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BaeneHHe 

8 IIOC!Ie.llHHe rO.llhl ~H3HKH CHOBB H8~81IH H3y~8Tb npo6neMy HHB8pH8HTHOCTH OCHOB

Hb!X 38KOHOB ~H3HKH npH KOH~OpMHbiX npeo6pa30B8HHHX H BbiTeK8IOIUHe H3 Hee ~H3H~eCKHe 

cne,llCTBHH, 

Ill 
HanpHMep, B pa6oTe IIpHBO.llHTCH Kp8TKHII HCTOpH~eCKHII o6sop H CIIHCOK HeKOTO-

pb!X pa6oT H8 STY TeMy, 06'bHCHH9TCH CBH3b Me:>K.lly KOH~OpMHO-MeTpH~eCKOM npeo6paso-

B8HHeM 
ll 11 .. ll~1 ~ u(x)!l 11 

H 15-napaMeTpH~eCKOII rpynnoll nu Co • snecb H83biB8eMoll "orpaHH~eHHOII (restricted) 

rpynnoll KOH~opMHbiX npeo6pasoaaHKII", aaeneaaoll KyaauareMoM
121 

u 6siiTMeHoM
1 31

• 

3TH aaTopbi noKasanH, ~To ypaaaeHHH MaKcaenna HHB8pHaHTHbi npH npeo6pasoaaHHHX rpyn

IIbi CO , CO.llep:>K8IUell O.llHOpO.llHYIO C06CTBeHHYIO rpynny nopeHUB, IIpOCTp8HCTBeHHO-ape

MeHHWe CMeiUeHHH, IIOCTOHHHYIO ,llHII8T8UHIO { HIIH M8CWT86Hoe npeo6p830B8HHe) H T8K H83bi-

B89Mble npeo6p830B8HHH ycKopeHHH, rpynna C 0 HBIISieTCH IIO.llrpynnoll rpyniibl C , KOTo-

p8H conep:>KHT see MeTpa~ecKH-KOH~opMHble npeo6pasoaaHHH: 

c 
Ill/ .. gil 

H ace KOOp.llHH8THbie npeo6p830B8HHH, 

/I/ 
B pa6oTe noKasaaa uaaapH8HTHOCTb ypaaaenull MaKcaenna H saKOHOB coxpaue-

HHH ,llliH 3!IeKTpOM8rHHTHOrO IIOIISI IIpH npeo6p830B8HHSIX rpyiiiibl C Ho ypaaHeHHSI no-

peHU8 HHB8pH8HTHbl TOIIbKO IIpH npe,ll!IOIIO:>KeHHH, ~TO M8CC8 IIOKOSI sneKTpOH8 npeC'6pasyeT

CH npH KOH~OpMH!;>lX npeo6p830B8HHHX cneny!O'IUHM o6p830M ! 

"' m -. •m 
c 

..fUTX) Ill 
¢H3H~eCKHe npH~HHbl TBKOrO IIOB9,lleHHSI MBCCbl IIOKOSI HIIIIIOCTpHpyiOTCSI BBTOp8MH 

B ~8CTHOM cny~ae: ycKopeHHe 3KBHB81IeHTHO BBe.lle3HIO IIOCTOHHHOrO O.llHOpO.llHOrO rpaau

To!lUHOHHOrO IIOIISI, Macca nOKOH ~8CTHUbl B rp8BHT8UHOHHOM none HSMeHHTCH CnenyiOUUIM 

o6pasoM: 

m .. m =- m + c 

mgh(x) 
--:r

c 

m 

+~ 
c 

T,e, T8K :>Ke, KBK B cny~ae KOH~OpMHOll HHB8pH8HTHOCTH, 

Jlpyroe ~H3H~ecKOe HCTOIIKOB.!tHHe MeTpH'ieCKH- KOH430pMHblX lll,>e06p830B8HHll ,ll8eT 

J1HKe141 , B pHne pa6oT oH u 6paHc cTpeMRTCR Kcnonb30B8Tb K,lleiO J1KpaKa (no KOTopoll 

rp8BHT8UHOHHBR !!OCTOHHHBH B neliCTBHTe!IbHOCTH He HBIIHeTCSI IIOCTOSII!HOll) K H3M9HHTb 

3 

I' 



o6Wyl0 TeOpHIO OTHOCHTenbHOCTH T8KHM o6p830M, 'IT06bl OHB He npOTHBOpe'IHn8 npHHUHny 

Ill 
Maxa. HacxonbKO I!~M H3B8CTH01 tluxe H BBTOpbl nepawe .oanu QJH3H'I8CKHII CMblCn 

CKanllpHOl! cpy!!KUHH, ocyweCTBUlliOWell KOHQJOpMHOe npeo6p830B8HHe. 

