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I-lccne:lOBal-Hfe HeKoTOpblX yp,'3.RHeHJ1H M,1Te~f8TU'fCCKOii rj1HOHKU rrpIrno:.111T K pnCC\-tOTpem110 

c.1e.tlY!/J[UHX KpaeBblX 38.!J8ll !lJlSl 061:-,fKHOBeHHbIX Ll,Jf(f1i}1f>p;J!H{J1,'l,7blfLIX ypllilHCHUii 2:...ro llOPH-'lKa. 

1/l;{aiiTH pe111GHUSI y -= y(xJ ypanHPHIHI 

yo-+_J_y'-y+y~..,_r,, n~.,,. x-11 
X 

y LIOB,78TBOpSI !OU.llH~ YC!TOBIHIM 

2/ HaI1TM pewemrn 11 == TJ(x) ypanHeHfHI 

r,''-= 11 - _ _r{'___ • n ,. 0 , x ;_;, 0 , 
,n-1 

Y...'.l0B.r18TBOpHTOlllH8 H8l{8JlbHbI_M ycnosuRM 

a - H8H3BeCTHblif non0iKUT8.1bHUii napa~eTp • 

II.II 

11.21 

/I .3/ 

11.41 

.YpaaHeHHe /1.3/ nony4AeTc~ H3 ypasHeHI-Hi /1.l / aaMeHoti 11(x) =x.y(x) • Pewem1S1 ypas-

11e111u1 /I.I/ c H8'-18JlbH 01MH yc.noBuHMH y(O),,,.. y,., y'(O) ~ I) COOT B9TCTByIOT pewemfSIM, ypae-

Ja.aa<.JH /l.l/-/1.2/, /1.3/-11.4/ npa n,... 2 H n,.... .1 B03HMKc'.llOT B He.'lutteHnoH noneeoif Teo

p1-rn npu u-ar-1em111 B3auMo.aeHCTBHSI 3JteMeHT~pHbJX. 'lllCTHll. npu n-= 3-- ypaBH8HRe /1.1 / npe.".1-

CTaBJH!:eT co6ott ypaeHeHue TRITa ToMaca.:.¢opMu, If COOTBeTCTByrOLU85T 3/l,!l,'l'-18 /l.l/-/1.2/ B03-

HHKaeT e cTaTHCTH'-leCK0II Te0pHl-f Sl.'lpa. 3aaaqa 11.31-11.41 :urn n~- 3 paccMaTptteanacb B pa

6oTaX R.l.Finkdstein'a H ero COTpy .'lHH KOE /C~1. /l 1 .IS I/ 1 N. Rosen'a R .'fosenstock'a 
/2/ 

141 
a TaKM.e rnac~o, Wywypuna, nep,ocTa, Tep:1euKoro • B 3TRX pA6oTax ecTb HeKOTOpbIe co-

o6pa~,eHHSl OTHOCttTenbHO cyu1ecTBOB8HHSI U CBOiiCTB pe1J1eHHSI yKn3aHHOR Kpaeeoil aanaqn H 

npune.:ieHbI peay.'IbTBTbI Ma1uHHHoro C'-leTa. B pa6oTe
141 

6brno HaiineH0 c onpe.:urneuHoii Toq-

H0CThIO IlSITb 3Ha<.Jem-1H Hal.fanbHOH rrpOlf3Bo.:uwil , C00TBCTCTny,ournx llSITU pa3'1H'IHhl\I po-

weHHSl\.f 3a.naqtt. B pa6oTe
111 

yKc'.13<H-to, •ITO npo4'eccopoM F.fJohnenblust npoee.:1euo ,:tOKa-

aaTenbC'.f'B0 cymecTB0B.'l.HHSI noJlo,KUTC.11bHOrO pe1ueHUff 38Jlfi'IH /l.3/-/l.4/ ~t.:HI n"'""" J H Hcc.,n-

..:r,osaune anannTHl.J:8CKKX csoi'lr.TB 3T0ro peuJCHUSI B TOl.(KC .t :c--1) • O:1HaKO :10Ka3aTeJlbCTB0 /IC, 

npuae..:i.etto. HaKoneu, C.¢>. WyUJypnnb1M
151 

B ero ;·1uccepTa1rnu aa::1a'fa /L3/-/l.4/ 6u.ia cee

aena K KpaeaoH aa.natte .anH .rmHeiiHoro ypasHemHr: 

y"=y-•n•! 
xn-J 

y • 

nocpencTBOM H0KOTOpOro MeTona m-rneapH38UHH uenHHeJ1HbtX ypaBHeHMti:. ,Q,151 3TOf'O .'"lliHE'fiHoro 

YpaBH0HHH npe...'.lJtO/l(eHa 6e3 !IOKa3aTe,'1bCTB cxeMa B03MQ,-KH0["0 -noneneHIHl 8rO pewemo1. 
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I 

I 
K COJl•:.'.lat:=H.H.IO, o6oCHOBSHHe MeTo.na nHHeapH3BUHH Hey.o.oeneTBOpHTeJlbHO. 

