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As is known ~he scattering amplitude f(Yl' gj_"f~.,1 

in the nonre1At1v1st1o case is not an analyti~ 

, ,_upper :ha.lf7pl~ne ( of .. the variable h' *) o Th,e;r(~ 

si·mple proof' .which- demonstrates an interesting c;:c:nn.•~otinn b-st= 

ween the dispersion relations and the inverse problem o:f th.;e . 
. 

scattering theoryo 

Let us assume reverse that the ampli tu.de c:f s-sr,a,t; 't;(~:~J.21giH: 

S(J<f t-:.e>(pz,'1~ii<i,iis ana~ytic in the upper half-plane an.d decrsc".s-
, : . ; ; , , l k"I -:> CIO , 

es not too fast atYin this half-plane 9 (not faster tha:u a poll-

mial of I{_ ) o Then its harmonic expansion has only negat:'Lv~ 
,, 

frequencies: 
. +M 

!>< 'l )=(zJrf1 J (S(M)-J)e)(p iictd K "o 
• i , . ' ,;., ,', ~bo 

(1) 

This can be easily seen if we close the cir0t~it by a l~:t'g':i 
... 

semicircle in the upper half--plane of the oornplsx 't"'a:r:tsl'l•lc ko 
, ' 

On the other hand, it is known from the theory of th.e irnr-ei:z-s,-5 

problem (Gelfand and Levitan l/ Marchenko2/ that ths fur.tct:l.,~,~: ::'i;~U. 

if ~- ) O determin,es the relation between. ~) ( Jr.', ;iJ..,,,J th:~ 

exact solution of the SchrGdinger equation. /and~· th-31:~:f':iJ::',2? ~ 
• 

reconstructs the potential/o The fundame:rtal ,squati,:.m i:n. 

the Marohenko form 1s as f ollows**·:t-
~ 

.. A (XJM) -j (X +~ }-! A{ki) !.>(t + ~)&t ,() 

___ * .. To_ be short we assume that there ara 

*** Marchenko makes use _of the functio:1 f(;,i: + y) :.ir. = s(x + y)o 
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where A()(1 ~j is the coefficient in the expans1·on of the 

exact solution ~(X.111<) ( \' . is the_ distance from the origin ) 

{into the series of nonorthogonal 
t: 

functions r {"\,\ )::: (~(1_;.,f'~rnO<;rt-O(kil 
, -~ 

y ;~~.~- :;;- 1f(x ~;)+r A(\" v:]'V(u KJi5J . 
• )Q . • ➔ . ~ ( • ( , , ( (J) 

\ 

If con.di tion (1) is valid, A (X,) l: v_anishes and the exact wave 

function ½;(x,t'. coincides everywhere with the asymptotic one 

'f (X 
1
-f::) . It means that such an amplitude discribes the 

scattering without the potential(contact interaction). Thus,(l) 

cannot be made valid for the scattering on the potential. 

It can be shown for the potential limited in the space 

'/(,~):::O(X:".?C() that ~(l} • O when l 1·.z.o. It follows 

from the fact that --£Cr) is the measure of the nonorthogonali-

·, ty of the functions lf (-(; }{): 

f 'f( \( 1 k) \f c~, i; ~·: •~- ::- Sc:><.- ~J - j(x r'f J (4) 

and that these functions ·are orthogonal when )(> U > Cl . 
it ( 

Then follows that one may write the dispersion relations for the . 
function (:;;t'.()-1)10:.'Ji">),? the result obtained by Van Kampen {J). 

• '- ' 1 ' 

New results are obtained if one passes from the scattering 

amplitude given for one value of t- to the· scattering amplitude 
~,,,._...-...-, 
'! ' .-:-- ~ \ which is considered as the function of the energy E 

and of the transferred momentum ·t· The analytic properties 

of such an amplitude were studied by Khur1l 41, who showed that 

the following relations are valid* 
~ ,_ • I . I , . 

0 . J; ; •• ' E ) h,1· (.,.... ~ ) ..J -- -
•. )w • •J+ t..:.: :- '/VJ \.·:.::. Jj 1.,- L(;: ;::. -ill":.-P 

I ":)oJ f . . -i I i I t. l'tJ( / .. ,-i,o--:::.Re,?rr\'·c: r:-""'-~~' rr ,,:-ffF:_'1"")''::c'-,t:) "'i,i.:-.:?-- ,e -Vli\),~l'II 
- ' - ) ,,. ' ...,. } '. . ''---) ·1 -- I, .; "'"'- .U~ I \ ,f., ..... ,, · · , . ,~ · . 7.Jt I \' ( 

(5) 

--~------~--------------* The Khuri's relation is derived under conditions which are 
equivalent to the assumption that for I k; --;:,,- DQ the scattering 
amplitude is given by the first Born approximation. 

._:_.-



This relation is. correct for t" > 2 c< where o{ 

positive number~h,ich has the i!ltegl'.al exL~:;; 
00 ' ' 

i ex,o(otyJ/V(~ )/ ~d~ 
Thus, the dispersion relation determines. ,the. . '; 

is the maximum 

(6) 
->-
.t . -Fourier com-

ponent of the potential. It me.~ns that the knowledge of the scat-
J • . 

tering amplitude from the experiment at.allangl.es and energies 
. . .. .. - _; " ,,, ~'; ··. ._ . . . ~ ,, ' ... ; ,, . ' . . 

(1 .e ~ for all L ) makes it .p.ossible to reconstruct the po-
• • ' ·: '.i\ ._. ; • ' 

tential directly with the accuracy up to the Fourier components 

with.'C>2ct). 

On the other hand, such a reconstruction is possible from 

the knowledge of the scattering amplitude integr~ted over all 

angles ( s-scattering). In this case, however, one faces the 

problem of solving integral equation (2)o The knowledge of the 

amplitude at all e replaces in this sense the solution of the 

integral equation. That means that the equation (2) gives effec­

tively the relation between scattering amplitudes for various 

1 values of .~ 

There remains only to note that, generally speaking, both 

equation (2) and the dispersion relations cannot be immediately 

made use of since the Scr~dinger equation itself exists only 
() 

for small energies [ • Therefore, it is still necessary to 

answer the question what information we obtain when measuring 

the cross section of the scattering (elastic and) or inelastic 

only in the finite energy interval O f E ~ C max. 

We shall be concerned with these problems in a more detailed 

papero 
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