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B A8HHOi! pa6oTe npuaeaeHa oueHK8 ToqHOCTH onpeaeneHH!I MOMeHTa HHepuHH 

uapa npH nOMOlllH Moaenu npnHyAHTenbH0ro BpameHH!I. OueHKa OCH0B8H8 Ha ucnonb-

/1/ 
30B8HHH MeToaa npu6nmKeHHoro npoeKTHp0B8HH!I q:,yHKUHi!, p83BHTOro B pa6oTe • 

MoMeHT HHepuHH !IBn!leTC!I K03!p!pHUH8HTOM npH J ( J + 1) B pa3n0)K8HHH 3HeprHlI 

CHCTeMbl no CTeneH!IM M0M8HT8 KOnuqeCTBa ABH)K8HH!I ] : 

KaK H3BeCTH0, q:>OpMyna v1HrnHC8 

,ZO = 2~ I l<ill. lo>l
2 

c2 > 
E

1 
-,E

0 
anH MOM8HT8 HHepUHH TOqHo onHCbIB8eT KBaapaTnqHbli! no ] qneH B Bblp8)K8HHH an!I 

3HeprHH apamaJOIUei!c!I CHCT8Mbl, xapaKT8pH3YIOIUei!c!I COCT0!IHH!IMH BHyTpeHHero aau

)K8HH!I Ii> H ~ooTBeTCTBYIOlllHMH HM aHeprHHMH E 1 • OaHaKo caMo pa3aeneHue apa

maTenbHbIX H BHyTpeHHHX ABH)K8HHll 38MKHYT0i! CHCT8Mb[ npeACTaBn!leT co6oi! npH6nu

)K8HHex). JJ.ononirnTenbHbre omn6KH B03HHK8IOT acneilcTBHe Toro, qTo BHA q:,yuxuni! I,> 
H BenuqnHbl E, Bb!6Hp810TC!I 6onee HnH MeHee npOH3BOnbHO. C apyroll CTOpOHbl, on-

peaeneuue MOMeHTa HH8pUHH npH nOMOlllH q:,opMynbl (I) He CB!l38HO C npu6nu~eHH!IMH, 

ynOM!IHYTblMH Bb[llle, H Il03TOMY Bonpoc O TOqHOCTH Moaenu npnHya11TenbHoro apame

HH!I HMeeT CMb!Cn. 

A 

nycTb H - raMHnbTOHH8H CHCT8Mbl, a 1. oaHa H3 npoexuni! onepaTopa 

MOM8HT8 KonuqecTBa ABH)K8Hll!I, i!MelOIUHe B npeacTaBneHHH BTOpHqHoro KB8HTOB8HH!I 

BIIA: 

H I 1 e1 a: a;+½k <ijlGJek>a;a: aka 
1/ke 

J =I< iJj I j> a: a1 • 

Y'IHTbIBaH pocT aHeprHH c J , ~o>K'J·o yTa:p»caaTb, 'llTO aa.aaqa 

o, <'l','l'> = 1, ],'I' =]'I', 

(3) 

(4) 

perneHH8!1 6e3 orpanuqeHHi! 118 BHA q:>yHKUHi! 'l'' TOqHo onpeaemieT HH3lllee H3 COCTo-

!IHHil CIICTeMbl C KB8HTOBblMH qHcnaMH J' J ( J + 1 J ' COOTBeTCTBYIOlllHMH onepaTo-

x) 
To, qTo cocTO!IHH!I Ii > n aHeprun E

1 
onnCbIB8IOT BHyTpeHHee ABH)KeHHe 

CHCTeMbI, a He .UBH>KeHH0 CHCT0Mb~, B uenoM, nert.te scero BHA0Tb ;J3 Toro, 'ITO onepa

TOp aHeprHH 38MKHYTOII CHCT8Mbl H' KOMMyTHpyeT C onepaTopoM / x , 8 cneaoBaTenb

HO, nocneAHHi! onepaTOp M0)K8T CB!l3b!B8Tb nHlllb COCTO!IHH!I C OAHOi! H Toi! )Ke :rnep

rneil. 
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B Moaenn npnnynnTenbnoro spamenn!I BMecTo aaJ:la•rn (4) pewaeTc!I aaJ:laqa 