HacTOHWall p86oTa c.oena11a HB38BHCHMO OT BblweynoMHHyTwx pa6oT. B Hell pew8eT"" 

c 11 cne.oyJOwaH 38.08'18: nocTynupyeM ( B nnocxoM npocTp8HCTBe MuHKOBcxoro) yp8BH8HHll 

J:lBH>KBI!Hll Kn8CCH'IeCKOII pemiTHBHCTCKOl! '18CTHUbl B CK8nllpJIOM none; BCTb B03MO>KIIOCTb 

aaTb npocTpaHCTBY T8KYIO reoMeTpe'lecxyJO CTPYKTypy (a p8MK8X reoMeTpHH PHMSH8), 'ITO 

reo.Oe3H'I8CKH8 B ~TOM pHM8l!OBOM npoCTp8!!CTB8 V 
4 

HBUHIOTCH Tp8eKTOpHHMH 'IBCTHU B 

nnocKoM npocTpaHCTBe. 3Ta 38.08'18 MO>KeT 6b!Tb pewe11a H npuao.oHT K npocTp8HCTBy Pu

MBHB V 
4 

, KOTopoe H 1!8XOJ:lHTCH B KOHQJOpM!!OM COOTBBTCTBHH K npoCTpB!!CTB:f MHIIKOBCKOro, 

flpocTpB!ICTBBI!Hble KOMnOI!BI!Tbl reo,Oe3H'IBCKHX (no napaMeTpy t ) B TBKOM V 
4 

Te >Ke 

CBMblB, KBK npOCTpeHCTB8HIIbl8 KOMnOHBHTbl ypaBI!B!!Hl! .OBH>KBIIHH '18CTHUbl B CK8n!!pHOM no

ne (no TOM:f >KB napaMeTpy), KOTOpblB 06blKHOB8HHO C'IHTBIOTCH npa&HnbllbiMH B p8MK8X 

cnOUHBnbHOII TeOpHH OTHOCHTenbi!OCTH, 8Be.OeHHBM HOBOro Hll88pH8HTHOrO napaMeTpa B ypaa· 

Hei!HH re0.093H'I8CKHX nony'I88M 1!8WH nOCT:fUHp0881!1!ble yp881!811Hil .0BR>K8HHII, npOCTpaH

CTBeHHbl8 KOMnOHBI!Tbl KOTOpblX (no n8p8M8Tpy t ) TO>KB TO>K.08CTB8llllbl TBM >Ke KOMnO

He>rraM 06blKHOBeHHbiX yp88H811HII. C reOMBTpH'IBCKOII TO'IKH 3p811Hil BB8.08HH8 I!O&Oro napa-

MeTpa ds ~KBHBBnBHTHO nepexo.oy K npoCTp811CTB:f L , KOTopoe HBXO.OHTCH B np08KTH8HOM 
4 

COOTB8TCTBHH K V 
4 

Cne):lCTBHBM ~TOll TBOpHH HBni!BTCH TO, 'ITO M8CC8 DOKO!I '18CTHUbl 38BHCHT OT CK8Uilp-

Horo nonSI <f>(x) cne.oyiOll!HM o6pa3oM: K.¢(•) 
m•n.oe 

I ll-181 I !01 
noxo>KHe peaynbTBTbl DOD:f'IHDH MHOrHe 8BTOpbi ' , HO H8 OCIIOBB 6onee cjlopM8Ub-.•. 
Hb!X paccy}I{,08HHII. 