B H8CT05UUeA pa6oTe uccneayeTCSJ aonpoc O cy1UeCTBOB8HHH nono>KHT8nhHbJX peweHHH 

Kp88Bb1X 38!18'1 11.11-11.21, /1.3'-/1.4/ !11111 Bcex aefiCTBHT811bHblX n H3 HeKOTOporo HH-

Tepaana. 

Paa.nen I LI.SHHOA pa60Tbl IlOCBHW0H UOK83aTenbCTBy fiOlJ:TH OlJ:0BHllHOA TeopeMbl 1 06 

OTCYTCTBHH y 38!18'1 11.11-11.21, /J.3/-/1.4/ Il0110>KHT81lbHblX peweHHB !111!1 C11Y'l811 O<n.:;l 

B paa11ene II 3anaqa /1.3/-/1.4/ 11nsr acex n > I aaMensieTcst SKBHBaneHTHoil: 3a_;aqefi: 

/2.1 /-/2.2/ . .YpaBH8HHe /2.1 / COBil8!lS8T C yp8BH8HH8M /1.3/ B 0611aCTH 7/ ?_ 0 • ilnll ypaB

H0HHSI /2.1/ npH n1060M JieACTBHTenbHOM n > 1 nccnen.yIOTCSI CBOfiCTBa peweuua aanaqH Ko-

wu. neMMa 1 ycTaHaannsaeT cym.ecTBOBaHn:e peweauB, onpe.aeneneor? nm1 acex x > o H 

y .aosneraopsuomero a TOtIKe X = 0 38ll8HHbIM H8lJ:81IbHbIM ycnOBHSIM,. neMMB 2 .QOKS3bJB80T 

01lHHCTB0HHOCTb TaKoro peweHHSI. neMMa' 3 YCT8H8B1IHB80T uanHqee HenpepbIBHOfl: ~aBHCHMOC-

TH peweHHfi ypaBH0HHSI /2.1 I OT H3MeHeHHSI HatianbHblX npOH3B01l.HbIX B TOlJ:Ke X = 0 • 

B _p83Ilene III paccMaTpHB8'0TCII 38!18'1H /1.1/-/1.2/, 11.31-11.41 an11 ecex ael!CTBH-

• T01IbHblX n H3 BHTepsana 1 <n .5 3. TeopeMo8 2 LI.0K83bJBS0TCH cyweCTBOBSHJie nonO>KHT0Jib-

HblX peweaun y.;aaa.HHblX aaaEl't npu n1060M n C ( 1,3] 

I. T e o p e M a 1. 3a!l8'1H /1.11-11.21, /1.3/-/1.4/ npH O<ns_l 

T01IbHbIX peweHHfl:. 

He HMelOT nono~KH-

noKaJKeM, npe)K.o.0 acero, 1:(To aa.naqa lt.31-ll.41 He HMeeT nono>KHTe·nbHbIX pewenHH 

amt O < n :,_l • Cny,18ll n = 1 TpHBHaneu, H6o 38Il(l'la /1.3/-/1.4/ ,BbtpO)KI18eTc11 a 3ana-

'IY 
71"=0, 71(0)=0, 7/ (~) =0, 

8 38!18'18 /1.1/-/1.2/ - B 38Il8'1Y 

y"+.1..y'=O, 
X 

Y (0) = Y.; , y'(0) = 0, y (~) = 0 

3TH 38.0.S'IH nonO>KHT811bHblX peweHHfl: He HMeroT. 

OpH' O < n < i' 38nHweM ypaeiieuae /1.3/ B BHae: 

r,''~11(1- xl•n_) 

11 1-n 
H11H 11 "+ 11 

1-n 
( --1'-- - 1) =I)• 

l·n 
1/ 

npHM8Sl 17=x RBmieTCH TSKHM pellleHHeM ypaBH0HHH, Ha KOTOpOM 11°""''? npH17>X 11"'>0 

8 npa u :Sn <x 11"<0 EcnH cywe,cTByroT peweHHH aa.natIH KowH .anst .naHHoro. ypas-

HeHHSI npn HallanbHLIX ycnoBHSIX 71(0) = 0 , 71t/J) =a> 0 a - napaMeTp/, To a oxpecT-

HOCTH x = 0 RX noae.neane OflHCbIBS.eTCSI puc. 1. 