s< 'P, H'P > = o, <'P,'l'> = 1, (5) 
" < 'P , r. 'P > = I, 

B KOTOpol! 'P 6epyTC!I H8 neKOTOporo orpaHn'leHHOI'O 

'PYHKl!HH He !!Bn!l!OTC!I; soo6me rosop!I, co6CTBeHHhlMH 

Knacca cpyHKUllit (cM/
31 ). :'h11 

cpyHKUII!IMII onepaTopoB 'j 2 
.. j~, 

Pewen11e 3a):laq11 (5) MO)KHO YllY'lilllITb, ecn11 BMeCTO cpyHKUHit 

cpyHKUIIII 

Ii, -1..... <P 
2,rt 

" 1 dz (l,-J >,,-,p 
-- z 
z 

'¥ B3!1Tb npo6Hb[e 

(6) 

npeJ:lCTaDn!l!Oll.lHe co6oit npoeKUHH cpyHKUllit '¥ Ha npocTpaHCTBO co6CTBeHHhlX cpynK-

" 141 
u11ll onepaTopa J • c co6cTsennhIM anaqen,reM J (cM,,· nanpnMep, ). vlcnonb3oaa-

nne npoeKT11posaHHhIX cpynKunit ne rapanTnpyeT ycTpane.nn!I scex ourn6oK B pewenn.11 

aa):la'{H ( 5), oanaKo noaaon!leT ouenHTb TO'lHOCTb peweHH!I ee C ncnonb30BanneM 

cpyHKUll.l 'l/ • 

Ill 
By J:leM cqnTaTb, KBK n B pa6oTe , 'ITO cpeJ:lHHe a aaqenn!I. no cpyHK!lH!IM r/ 

MO)KHO Bhl'lHCn!ITb MOTO.O.OM nepesana, Tor.o.a, B COOTBOTCTBHH C peaynbT8T8MH pa6o-: 
Ill ( . . 

Thi ' MO)KHO YTBep:m.o,aTb, 'ITO nonpaBK8 K peweHH!O 38,/:la'ln 5)' c,B!138HHa!I C nc-

nonb30B8HHOM npoeKTHpOBBHHh!X cpyHKUHl!, onpe.o.enneTC!I J:lOnonnnTellbHhIM qneHOM ~ 

3Heprnn CHCTl)Mhl,,:·,·. 

1 --,.- - ~ 
t!E = -_,._ [Ht!J 2 -Ht.] 

2 t,. 1.2 • " (7) 

B cpopMyne (7) ycpeJ:lnenne BeJ:leTC!I no cpyHK!lHH 'JI , !IBJJ!IIOillellcn peweaneM aapna-

unonaoll aa.o,aqn· (5), a onepaTop t.f,.2=(1,.-J,2. <l>opMyna (7) cnpaBeJ:lnnsa, ecnn 
~ .7 
t,. J / h >> 1 • HanoMHHM, 'ITO onepaTOPhI npoeKTnpoaannn 6hmH ncnonb30B8HhI .o.nn 

., 15 61 
8H8JJU38 apamaTCnbHhlX i!BH)KeHnit naep B pa6oTax ' ' oanaKo Bb16paHIJ8!1 8BTOp8MH 

UHTHp0B8HHh!X pa6oT cp0pM8 onepaTopa npoeKTHpOBBHH!I HC aana B03M0)KHOCTH peillHTb 

aapnauuonnyIO aaaaqy· (4) Ha Knacce npoeKTHp0B8HHhlX cpyHKUHll, <t>aKTH'lOCKH B 3THX 

pa6oTax 6blna nOK838H8 BHYTPOHil!l!I aenpOTHBOPO'lllBOCTb Moaenn aecpopMHpOB8HHOro 

n.o.pa npn l\OCT8TO'lHO 6onhWIIX 3H8'leHH!IX napaMeTpa aecpopMBUHH (n, cneaoaaTenbHO, 
"2 2 

aenn'lHHhI t!J" I h ), 

nycTh aaaaqa (5) pewaeTcn MeToaoM KBHOHH'lecKoro npeo6paaoaannn, B 3TOM 

cnyqae cpyHKUH!I 'JI !!Bn!IOTC!I BBKyyMOM no OTHOWOHH!O K onepaTopaM a , CB!l38HHhlM 

c onepaTopaMn a cpopMynoll 

( COCTO!IHHO V 

no cpyHKUHH ,t, 

av= ~v'("w'· av'·+· vw'·a~,.} 
(8) 

!IBJJ!IOTC!I conp!!:lKOHHh!M no apeMCHH COCTO!IHH!O V }. Cpe.o.nne 3H8'lOHH!I 
x} 

onpe.o.en!IIOTC!I npn nOMOillH cne.o.yIOUlHX M8TpH'lHhlX 3JJOMOHTOB . 

