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npe)lHCnOBH8 

HacTosmnll o6aop ocHosaH Ha neKunsx, npo'IHTBHHbiX OLlHHM H3 asTopos (r • .lloMoKo

.ueM) 8 Jla6opaTopHH HLlepHbiX npo6neM OH.HH Llnll <PnanKos-sKcnepnMeHTaTopos no HeKo

TOphiM 8KTyanbHhlM npo6neM8M !PH3HKH BbiCOKHX SHeprHII, JleKUHH HMenH CBOell uenbiO )l8Tb 

aneM8HT8pH08 BBe)leHH8 B TeOpHIO KOMnneKCHblX yrnOBbiX MOM8HTOB, H8 npeT8HLlYH H8 non-

HOTY H31IO>K8HHSI. 

J3hrcTpOTa pa3BHTHSI aToll TeopHH ·ue noasonHeT y'leCTb B o6aope see ee BHLlOH3MeHe

HHH, Mbl 6yaeM C'IHT8Tb CBOIO 38)l8'1Y BblnOnHeHHOII, ecnH )l8HHbll o(Saop o6ner'IHT 3H8KOM-

CTBO C OpHrHH8nbHblMH CT8TbliMH0 

,llnll )l8nbHellmerO 'IT8HHSI npHBOLlHTCSI CUHCOK OCHOBHbiX pa60T no )l8HHOMY BOnpocy, 

npnno>KeHHe I H8fiOMHH8eT 0 HeKOTOpblx nono>KeHHSIX TeOpHH <PYHKUHII KOMnneKCHoro 

nepeMeHHoro. 

B npnno>KeHHH II Ll88TCll o6ocHosaHKe HeKOTOpbiX yTsep>K)leHHII, npnseaeHHbiX s 

T8KCTe 6e3 )lOK838T8nbCTB8, 

Mbi 6naroaapHbl npoq,eccopy .ll.H. SnoxnHuesy H Jl,H,JlanH.Ilycy, CTHMynnposaswnM 

opraHH38UHIO neKUHII H ony6nHKOBBHHe aaHHoro o6aopa. 

I . .llse nnniOcTpaunn 

PaccMoTpHM pacceHHHe aapH>KeHHOII 'IBCTHUbl KynoHOBCKHM noneM, PemeHHe cooTseT

cTsyiOmero ypaBHeHHSI llJpe)lHHrepa npHBOJlHT K cne)lyiOUleMy Bblp8>K8HHIO )lnll M8TpH'IHOrO 

aneMeHTa 

2 -
rae 71 ~ e 'If.!!!. 

2E 
,m-

sr = 
r(t+i 71 +1) 

r rr - ~ + 1 ) 

M8CC8 '18CTHUbl 0 E - KHHeTH'IeCKall aHeprHH, e - aapllll. 

(1.1) 

SyaeM C'IHTaTb, 'ITo q,opMyna ( 1.1) onpeaenseT Sr n anH E < 0 • TaK KaK 

r (z) =.. npn z ~o, -1, -2, ... , TO St nMeeT noniOca, onpeaenHeMble cneayiO.mHM 

YCIIOBH8M: 

f + i71 + 1 = - n , 
( 1.2) 

rae n - uenoe nono>KHTenbHoe 'IHcno. OTciOaa HBXOllHM 

E._ e" m ( 1.3) 

2 (n + f + 1 ) 2 

3 



r 
¢OpMyna (1.3) OOHChlB89T ypOBHH SHeprHH 8TOM8 BOaopoaa, TaKHM 06p830M, 

C8M <j:lyHKUHH Sf COOTS9TCTBYIOT CBil38HHbl9 COCTOIIHHII, 

PaccMOTpHM Tenepb cnyqal ynpyroro ,.N -pacceHHHH, HuaweMy nopHaKy TeOpHH 

B03MYIU9HHI COOT59TCTBY9T oaHOHyKnOHH81l .QH8rpaMM8 
\ 

" " ' ' 

Puc. 1. 

/ 

/ 
/ 

/ 

BKna.a aToll aaarpaMMbi B aMnnaTyay pacceHHHil nponopuuoaaneu (M 
2

-
·1 

s ) ( M - Macca 

HyKnOH8, S - KB8.Qp8T nonHOI aueprHH B CHCT9M9 U9HTp8 M8CC.), ¢H3H'I9CKH9 3H8'19HHII 8 

onpeaenHIOTCH 'aepaeeHCTBOM (M +:,.)
2 :5. s • PaccMaTpueaeMaH .aaarpaMMa o6naaaeT no-

2 
niOCOM npH 8 • II , KOTOpOMy MO:lKHO COOOCT8BHTb •csH38HH09 COCTOIIHH9 trN 

AuanorH'IHO. KB83HCT8UHOH8pHhlM C.OCTOIIHHIIM ( pe30H8HC8M) MO:lKHO TIOCT8BHTb B COOT-

59TCTBH9 noniOC8 npH KOMnneKCHhlX 3H8'19HHIIX S 

Ha:lKe Mhl noKa:lKeM, 'ITO npaseaeHHbie npHMephl unniOCTPHPYIOT neKOTOpbie eecbMa 

o6IUH9 CSOICTSa 8MnnHTyabi paCC91lHHil, 

2, KB83HCT8UHOH8pHb19 COCTOIIHHII 

KB83HCT8UHOH8pHb19 COCTOIIHHII MO:lKHO ODHC8Tb HCXO.Qil H3 COOTHOW9HHH YHHT8pHO

CTH .Qflll $ -MaTpH!lbl, KOTOpoe HM99T SHa: 

+ ss - J, (2.1) 

BeeaeM MaTpuuy T c noMOlllbiO cooTuoweHHH 

S•l+iT. (2.2) 

Tor.aa ycnosue yuuTapuocTH 6yaeT BbirnH.ae'l'b cne.ayiOIUHM o6paaoM: 

+ + 
iT TaT-T (2.3) 

npHM9HHM COOTHOW9HH9 yHHT8pHOCTH (2,3) K ynpyroMy paCC91lHHIO 6eCCtllfHOBbiX '18CTH!l 

C p8BHbiMH 'M8CC8MH: 

<~.111111 >-<1 1 IT+I1.1 >-
.,., 12 34 12 (2.4) 

+ 
- i < 1, 14 IT T I 1112 > ' 

xl 
B aauuoM cnyqae <j:>H3H'IecKHA HyKnou. 

4 

rae 1
1 

, k
2 

- uaqanbuble 4 -uMnynbCbl, 11 ,14 - KOR&'IRble. 

J.1cnonb3yll TeOpeMy nonHOTbl, M8TpH'IHbiA aneMeHT , CTOIIIUHA B npaeol '18CTH paaea-

CTB8 { 2,4), MO>KHO npeo6p830B8Tb K &Hay: 

¥ + 
i<1

3
k

4
IT Tlk

1 
k

2
> • I.<k 1 1

4
IT lq

1
q

2
><q

1
q lTik

1
k

1
>. (2,5) 

~·~ 2 

npu aTOM Mbl npeanonaraeM, 'ITO SH9pi'Hil aOCT8TO'IHO Mana, 'IT06bl MOlKHO Ciwno Orp8HH-

'IHTbC!I cyMMHp058HH9M no, aeyX'I8CTH'IHbiM npoMelKyTO'IHbiM COCTOIIHHIIM ( q 
1

u q
2 

- HMDynb

Cbl '18CTHU B npOM91KyTO'IHOM COCTOIIHHH ), nep&XO.Qil B p889HCTB9 (2,5) OT CyMMHpOBaHHil 

K HHTerpHpOBSHHIO, nony'I89M: 

+ 
i < 1 I 14 I T T I 1 I k/ _1_.- a 'a 1 + 

q ,__!, < k 1 IT I q q > < q q I Tl k 1 >~2.6) 
14 12 ,, 11 

(2tr)' c'AI I Ill 2 

rae 2 ...,, • .jq, -m2 • i - 1,2 

BeeaeM nepeMeHHbie: 

Q • q
1

+ q
2

; K. 1
1
+1

2
; K'• 1

1
+1

4
; 

q • ~ ( q 2- q 1 ) ; 1 • ~ ( 12 -· 11 ) ; j:' • ~ ( 14- j I ~ 

K BhiaenHM lJ - <j:lyHKilHIO H3 MSTpH'IHbiX aneM9HTOB: 

<k 3 k 4 1 T l1
1

k
2

> • 8 4 (11 +~4~k1 -1c 2 )<11 k)r~k 1 1
2

> 

Tor a a HHTerpan e npaeol 'IBCTH (2.6) sanuweTCR cneayiOIUHM o6pasoM: 

~-f d
3
Qd

1
q8

4
(K'-Q')8 4 (Q- K J 

4( 2tr)1 

I 

<1 1 k4 lr+Jq q><qqlrl1 1 12 >. 
I 2 I 2 i 

"'1 ..., 

nocne HHTerpupOB8HHII DO d I Q HM99M: 