HenpoTuaope'IHBOCTb ~Toll TeopHH noxaaaHa TeM, 'ITO ee MO>KHO npe.ocTSBHTb B ¢op

Me ypaaneuull raMHUbTOH8, narpeH>K8 H raMHUbTOH8-.HKo6H, 

A. KnaccH'Iecxue ypaaueHHH .oaH>KBHHH 

By.oeM paccMaTpHBBTb npocTpaHCTBo PHMBHa, onpeneneuuoe MeTpH'IecxHM TBH3opoM 

,.r;, (•) 
g II ~ p. II e 

3.0eCb . </.>(x) - CKMHpK8ll QJ:fHKUHH npocTpB!!CTBBHHO-BpeMBI!HblX 
0 

H Jl. II :- MBTpH'IBCKHII T8H30p BTOporO pHMBHOBB DpOCTp8HCTB8 ~ 

KOHQJOpMHOM COOTBBTCTBHH K V • 6y.OeM npe.ononar8Tb0 'ITO * 
4 4 

nepeMeHHbiX i-'1 
(ia 1,4>3,.4) 

0 
V

4 
H8XO.OHTCH B 

-nceanoeaxnunoao npo-

cTpaHcTao. B T8KOM cny'lae yp8auenHH reoneau'IBCKHX, xoTopwe Mo>KHO nony'IHTb H3 &8pua

HHOHHoro npHHUHn8· 

4 

~:·,, 

~1·.·~1 
;r 
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n . . 
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J 
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II 

.\ 

il 
i 

.L 

I I 8f.,j-g 11 dx dx •() 

(curuaTyp8 H8Wero npocTpaacT&8 + + +- ) , HMBIOT (popMy 

d
2
xf _f dx 1 dx1 

-:--r- + ,~, -- --- - 0 • 
dr dr t dr 

3.oecb r -HJl88pH8liTHLiil n8p8MeTp, H f,, HM88T BH.O: 

_r o e r r t 
r 11 = r

11 
+K.(c/> 1 8 1 

+<f>
1

B
1 

-<1> ,. 
11 

J, 

of I'm 
(ih<ml a,..,, a,, II 

rlj = ~1lll. -:;:::-r + --...-- - ·--.-) ' 
ax ax ax 

cf> = aq, t - fm aq, 

a;' ¢ =il --
I i!x"' 

8 DC88.0088KUH,OOBOM npOCTp811CT88 C:fW8CTB:f8T CHCTBM8 K00p.OHH8T 0 B KOTOpOJI 

0 t 
r 11 - o. 

B .oanbuellweM 6y.oeM p86oTaTb B T8xoll cucTeMe xoop.oHH8T, 

19/ 
Tenepb Mbl aae.oeM HOBhlll HHB8pH8HTHblll napaMeTp 

•<I> ds • e dr 

p8.0H nony'leHHH yp8BHeHHII .oan>KeHHH a caMoll npocToll ¢opMe, EcnH onpe.oenHM 

d x 1 
i1 dx 1 •I 

--- == ----. X 

dr ' ds 
Tor.o8 

dx'l ~ 
-up • 

d(e x 1 )=- ae'" 9 dq,i' + e-•cf> di: 1 

.r 

Ho a cuny yp8BHenuH (I) 
I -I •I k 

eN - -r,. " ctx , H nOTOMy 

dx'
1 

• - ad <f> e 
-a<f> • I -e .. .pr 1 i 1ctz • z -lk 

·•<f> • k • I 
"e (..!Lcp z z 

I( • 

, k. I I ,J , k 
2 cf> k x % - ¢ p. 1,. "' % ) clr • 

C .opyroll CTOpOHbl , dz '
1 I 

onpe)leneHO llpyrHM K09q:,¢HUHBHTOM CBII3HOCTH r lk J 

dx'! -- r' %,1 dzk • 
lk 

EcnH DOUO>KHTb a ~-lie H CpeBHHTb (4) B (5) BH.OHO, 'ITO 

I I• iJ d. r =-",. _x._,.,,., 
1• ax .. 

yp8BH8HHH .OBH>KBHHll npRHHM810T BBJl: 