O'leBHilHO, peweHHll 1<paeaoll 3aaa'IH /1.3/-11.4/ npn a 2 J' ue' cymecTeyeT. nonycTHM, 

llTO Taxoe peweHne cymecTByeT npH a = ; < 1 • 05oaHatteM era· qepea ; ( x) • ;(x) <ax 

B cHny Toro, <tT0 ;j ( x) > 0 H ef'(xJ < O • CpaBHHM !1B8 yp8BH8HHH: 

l•n 
_,,, X 

71 + i'i ((iif""~ 1) = 0, 

z"+z(.=1--1)=0• 
(a p•n 

4 

PeweHH_e nocne.nHero ypaBHeHIUl C H8lJ:8llbHhIM ycnOBR0M z (OJ= 0 o6pamaeTCSl B aynb 

" J-n ' a TOT.I.Ke x = -~=--= Qqeae.nno, qTO ---r=---- 12 __ J,.. __ - 1 .o.nH scex ·x> O • 
,J <a:r-r -1 (rn'·n . (a) 1-n 

npHM0Hstst TeopeM.Y cpasHeHHSI llllSl nonyoTKpbITbIX 0Tpe3KOB B cpopMe Cere /cM.'
61 

/' 

nonyqaeM, 'ITO 77 (Y) HMeeT, no M0HbweH Mepe, OLlHH HYllb BHyTpH (O, =7-!!;;-==='-
' v(af·I _ 1 

HTaK, npe.nnonomeuue o cywecTBOBaHHH nono>KHTem,Horo peweHHSI aa.nattH /1.3/-/1.4/ 

npHaeno K npoTHBoPettH~. nerxo BH.neTb, T.fTO 3a.O.a'la /1.1/-/1.2/ Ta&>Ke He HMeeT nono>KR·

TenbHbIX peweHHA. PeweHHR aa.nattH KcillIH C H8lJ8llbf'bIMH ycnOBHSIMH y(O) = Yo <l J ,·"(OJ= 0 

.nnH ypaBH0HHst /1.1/ HMeIOT uynH B TeX >Ke TO"IKaX, lJ:TO H COOTB0TCTByJOIUHe HM peweHRH 

ypaBHeHHH 11.31, yaosneTBOpHIOlllHe ycnoeHHM 71(0)=0, 71 '(0l=a=Yo <l. 

PeweHHSI C H8lJ:811bHbIMH ycnoBHSIMH y(0) = Yo > 1 , y'(0) = I) ue MoryT aCHMilTO-

TH'.'leCICH npH6ne:~aTb,CR K OCH X , T8K KSK COOTB0TCTByJOIUHe HM peweHHSI 

H9HHSI /1.3/ ne>KaT Bbllll0 npSIMOit 11 = X , n, cne.noaaTenhHO, y(x) = ...!1..IE._ > 1 
X 

Bcex X > 0 • TeM C8MbIM yTBep>K,neHne TeopeMbl noKa3aHO. 

71(x) ypaB

IlflH 

II. nepeAaeM " paCCM0TpeHHIO 38Il8'1H /1.3/-/1.4/ !11111 1 < n i 3 v!CKOMbl0 peweHHH 

STOfi 38.0.SlJ:H HSXO.!lHTCR B Knacce acex peweHnfl: 38Ll8l.fH KowH C HatianbHbJMH ycnoBHSIMH. 

7/ (0) =0, 7/ '(fl)~ a> 0 ane yp8BH8HH11 /1.3/. 

B cny'l8e n = ..}_p + .l...nro6oe peweaae 71 = 71 (x) 38Il8qH Kown, 71('1)=0 H 71 '(1J) =a> IJ 
2q , 

aMeeT ae 6onee .aayx Hynea s HHTepaane O ,s. x < oo H uenponon>KeMo aa aTopoA: aynb~ 

ilnR yao6cTBa B a.inbHettweM Mb! 6yaeM p8CCM8TpHB8Tb BMeCTO 38Il8qH /1.3/-/1.4/ cneayro-

ll1Yto 3KBHBaneuTHYIO Kpaeay10 aa,naqy. 

HaHTH nonO>KHT91lbHbie peweHHH ypaaaeHHR 

n 
71-_L , 11>0 

11 "=I x°·l -

0' 1/ < () 

y .aosneTBOpH10lllH0 ycnoBHSIM 

~ (0) = 0 , ~ '(0) ~ a > n , 71 (~ \ = 0 , 

a -HCKOMbIH napaMeTp. 