+ 
[<1

3
14 lrl1

1
k

2
>- <1

3
14]r 11

1
1

2
>]8 (K -K') (2.7) 

d 3 o' + --- (--q 8(K -Q 0)8(K 0 -Q0 )<1 1 lr lq 1 q ><q q lrl1 k >. 
2( 2tr) I c'AI 

1 
...,

2 
I 4 2 1 2 1 2 

d 'q 
nepelaeM s cucTeMy ueuTpa Mace, rae K..K.'•Q•O u q1 •q2 •q, Y'IHTbiaasr, 'ITO 

-- Q .!L d..., d 0 ( d f) - aneMeHT Tenecuoro yrn a H nonb3yHCb T9M, 'ITO B C.U,M. 

cu, w 2 

Q
0 = 2w 

w 

npouaee.aeM HHTerpupoeauue no w l: 

<1 1 lrl1 1 >-<k k 1,+11 k > • 
,. 12 34 12 

{2.8) 

V\4(K.0)2-1'2 (d0<k 1 lr+lq q '>< q q lrlk k >' 
----- J 4 1 2 1 2 I 2 

2(2,.)1 K.o 
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I 

' 

.. ... 
Bae.aeM nepeMeHH&Je s. (k

1 
+ k

2 
) 2 , n H n , r.ae s - KBa.apaT nonHoA sHeprHH .. ~ . 

B C.U.M. , n H n - e.OHHH'IHbiB BBKTOpbl, H80p8BRBHHbl9 B.OORb OTHOCRTBRbHbiX RMfi)fR~QB ... 
B H8'18RbHOM H KOHB'IHOM COCTORHHRXo 

noCKORbK)f r - HHB8pH8HTH8R cpyHKUKR, TO ee 38BKCKMOCTb OT BBKTOpOB ; K n .. ' 

.QOn:>KHB 6bJTb B3RT8 B BK.OB CKBRRpHOrO npOK3BB.09HKR (; ;'·) • TBKKM o6pa30M, COOTHQ-

lllBHHB )fHHTBpHOCTH MO>KHO 380HC8Tb B BK.QB: 

i 
(2rr)

1 

.... , ..... , 
t ( s, n n ) - r* ( s, n n ) ,• 

Js -4p. 2 

is 
( d0 "t(s, nn") r (s,n'~;·). 

Vlcnonb3yR paano>KBHHB 

..... , ' .. -+, 
r(s,nn )= 8(2rr) r(2f+1)rf(s)Pi(nn) 

H cpopMyny .anR nonHHOMOB ne>KaH.apa 

(dO ''Pt (;';") Pf,(;";) 
~ .... 
~ Pf(n'n) 
2f+ I 

UOR)f'IBBM ycnOBHB )fHHT8pHOCTH B TBpMHHBX napUHBRbHbiX BMORKT)f.Q: 

rf (es) -rf.rsJ • 2ip(s) 't (s)rf (s), 

r.ae p (s) a V~ - B9ll19CTBBHH8R H 8H8RHTH'IBCK8R cpyHKUHR, 
s 

B o6nacTK, r.ae 't(s) perynRpHB, MO>KHO OOK838Tb, 'ITO 

~. r*(s) • r (s*). 

(2,9) 

(2.10) 

(2.11) 

(2.12) 

(2.13) 

f f 
npHMBHHM OOR)f'IBHHbiB pB3)fRbT8Tbl ,ORR OfiHCBHIIR KB83HCT8UHOH8pHb1X COCTORHKA, 

C )f'IBTOM TOrO, 'ITO cpyHKUHR p (s) KMBBT TO'IKH BBTBRBHHR npH S • 0 H 8·•41' 
2 

(nopor 

npOMB>K)fTO'IHOrO COCTOAHHR CHCTBMbl) Bb16Kp89M p83pB3&1 B S -nnOCKOCTH OT 0 .00 -• oo 

H OT 4 tJ 
2 

.00 00
, 

s 

0 ¥ 

Puc. 2. 

6 

'\ 

npa TBKOM Bb160pe p83p930B p(s*) •-•p*(s) J H C )f'IBTOM (2 .• 13)_ COOTHOWBHKB 

yHHT8pHOCTH ·npao6peT89T BK.Q: 

II . II 
't (s)- 't (s) • 2ip(s) 't (s)rt· (s), (2.14) 

r.ae fl 03H8'18BT0 'ITO 3HB'IBHHA cpyHKUHH 'f (B) 

PHMBHB, 3anHWBM (2.14) B cpopMe: 

6epyTCR HB BTOpOM RHCTB fiOBBpXHOCTH 

l' ( 11) -
f 

'r (s) 

1 + 2ip(s) 't (s) 

(2.}5) 

<t>yHKUKR rf (s) HMBBT fiORIOCB, COOTBBTCTB)fiOlllHB H)fRRM cpyHKUHH 1 + 2ip (s)r (s);;;; Sf(s). 
1 f 

3THM OORIOCBM COUOCTBBn!IIOTCR CBR38HHbiB COCTORHHR, KB.K Mbl 9TO BH.OBRH HB npHMepe K)fRO'" 

HOBCKOrO p8CCBRHRR, 

PaanaraR cpyHKURI00 CTORUl)fiO B 3H8MBH"aTene cpopM)fRbl (2,15), a pR.a TeAnopa -a 

TO'IKB z
0 

• 8 O + i r , fi0R)f'189M: 

'f. (z) ll 
r t ( z) = (2.16) 

[ asr (ZJ l •.• (z- "o- ;r) 
iJz o 

nepexoaR K cpyHKURH Ha nepaoM ·nacTe pHMalioaoA noaepxHocTH, HMeeM: 

- 't (zo) 

't(s)- ase(~l_l• (s-s +ir) 
[ ·-· 0 az 0 

(2.17) 

nony'IBHHBR cpopMyna 9KBHBBRBHTH8 cpopMyne BpeATa-BRrHepa,' OOHCbiBBIOUlBA KB83HCT8UHQ

H8pHble COCTORHHR C OOR)fWHpHHOA r , npH r • 0 CO,OTHOlllBHHB (2,17) QOIJCbiB!IBT 1CBR3aH

Hbl9 COCTORHHR, 

CoaeplllBHHO auanorH'IHbJe paccy>K.llBHHR MO>KHO npoaeCTH, -C'IHTaR, 'ITO s npHHHMSeT 

cpH3H'IBCKHB 3H8'1BHHR, a f - ltOMI;IRBitCHO, 3TOMY CR)f'IBIO COOTBBTCTltyBT cpopMyna 

'f. (s) (2.18) 
r f (s) = 

[ ~].. (f 
at f·fo 

_f 0 ( s) ) 

3Ta cpopMyna TBK>KB OOHCbiBBBT ltB83HCT8UHOH8pHb1B H CBR38HHbiB COCTORHKR. HeT npHHUH

UHSRbHOA p83HHUbl MB>K.Q)f UOR)f'IBHHbl"'H .OB)fMR OUHCBHHRMH, noniOCB BMORHT)f.Obl paCCBRHHR 

a KoMnneJtcHoA f -nnocKoCTH H83biBBII!lTCR non10caMH · Pe.a>Ke. 

3. OnacaHHe aaaHMo.aeACTBHR npa BbJCOKHX s-HeprHRX a TBPM.HHax 

KOMnneKCHblX yrnoBbiX MOMBHTOB 

PaccMoTpHM aaaHMO.lleAcTBHe ilayx 6eccnHHOBbJX 'IBCTHU c paaHbJMH Macca¥H 11. 

Hao6pa>t<aeMoe cne.ayiOlllBA .aaarpaMMOII: 
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~ 

k.· ... 

,S-

l<f 
f 

t; 

Puc, 3. 

BaeneM uuaapuanTHble nepeMeHHbie 

CBll3aHHbi9 COOTHOW9HHeM: 

2 
s•(k1 +k 2 ) 

2 
t = (k 1 + k3) ' 

2 
U=(k

2
+k

3
) 

s+t+u•4p. 2
• 

... - ·~·. 

kt u 

,k:J 

(3.1) 

( 3.2) 

.,. 
f1aano>KHM no· napUHBllbHblM BOnHaM aMnllHTYLlY r (s, t ) , p8CCM8TpHBaeMyiO B KaHane, 

rne s - KaanpaT nonuoll aueprull s c.u.M., a - KaanpaT nepena'IH 4-HMnynbCa: 

r ( s, t) = I (2f + 1) '£ ( s) P (Cos 8 ) . 
f f • 

VIa ( 3.1) MO>KHO nony'IHTb, 'ITO 

2t 
Cos() = 1- --,---

• 4p. - s 

Plln ( 3.3) MO>KHO aaMeHHTb HHTerpanoM, aal!TbiM no KOHTYPY C 1 (eM. puc. 4). 

r(s,t)•y ((2f+1)~-rt(s)Pf(-Cos(J ). 
c Sinftr • 

1 

8 

(3.3) 

(3.4) 

(3.5) 

I"'~ 

.tz 

AJ . I ~ " 3 .,. s- £;. , Rtt e 

Puc. 4. 

