTaBnliJOT eo6oA eaeTeMhl aenaaella&Ix 'laeT B&IX aaQ:>Q:>epeauaanbHbiX /snu BHTerpo

as¢¢epeauuanbH&IXI ypaBHeHHA, B Ka>Kaoe 83 KOTOpblX BXOaRT Bee KOMilOHeHTbl ; .. . " eOOTBeTeTBeHHO V , 

Bee ypaBH9HHI1 /43/, /47/, /48/ B /49/, XOTOpbl9 Mhl aon>KHhl peWH'I'b, 'IT06hl Hall-

TH v J . v 2 u v' , RBn!IJOTell nRH9AH&IMH HeoaHOpOaBbiMB 06biXHOBeHHbiMR aa4>¢e-

peanaafibH&IMR ypasaeaaliMB e nepeMeBHhiMR ~~:oaQ:>¢auaeaT8MR 11 cso6oaB&IMR qneHaMa, 3a 

Rell:nJO'IeHR9M nepsoro ypaBBeBRB /48/ R ypaEB9BRll /49/, XOTOphle npoeTO Bblpa>K810 .. 

XOMMyTaTBBHOeTb Beii:OTOpbiX 83 MaTpBil v'· , V 2 R V , • 06UlR9 pemeBRll &TRX noc

neaHRX ypasaeHRA npOeThl R, 'IT06bl BX BaAT_B, MY MO>KeM B3l1Tb n1060A aaiSop aBaro

HafibHbiX MaTpRU ~ noaseprByTb RX UpOR3BOnbBOMy YBRTapBOMy npeo6pa30BaBRIO, ~TO 

~~:aeaeTesr oe.TanbHbtX ypasaeaaA, oaa see BBnliJOTCB ypasaeHRHMB Tana 

rae s - aexoMaH, a H a 

• B HaweM enyqae 

;ll_ 
at 

SH- HS + H
0 

, /50/ 

H -3aaaaaye apMRTOBeii:Be MaTpaubl, see 3asaesm•e oT 

0 2 ' 
Mo>KeT ISbiTh p Rna p , S - v .BnB v , H -

l J 2 
pa3na'IHbJe, y>Ke R3BeeTHble XOMilOHeHTbl· V •1 v 2 

1 V 1 , a ll
0

- BX npoB3BOaBble, 5a3ae-

Hhle BeXTOpbl B XOH¢RrypaUHOHHOM npoeTpaBeTBe STHX onepaTOpOB xapaxTepaayJOTell 3Ha

'19Ha!IMII nepeMeHHOII p'· • ~TOISbl pewaTb STB ypasaeaao, KaK a3BeeTBO a3 XBaHTOBoA' 

Teopau non11, rae Taxae ypaeaeaast BeTpe'laJOTeH, noaeTaBnHeM 
' 