x) 131 
06o3H8'l0HH!1 Te me, 'ITO II B pa6oTe • 
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< + . - 2 2_ 2 :{1 · 12 a 
I 

a 
1 
> - v + (u 

I 
v 1 ) 1 1,, , 

< + * a I a I > = (U I VI -·v I u I ) f II 

• 
+ + * * <a
1 

Bf>=< a,. a> =(U U + v 1 v1 Jf 11 • t. I I f 

Ko3q,qJ11UlleHTbl I If y noaneTBOpmoT COOTHOllleHH!lM 

* 1
11

= -f7r, 111 + 111 =O, 

1,, = 0 

II onpenen!lJOTC!l 113 aapH8UHOHHblX ypaBHeHHA, KOTOpble HMelOT Ben: 

+k (<ii'IGIYi>-,<ii'\Glii'>J(u 1 v -v u1 )(u,v,-v,u1,) I:,, I I J I . I 

= "' ( u I v, - V I u I , < i I j " I / > ' 

3necb 

( 9) 

(IO) 

(12) 

(13) 

(14) 

, v, CB!l38Hbl C napaMeTp8Mli ,\ , 
/1,. o6b1'1Hb1MH ypaaHe-

a BenH'IIHHbl I 

HH!lMll MeTona u' V - npeo6pa30B8HH!l. 

Benll'lllHbl B cpopMyne (7) llMelOT B11n: 

(16) 

'~2 --;r2 A/ -A/. - k k <vii (v'><11 \j l11'>u* v, ,,i", ,v, ,a a,., a a.,,+ 
" " VV' 11,it' " " V1I V 11 I' P IL P 11 •1 P p 

rrr,' pp' 

+ apMHT. conp. 

Ma cpopMynbl ( 16) cnenyeT, '!TO nonpSBKH, onpenen11eMble cpopMynoA (7), CBR38Hbl 

C raMHflbTOHH8HOM B38HMonel1CTBH!l, nocKOllbKY TOllbKO B HeM conep>K8TCSI qneHbl, 

KOTOpbie MOrYT CKOMneHCHp0B8Tb 4 onepaTopa po>KneHH!l a+ B cpopMyne ( 16). 3TO 

CB!l38HO C B03MO>KHOCTblO TO'lHOA nuarouanH38UliH raMHllbTOHH8H8 HeB38llMOnel\CTByJO• 
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• lllHX qacTHU MeTO.ltOM KaHOHH'leCKOI'O npeo6pa30B8HHSI (8). Cne.i:tyeT fiOMHHTb. O,ltHa KO, 

'ITO 6ap.i:tHHOBCK8SI cpyHKUH>I, nOCTpOeHH8SI Ha 0,!:tH0'18CTH'IHhlX cpyHKUHSIX 8HH30TDOfiHOI'O 

noTeHuHana, npHHUHfiHMbHO ae MO>KeT OblTb TOIHOA COOCTBeHHOlt cpyHKUHeA I'8MHfibTom1-

aaa 38MKHYTOA CHCT8Mbl • 

LlosonbHO Tpy.i:toeMKHe Bbl'IHCneaHSJ noaaon>110T aan11caTb cne.i:ty10mee Bb1pa>KeH11e 

.lt.llSI B8fiH'IHHbl /:,,. E; 

AE 1 '" ~ - I < ij I GI fk><H I A/ 2
-.... /:,,.] I )i > + 

4/:,,. 1: 111rf z z 
• . ( 17) 

+ KOMnn.co11p. 

r.i:te 

. ,, ,, . . + 
<kflAJ 2 -A/ 2 lji>= 8 I <vii (v'><a a ><aa a > X 

Z' .Z' vv' Z' k V (. V 

'<' 1 · I . * + x ,:;, < p. j z ,,_'> <a /l a 1 > < a I a,,,> --
( 18) 

-4I I <vii lv'>< .. (J I .,'>-_[<air a+><a+--a ,><aaa+><a+a ,>+<a_ a >*<a a> . w'µp,' r ,... r ,... . V I JI . L µ f µ. . V I * le V 

< a,. a,> <ae a,,>]. 
Onpe.i:tenea11e nonpaaoK K MOMeHTY 11aepu1111 ocymecTBn>1eTcS1 nerKo BU.i:teneaHeM KBa.i:tpa-

TH'IHOlt no f 'IBCTH 113 Bblpa>KeHHSI ( 18) npH noMOlllR cpOpMyn ( 10). n onyqa10m11ecg 