VIHTerpanbHoe npencTaaneHae (3.5) nony-qaeTCll c noMOWb!O TeopeMbl o Bbl'laTax c y'leTOM 

paaeHCTB: 

II 

P 
11 

( z ) • ( -·1 ) P 
11 

( -·z ) . 

- z 
Bb1'19T (Sin n tr ) 

(-d' 
, 

I' 

(3:6) 

(3.7) 

B Bbipa>Keuuu (3.5) non r f ( s) cnenyeT noHHMBTb auanuTH'IeCKoe nponon>Keuue o6bi'I-

HOlt napUHBUbHOll BOUHbl B o6naCTb KOMUUeKCHb!X f , EcnH ne<jlopMHpOBaTb KOHTyp C 1 , 

nepeaons ero a nono>Kenue C f , TO c y'leToM non10cos <jlyHKUHll r f (s) 

r(s,t) • 
2 

•1\+foO df 
( (2f + 1) ---- 'f (s) Pf (-Cos() ) + 

-y,. .. ftJO 

+ I 

Sin f,. • 

{3 I (s)Pa r·/-Cos ().) 

Sin a 
1 

( s) 

9 

(3.8) 



r 

I' I 
I' I 

I 
I 1 

,. 

I. 

I i 

'I 

~--.JI, ___ J..~.JLL .• U-..!.IUIW'••p• q .""'" ___ ......,.. ........ _.... ' 

3.1l&Cb a 
1 
(s) - DODO>K8HH8 DODIOCOB cPYHKilHH 'f (s) B KOMDIT&KCHOA f - llDOCKOCTH1 

{J I (a) - cPYHKRRH, DpODOpllHOH8DbHbJ8 Bbi'I8T8M COOTB&TCTBYIOlUHX DODIOCOBo 

TaK KSK SMDDRTy.lla r (a, t) onacblaaeT TSK>K& KaHan , rp.e nepeM&HHSll 

CR KB8.11p8TOIII SHeprHH B ColloM o ( t - K8H8D), TO npeHe6perall DpK t , .. 

KHTerpana B Bblp8>K8HKH ( 3o8) 1 DODY'I88M 

[r(s,t)1 I 
a, (s) t a, (•) 

, .... Sin IT a 1 (a) 

cf>opMyna (3o9) nonyqaeTcll c y'I&TOM Toro, 'ITO [Cos (J 1 • . , .... 
[Pt(•J1 ..... • 

t 
2I'(t+~) 

rwrrt·+1) 
• 

K 

':J 

liBDRe,-

BKD8.110M 

(3o9) 

(3olO) 

Bonee TO'IHO& pacoMoTpeaae c yqeToM u -KaHana npaBO.IlHT K TOMy, 'ITO KS>K.IlbiA qnea 

z lllll r•> 1 CyMMbl (3o9) KM88T .11068BO'IH&IA MHO>KKT&Db· fj•·(1+(1""1) e I 1 I'.ll& 1 - CDKH pe3o-

H8HC81 CODOCT8BD8HHOI'O Tp88KTOpHH a 1 (B) o MHO>KHT&Db (-1l Oop&.118DR8T T81t H83bi

Ba8NYIO CHI'HaTypy, DODOlKHT&DbHYIO RDH OTpHilaT&DbHYIO B 38BHCHNOCTK OT 'I&THQCTH HDR H&'leT

HOCTH I • 
npa .110CT8TO'IHO CiODbWOII SH&prKH B (3o9) (iy,tteT .110MHHRpOB8Tb 'UI&H C RaH60nbWRM 

a
1 

{B) o 8 CBR3H C STHM .llHcPlP&p8HilR8DbHOe C8'19HH8 MO>KHO 38DRC8Tb B Cne.lly101U8M BH.Il&: 

du 

dt 

{J(B)t(B) 

SiniTa(a) 

211.(•)-2 

(3,11) 

cf>op.&yna ( 3ol I) .1188T CibiCTp&IA 008.11 .llRcPcP&peHilHaDbHOro C8'18HHR 0 yaenK'I&HR&M yrna 

p8CC811BRII (qTO R Ha61iJOtJ.aeTCII B SltCD&pRN&RT&)o 3TO yTB8p>K,Il8HRe BhiDODHli&TCR npR 

a(a) < 1 R da < Oo 
- da 

Hcnonb3yR onTR'IecKyJO Teopewy, MO>KHO nony'IRTb acaMnTOTH'I&CKYJO aae.acRIIIQCTb 

nonaoro ceqe&RB oT aaepraa 

aro> -·1 

u,., .. E (3,12) 

npa ycnoBRR a (0 ) • 1 DODHOe C8'18HR8 8CRMDTOTR'I8CKH CTp&MHTCll K DOCTOIIHHOII aena-

'IIIR&o cf>yHKiliiiO a(B) 1 y.llOBn&TBOpRIOlU)'IO 9TOMy YCDOBHI0 1 H83bJB810T B8KYYMHOII Tp'll&Jt~

paeJI IIDR Tp88KTOpReA noMep8H'IYK8o 

Bo acex npe.ll&I.IlYlUKX paccy>K.Il&HHIIX npe.11nonaranocb, 'ITO aMnnaTy.lla pacceKHHR 

IIM88T TODbltO npoCT&I& DODIOC8 H He HM88T TO'I&K B8TBD8HRII B KOMDD&KCHOII f -nnOCKOCTHo 

Mo>KeT Olt838TbCR, 'ITO TO'IKH aeTe.neaaa arpaJOT CYIAEICTB&HBYJO ponbo 3To npaae.ll&T 1t 

H&06X0.11HNOCTR .ll068BHTb It npasoA '18CTR Bblp8>K8HHII (3o9), 'ID8H&I 1 . COOTB9TCTBYI01UR8 pa3-

p838Mo 

10 

C.11enaeM 6ea .llOKaaaTeDbCTBa cne.llyJOwae yTaep>K.OeHH!I, KacaJOwaeca BB>KHbiX caoAcTe. 

nonJOCOB PeJ:x>Ke: 

I. Re a (m') » t 0 I'.Qe m H f - M8CC8 H CDRH p930H811C8 0 CODOCT8BD9HHOI'O 

,aauuoll "TpaeKTOpRR" a 1 (B). 

2. lm a 1 ( s) ae.aeT ce6a y nopora (a .. 4 p. 1
) KBK ( 

1 Rea ( 1 
B -•41J. ) I 41J. ) + ~ 

3, "TpaeKTOpH!!' DODIOCB a 1 ( s) R Bbl'I9T y I ( S) - 8H8DHTH'IHbl9 cPYHKilHH OT S 

c H90TpRil8T9DbHbiMH MHHMblMR 'IBCTSIMH, 

4, :m a
1 

(s) ~ 0 

5, a ( s) :':: 1 

H lmy
1

(s) • 0 

da 
H ds ~0 

.QDSI s < 4 IJ. 1 

I 

npa s < 0. 

6. TeopeMa ,PaKTopaaanHH • .llauuaSI TeopeMa yTaep>K.oaeT\ 'ITO Bbi'IeT non10ca Pe.o>Ke 

COCTOHT H3 .OBYX cPaKTOpOB 0 K8>K.Qblll H3 KOTOpblX 38BRCHT OT KB8HTOBblX 'IHCen DHWb O.QHOJI 

napbl 'IBCTHilo 

.lloKaaaTenbCTB8 H&KOTOpbiX H3 STHX caollcTB npHBO.Q!ITC!I a npano>KeHHR II . 

4. , - N- pacceSIHHe 

B uen11x npano>K&HHR p83BHTOII Teopaa K KOHKpeTHbiM ,Paaa'leCKHM npoueccaM pac-

CMOTpHM ynpyroe IT N - pacceSIHHe npa BbiCOKHX aueprH!IX H MSDbJX nepe.oaqax. B .oanb-

uellweM npe.anonaraeM, 'ITO OCHOBHYIO pODb B 9TOM nponecce HrpaeT O.QHH .QBYXDHOHHbiii 

nomoc Pe.o)Ke, TaKHM o6p'aaoM, aa.oaqa cao.QRTC!I K Bbi'IHcneuHJO cne.ayJOWHX o.ouonon10c-

HblX .QHBI'pBMM, 

_£__ 

' 5i' 
' ' ' ..... ..... 