12.11 

12.21 

neMMa 1. ,QnR n106oro a> 0 u n106oro n > 1 cyLUecTayeT pewea11e/aa.natIK KowH ans 

ypaaHeHHSI 12.1/ np11 naqaJJbHbIX ycnoBHHX 11 (O) = 0 , 17'(0) = a , onpeneneHHOe nnsi: acex 

X > 0 • .[lnH llOK838T0J'lhCTBa o6paTHMCSI CHOBa K ypaBHeHHJO /1.3/ H npeo5paayeM era K a11-

llY HOpM81lbHOl\ CHCTeMbt .a.eyx ypaBH0HHil: nepaoro nopstnKa, nonO>KHB .11 = 111 , 11 '= .,,2: 

11;=112 = t, (x, .,,, , T/2} 

71' = 1/ - _j;__ = f ( x, 1/ , 71 ) 
2 I x" .. I 2 I 2 

YpaBH9HR0 /2.l/. MO>KHO paCCMBTpHBSTb K8K CHCTeMy 

71'= 1/ 
l 2 t n 

, {71 - _'!.,_' ?i = 1 xn-1 

0 ' 

~>0 

71~0 
I 

5 

/2.3/ 

12.41 



npaBSH '18CTb CHCT0Mbl /'J..3/. H0IIp0pbIBH8 npH X > 0 , (pyHKUHH f2 (x, r,1 1 TJ 2 ) B TO'IK8 x=O 

pa3pblBH8. 

np11M8HHM K CHCTeMe /2.3/ noKanbHYIO TeopeMy cymecTBOBSHHH peweHHA C 'aa.oaHHbIMH 

. /8/ 
Ha'lanbHblMB ycnOBHHMB, .ll0K838HHYIO B. 4e'IHKOM anH CnurynHpHbIX CBCT8M 

r;· = y • ( r, y 
1 

, ••• ,. ) , ( k = 1, 2, ••• , n ) • 

Cornacuo STOA. TeopeMe, .onH mo6b1X q:>eiccepoBaHHbIX a> 0 H n > 1 cnpaa:11neao cne-

11..y10LUee yTB9p)K,ll8HHe: uaAaeTCH T8K08 a > () H T8KHe cj:,yHKHltH 11, =.11,<xJ, 11,= T/ 
2 

(x), onpe-

11..eneHHble Ha HHTepaane O ix ~ a , 'ITO 

a X - X < TJ I (x) < a X + X , a -1 < 11, (x) <a+ l 

am, ecex ·x c[o;a] ; cj:,yHKUHH 11,(x) aenpepblBHa Ha HHTepeane [O,a] H HenpepbIBHO aucj:,-

cj:,epeHnHpyeMa Ha [O,a] , TaK 'ITO 11;(x) H 11; (x) "- 11, (r) yaoeneTBOpSIIOT cHcTeMe /2.3/ 

lllIH X ( (0, a] H YC110BHSIM ,i
1 

(0) = 0 , 11·:,(0) = a B TO'lKe X = 0 • O6nacTb cy-
lll8CTBOB8HHH pewetiHH, rronytieHHYIO B peaynbTtl.T0 ecnonb30B8HHH TeopeMbl Lle'IHKS, o6o3H8'1HM 

qepea D; ee MO)Kff0 onpe.oenHTb HepaaeHCT~SMH_ 

{ 

0<x<a • 

( a-1) x < 11,< (a+ l ) x 

· a-1<71, <a+l. 
8 CH11! HenpepbIBHOCTH (pyHKUHH 11,(x) Ha HHTepaane [O,a] H rrono>KHT811bHOCTH 

11:(0)=11,<0l=aMo~~o Y.Ka3aTb TaKoe a1 (: a ', 'ITO 11,(x)>O anH ·ecex r C(O,a1 ] 

Bcne.acTaee orpaHHqeH~OcTH TJ,(a
1

) H 71
2

(a
1

) MO)KHO rrpo.aona<HTb sTo pe11Jeuee Ha HeKoTo-. 

pb18 HHTepaan H3M8HeHHH x I T8K K8K 38 npe.aena~H yKa38HHOil 0Kp8CTHOCTH TO'IKH X = () 

(pyHKUHH rrpaaoil qacTH cHCT8Mbl uenpepbIBHbI. ·noxame:M. 'IT0
1 

Taxoe npononmeaee MOmHo c.ae

naTb anst acex x> 0 a cnyqae cecTeMbl 12.41. 

Ha OCHOB8HHH CK838HHOrO BbJW8 MO>KHO yTBepm:.aaTb, qTo .nnSJ aar:ta'IH /1.1/ cymecTay-

eT peweuue 38.llB'IH KowH B H8KOTOpoii o,cpecTHOCTH X = 0 , y.aoaneTBOpHt01llee uaqanbHbIM 

ycnaBHHM: y(O)=y
0

=a>O, y'(O)=O 

YpaBH9HHe /1.1/ MO>KHO npe.nCT8BHTb B BHil8 HOpM81lbHOA CHCT9Mbl: 

y'= p 
/2.5/ 

p' =r-/-Lp 
X 

PacCMOTPHM BM8CTO CHCT9Mbl /2.5/ aBTOHOMHYIO CHCTeMy 

I r:~ P 
P =y-yn 

/2.6/ 

B KOHeqHOH qacTH nnocKOCTH / y p / CHCTeMa /2.6/ HM88T TOnbKO .llB8 oc06bJ8 

TO'IKH: 10.01 H /1.0/. XapaKTep aTHX oco6b1X ToqeK nerKO ycTaHOBHTb. YpaBH8HH8 BToporo 