~~f 
ds

2 

f dx' dx 1 f., a.p dz 1 

- r ---- = "P. --- ,.,, ---· 
II d s d s a% • d s 

5 

dx 1 

da 

(I) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 



Onpe,nenrtM napaMeTp r ypaaHeHrteM 

dr - ;::-;:-~" 1 dxJ = e"tP ~~ dx
1 d;r, 

Tor,na 
• I • I 

B IJ X X 

H dx 1 dJCJ 4K</> dJCI dJ! 2K</> 
1J. ------ = e IL ---- =- e 

If ds ds ) If dr dr 

,YpaBHeHH!I ( 1) npHHHM8IOT T8KHM o6p830M npOCTyib cPOPMY; 

d
2x' 

ds2 

- KIJ.I/ a¢ 2K</> 
--- e • ds 
ax 

-K<iJ •K.j> --
e J-p. d;r. 1dxf= e ;; l-v 2dt 

If ' 

(8) 

3TH ypa8H9H!t!l MOryT C'lHT8TbC!I 603 ,!lanbHeiiWerO paCCMOTpeHH!I pen!ITH8HCTCKHMH ypa8-

H9Hif!IMH ,!l8H>K9HH!I '18CTHUbl C M8CCOII rtOKO!I, p88HOII 

KOHCT8HT8 CBSI3H (HnH aapg,n 'l8CTHUbi) g Macca u. 

u. 0 a cKanHpHoM none ¢(z), ecnH 

H 1C CB!I38Hbl ypaBHeHHeM: 

(5 9,!l!tHHU8X 0 8 KOTOpbiX 

2 a 
d ;r. 

dt 

K 
II 

"'• 
c~1 ). npoCTp8HCTB9HHb19 KOMDOH9HTbl yp88H9HHSI (8) 

K ( 1 - v 2 ) 1 a¢ am --,- I' + ax .!!.j__ v a I a. 1.2.3 at 
B TO'IHOCT!t paBHbl npOCTp8HCTB9HHbiM KOMrtOH9HT8M yp.!18H9HHII 

d 2 f 
-~"-· 
da 2 

fm 
KIJ. 

g_p_ 
ax"' 

do " /1-::: v 2dt 1 

KOT0pb19- .C'IHT8IOTCSI npaaHnbHbiMH B p8MK8X Crt9UH8nbHOll TeOpHH OTHOCHT9nbHOCTH, Ho paa

nH'lHe 8 'l9TBepTb1X KOMrtOHeHT8X H cjJOpMa HH88pH8HTHOrO napaMeTpa HM9IOT rtpHHUHRHanb

HOe 3H8'19HHe H R03BOnSIIOT L18Tb BCell TeOpHH K8HOH!t'l9CKYIO cjJOpMy raMHnbTOH8, .YpaaHe

HRSI ( 8) MO>KHO 3.!1rtHC8Tb B cjJOpMe: 