S(t) • E"
1
(t) R(t)I.(t), E(t) • T ''H(I)dt e o 

npo'leM T yxa3b1Ba9T Ha TO, 'ITO Mbi -aon>KBhl yoopHaO'IaTb 110 eneayl6mee noene 

T axenoueauuanbaoe Bhlpa>Keaue. noaeTasnHH s /50/ Mbl aaxoa11M 

H, ene aosaTeRbBO, 

~~~ = E (t) H (t) E"' (t), 
at o 

' ., 
R(t) •R t f E(t)H

0
(t)E (t)dt, 

0 ' 
rae R -npoa3BOfibBaH, ae aasHeHtuaH OT t MaTpoua. Tax M&I nonyqaeM o6mee pe-o 
weaue ypa111eauH 1601 s saae 

' ' •J S(t) = E" (t) [ R + f E (t)H 0 (t) I. (tl dt] .E(t). 
0 

'o 
nepeMeHBbl9 p (0 < {3 <a; a • 3,2,.1,0 eOOTB9TeTBeBRO B eny'la!IX 

{3 
DO OTHOWeBaiO X OeTafibHhiM XOMOOHeBTaM Pt .. nepeMeHHOA p 

/51/ 

A, B, C, D ) BblaeneBhl 

3To nocneaaae no-

BeJOay IIXOa!IT TeM >Ke eaMbiM o6pa30M, XaK B ,•. - pa3HBila TOnbXO B TOM, 'ITO t'· 

llpBBBMaeT a&eltpeTHhl9 3flaqeaag, a XOMOOH9BThl p~ - HeopepbiiiHO R3MeBHIOWHee!l, 

22 

llllllllll .'II~ 11!1111!11111.11\11 111••, 

noaTOMY neneeoo6pa3HO B3M9HIITb 0603Ba'leHHH - ROBaR nepeMeHHall P 5yaeT o5"&e-

auHRTb TOnbKO p {3 -3Ra'IBT, 'lueno ee KOMnoaeHT He CSonb'we Tpex, a ROBaR nepeMea-

aast r'· 6yaeT 05'&9aHHI1Tb CTapyiO nep9M9HHyJO t'· a see BenH'IRBbl p e -3Ha'IRT, 

oRa ()yaeT HMeTb H9 TOnbXO aaeKp9THb19, HO a RenpepblBHO R3MeHI110Ulaecll KOMilOHeHTbl, 

noene TOI'O XaK U 1t H * ' 
/14/ H /16/, 'IT06bl Haha 1/J 

HaA.!:(eHbl, eneayeT ooaeT8BHTb nony'I9HHb19 Bblpa>KeHHSI B 

B V • YpaBRellae /14/ CBOaBTeR X 

,a.p (p, ~~·:) a{3 01/1 ( p, r',. ; ) 
y Ya/3 { 1 eenH a•f:J~ a 

--.-.. --
axa • op/3 • 0 ecna a • f:J > aanuao/ {3, 

npH'IeM cyMMBpOIIaHRe no llOBTOpli10Ul9MYCll RRaexey {3 

nonyqaeM oCSmee peweaae 

noapa3yMesaeTcst. OTe10aa cpa3y 

.!. , .. , 

.,.. ( p, r 1 x ) • Fa ( p {3 + x {3, r J (0 ~ {3 :'5 a ::- 3 ) • /52/ 

3aecb cpyHKUHR F.(xf/r")onpeaeneaa npa seex x/3. Cornaeao /24/, y see ae MoryT 

6b1Tb nepaoabl T DO OTHOWeRaiO X X {3 , KOTOpble coaep>KaTCll B D(r'-) , a 9CRH 

r;·.,lr:· , 'l!O F.(x{! r;) .,t F_cx
13
,r';J, xoTll 6blanll oaaoro x 13 • CneaosaTenbHO, s 

cny'laHX A , B r C Q:>YHKUBll 1/J 3aBHCHT COOT8eTCTB9HHO OT 8,2 ana 1 KOMilOIIeH-
.... 

Tbl x/3 H p f:J , a B cnyqae D ORa He 3aBHCBT OT X HH, KOH&liHO, OT p r T&K 

KaK npK a e 0 TaKOII nepeM9HHOll ReT. YpasHeHB9 /16/ CBOaRTCll K 

.. 
iyaf3 oV(p',p,r',~j_ 

ap f3 

'<' a ( , , ') V ( , , .. ) + "', v p 1 p,t 1 u · u 1 p,t 1 p.,p • 
u, 

/58/ 

• V(p',p,r', p.,p )pa, 
'I'' 

npa'leM va Bb15paHbl TaK, 'IT06bi ycnosae · HHTerpapyeMOeTo /42/ BblllOllHHIIOCb. Peweaae · 
-" 