IIOpSl.aKa, COOTB9TCTBYIOW8e CHCTeMe /2.6 ,, HMeeT BH.n: y
0 

- y + r" = 0 yMHO>K8SI aTO ypas-

H8HH8 H8 2y' u HHTerpHpyg no X a npeaenax OT O .no x , nonr1aeM: 

y'2_ y2+ _l,_ Yn+l = C, 
n+-1 

C-y2 (0) + --2- yn+t (0) 
n+ 1 

y' = p" !. yC+y>=~-yn+ l 
n+ 1 

6 

12.11. 

TpaeKT.OpHH cecTeMbl /2.6/ Ha q:>830B08 nnoCKOCTH / Y, 
p /. CHMM0TpR11:HbJ OTHO-

CHTenbHO oc~ p = 0 • B TO'IKSX aepece11eHRSI C STOA OCblO 

l 

(y');·= ~; maxy'oy'\y=I 

0~Y::Jo 

y'=O IIpB y =0 a y~)b= (~1r=-hpa c >O 
2 ··ti · 

TpaeKTOpHB llcepe-

JlnR C=O BMeeM 

1 DpH'10M (y')' = 0 KpoMe Toro, npH C= I) (y')'~lim Y-v" ol, 
ceJt810T OCb .y='l , 

pee. 2. 

1 ro ,/y2----1.-f+l 
n+I 

,llaumeuue cosepwaeTCSI cornaceo 

nro68.H TpaeKTOpH~, BhIDYW0HH8SI C OCH P =0 IIpB y(OJ= Yo , ee BbIXO.OHT 38T0M 

/noKa y>I) I H3 o6nacTH P:y<yo , 
·-'---------

p <y -;.J fa I - y; + J - n: J 

rpaHnua 11..ru1 p nonyqaeTCSI Ha paaeucTea: 

:nax p(y) = p(1) = ,1c:1 =-~ 
0SYSlb 

YMHO>K8SI ypaeH8HHe /1.J/ Ha 2y' . II HHTerpHpyH no 
X B ape.aenax OT O no x, 

nonyqaeM: 
y''(x/ - y 2(r) + _,....2-_yn+ 1(r/ = C - 4 f y''(t) dt, 

n + I O I 

rae C = - y 2(0) + _2_ yn+ 1 (0). 
n+I 

/2.8/ 

npe.acTaBnstSI /2.7/ B ea.ae F(y,y';=C, y6em11..aeMCSI, 'tlTO .OBR>K0HH0, HS1.18T08 .£11lll CBCT0Mbl 

/2.5/ npH HeKOTOpOM y (0) , onpeaeniuoweM C , e CHny nono>KHTellbHOCTH .cj:,yHKUHH 

4 ( ~ dt OCT88TCD B o6naCTH p , onpeaeneHHOA llllSI CHCTeMbl /2,6/. 

t 

llO x= X 0 

OpennonomHM, qTo e o6nacTH TJ,> 'l pewenae cacTeMbl /2.4/ npo.aon>1<8.eMo nuwh 

Xo KOHe'IHO. CooTB0TCTBYIOIU08 peweaae CHCT8Mbl /2~5/ T8K~0 npo.aon>KaeMO 

y > 0 • OaHaKO TO'lKB ( y(xo), y' ( l'.o) ) C P H, cne11oeaTellb-
nHWb .ao X = x0 

llOJ y (x0 ) H y'(x 0 ) --··- ···-· 

Cne.aoaa TenhHO, peweaRe MO>K HO npo.aon>KBTb nH60 .no TO'IKB X= XO ( XO KOHe'IHO, TJ = 0 J, l 

nH6o .ansr nt06b1X x , ecne 11 (x) ocTaeTCH nonomHTenbHblM. n106oe peweHue 
l . 

.cacTeMbl /2.4/ TaKoe.,'lTO "/i"J='l, 11 ;(,=k npoaonmae· 

H HMeeT BHll 11/X) =k(x:.,i"j, 11,<r)=k. neMMB 1 ·110Ka3aHa. 

x.oHeqabl. 'ITQ noaaonsrnT npononmHTb peweaue anpaao _oT TO'IKR. x = x O • 

11
1 

= 11 ,<xi , n 
2 

= 1/ 2 (x) 

MO .onSI n106bIX x> X 

.lJ.e_MMa 2. PeweHHe 
T/ = T/ (x) ypaeHeHHH /2.1/ npH HB'l81IbHb!X ycnoBHHX 71(0) = 0 ' 