,;-...., ..... --

Pac. 5. 
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.......... / 

_§..._ 

....... / ....... / 

....~, 
( 

,1' 



rl, 

; 
i 

i!! 
i': 
! I 
i I 

I i 

II 

I 
it 
>I 

KaK H3BeCTHO, BblpameHHH, cooTBeTcTBYK>IUHe 9THM aHarpaMMAM, oTnH'IAIOTCH 

3H8KOM KOCHHfC8 yrna pacceHHHH B t -KaHane, 'ITO npH t < Q H S -+ 00 aaeT tP~Op 
+ e lll'a(t) (3H8HH :!:. Bb16Hp810TCH B COOTBeTCTBHH C CHrHaTypoA npOMe>KyTO'IHOrO COCTOH"' 

HHS). 

8 cny'lae KOrepeHTHOrO p8CCeHHHH UOniOC B npoMe>KyTO'IHOM COCTOHHHH o6naaaeT 

cneayK>IUHMH KBAHTOBbiMH 'IHcnaMH: aaocnaH T-o , G - 'leTHOCTb • I , cHrHaTypa 

u ~ + 1 (p- nonJOc). npa nepeaapsaKe ·r-1, G • 1 , u = -· 1 ( P - non10c). (CocTos-

HHe T • 2 HesoaMO>KHO, nocKonbKY aaocnHH HyKnoHa •1/2 ), Banaa non10ca MO>KHO Bbi'IH-

cnHTb, paanaras aMnnHTy ay paccesHRH no napnaanbHbiM sonHaM s 

npeo6paays psa nemaHapa B HHTerpan BaTCOHa-30MMep¢enbaa. 

-Kaaane, a aaTeM 

VIHB8pH8HTH81l M8TpR'IH8H 8MRnHTyaa BblrnsaHT cneayK>IUHM 06p830M: 

A±: + iy v,+q2 jj ±, 
2 

T
±, . - (4,1) 

rae q l H q 
2 

- '18Tblpex-HMnynbCbl RHOHOB, npa nepexoae B t -KaHan q
2 

-MeHHeT 3H8K, 

VlaoToRH'IecJtaH cTpy~~:Typa aMnnaTyabl: 

(+) 
Tfja.T 8fja.+'/.a[r~, 

rae a o ~ - R30TOUH'IecKHe HHaeKCbl RROHOB, 

r 
(4.2) 

] T (-~ 
a 

qHCTble H30TORH'IeCKHe COCTOHHHH 

nnaTyaaMH T ± C UOMOIUbiO tPOpMyn: 

T~ 
I 

r'/2 
B 8 H a - K8Hanax CBS38Hbl C 8M" 

Tor a a JtaK s t -KaHane: 

(+) 
T 1 

y6 

c+'J 1 ~ ,;, 
7 • - ( T + 2T ) I 

3 
c-~ 1 ~ ,;, 

T • -(T -· T ) , 

0 
T , 

3 ' 

(-') J 

T • '/.aT 

B " H u - KaHanax aMnnHTyaa paccesHHH B C,Jl,M, HMeeT BRa: 

± ± ~.. .... ±. 
I -1

1 
+(un 1 )(un

2
)1 2 , 

qJ .. q 
nt = -- , n -~ 

I i
1
1 ' rq, 1 

1 :!: IV + M + W-M + 
-A - 1- - --- 1-; 
411' E + M l E-M 2 

npH'IeM: 

+ + 1 + ...Ls-- _1_1-+ --~-
411' E+M l E -·M ' 
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(4.3) 

(4.4) 

(4.5) 

(4.6) 

w • .,;-;, E - nonHas sHeprHs HyKnOH8 B c.u.M,, M - M8CCa HyanoHa), 

VIMeeM cneayK>IUHe CBOACTB8 CHMMeTpHH: 

± ± 
A (s,u,t) - .! .1 (a, s, t ) , 

(4.7) 
± ± 

B (s,a,t) • ; B (a,s,t) 
/ 

noaCT8HOBK8 S-+ U B t - KAHane 3KBHB8neJITH8 38M8He Cose H8 (-Cos8)o HaJtoHen, 

npHBelleM paano>KeHHe HHB8pH8HTHbiX aMUnHTfa RO COCTOHHHHM )l(aK06a-8HKa B 

A • - ~ t :to+ 'l.aHPvJ
1 u1+P _(1J-· 

p 2 I I 

II I I 

..; /(/+1) r - 1 PI (1) 1 
B • Brr I 

I 

]+'/.a 1-l , 
~(pq) ·'lr PI (1)· 

.j]{/+1) 

t -KaHane; 

(4,8) 

3aecb q • p - MOaynH HMDynbCOB RHOH8 H HyKnOH8 B t -KaHane, COOTBeTCTB8HHO: 

2 ' ' 4 (P + M ) • 4 ( q + 1 ) • t 1 

1 - KOCHHYC yrna pacceSHHH B t -KAHane: 

eo.e-1· s - M
2 
-· 1 + t/2 

2pq 

(4.9) 

(4,10) 

,t + - napnaanbHble aMnnaTyabl c onpeaeneHHbiM nonHbiM MOMeHTOM H cnapanbHOCTbiO, 
J-

H3 KOTOpbiX OKononoporoeoe noaeaeHHe HBHO BblaeneHO B BRae tP8KTOpOB (pq) I H 

1-t x) 
(pq) 

HaAaeM &Kn8Jl nonJOcoa (p) a ( p) a aMnnaTy ay ,N - paccessas, HanlrtlleM 

COOTHOWeHHe yHHT8pHOCTH ans 8MRnHTya lly ( y • +,- ) , Y'IHTbiB8H nHWb aByXRHOH-

HOe RpOMe>KyTO'IHOe COCTOHBRe (onyCK8ll ans npocTOTbl H30TORH'I8CKHe HHaeKCbl): 

u Jl 
II (t)- I (t)- 2ip(t)A (t) II (t) I 

Y ly I Y 
(4.11) 

t- 4 rae p ( t) • .j -- , A 
1 

- napllHanbH8H aMnnaTy a a naoH-nHOHHoro paccesHHH, 0TCK>aa: 

t 

xl -nycTb A a A - cnapanbHOCTH HYK noRa a aHTHHVKnoHa, cooT&eTcTseHHo, npHHH-

MaK>WHe aHa'leHHH :t.t/2. Toraa ans aMnnHTyll&l 11M HMeeM KOM6HHAUHH: 

II.~.~ ; II;~.~; 11,~.-~ ; t 1.-~. -~ 
0l1H8KO H3 p -HHB8pH8HTHOCTH: 

1 1.~.~ ·• 1 1,-~.-~ '"I it 

I 
1,~.-~ 

f "' f -
1,-~.~ I 
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11 

I ( t) • 
ly 

~ ... -. . .....l!.....~ •r.l.,.,_..L....,I--....__ I' !IIIII IIIP ___ ,..._,... 

11v ( t) 
(4.12) 

1+ 2ip(t)A
1

(t) 

rrpH'leM senH'IHHhi, qJHrypKp)!IOLURe B (4.12), HB!IRIOTCR aHanHTR'lecxRMR cpyHKURRMR OT I R 
II 

t • I (t) o6naaaeT rroniOC&MR, rae 1 + 2ip (t)A1 (t) • 0. 
ly 

Terrepb HCHO, 'ITO cyMMbl B (4,8) MOlKHO rrpeo6p830B8Tb B HHTerpan (B-3); RMeR 

B BRay (4,4), BRaHM, 'ITO !IO!IIOC (P) aacT BKnaa B T(+), !IO!IIOC lKe (p) - B T(-) , 

Y'IRTbiB&R eme cHrHaTyphi rroniOcos ( a P • + 1 , a P s - 1 ) 

!IO!IIOCHb!ll BKnaa B 8Mli!IHTyahi MOlKeM 38!1HC8Tb Tax; 

H TeopeMy cpaKTOpR38UHH 0 

/±J(t) ~ 
ly 

C:t.J r.!:J 
</>"(t)<f>y (t) 

1-a+(t) 

Ia+ (t)lf 
( 1 + e - ) + .... , (4.13) 

rae BepXHHA HHaexc (±) llpH ae!IH'IHH&X, xapaKTepH3YIOLURX !IHOH-ITHOHHYIO CHCTeMy, 

COOTBeTCTByeT H30TO!I-COCTORHHRM T •0, 1 i B 'l&CTHOCT!I a+ " a p , a_ E a p 

noacTaanRR (4.13) a (4,8) (6onee TO'IHO, a BhipalKeHHR, rae :t 3&MeHeHa HHTe-
I 

rpanOM (6- 3)) 1HaxoaHM BK!I&a BbiLUeyK&38HHbiX !IO!IIOCOB B 8Mli!IRTY a hi: 

...... 