STO('O BHTerpo-aacP¢epeiinBaRbHOrO ypaBH9HRI1 MO>KHO CBeCTB K 'IBCTO I(IBTerpanbHOMy 

ypaBHeHHKl • .llnst STOll uena Mbl BBOaaM Cl>ypb&-o6pa3 Q cpyHKUBH V : 

V(p'1 p,t'1 p.,p) • (.dye·ly•p Q(p~·y,r',,.,;), /54/ 

rL(9 y HM89T JtOMilOHeHTbl Y (0 < {3 <a) •6BRay TOrO, 'ITO p B3MeHReTCI1 TOnbKO B 
{3 

HeB.OTOpOA oiSnaCTH D ( p'1 t') , STO onpeaeneHBe He liBnlleTeR OaH03Ha'IHbiM. ~T06bl yc-

TpaHHTb a~y Heoaaoaaa'IHOCTb, !Sea orpa&a'leHRa oiSmaoeTB M&I Mo>KeM npRHHTb, aanpa

Mep, 'ITO V ~ 0 nosc10ay BHe o5naCTB D ( p', t'-) • noaeTaHOBKa /54/ nepesoaHT /53/ 

B 
I.., a(p'1 y, r ~-.z, u'i Q(u'1 .z,r',p.,;) t 

u", • 

afj ~ , ..,. , , ..,. n 
+y. , {3 Q(p ,,,,,,.,p) •Q(p ,,,,,.,., p)p , 
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~·· 

~. 

rae 

; (p',y, r', z,a') • f dpe l(y·•>·P ;(p'1 p,r',a' ). /56'? 

3 aeCb z -nepeM£•!JHSR, SH81IOrH'lHSR y 
H npo6erarowaR Te >Ke caMble 3Ha'leHHHo Tax 

BOUpOC 0 HSXO>K)leHHH 
Q caoanTcH x OTbiCKaHH!O i:oaMeCTHbiX co6cTaeHHbiX ¢yHxunlt 

H COOTBeTCTByiOWHX co6cTBeHHbiX 3Ha'leHHII Tpex onepaTOpOB 

w a ( p' > y 
1 
r' > z, a'·) - 8 ( y - z) yr:i.! y {3 (a • 1, 2, 3 ). 

/57/ 

nocne Toro xax ypaaHeHne /55/ pewaMo , T.e. nocne Toro xax Mbi HawnH opTo-

HOpMHpOBSHHble COBMeCTHble C06CTBeHHble tPYHKUHR 
Q H COOTBeTCTByiOUlHe oo6CTB9H~ 

Hble 3HS'leHHR p onepSTOpOB /57/, no /54/ Mbl HSXO)lRM 
V • V!Mell B suny /42/ H 

/56/, HeTpy nHO nOK838Tb, '!:TO onepaTOpbl /57/ CSMOConpR>KeHHbl9 R KOMMyTRpyiOWR9 

M9>KilY co6oll, TaK '!:TO ORR RM9!0T TO'lHO Heo6xonRM09 MHO>K8CTBO peweHHII, '!:T06bl 

CKOHCTpyHpOBSTb yHRTapHyiO MaTpRUY Q , a'j cneaOBST 91IbHO, H V npH xa>KnOM r' .. 
npo6eraiOwa• 

3TH peweHRSl UpH KS>K)lOM r' xapaxTepR3yiOTCSl napaMeTpOM p 

onepaTopoB /57/ R ewe onHHM napaMeTpoM p.' , xa-
C09KTp C06CTBeRHbiX 3HS'l9HHII 

paKTepH3yiOWRM B C1Iy'lae BblpO>KneHRSl p831IR'lHble 
B3SRMHO OpTOrOH81IbHble co6CTBeH-

p 
Hble ¢yHKUHH, COOTBeTCTByiOwRe naHHOMY p.. • 3TRM onpeaenll!OTCII MHO>K9CTB8 

H M'(p .. ) Ha xoTOpbiX 3anaHbi · p.. R p.' 0TMeTHM, '!:TO a cny'lae D onepaTopbl w a 

KSK R onepSTOpbl /57/, CBO)lSITCII K V a , a Q CBOtlHTCII It V • TSK '!:TO /55/ CBO-

tlRTCII It 

... I~(p'1 r'1 o')V(a',r'1 p.',p) 
d 

V(p',r', jt',1J )"~. /58/ 

0603HS'lHM 'lepe3 Q , ( p'1 ;~. p) peweHHII 
ypaBHeHHII /55/ UpH , KS>K)lOM 38)l8HHOM 

V (p"1 p, ;-, ·;,) , o6pa-, 0 

t' • 0HH, a C1Ie)lOBSTe1IbHO, COr1I&CH0 /64/ H cPYHKUHH 

3Y!OT U011Hbl9 opTOHOpMHpOBSHHbie CIICT9Mbl BeKTOpOB B npocTp8HCTB9 H , COOTBeTCT-r 

ByiOW9M 38)l8HHOMY 3Ha'leHHIO 