11'(0) =a>() 
H n1060M n>l 8.llHHCTB8HH0 0 

YpaBHeHH8 /2.l/ yaoaneTBOpHeT ycnOBHSIM Knacc~PieCKHX TeopeM e.nHHCTBeHHOcTH pe-

weHHH aaaa'IH Kown nnSI acex x > 5 npH npouaaonbHOM a> O , noaToMy .aocTaTO'IHO 

7 



!' 
i 
I 
1: 

i:1 
1; 
/I 

I': i' 
::f 

'I ,, 
I 

I 

I 

' 

ii 
I 

t 
I 

ii 
1: 
1/ 

Ii 
/1 

i' ii 
I 

I; 

' Ii 

I 

noxaaaT& neMMY 2 nnsa· HeJtOToporo npoMe)l{yTxa [O, 8] , B KOTopoM peweHHSI aa.a.a'IH Ko

WH H00TpHll8T0JlbHbl npH 38.Zl8HHOM a> 0 H n > l 

npe!lllOnO>KHM 1 'ITO OilHOBlJ8M0HHO 

Torna 

nonaras. 

11" a 11 - _;;__ , 11 (OJ = 'l, 11' (0) = a ; 
l l xn•I I I 

11"=:71 -_!b.,__ 
z :, xn•l 

11
2 

(0) = 0, 11; (0) =a, ?/•I J 11
2

(•1• 

<111 -11,J "= <11,-11,J U - .If.ff:-~~- I ; 
X (11,(•) -11,<•J ) 

11 (0) -11 (0) = ,,, 
I ~ Z · 

11;<01 -11;<01 = 0. 

11,---111,::= z , 1- .!b.(xJ....::.Jb_{& ___ = P(•I, 
n•I 

x (11,(x)-11
2
(•)) 

nonyqaeM .ana paaaocTH .aayx peweae:A 11,(•J n 11,(x) B npoMe>KyTKe [O,ll] 3anaqy 

z (OJ= O, z'(OJ =O. 

B T01t1C8X •; 

z"=P(x)z, 

OTpe31<a [ 0, S I , rne 11
1
(•

1
) = 11,<x,) , it,yHKUHSI p (x) MO>KeT 

6b1Tb noonpeneneHa 1<a1< lim P(x) =P(x;) 
X ➔ Xj 

p (x) HM00T KOH01tHbdl npe11en. 

no1ta>KeM, aanpu:Mep, C{TQ npH x ➔ 0 cpyHKUHSI 

11cnon&ayst TO>K.0.0CTBO 

nonyqaeM: 

11"(~=[11 (x)+fo (x) -11 (x) Ji° = 11"(•) [ l + .2llf~.:u!l. ]
0 

l .I I 2 ' 2 ' 
11, (x) 

P(x) = 1-~l + ~~~tjl-d;f& = 1-( 'h!xJ..i°'. ~ 71,(~i;j'l:IJ"- 1 • 

x""' 11 (•) • 11,(x) -!hf& • 11£&=.JJ:,lE 
• • 11 (x) . 11 (x) 

nonarasr · _.!!J__~~= 4,(x) ,
2 

HMeeM otteae:.o.ahle npenenhl 
2 

11, (x) 

lim </,(•) = 0, 
•➔ 0 

lim ('hl&,".'. n•I 
z-+ O X - a , 

lim ~L.::.L = n • 
<> (x) 

•➔ 0 

CnenoaaTenbHO, limp (x) KOHeqeu. npn HenpepbIBHoli Ha HHTepaane [O, Ill 4'yHKUHII P(x) 

mrnellHoe ypaBHeu::
0

·z·"-P(r)z HMeeT ua HHTepaane [O,ll] peweaHe· z(x/=11 (x)-11 (•) · 
' I. 2 I 

TaKoe, qTo z(O) = 0 , z'(O) = 0, z(x) i O • 

3TO ypaaeeuee HM0';T T8K>K0 peweHH0 z(x) eeO, z(O) = () • z'(O) = 0 .nonyqeeHoe UpOTHBope-

qHe C yTsep>KlleHneM_ H3BeC:THOfi. T~OpeM~ 0 e.o.BHCTBeHHOCTH peweHnn nnHeiiHbI.X ypaBH9HHH 

llOK83b1B8eT neMMy 2. 

neMMa 3; OyCTb uaqanbHblM ycnoBHSIM 11 ,(OJ= 0, 11,(0) = ao> () y .noaneTaopHeT pewe-

HH0 11 =110 (X) • 11 =110 (%) 
I I 2 2 

ce:cTeM&I 12.41. Tor.aa;.nnS1 n106oro T > <1 H mo6oro • > 0 

HaAneTcH TaKoe S > 0 , s = 0 ( •• T ) , "To I ii,(•J - 11; (•) I < • , I~ (r) - 11; (x) I < • 