2 + 8, 
A-~- --,-

p 

a± 
(a±+~)(pq) 

Sin a± " 

C±J 

.. q,- (1 + , 
Ia+" 

e - ) x 

(±) M¢_ , 
X [<f>+ p (Y) -· yP (y)j+ ...... , 

~ a+ 
va±(a±+1) -

1 ± e 
1
"±" =a,' (a± +~)(pq)a.:!:-1 C±J C±J 

</> </> p (Y) + .... • 
" - a± 

.j. 
B-

Va± (a±+ 1) Sin a±" 

(4.14) 

,. 2 -Jh 
0TciOaa, y'IKTb!B&R H3BeCTHYIO acRM!ITOTH'lecxyiO cpopMyny (3,10) H P

11 
( z) = ( z -1) {tzJ, 

HallaeM 8CHM!ITOTH'leCKOe !IOBeaeHHe HHB8pH8.HTHbiX 8Mli!IHTya npH 8 -+ ~ , t = 0( 1): 

+ 
B-

3;, 
± 811 r(a++:J/2) ± la+11 

A -- __ - q, (1 t. e - ) x 

p
2 

Sina+" " 

X [ q,~±J- Mq, C±J ]a a± 

va± (a:.+ 1) rra:.) 

,; 2 

16, r (a.:!; +.312 

va+(a:t+ 1) 

Ia±" C±J c±J a+ -1 
:1: e <P, cb_ 8 -

2iSin a:. ,.r(a.t.J 

14 

(4.15) 

PaccMOTpHM Terrep.b aMnnHTY ay pacceRHHR B 8 - xaHane. 1-1cnonb3yR ( 4,5), ( 4,6), 

H&AaeM .acHM!ITOTH'leCKH ( E • 'n W ) 

(+) 
I --

1 

tiJ 
12 

± :1: 
[A +WB1, 

1611 

C:I:J Cb 
___!___ [ -·A + W B 1 
16, 

nepeliJ:~&M K 8Mli!IHTYJ:18M C nepesopOTOM R 6e3 nepeaopo'i'a C!IHH8: 

+' ± (+) C_J F c J i ( .... ) F -I • 
1 

+ an 2 , 

.... ... ... .. 
n • ni x n 

2 
• e Sin 9 , 

1 2 9 c±J 2 9 ± 
F - -[Sin -A + W Coa - B 1 

1 8 rr 2 2 

Fa - 16rr 

c+ J c+ J 
-·A- + W B- 1 , 

9 - yron paccel!HHR a c.u.r.c. anSI 8 -xaaana, e - eaHHH'IHhlll sexTop. 

(4.16) 

(4.17) 

(4.18) 

Tenepb 6e3 npHBeaeHHSI aeTanell pac'leTOB Bb!DHLU&M aexoTopb!e cpH3H'leCKH HHTepec

Hhie Be!IH'IHHbl, KOTOpble MOlKHO nony'IHTb H3 cpOpMyn (4,15), (4,17), (4,}8), 

i-1CX0l(R H3 COHHOBOll M&TpHilbl !IOOTHOCTH HYK!IOH8 B H8'l&llbHOM COCTOSIHHH: 

p•11,(1+l;) (4,19) 

e-+- BeKTOp !10!1RpH3auHH, I i I ~ 1 ) H BBOJ:IR o6oaHa'leHHll: 

(+) a +2 2 • 
41 • ( ctg -2-) • 

r-1 a -·rr 1 
41 • (tl 2--) 

HMeeM CneayiOLUH& Bb!p&lK&HHll l(OR aacpcpepeHUH&ObHOrO Ce'leHHR H 00!1SipH3811HH: 

da C±J + c±J rr M tP 1 

- • Tr(f pl)•(1+~ )·1--[r(a+3/2JrH<P- - _ 11 x 
dO 2p4 " + r(a).Ja(a+ 1) 

(4.20) 

2a 2rr rra+J/2) a .aa-1 
x 8 ( 1- Cos9) + --- ( ----- q, q, ) 8 ( 1+ Coa 9) I , 

a(a+1) r(a) rr-
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r-

I 
'I 

,, 
I 

I ~ 

, I 

..... 

.. .. (+) .. .. .. 
<u> ·• Tr(uf+pf) • 2(1+l'll -)1'1'

1 
~ + '1'2 Sin(J(e x ~) + 

J .......... 
+ 'I'! Sin e (e e) e I . 

cl>yHKUI-IH '1'1 , ll'2 , IJI! 38.0810TCII tPOpMynaMH: 

'1'1 • -·Cos8(1 +2Sin
2

2
8 J~[r(a +312)¢,(!P+-

4p 

M¢_, • n'•21Z+ 
r(a)va(a+ 1) 

+Cos 8 (1 + 2Co8 2 ~)-"-( r(a+3/2).p ¢ >' 8 2111-o _ 
2 a(a+'l) r(a) , -

M.p_ 

S
• ' , ,<~> [¢+-·r =1 

-( 1 + 1n (J) -,-(r (a +3/2) .p ) · - (a)ya(a+ 1) 
p , r(a).Ja(a+l) 

Ja-~ 

8 

II¢ IJQ 

'I' • - (Sin2~)-"-[r(a +3/2)¢ (¢ -~ - )] s ·+ 
2 

2 2p 4 
" + r(a)..ja(a+1) 

+(Cos '..D..) .. 2rr (r(a+312) .P .P 2 8 2a-·1 + 
2 a(a+1) r(a) , -) 

¢ [¢ - ll.p_ 
+(Cos8)_!!_(r(a+3/2)¢ J2 

- + r(ah/a(a+1) 9 

. P2 " r (a)' V a (a + 1) -

24-~ 

'l'J. -:::-r4" [r(a+:J/2)</> (t/J 
p , + 

M.p_ ) J'' 8 211 

r(a)va(a+ 1) 

+ 

+ _,_ ( r(a+~2) 2 u-1 , 2 
a(a+1) ---r'(";) ¢,¢_)s +7(r(a+312J<P,Jx 

(2a -~) 

M.p_ s 

x rb_ [¢+- ...;r'(a)(a(a + 1)) r(a)· va(a +1) (4.24) 

( B S>THX .popMynax Mbl onycTHnH HH.aeKCbi ( :!:) , xapaKTepHayiOwHe H30TOIIH'f9CKHe 

cocTo·SJHHH), '1To6bi BhiHCHHTb tPH3H'feCKHil CMbiCn s.THX <PopMyn, y'fTeM, 'ITO npH s -+ .. " 

t = 0(1) -~ 
(J = 0 (s ) . 

16 

BH.aHM, 'ITO npH o-o (pacceHHHe snepe.al du/dO OIIpe,aenHeTCII nHwb KOM6H

HSUH9il q, , rb_ • VIa onTn'<eCKOil TeopeMbi nonyqaeM ( npu (J- 0 

a~ (0) = 1 ) : eC.1JH c+ J r+- J c+ J 
..)2·-15·¢, (O)cb_ (0)111 s u,N(oo). 

C ,apyroil CTOp0Hbl 0 
T8KHM >K9 o6paaoM: 

c+ J 2 

0TCI0.08 

J_, ( rP (0)) 
4 , 

c+ J ~ 
¢ (OJ ~ _1_( .. LJ 

15 8rr 

+ 
- q ,, (oo), 

(+) (oo) 
u·,N 

M.j:u+ (oo) 

/ c+ J 
'IHCTO MHHMS, 

(4,25) 

(4.26) 

(4.27) 

TSK 'ITO Bb!'f9Tbl IIpH (J • 0 

,, 
Bb!p8>KSIOTCII qepe3 tPH3H'f9CKH9 aenH'fllHbl (eM, § 4), 

0TM9THM ni060IIbiTH09 CBOi!CTBO .auq,<PepeHUH8nbHOrO C9'19HHII: OHO H9 36BHCHT OT 

oA dq 
nonS1pH38UHOHHOrO COCTOIIHHII MHlU9HH, YIHTerpupyH -- IIO yrnaM, MO>KHO IIOK838Tb0 

d0 
'ITO ynpyroe C9'19HH9 y6&IB89T C S>H&prueA K8K (fo' 's) •I , ,Upyroe HHTepeCHOe CBOi!CTBO 

O.OHOIIOniOCHOrO npu6nH>K9HHSI COCTOHT B TOM, 'ITO B91U9CTB9HH811 'f8CTb 8MIInHTY.Ob1 (ecnH 

a+(0)=1 HC'feaaeT npH (J-0 , O.OH8KO OH8 TOrO >Ke IIOpii.OKS IIO 8 npH H8Hyn&Bb!X 

yrnaX
1 

K8K H MHHM8SI '18CTb. 