dpf 

dt 

pf 

F 

e .. F 
/L m 

K </J f 
m 

0 
e v 

11 v 2 

(v
4 

= 1) 
/ 

~~~/c/> iJ¢ ax"' 

(9) 

(tO) 

(11) 

BenR'lRHbi p f MO>KHO C'IIIT8Tb 0606WeHHbiMH HMnynbCBMH, KOTOpble YLlOBneTBOp!!IOT cne-

!lYIOLUeMy ypa8H9HHIO: 

.. 2 
p 

2 
p. 

6 

m: e 2K¢ 

.. 

B cnyqae ¢ .. 0 aTo COOTHoweHHe rtpHHHMaeT BHJ:l, xopowo 3H.!IKOMblll rt3 cneurtanbHOll 

TeopHH OTHOCHTenbHOCTH. EcnH Mbl onpeJ:lenHM 

p. 
{ --------- ·--,-

11 - - v' P 2 + m 2 e 2K4' I 

llOTOM ypa&HeHHe (9) MO>KHO H811HC8Tb B K8liOHH'leCK0ll (pOpMe raMHnbTOHS 

!leikTBHTenbHO, 

H ROTOMY 

dx 
I 

---·4-
dx 

2 
v 

dp~. 
----
dx 4 

.. 2 
p 

·• 

.. 

p J I 

H 

,----- ""' Vl-v2=- moe 
~~=.=====;;:;:;;,= v' P 2 + m~e l:Kc;5 

an lm 
---- m- ~~ 

Jp 

a :1 d 
- ;;·~r t' 

2 2KQ 
moe v2 
1 _--;·i 

; 2 

m 2 e2i<i/> 
0 

0 
p 

-;a- /
·•; 2 2Kifj 
P + rr. e 

0 

( 12) 

(13) 

0 ~ 1,2,3. 

3neM9HT8pHblM Bbl'lHCneHH9M nony'IHM: 

" a :1 

a;! 
P" 

,.r:;-+-;1;1-<T ",.e = v ",.f · 

0TCIOL1.!1 BbiTeKaeT, 'ITO ypasHeHKe ( 12) H8nHeTc!l TO>KL16CTBOM. TaKHM >Ke nyTeM MO>KHO 

ll0K.!I38Tb, 'ITO yp88H9HHe ( J3) COBR8J:18eT C (8), C UenbiO llOK.!I38Tb TOT cPBKT, 'ITO 3T8 

TeOpHH He npOTHBOpe'lHT Kn8CCH'l9CKOII H9pen11THBHCTCKOll MeX8HHKe, Bb!BeJ:leM Kn8CCH'le

CKHII aepeniiTHBHCTCKHI npaHuan MonepTIOK, 

Hs cnpaseJ:lnHaocTK ypaaaeHHII 

p ~ 
I 

iJL 
ail~ 

d;r.l 

"'o 11 '1 -,r;-
:r.:-;--;-; ft 

,£ 

L 5 - :>1 c-;;flil- a + J L o. 1 
• v- .,1 --- .. 

a • , 

7 

m e "~" i 1 
o p.IJ ' 

. , 
P," 



~ 

~ 

np!IMO cne.nyeT, 'ITO HHTerpan .neiiCTIIHSl MO>KeT 6b!Tb npeo6p830B8H K KpHBOnHHeiiHOMY 

HHTerpany s = ( L dr = + ( P
1 

d x 
1 

·~} 

oTc10.na aenocpe.ncTIIeHHO BbiTexaeT npHHUHD MonepTIOH B penHTHBHCTCKOII MeXaHHxe. 

EcnH cp(x) ae aasHCHT oT 
• 

" B RBHOM BH.Oe 1 
p. • KOHCT8HTB /ypasHeHHe ( 13)/ 

H 

8(p dz 1 = Sfp dz
11 

= 0 
I u· 

" = 1, 2, .3. 

Y, m eKcp v 2 

2 __ o _____ _ 

~~ 
dt • 3.necb P

0 
dz" 

Onpe.nenHM senH'IHHhl m "' m eKcp 
0 

flcao, 'ITO dt 

H DOTOMY 

EcnH Kcp 

T " 
Y1 mv 2 

y 1 - v2 

E e m 
V 1- v>' 

.VP ~·~·~ 
~ v 

2 T dt 
_ mv 1--: ,--;-----1! P ... dx" dzK 
1f:l-V2 OK = 

r 
V 2 rn Y, !!'..!:~ cit • 

1 - v
2 

Mana B HeKOTOpOM Y'llilCTKe npoCTplilHCTBa, TOr.!llil m ~ m O 

Hblll DpHHUHD ( 14) , KOTOpbiii Tenepb npHHHMiileT BH.!l 

8 r /2m y, m v 2
- df = 0 

1- v 
2 

' 

nepexo.nHT e cny'!ae Mlilnhlx v e xopowo aaaKOMhlll npHHUHn MonepTJOH: 

8 r .J"2m~::v> de = o • 
0 n n 

E , V - aepenHTHBHCTCKHe· nonaa11 H noTeHUHiilnbHiilll 9HeprHu. 
n n 

( 14) 

BlilpHiilUHOH-