.a.nst n106oro. x Oi X ~ T rne ii,(x), ;;;ex) - peweHHH cncTeMbI /2.4/, 

Taue,'!TO ;j
1
(0)=0, lii,(0)-% l<S 

npn .QOK838T01IbCTBe neMMbl 1 yxa3bIBanocb, 'ITO peweHae aa.a.atJB Kowa CHCT0Mbl /2.4/, 
I 

y ll0B10TBOp9IOW0e H8'18nbHbIM ycnoBHSIM ", (OJ= 0 , 11,(0) = a , OCTaeTCSI B H0.KOTOpoA: 06--

nacTB 

D 

D , onpeneneHHOA .anH 38.0.SHHLJX H8lf8JlbHblX ycnoeai\, llycTb npH a =a 0 
o6nacTb 

aaxn1011a10waS1 cpyHxun11 T/ = JJo (x) 
' . 11 = 110 (x) 

2 2 

8 

, 011pe11eneaa HepaaeHCTB8MH, yKa-

38HHblMH npn Ll0K838T0_11bCTBB neMM,111 1. 

PaccMoTpHM npon.3BOJlbHOe w > 0 , w <<a O , H TSKHe 'ii (0) , qTO \ ii (0) - a 0 \ <w • ➔ l l -

D1rn acex TSl<HX ;;,(0) MO>KHO nocTpOHTb peweHHSI. ij (xj - (tr,(x), ff,(<)) aanaqH 

KowH CHCT0Mbl /2.4/ npH ycnOBHH ~ (0) = 0 ,i", (OJ - HaqanbHbte npOH3BOllffb10 4>yu1<-.. 
nHH 'i =,,i",(x). 

CornacHo Teop~~e lJ:eqHKa, npuMeaenuoH Bblwe; Momno yKaaaTb· TaKoe b ~ a , 'ITO 

npH acex O < x :,.b peweHHH 11, =11; (x), 112 =11; (x) 1 111=~ (x) , ~,=ii,(x) 

npe: BbI6paHHbIX .ii /OJ. ocTa tOTCSI a o6nacTH 

( O<x:0:b 

D• : ~ ( d~ - 1 - w ) X' < 11 1 < ( ao+ 1 + w ) x 

I «o - 1 - (,J <. 11 
2 

< «o+ 1 +·'CIJ • 

I.. 

0THOCHTellbH0 aenHqHHbI 
a . CM. B onpl?!..aeneHHH o6naCTH D .KpoMe Toro, 9TH peweHHH 

y..aoaneTBOpHIOT B D • cHcTeMe HHTerPa~HbIX ypassenHA 

. 
11: (x) = 11: (0) + ( f•( t, 11~ (t) , 11~(t) ) dt (k= 1,2), 

ff. (x) = i<OJ + ( l•(t, ii,(t), 17,(t)) dt (k= 1,2). 

3.aecb I"- (pyHKUHH s npasoii qaCTH CHCTeMbl /2.3/. npe..anonaraeTCSI, qTO 

nono>KHT01IbHbI npu O < x -:S, b • TaKoe npe.anonomeuue MO>KHO c.aenaTb , 

npoTHBHOM cnyqae s cuny Toro, lfTO B o6nacTH D • aTopast npou:aao..asast OT 

qeaa: 
l11"(x)l=l11--L I <x [(a+l +w)+(a+l+wJ°l 
· 1 1 x"•1 - o o 

- aMeCTO .o6nacTH D• MO)KHO cibinO 6bl paCCMOTpeTb neKOTOpyro D•• c D* 

11,0 (x) H ~ (x) nono>KRT011bHbl B Hefi:. 

/2.9{ 

11
1
° (x) R jj

1 
(x) 

u6o a 

11, (x) orpaae:-

, TaKyro, TITO 

no1<a>KeM, qTQ it,yHttUHH jj(x) = (ii,(•), ii, (x) )o6paay,oT B o6naCTH D• KOMUat<TH00 MHO-

>K0CTBO. Corn8cao c~cTeMe /2.9/, 

lii<•Ji~l11-(0JJ +(\t.(t,i;(tJ, ii<tJJldt < 
k k 1 2 

• < 1;,.co11+ rl ,.ci. ii,c11, ii,(t) 1 I a, 

B cuny onpe..a~nenHH o6nacTB D • 

J t, (t, 11,,ii,) I <a0 +l+w -i/,1 (1), 

1 i. ( t, 'ii , rj ) I < t [ ( a + 1 + w) + (a+ 1 + w) • ) = i/, (t) , 
•. 1 2 O O l 

'ii,(01 = 0 , jj (0) < a + 1 + w • 
2 0 

Ha uocneLtHHX HepaaeHCTB II uepaaeucTaa /2.10/ cnenyeT, '!TO MHo>KecTBO I II• (x) I 

paaaoMepHo orpaaa11eao. 
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/2.10/ 



/,1' 

I
: ,, 

ii ,, 
i! 
i' 
i: 
I' 

Ii 
'i, 

I 

/ 

.llns: n106blx .x
1 

, 

/2.9/: 
x2 H3 oTpeaxa [ O, b] i, > z, 

"2 lt,2 

I;; (x,) - fl (x.,) I ~ r I I ( I, fl 'ff. ) I dt < r 
I: k · z t J 2 

I ., 

HMeeM cornacuo CHCTeMe 
I 

"'• (I) dt ( k= I, 2). 