BblpaJKeHHSI co.i:tep>KaT OOfiblllOe 'IHCOO pa3HblX qneaoa. Ecn11 I'8MHfibTOHH8H B38HMOaeA

CTBHSI HMeeT BHLl : 

r.i:te 

< ;; I Gt u > = - ,G ;qiJ)..(f ,a .. ae .. , 
2 IJ _ k 

(.t 9) 

),. (iJ = - ),. (i) li(i}l=l, (20) 

TO aenH'IHHB nonpaBKH K MOMeHTY HHepuHH MO>KeT ObITb oueaeaa npH noMOlllH filllllb 

nepaoro cnaraeMoro a npaaoA qacTH cpopMynh1 ( 18): 

A E = 1
2

G 

2AJ2 
z 

B cpopMyne (21) aenH'IHHbl 

e+ ,;_ = 1/,,,/ z ZoG 
0 ---=-

/:,,. )' 
z 

•f+C (21) 

1<·11 I >1 2
· - • 2 , I I 

z µ (u1 v ,-vu,)A{i)[(1±(u
1
-,v

1
})(u

1
u,r+v1 v.,,J+2u1 v1 x(u·1 vµ,-v1 u,,_,J 

'IL E1 +E,,_ IL 1 IL - ,. ,. 

e±= 
I l<ilJ t,,.>1 2 

__ z __ ( U
1 

V ,-,v U ,) 
2 

Ip. 

paBHbl no nopSl.ltKY BefiH'IHHhI ea1rn11ue, 

ma,r MO~eHTy J , a 

E 1 + Ell 
<,J= .£ 

Zo 

z = I 
0 Ip. 

(<iii 1,,.>1 2 

_z_ 

E 1 + E,,_ 

IL I p. 

- '18CTOT8 BpameHHSI, COOTB8TCTBy10-

2 
(u IV p. --VI Up.} -, (23) 

3HB'leHHe MOM8HT8 HHepuHH, HaA.i:teHHOe 083 npoeKTHP0B8HH>I. via cpopMyfibl ( 21) cne

.i:tyeT, 'ITO nonpaaKa K MOM8HTY 11aepu1m paa11a 
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I I "2 
!:iZ/ Z O ,. G zo / t:,,.] x • (24) 

XapaKTep Bb1pa>Ke1111S1 B npaaoli qacTH cpopMynbI ( 24) nerqe acero ya11.11eTb, ecn11 aoc

nonb3oBaTbCll cpopMynoli (2) .Ilnll oen11'1Hllbl 2 o I{ y'leCTb, 'ITO cpe.Illlllll :,rneprHll B03-

6y>KneHHblX COCTO!lllllil E ep ' BHOC!llUHX BKnan B MOMeHT HHepu1111, paaHa no nop!!.IlKY 

aenH'IHHbI y.11aoe1111oli aen11'i11He men11 t:,,. Ho, c npyroli CTOpOHbl, 

I< i I 1 .. Io> I 2 
-,.-2 

z 2 I 2 }j !<iii lo>l 2
= 

2 !:i 1 .. 
0 I E 1 -,E

0 E op. 
X E <P • (25) 

nosToMy q:,opMyna (24) MO)KeT 6b!Tb 11epen11ca11a B BIi.Ile: 

0TCIO.Il8 BH.IlHO, 'ITO IIOp!!.IlOK aenH'IHHbl 11011paBKH - 10%, ct>opMyna (25) 1103BOn!leT 

·TaK>Ke oueHHTb 110 H3BeCTHblM .IlBHHblM O aenH'IHH0 :J.IlHO'IBCTH'IHblX B030Y>Ki:teHHil I{ 110 

3HB'l0Hll!IM MOMeHTB 1111epu1rn 3HS'leHHe 11apaMeTpa !:i] 2/h 2 , l!Bn!IJOlllerocg Mepoil 
% 

TO'IHOCTH MeTO.IlB 11epeaana. Jlm1 !I.Ilep rpyllllbl penKHX 3eMenb 9TB aenH'IHHB HMeeT 

nOp!!.IlOK 20-30, 'ITO CBH.IleTenbCTByeT O llpHMeHHMOCTH MeT0.118, 

B 3aKn10'1eHHe a1,1pa:>Ka10 11cKpe11H1010 6naronapHOCTb E, BaHry 3a MHOro'IHcneHHb1e 

06cy>K.11e111111, a TBK>Ke B.r.ConoabeBy 3a 11ocTO!!HHblil HHTepec K pa6oTe, 
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