Ylccne.ayH Tenepb Bb!p8>K9HH9 OTHOCHT9nbHOA IIOnHpH38UHH .. .. du ) 
<u>(-;m-

-I 

1 BHLlHM 

cne.ayiOwee. npu H9IIOnHpli30B8HHOA MHW9HH cl ·~ I - 0 ) nonHpH38UHII OTCyTCTByeT, 

EcnH )1{9 HyKnOHbl B H8'18nbHOM COCTOIIHHH IIOnHpH30B8Hbl, TO IIpH He60nbWHX yrnax pac

C911HHII OHH OCT810TCII IIOnHpH30B8Hbl B T8KOM >Ke H8Up8BneHHH 0 K8K H .00 p8CC9!1HHII, npH yae-
-+ -+ .. 

nH'f9HHH yrna IIOHBnHIOTCII KOMIIOH9HTbl nonHpH38UHH s.aonb e H 8 X.; ; O.OH8KO nocne.a· 
~ 

HH9 KOMUOH9HTbl y6&IB810T C S>HeprHeil OTHOCHT9nbHO KOMIIOH9HTbl B.OOnb ~ , HeTpy,aHO y6e-

llHTbCII B TOM, 'ITO ecnR y'feCTb BKna.a H9KOTOporo BTOporo IIOniOC8, TO HHTep<PepeH~HOH

Hb!ll 'fneH M9)!{llY llBYMII noniOC8MH H npH HenOnllpH30BSHHOil MIIW9HH IIpHBe.aeT K B03HHK

HOB9HHIO nonHpnaauuu, nponopunoHanbHOA ;; Sin (J • 3Ta nonHpuaaunH, o.aHaKo, yM&HbwaeT-

cg C pOCTOM S>HeprHH B TOil CT9II9HH, B K8KOil y6&IB69T OTHOCHTenbHbli! BjCna.a BTOporo 

noniOca. 

5, 3aKniO'fHT9IIbHbl9 36M9'16HHII 

06paTHM BHHMBHHe Ha o.aHy Tpy.aHocTb TeopHH. KaK su.aHo H3 npe.a&I.aywHx <PopMyn, 

aMIIIIHTy,aa HM99T IIOIIIOC, 9CIIH npH H9KOTOpOM t 0 a(t
0

) o6pawaeTCII B HYIIb ( "npH3p8K"). 

3To tPH3H'f9CKH 6eCCMhiCII9HHO, H .OIIII ua6e>KSHHII TSKOil Tpy.OHOCTH lenn-MaHH npe.ana

ran B H9KOTOpOM CMb!CII9 "y.OBOHTb" Tp69KT0pHH 0 TSK 'fT06bi IIOIIIOCS nap TpaeKTOpHi! 

MOriiH .apyr ,apyra CKOMII9HCHpOBSTb, 0.aHSKO S>TO H3IIHWH9 0 TSK KSK MO>KHO yTB9p>K.06Tb 0 

'ITO "npHapaK" SBTOMSTH'i9CKH HC'i9369T H 6e3 yllB09HHII Tp69KTOpHil, 9CIIH SMIIIIIITy.aa 

YHHTapHa BO BC9X KSHSIISX (.aellCTBHT9llbHO, YHIITBpHSH SMIIni!Ty.aa 06!136T9llbHO orpSHII'I&-
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Ha). TaKHM o6paaoM, noHBn&HHe npHapaKa 6&mo 6&1 CBH38HO c HeyHHTapHocT&IO 
,'! 

Jlbl B S -Ka!lane, noao6HO TOMy, KSK Mbl 3JleCb HCcneJlOBanH 8MUnHTyJly ,N- paCC.IUIHH.: 

MO)I(HO paCCMOTp&Tb H Jlpy,rue npOU&CCbl, 3Jl&Cb XOTHM nHWb YK838Tb HS OJlHO 

Hoe ceoi!GTBO OJlHononiOCHoro npH6nH)I(SHHSI, KaK Mbl euaenH H3 np&JlbiJlYil.lero, 

HSSI 8MUnHTYJl8 rrN a. paCCSSIHHSI npH t• 0 nponopuHoHan&Ha eenHqHHe: 

PaccMoTpHM npoueccbl 

/ 
/ 

<P, (O),P+ (D) 

rrrr .. rrrr , rrN .. ,N 

/ 
// 

',, 
PHc. 6. 

NN .. NN 

AMnnHTYJlbl pacceHHHSI enepea (u, cneaoeaTen&Ho, no onTuqecKoll TeopeMe, nonH&Ie Ce'le-

HHSI) npH S .. 00 nponOpUHOHSnb!fbl BanH'IHHSM: 

•. 
0' , ( <P, (0) / 

0' .. "' (0) ·<P (0) rrN , + 

uRN• </>+(O),P+ (0) • 

(5:1) 

<l>aKTOpbl nponopUHOHSnbHOCTH OJlHHSKOBbl, T8K KSK MSCCbl H CUHHbl qaCTHU pOnH He Hrpa

IOT npH S -+ 

0TC10Jl8 SICHO, qTo TpH ceqeHHSI He HBnSIIOTCSI He38BHCHMbiMH, a MS)I(Jly HHMH HMSST 

MSCT'O COOTHOWSHHe: 

~!!.I! O'NN (5.2) ,.,., u,N 

qTO B npHHUHne MO)I(HO 9KCnepHMeHT8nbHO nposepHTb, HCHO, 'ITO UOJl06Hbie COOTHOLUeiiHSI 

MO>KHO nonyqKTb u anu apyrux npoueccoe, 

18 

B uacToSILUee 
speMR nonomeHHe TeopHH npoueccos npH BbiCOKHX 9HeprHHX He SIB!lSieT

c nepeKpeCTHOII CHMMeT"" 
Sl nerKKM. MeTOJl KOMU!leKCHblX yrnOBbiX MOMeHTOB B coqeTaHHH 

noaBOllSieT cJlellSTb HeKOTOpbie TeopeTHqeCKHS npeJlCK838HHSI OTHOCHTenbHO paanKqHbiX 

oJlHSKO, nOK8 ewe COBCeM He SICHO, B KSKOII o6naCTH nepeMeHHbiX MO>KHO rosa

TOM, 'ITO aMnnHTYJlY pacceSIHKSI onJ:j&JlensieT OJlHH non10c Peame, H cywecTsyeT 

o6nacTb. KpoMe Toro, ao cKx nop He yaanocb nonyquTb KonuqecTBeHHbie npea-

8 Me3oHHOII Teopnu. B caMoM aene, eCTb yKaaaHHSI Ha To, qTo B cnyqae ao

cunbHOII CBS13H MHOroqaCTK'IHbl'3 COCTOSIHHSI KrpaiOT npeo6naJl810LllYIO pOnb H qTO 

9TOM cnyqae HEtT HHKSKOII o6nacTH nepeaaq, B KOTOpOI! JlOMHHKpyeT OJlHH nKLllb noniOC 

Pea.>Ke. no-BHJlHMOMy, paapeLUKTb npo6neMbl cjJH3HKH BbiCOKHX 9HeprHII MO>KHO !lHWb B 

TeCHOM COJlpy>KeCTBS 9KCnepHMeHT8TOpOB H TeopeTHKOB, 

nPvtnO)KEHVIE 

<l>yHKUHSI KoMnneKcHoro nepeMeHHoro I( z) uaabiBaeTCSI aHanuTuqecKoll ( perynSip

B ToqKe (unu o6nacTH), ecnH oHa OJlHOaHaqHa H o6naaaeT B aToll ToqKe (o6nacTH) 

HenpepbiBHOII UpOH3BOJlHOII, 

Ecnu l(z) - auanuTH'IeCKSR B o6nacTR •c•, TO HHoraa MO>KHO uai!TH TaKyiO o6nacTb 

KOTOpaSI COJlep)I(HT B ce6e 'C', H B 9TOII HOBOII o6naCTH onpeJle!lHTb TSKYIO 8H8!lH

TK'IeCKYIO F( z) , qTo B o6nacTH •c• oHa coenaaeT c l(z) , TaKoe pacwupeHHe o6nacTH 

onpeaeneHHR cjJyHKUHH I ( z) 
H83biBaeTCSI ee aHanHTHqecKHM npoaon:>KeHueM. 

EcnH l(z) B TO!IKe Z • z 0 
He 8H8nHTH'ISCK8SI, TO paanHqSIOT cneJlyiOWH9 

I. To'IKil z 
0 

H83biBaeTCR nomocoM m -ro nopSIJlKa, ecnH I ( z) -+ .. B oKpec-r-

HOCTH 9TOI! TOqKH, KSK 1/(z- z 0 )"' npH Z -> z 0 

2. z • z 
0 

cywecTseHHO oco6aH ToqKa, ecnu npH z -+ z 0 I ( z) He cTpeMHTCSI K oo 

He orpaHHqeHa. 