r' • Bee 9TH npocTpaHCTBa opToroHanbHbl npyr npy-

ry, uOTOMY '!:TO, KSK BH)lHO H3 

OHH COOTBeTCTBYIOT pa31IH'lHbiM 

/5/ H H3 onpeaeneHRII nepeMeHHbiX 
P~ • p R r'·, 

C06CTBeHHbiM 3Ha'leHHIIM CSMOCOup!DKeHHbiX onepaTOpOB 

¢ (;) . CneaoBaTenJ:.HO, 'lT06bl nony'lHTb 

nono>KHTb 

V ( r, m) •· V( p', p, r~o m', p.', ; ) 

yHHTSpHyiO MaTpHUY V ( t, m) 

/) (r'o-m') V ,(p~·p,p.', p), , 

tlOCTSTO'IHO 

/59/ 

rna nepeMeHHaR m' aHanorR'I:Ha ' r . H npo6eraeT Te >Ke caM ble 3HS'leHHII KSK 
, 

r ' 

TSK '!:TO m·a(ta',p.',p). 

0TMeTHM B 38K1IIO'leHR9, '!:TO 6S3HC 
B , B KOTOpOM Mbl HSWUR aneMeHTbl 

npeacTaBneHRe rpynubl TpSHC1IIIURit U (;) 

m MoryT COOTBeTCTBO-
MSTpRilbl cP (; )

1 
He npOR3B01IeH - B HeM 

nMeeT aaaroHa1IbH&III aaa. Ho Bl!laay Toro, '!:TO pa31IR'lHbiM 
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BSTb O)lHHBKOBble -P., , IICHO, '!:TO STRM YC1IOBReM 6a3RC B oaH03HS'lHo He onpeae-

nsreTcll. CnenoaaTenbHo, Me>Kpy HallneHHbiMH non!IMR cP (1) MOryT 6b!Tb R 3KBHBS1IeHT-

Hb!MR.'iTO KSCSeTCll p831IO>KHMOCTR HallneHHbiX peweHRII, ORR, HaBepHO, p83110lKRMbl, TSK .. 
KSK OnepaTOpbl cf>(x)KOMMyTRpyiOT H, C1Ie)lOBaTe1IbHO, RX Bee MO>KHO npHBeCTR K tlRa-

roHa1lbHOMy BRay. a peweaae, KoTopoe Mbl HSllRlH B o6weM cny'lae
1 

He aaaroHanbHO Oa

aaxo Hep831IO>KBMble B STOM CMbiC1le peweHHit HE!HHTepecHbl B 38)l8'18X paCCMSTpHBSeMO

ro HSMH THUS, nOTOMy '!:TO ORB He HHBSpHSHTHbl no OTHOWeHHIO K /3/ - npB Tp8HC1Ili

UHIIX OHH 6ynyT nepeXO)lHTb OnHO B llpyroe, DoSTOMy Mbl BBeaeM UOHIITHe U01IHOI\ pa3• 

1IO>KHMOCTH, Tpe6yiOUlee, 'lT06bi npRMSII CYMMS, B BH)le KOTOpOII npeaCTSB1IIIeTCII onHO 

pa31IO>KHMOe peW9HHe, COXpSH11118Cb npH 1II060I\ Tp8HC1IIIUHH /3/. D01IHSII p831IO>KHMOCTb .. . .. 
Tpe6yeT p831IO>KeHHII He T01lbKO BCeX MSTpHU cf>(x) , HO H BCeX U(a) HnH1 Bee paaao

1 .. 
peweHHe cP (l<) 6yaeT BU011He p831IOlKHMO, eC1IH BMeeTCII MSTpHUS, He KpSTHSII e)lHHH'l-

HOI!, KOTOpllll KOMMyTHpyeT He T01IbKO CO BCeMH cP (;) , HO H CO BCeMH U( ;;) • Ha-

1IH'I:He MHO>KHTenR lJ(r'-•m'~ B /59/, BBHilY Toro, 'ITO MaTpHUbl /)(r-s) r/J (r,;) H .. 
U(a) naaroaa1lbHbi, noKa3biBaeT,, '<TO ecnn m' npHHHMaeT 6on&we qeM onao 3Haqe-.. 

HHe, TO none cf>(x) BU011He p831IO>KHMO - OT)le1IbHble K1IeTKH MaTpHUbl ¢ (;) , a Tax .. 
>Ke H MaTpHUbl U( a) , xapaKTepH3yeMble 3Ha'<eHHIIMR m' H n'· In' - napaMeTp .. 

aHanorH'<HbiA m'· B npo6erSIOlllHII Te >Ke CSMble 3HS'leHHS1/, paBHbl HY1Il0 upH m'·-/ n'·· 