8 .neiiCTBHTBnbHOCTH, ecnH K cp H V O.!lHHiilKOIIOrO DOpll.!lKiil H MOryT C'IHTiilTbCSl Mlilnhl-

MH 1 Toraa ( B nepBOM HeTpHBHanbHOM npH6nH>KeHHH) 

T=Y,m
0
v2e T 

n H 

E = m (1 +Kef>+ ... ,)(1+Y,v2+ .... )•m +i1 2 ¢+Y•mv 2 =m 
0 0 ~ 0 

+ v +T =m 
0 

+ E. 

no9TOMY npHHUHD MonepTIOH MO>KeT C'IHTiilTbCSl reoMeTpH'IBCKHM npHHUHDOM, onpe.nenHIO

WHM ypaBHBHHil reo.ne3B'IeCKHX II KOHij>OpMHO-eBKnHJIOBOM npOCTpaHCTBe Jl,, MeTpHXIil 

xoToporo .naaa 

a"" ~ 2m o (I. n - V n ) p UK 
u,K ~ 1, 2,.3. 

8 

" 

B. Bonaosbre ypasaeaHH 

Ha ocaose npe.nwecTBYIOlllHX paccy)l{.!lBHHII MO)I{HO aenocpe.ncTseaao aanHcaTb ypas

HeHHH raMHnbTOH&-fiK06H KnaCCH'IBCKOJI TO'IB'IHOft '!aCTHUhl BO BHemHeM CKiilnllpHOM none: 

~II as --.ax 
as 
a "I 

+ liJ2 = 
0 

0 

8 9TOII lj>opMe OHO CBSl3aHO C DpOCTplilHCTBOM V. , B KOTOpOM, KlilK Mbl CHa'lana He!IBHO 

npe.nnonaranH, m llBn!leTC!l DOCTOSIHHOII. no.nCTiilHOBKOII ~II ~ p II e •lKcp nony'IHM TlilKOe 
0 

)l{e COOTHOWeHHe B R • 
p.ll as as + m 

2 
a= 0. 

az 1 ax I 

Tenepb Mbl II COCTOSIHHH DHCiilTb BOnHOBOe ypasHeHHe '!aCTHUhl BO BHBUlHeM none: 

m% e2Kcp 
rO- - 0 --1 w = o. 

h% 

AaanorH'IHO, ypasHeHHB .ilHpaKa '!aCTHUbl CO CDHHOM BO BHewReM none .!llilH0/
5/ 

I 
a (a 

I 
_LK 
3 

K</> H.) + if:J ~ e I 'I' • 0. 
ax' h 

(15) 

0TCIO.!l8 BH.!lHO, 'ITO reOMBTpH'IBCKHe C006p8)1{BHHSI onpe.aen!IIOT TKO B38HMO.llBIICTBHSl CDH-

HOpHoro non!l C BHBWHHM CKiilnllpHblM noneM. 

Cso.nxa peaynbTiilTOB 

B pa6oTe noxaaaao, 'ITO snHHHHe lj>H3H'!ecxoll cymKOCTB - cxanHpaoro nonll - aa 

'llilCTHUbl MO)I{HO ODHCBTb nH60 B TBpMHHBX lj>H3H'IBCKH DpHeMneMhlX yplilBHeHHII JlBH)I{eHHSl 

B nnOCKOM nppcTpBHCTBe, nH60 B TepMHHiilX ypaBHBHHJI reo.ne3H'IeCKHX B KOHij>OpMHO-eBKnH

.!lOBOM npocTpaacTse PHMaaa. B 9TOM CMhrcne aa.aa'la reoMeTpHaauHH cxanHpaoro non11 

peweaa: BCRKOe cxanHpHoe none ¢( z) 

BpBMBHH (MeTpH'IBCKHJI TeH30p KOTOporo 

H3MBHSIBT MeTpH'IBCK•e 

%Krp 
g 

11 
D e p . ). ; 

1/ 

CBOJICTBiil npOCTpaHCTBa-

Cxan11paoe none onHcbiBaeTcH s 9TOA xapTHHe ypasaeHHHMH s nnocxoM npocTpaacTse, 

BaaHMo.neAcTsHe c rpasHTBUHOHHhiM noneM ae BKniO'IeHo. Pa6oTa npe.ncTaBnHeT apryMeHT 

B DOnb3y H.!lBH, 'ITO MBCCB DOKOSI B ypaaHeHHSIX .fUIH>KeHHSl llBnRBTCSl He DOCTOSIHHOJI, a lj>yHK

UHeJI CKiilnllpHOro non11, 

B aaKniO'!eHHe xo'ly no6naro.napHTb K. Kyxap>Ka H npolj>. B. BoTpy6y aa HHTepec, 

npOHBnBHHbiJI K pa6oTe1 npolj>. fi.A.CMOpO.!lHHCKOrO 38 noneaHblB o6Cy>K.lleHHSl H .!lHCKYCCHH, 

a TBK)I{e A. Baaqypy aa MHOrO'IHCneHHhle .nHcxyccHH H '!TeHHe pyxonHCH. 
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