3. z = z 
0 

ToqKa eeTeneHHSI I ( z) , ecnu npu aHanHTH'IeCKOM npoaomKeHHH BOKpyr 

TO'IKH cjJyHKUHSI MSHRST CBOH 3HaqeHHSI, noHRTHe 0 TOqKe BSTBneHHSI TeCHO CBR38HO 

C HeKOTOpblMK CBOI!CTB8MH MHOr03H8'1HbiX cjJyHKUHII KOMUneKCHOrO nepeMeHHOrO, H8 KOTO-

OCT8HOBHMCR ll0Jlp06Hee, 

2 
PaccMoTpHM cjJyHKUHIO w (z) , onpeaeneHHYIO KSK w = z • HeoaHoauaquocTb aToll 

cPYHKUKH B03HHK8eT scneJlCTBKe TOrO, 'ITO ni06biM JlBYM 3H8'1eHKRM Z O , KMeiOLUIIM paBHbie 

Mo.nynH ! z
0 

1 
1 

HO paanHq8JOWH9CR H8 271 3H81.{9HlHI apryMeHTOB, O'ieBH.ll.H0 1 COOTB9TCTBy

IOT JlB8 paBHblX no MOJlyniO, HO npOTKBOIIOnO>KIIbiX llO 3H8KY 3H8'1SHIISI W ( Z), 
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TaKHM o6.pa30M, ecnH coeepwuTb · o6xo.ll eoKpyr TO'IKH z
0 

no oKpy>KHOCTH, 

O.llHOM -o60pi:>Te BOKpyr z 0 ( 0 < ar~ Z < 2 rr ) cjJyHKUHSI W { Z) npHMeT 

Hble 3Ha'leHHSI, a npH BTOpOM 060pOTe (2rr < Bf'~Z < 4rr )- VI(Z) 6y)leT npHHHMaTb 

cnetioeaTenbHO Te >Ke 3Ha'leHHSJ no MO.llyino, HO c npoTHeonono>K.HhiM 3HaKoM, MbicneHHO 

pacwenHM Tenepb nnoCKOCTb ·VI( z) Ha .!lee nnocKOCTH T + H T_ c eblpB38MH 

CTI')eHHOll OCH OT 0 JlO oo , KaK noKa3aHO H8 pHC, ), H COnOCTaBHM nnpCKOCTH T + 
I 

nonO>KI!TenbHble 3Ha'leHIISI VI (z). , KOTOpble OH8 npi!HI!Maeor, ecnl! apryMBHT z 

CH oT 0 .llO 2 rr· • 8Topoll unocKOCTK T nOCT8BIIM e COOTeBTC"rel!e ece 3Ha'leiii!SI 

KOTOpble OHa npiiHHMaeT npll, 2rr < at~ Z < 4 rr 

nHcTe w ( z) oTpHuaTen&Ho onpe.lleneHa. 

CornacHo HaweMy BbJ6opy, Ha 

nocne eee)leHI!SI nnoCKOCTell T + H T_ MHOr03Ha'I~8SI 8H8nHTH'IeCK8SI 

OK83anacb pa3nO>KBHIIOll 11a )lee aHanHTH'jeCKHB cPYHKUHH, Ka>K)laSJ H3 KOTOpblX 

e cooTEieTcTeyJOwell nnocKoCTH T , TaK,oe pacme·nneiiHe .o6nacTH H3MeHeHHSJ w( z) Ha 

nnocKOCTH T + H T_ HeCKOnbKO HCKyccTeeHHO, H Mbl o6-he.llHHHM HX e e.llHHylo .!ley-

nHCTHyJO nnoCKOCTb, TaK KaK 311a'leiii!H w ( z) npH Bf'~ Z • 0 H Bf'~ Z = 411 COBna:ll810T 

np11 paeHblX 3H8'1eHHSIX MO.llynell, TO COe.llHIIHM ,eepXHIOIO .UHIIHJ? ebJpe3a 118 nnOCKOCTH 

C HII>KHBll nHHHell eblp938 Ha nnOCKOCTH T + , 3Ta nHHIISI COe'JliiHBIIIISI o6eHX nnOCKOCTBll 

Ha3hJeaeTCH eepXIIHM 6eperoM pa3pe3a cjJyiiK~HH VI( z) • AHaJIOrH'IHO HH>KHJOJO nHHHJO 

nnoCKOCTH T+ COe.llHHHM eepXIIell. nHIIHell eblpe38 II a nnOCKOCTH T , TBK KSK 

at~ z • 2 rr coen8)l810T H8 o6eHX nnOCKOCT!IX npH O.llHOM H T!;)M >Ke MO.llyne Z 

eeTCTeyJOLUaSJ nllllll!l CO~Jli!IIBHHSI nnOCKOCTell T+ H r_ o6bi'IHO Ha3bJeaeTC!I 

roM pa3pe3a VI( z) 

...... TaKHM o6pa3oM C')3Jlall118!1 .lleynHcTHBR noeepxiiOCTb T o6'be.llHHReT )lee OT.llenb-

'-rl 

Hble allanHTI!'IeCKIIE;l cPYIIKUHH B O.llHY · O.llii03H8'1HYIO aHan.HTH'IeCKYIO cPYHKUHIO 

.llBynHCTIIoll noeepXHOCTH, KpoMe TO'IKH z- 0 , B aToll TO'IKe VI ( z) TepgeT onpe.llenell-

HOCTb, a npH 8H8nHTH'IeCKOM npOJlOn>Kelll!ll BOKpyr STOll TO'IKH TepSIBT O.llii03H8'1HOCT&, T,e, 

z = 0 !IBnSJeTCSI TO'IKOll eeTeneHH!I Jln!l cPYHKUIIH W ( Z) • .Jz, 

Bbl'lolTOM e TO'!Ke z - zo cPYIIKUHII f( Z) H83ble8eTC!I K09cjJcjJHUHBHT npH (z -·z
0

) •I 

B pa3nO>KeiiHH f ( z) B p!l.ll nopa11a, 

I-f11Terpan 
,b 
(f(z)dz OT 8H8ni!TH'IBCKOll cPYIIKUIIII COXp811ReT ceoe 3118'1eHHe, 

ecnH )lecjJopMHp0~8Tb nyTb HHTerpHpOeaHH!I OT • a• JlO 'e' TBK, 'IT06hl OH He npoxO.llHII 

npH 9TOM HH qepe3 O.lllly OC06y10 TO'IKY f (z) 

EcnH f ( z) aHanHTH'IHa e o6nacTH •c• c KOHTypoM L 
1 TO 3H8'1eHHe [f(z)] (tt J 

e nJ06oll TO'!Ke BIIYTPH ·c· Bblp8>K8eTCR qepe3 ee 3H8'1eHHe Ha KOIIType no cjJopMyne; 

·x) 
nepeceqe111110 nnOCKOCTell nHCTOB T + 11 T He C!fe.llyeT npH.llaeaTb 3Ha'leHHR. 
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Bhi'IeT f(z) 

8hl'leT 

(II) 

[ f ( z) ] 
n! 

2rri 

f( z') 
dz' .. 

L (z'- z)"+I 

B non10ce m -oro nopR.llKa llaXOJlHTCSI no cjJopMyne: 

[ f( z)] 
•=- •o 

"'• I 
_1_

1 
[~I[f(zUz -z 0 J"'ll ••• 

(m-1)- dz o 

f(z) 
a11anHTH'IeCK8!1 e o6naCTII 'C' C KOIITypOM 

L , TO HIITerpan _l_' (f(z) dz 
2rri L 

CYMMe ebl'leTOe f( z) eo ecex oco6hiX TO'IKax. 

I 
I 

/ 
/ 

I Je•o 
I X 

\ 
\ 

nPt-fnO)KEHI-fE II 

' ' 
PHC, 7 • 

BhiHCIIHM IIBKOTOpbie ea>KHbie ceollciea non10coe Pe.ll>Ke, Bo-nepBbiX, 3aMeTHM, 'ITO 

'TpaeKTOpHSI' nonlOCB e f -nnOCKOCTH RenReTCSI 8H811HTH'IeCKOil WocHKUHell OT HHB8pH8H~ 

9HeDrHH C nonO>KHTenbHOil MHH.MOII '18CTbiO, 

BMeCTO o6wero .llOK83aTenbCTea aToro yTeep>K.lleHHH y6e.llHMCR e HeM, npHMeHSJR 

JlHarpaMMHYIO TeXHHKY, 

PaccMoTpHM Jlll!l npocTOTbl cKangpHble '18CTHUbi, • Pe.ll>Ke-qacTHUe' c TpaeKTOpHell 

COOTeeTCTeyeT cjJyHKUH!I rpHH8, nponopUHOHaUbH8SI eenH'IHHB 

2a(k 2 )+1 

Sin a (k 2
) rr 
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1: 
I 
I, 

t 

ili 
i! 

I , :!~ 
I l 

-...L~ •. ~~--

O'!eBHllHO, 'ITO a -npellCTaaneHHH ¢YHKUHeA rpHH8 HBnH9TCH COOTB9TCTB9HHO ; 

(npocToli nomoc a 

l5 , If -a(k 2 ) 
Jill 

-nnOCKOCTH, npH'19M HHB8pH8HTHbl9 np09KUHH CTIHHB J/ H 
, 

v· 

>Ke C8Mbl8 B H8'18nbHOM COCTOSIHHHX), 8 TeopHH ypaBH9HHH 6eTe-ConnHTepa ll0K838HO, 

ecnH KOHCT8HT8 CBSI3H 8 
2 

CTp9MHTCSI K Hymo, Tp89KTOpHH a ( J: 2
) nep&XOllHT 

UHJO: 

3necb n = 1, 2, 3, ... 