0T6paCbiBSII peweHHII, 0 KOTOpb!X IICHO, '<TO OHH BU011He pa31IO>KHMbl, Mbl )l81lb11Je He 6y-

, , 
)leM nHCSTb nepeMeHHbl8 m 0 H n · , a TSK>Ke H t'· H s'· 1 T81C K8K OHH He H3Me-

H!!!OTCII. 3THM, KOHe'<HO, BOnpOC 0 n01IHOII p831IO>KBMOCTH B 06 9KBHBS1IeHTHOCTH He 

HC'<epnaH - Mbl He MO>KeM yTBep>K)lBTb, '<TO Bee OCTBBWHeCR peweHHII He 9KBHBS1IeHTHbl 

H He BnOnHe p831IO>KHMbl, 3THM BOUpOCOM Mbl 3)leCb He 6yaeM 3BHHMSTbCII, XOTII OH H 

Ba>KeH - n01IHOe HCnO/Ib30BBHHe BTRX llBYX yC1IOBHII, HaBepHO, CBeaeT o6m/Eie peweHHe K 

ewe 6onee npocToll ¢opMe. 

9. DocTpoeHne onepaTOpHOro n01111 </J ( ;, 

M bi noKa3ann, '!:TO onepaTopHoe 11one cf>(x) , yaoBneTBOpRIOwee ycnoBHRM /1/-/3 I, 

Bb!pa>KaeTCII qepe3 cPYHKUHH r/J(p,1') H y(p~p1 p.~·irJ KOTOpb!e CO CBoel\ CTOPOHbl Ha-

XO)l!ITCII npH UOMOWR ~ ( p) H "t ( p~·p1 o'), H HSW/IH ypaBHeHHR, KOTOpblM llO/IlKHbl y )lOB• 

1!eTBOpiiTb BCe 3TH cPYHKUHR. 8 38K/IIO'<eHHe UOKa>KeM, KSKHe OllepaUHH B KBKOM nOpll)lKe .. 
Hy )!(HO BbiUO/IHHTb, '<T06bi npaKTH'<eCKH UOCTpOHTb HCKOMOe none cP (l<) • TeM ·caMbiM 

5yai!T nOKB3BHO, '<TO HallaeHHble ypaBHeHHII IIB1IIIIOTCR He T01IbKO He05XO)lHMbiMH, HO H .. .. .. 
aocTaTO'<HbiMH ycnoBHIIMH, xapaKTepnsyiOlllHMH 11one ¢ ( x) H ctJyHxuun r/1, V, u k n v. 

DpH BTOM, KaK y>Ke tlOrOBOpeHO, Mbl He 5yaeM UHC8Tb nepeMeHHbJ<' 

s'· • DocTpOeHBe CBOilHTCII K cneayiOWHM onepaUHIIM: 

' , , m · , n · , r 

1. BblllnpaeM nepeMeHHble p'· n p , T.e. Bb15HpaeM 0603HS'leHHII )lUll HX KOM-

UOHeHT R YK83bii!IaeM MHO>KeCTBO D'· B xoTopoM MeHReTCII p'ono5nacT& D(p'-), 
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... ...-~_,,.-, 

c KOTOpOli H3M9Hll9TCll p npB 3H.OHHHOM p '· , npH STOM a ( p'j - 'IHC110 KOMnOH9H1 

p He 001IbW9 3. HaXO.OHM ·TaK :>Ke oonaCTb D H MHO:>KecTeo D'( p) no KOTOpbiM 

H3M9Hll!OT::ll p H p'· npH 38.08HHOM p 

2. Bb16HpaeM npoH3B01IbHble Q:>yHKUHH, KOTopbie co.oep:>KHT o6mee peweaue ypae-

HeHHli /43/, /47/, /48/ H1IH /49/ B 38BHCHMOCTH OT 'IHC118 KOMnOH9HT a • HMeHao: 

A. a = 3. npOH3B01IbHbiMH HB1Ili!OTCll v 1·= v~(p'1 p , p , p ,u'~, 
t 2 3 

v 3 

p =• .p =• t t 2 2 

= v 3 (p'·,p ,u'·). v 2 (p',p ,p ,u-') .. u' 
2 3 

v - .. 
p =o 

t t 

B. a = 2 • npoH3B01IbHbiMB llB1IH!OTC!I 
J I ~ 3 ~ 

v ·= v ( p ) p • p • q .J • 
t 2 

v 2 
P =o t t 

v 3 (p', u'~. 

~ ·= v
1
-(p', p , u'), v 2 = v 2(p'1 u'·1 

1 3 pt= 0 t 
npB'19M, V 2 H V KOMMYTHpy!OT. 

p =a p=o 
t t t t 

v 2.(p',p ,u') H v 3 

2 p=c,p=c 
C. a = 1 , , npOH3B01IbHb~MH1 IIB~H!O+CH 

H v 
p =. 

1 1 

v 3 
( p '· , u' · 1 , 