(n) 2 2 ~ 
a 0 (k ) = - n + % () (k - 4p. ) 

O(x) - cTyneH'!aTaH ¢YHKUHH 

0 
() (x) = I 

(X< 0) 

(X > 0) 

TaKHM o6pa30M, npH Bb!Knl0'19HHH B38HMOll9ACTBHH, ¢YHKUHH rpHHa "Pen>Ke-qacTHUbi" 

B f - np&llCTBBneHHH HM99T BHll 

( 0) 2 l5w• l5w• 
8 , (k J 

w i- a(n)(k 2
) 

0 
+ n -'n ()(k 

2-4/J 

AaanorH'IHO TOMy, KBK nnH "o6bl'!Hb!X" 'IBCTHU nonHyiO ¢YHKUHIO rpHHa MO>KHO Bbl'IHCnHTb 

cyMMHpoaaaHeM llHarpaMM co6cTaeaao-saepreTH'I&CKoro THna (eM. H.H. 6oron106oa, 

n,B, IlJHpKOB, "8B&ll9HH9 B TeOpHIO KB8HTOB8HHblX none A", rn, 1 Y), 

Hy!O ¢YHKUHIO rpHHa • Pen>Ke-qacTHUbl" 8 ,( k 
2 J CyMMHpOB8HH9M npocTeAWHX co6CTRA>r>rd 

w 
SH9preTH'I9CKHX llHarpaMM: 

·-. 
$y1/(kJ 

ft,) 

ihv'a~ ~JII(k;} 
~ 

._. __ + ---o--- + --<>-o---+. 

PHc. 8. 

0603H8'1HM C06CTB9HHO-SHepreTH'I9CKy10 'IBCTb CHMBOnOM 

HBnHeTCSI llHBrOHBnbHblM MBTpH'IHblM sneMeHTOM, TBK 'ITO 

" , (k 2 J Jill 

TaKHM >Ke o6paaoM, ecnH aanHcaTb: 

2 2 
8 J/J/. ( k J = l5 J/11, 8 ( k J 

H3 pHCYHKa cpaay BHllHM, 'ITO: 

l5.w' n (k2). 

(0) 2 
8 , (k J = 

J/J/ 
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2 
U w' ( k ) H Y'IT&M, 'ITO OHB 

{j ,iO)(k2), 
J/J/ 

8(k 2 ) a /
0) (k 2 ) + 8(0)(k 2

) U (k 2 )lO)(k
2

) + 

+ /oh2J n (k2)8(oJ(k2J fi(k'Jfo>(k2J + .... • 

~ / o > ( k 2 J It 1 - n ( k 2 J ,ro> ( k 2 J] • 

Y'IHTbiBBH B&Ipa>KeHHe nnH 
8 (0) , nony'IHM 

2 1 
g(k J 

i-(-n +%0(k 2-4p.
2
)+D(k

2
) 

TaKHM o6paaoM, nnH TpaeKTOpHH non10ca nony'IHM B&IpalKeHHe: 

2 2 2 2 
a(k )•-n+%0(k -4p.) + D(J: ). 

( r .noMOKOW, noKnall, npellCTaaneHHblll HB CTSH¢0pllCK)'lO KOH<Pep&HUHIO, 1963 r. ), 

OcTanocb a&I'IHCnHTb co6cTaeHao-aHepreTH'IecKyJO 'IBCTb D(k 
2

) , 0Ha HanHeTcB 

aHanHTH'I9CKOA ¢YHKUHell OT J: 2 , o6n&JlBIOIUell npeJlCTBBn&HH9M (H.H.6oronJ060B, 

n.B,IlJHpKOB, UHTHpOBBHHBH pa60TB, rn.1X); 

fi(k2) - ..!.... ( dk j (T (k'·2) 

, 4p.2 ~:·• -·k 

BepWHHe cooTaeTcTayeT ¢aKTOp 

8P I 2..;-; 

ecnH 'IBCTHUB CO CUHHOM f CBH38HB C llB)'MH 6eCCTIHHOBbiMH 'IBCTHUBMH, npoMelKyTO'I

HOMy COCTOHHHIO H3 llBYX 'IBCTHU COOTB9TCTB)'9T ¢aaOBblll Of5'&9M !... 0 3Jl9Cb p - OTHO-. E 
CHTenbHbiA HMnynbC, E - nonHaR sHeprHB nayx 'HICTHU a c.u.M. TaKHM o6paaoM, cornec-

Ho llHarpaMMe: 

-----o---
PHc. 9. 
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, .. ,..., 

2 
2 g ·I 

• u( k ) = -- E • p • 
4rr 

O(k 2 _
4 

2 a Ck
2
J+a*ck

2
J 

ll )(p) 

( Hy>KHO Y'IHTb!BaTb, 'ITO "cnaa• Pe.a>Ke-'laCTHUbl a (k 2 )), 

nocKonbKY p = ~ v k 2
- 4,. 2

, E = v 7 , Mbl nony'IHM: 

------ 2 
2 A

2 
k 2-4,.1 RoacAJ 2 2 

u(k ) = -- V --- (P 2
) O(k - 41J ) 

8 rr k 2 

( l ,JlOMOKOW, JlaccepTaUHH, 1963 r,), 

no.acTaBilSIH &TO Bblpa>KeHHe 11 tPOpMyny .QIISI fi(Y), Mbl nony'IHM Bblpa>K9HH9 .QilSI TpaeK-

Topaa. OTc10.aa cne.ayeT uawe yTeep>K.aeaae, nocKonbKy u ( k 2
) aaee.aoMo nona-

>KHT91lbHaH B91lH'IHHa, JlpyrHM aa>KHbiM CBOI!CTBOM TpaeKTOpHH HBngeTCSI TOT 4JaKT, 'ITO 
2 2 2 2 2 Roa(41J2+~) 

l m a(k ) ee.aeT ce6H npa k -+ 41l , KaK (k -41l ) • B &TOM 

MO>KHO y6e.QHTbCSI 0 eCilH paanaraTb •awe Bb!pa>K9HH9 .QilSI U ( k 
2

) BOKpyr TO'IKH 

k 2= 41l 2 

B o6well TeopHH .QOKa3biBaiOT TaK aaab!BaeMyiO TeopeMy ¢aKTOpH3aUHH Bbl'leTa 

non10coa. ]'eopeMa yTaep>K.aaeT, 'ITO Bbl'leT non10ca Pe.o>Ke COCTOBT Ha .oayx ¢axTopoa, 

Ka>K.Qbll! H3 KOTOpbiX aaaBCBT OT KB8HTOBbiX 'IHCen IIHWb O.QHOI! napbl '!aCTHU, 

B aaweM no.axo.oe &To yTeep>K.oeaae HenHeTCH llO'ITH TpHeaanbHbiM, .llellcTBHTenbHo, 

9CIIH paCcMaTpB&aTb pacceHHHe .Q&yx 'laCTHU, CKa>KeM, •a• H • 8 • , C O.QHOI! 'Pe.QlKe

'!aCTBuel!' 8 npoMe>KyTO'IHOM COCTOHHHH 

'-·· 
.................. ,---

Pac, 10. 

TO, cornaCHO npa&HilaM .QHarpaMMHOll T9XHHKH 0 napuHallbHaH aMilllHTy.Qa (c TO'IHOCTbiO 

.ao llOCTOHHH~X 4JaKTOpoe) paeaa: 

r.ae p , q - Mo.ayna 

A ac•J I a*c•J .. p • q 
.i. = 

< t - a( t 
0THOCHT91lbHbiX HMilyllbCOB: 
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p ~vt-4,.! 

. 2 

q = ~ v t- 41l b ' 

a • II I - KOHcTaHTbl cesaa Pe.a>Ke-'laCTHUbi c • a• a •e• - 'laCTHUBMH, cooTeeTcTeeaao, 

«<lopMa Bb!pa>KeHHH .onH Ae HBHO noKa3bleaeT npaaanbHOCTb uawero yTeep>K.aenHH 

0, 4JaKT0pH3aUHH Bbi'I9Ta llOiliOCB npH f = a(t) , nonpBBKH K aepWHHBM CHTyauHIO He Me-

BstJ!l't, 8 3TOM Clly'lae KOHCTaHTbl f H g Ha.Qo 3aM9HHTb Ha COOTB9TCTBYIOWH9 HH&apHaHT-

•'awe tPOpM4JakTOpb1: 
a ( IJ a*(IJ 

G(t)p F(t) p 
A • 

f 
f - a ( t) 
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