a = 0. npoH3B01IbHbiMH HB1I>t!OTCH BCe va= va(p',u'),B BCe OHH KOMMy-

THPY!OT. 

npH STOM BCe 3TH va caMoconpH:>KeHHbl no p'· H 
, 

q .• 

3. Haxo.oHM ece ocTanbHbie KOMnoHeHTbi V npB BC9X OCT81IbHbiX 3H8'19HH>IX ne-

peMeHHOli p , Hcnonh3yH: 

A. nepeoe ypaBH9HH9 /43/ npH p =·C • 'ITOObl 
1 t 

Hb19 .OBH ypaBH9HHII /43/, '!TOObl onpe.oenHTb V 2 H 

B. TpeTbe ypaeHeHHe I 47 I, 'ITOObl onpe.oenHTb 

nenHTb v 3 
• 

Onpe.ll91IHTb V 3 H OCT81lb-
3 p J= OJ 

V npH ni060M p J , 

v 2 a nepeble .oea, 'ITOObi onpe-

2 
V H C. BTopoe H TpeT&e ypaeHeHKH /48/, 'ITOObi onpe.oenHTb 

3 v 

np11 8TOM p H3M9H!I9TC!I B D 
, 

' a P . - B D'-(p). 

4. B biOHpaeM Q:>yHKUH!O F.(x{J) , y .ooeneTBOpll!OlllYIO TpeooBaHH!IM, yK838HH hiM 

npH BbiBOLl9 /52/, H npK UOI<fOlllH 9TOI"O ypaBH9HHB onpe.oenHeM r/J(p,;)=F (p +xJ 
• fJ f:J 

(0 < fj < a). 

5, no /56/ onpe.Q911!19M W • nocne STOI"O liO /55/ H8XO.llHM COBM9CTHbl9 OpTo-.. 
HOpM11pOBHHHbl9 QJYHKUHH Q H COOTB9TCTBy!OlllHe COOCTBeHKbl9 3H8'19HH!I p onepa-

Topoe /57/. TeM caMbiM onpe.oenl!eTcll MHO:>KecTeo p B03MO:>KRbiX 3H8'19HBli nepeMeH

M'(p) B03MO:>KHblX 3H8'19HRll HOlt p KHK cneKTp onepaTopOB /57/ H MRO:>KeCTBO 

nepeMeHHOll IL• 

6. nocne TOI"O KHK r/J H v Hali.ll9Hbl, nO.OCTSB1Ill9M HX B /5/ R H8XO.QHM 

sneMeHTbi ¢(1L',;, ;,.~,v') HCKoMoro onepaTopHoro nonR ¢(;) e 6a3Hce B 

Pa3nH'IHble aall.oeHHbre aaMH peweHHH cf>( ;) xapaKTepHayiOTC>t a/ebloopoM MHO 

>KecTe D'· H D( p'] , yKa3aHHbiX npH onepauHa 1; e/ BbloOpOM Q:>yHKUHll v a , yKa-

26 

.l 

3 aHHbiX npH onepauRa 2; c/ Bb16opoM QJYHKUHH F. (z rJ , yKa3aRaoA npa onepauHR 4; 

d /ebl6opoM OpT'OHOpMHpoeaHHbiX col5cTeeHH.PIX eeKTOpoe onepaTopoe /57 I, cooTBeTcTBy-, .. 
IOlllHX KH:>K.llOMy p • 

Ka:>K.ooe H3 sTHX pemeHaA ·xapaKTepa3yeTcll napaMeTpoM r'· - ¢(1) •· cf> ,(;). 
. . . 

4Tol5br HaATH caMoe oomee pemeaae, oqeea.oHo, Mbl .oon1KHbl Bb16paTb eme yKHTapayJD 

MaTpHUY T (m', r'·J R nono:>KBTb 

.. , , .. .. .. , , , ~ , .. .. .. , •l , , 
cf>(z) = cf>(m ,,.,p,z, q,v,·n-) =I., T(m 1 r}¢,(~£ 1 p,z,q,v ~·r (r 1 n 1. 

r . r . 

C'IHTalO npa>tTHbiM .oonroM Bblpa3HTb ceo10 rnyl5oKy!O 6naro.oapHOCTb aKa.ll. 

H.H. Boromol5oey a npoQ:>. A.A. noryHoey 38 BHTepec K pal5oTe, a TaK>Ke .o-py 4-f.T.To~ 

.oopoey 38 HCK1IIO'IHT91IbHO none3Hb19 .llRCKYCCHB B KpBTB'19CXH9 38M9'18RHSI no XO.lly pa

OOTbl H .o-py 'iep&BKOBy H.A. 38 CTHMynHpy10lllH9 6eC9.0bl H nOMOlllb npH ee oQ:>opMne-

HHB. 
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