CyMMHpyeMble tpYHKUHH 
"'• {I) 

( k , 1,2) onpe.o.eneubl Bhlwe. 

HHTerpan OT CYMMnpyeMofl: (pyHXUHH ecTb cpymcuua a6conIOTHO HenpepblBHSSI, H H3 noc

ne.aaero aepaseucTaa cne.oy'!!T paBH')CTeneHaag HenpepLIBHOCTb I~ <•J I. 

Cne.o.oaaTenbHo, MHomecTao I i; ➔(x) I KOMnaxTao. 

.!lonycTHM, q70 HenpepbIBHOR 3SBHCHMOCTR peweaaa CHCT0Mbl 

H3BO.O.HbIX B. o6nacTH D• HeT. 3To auaqaT, qTo Ha:A.oeTcR Taxoe 
12.41 OT Ha'lall&Hb!X npo-

n Ta1ta11 nocnenoaaTen&HOCT& I;;; (0) I 

XOTff ~
1
(0) ➔ ao npH i ➔ 00 • 

£ 0 >O 

, q70 XOTsr Ohl .ona oaaoro k 

, Taxne TO"IKB x; 

I ff,,' (x 1)-11; (x1 )1:li,o 
1 

Jnec& .;;;(x) -peweHHII CHCT8Mbl 

BoabM8M &Ty nocne.ooBaTellbHOCTb 

3To MHO»c:eCTBO KOMllSKTHO a 

12.41, COOTB8TCTBy10wae npOll3BOllHblM ,,., (0) 
' , 

ii,'(O) 11 paccMoTpHM MHO>K8CTBO l;ii'(x) I 

BaTen&ROCTb • nycT& 

Tax xax ;;; (OJ ➔ a
0 

o6nacTH D• BhlnenBM R3 Hero CXOllQlllYJOCJI nonnocneno

• nycT& lfi(x) ➔ z (x) • llllB npocTOTbl STO caMo MHO>K8CTBO ( If' (x) I 

k = 1,2) z.(x) 
, TO Z {0)= a , z (0) = 0 noKa>KeM, 'ITO tpyHKUHH 

2 0 * l 

IlpH i ➔ 00 

Y.OOBneTsoparoT B o6nacTH D CBCTeMe ypaBH0HHA . 
z•(x) = z• (0) + ( I• (4 z1 (I), z

2
(t) ) di, 

• 
nonO>l<HM z.(x)-ri:(x) = R~ (x) • <l>yHICUHH ;;:(x) 

12.91. Cne.ooaaTen&uo, cnpaae.onaBo paBeHcTBO 

12.111 

Y.OoeneTeopsnoT CBCTeMe 

z• (x) -z• (0) ( 1•(4 z
1

, z
2

Jdt 
0 

Jr ' ' Jr = R: + i•(O) - z, (0) + ( 1.r I, z, - R 1 , z, - R, ) dt - ( { ( I, z, (t), z 
2 

(I) ) d~ 

OueHHM npe>KJle acero npouaso.oHbie 

BB.OHO, 

a1.<4 9,. 'lz' 
ar,, 

( k, i= 1,2) B o6nacTH D• . Qqe-

_jJ_h_ =0, .-a.b..=l, I ..iila l=ll-n-1ii::/<l+n(a+l+wJ;1 Q]_z_ =0 
iJr,1 iJr,2 iJ71 1 x"·I O iJr, 

2 

A==maxll,l+n(a+I+wr·
1
1. D.nHnpOl13BOnbHOManoro ,>O 

0 I 

00ff0)KHM 

Bb16epeM Ta1toe i = io , '!TO npu Bcex i > io In:(%) I <, 
1 

llllll Bcex :r C [o, b] 
::ho 

MO)KHO c.oenaTb B CHIIY paBHOMepeoA CXO.OHMOCTH ;;,c' (x} ➔ zk (x) 

ne •. Llns:I acex i > i o HMeeM: 
Ha YK838HHOM HHTepaa-

{( t, z
1

(t) - R,'(t), 
z 2 (I) - R ~ (t) ) - 1. ( I, z, (t) , z 

2 
(I) ) I ~ 

< A [III,' {I) I + IR; (t) I l < 2 A ', • 
Cne.ooaaTe.'l&Ho, 

I z • <xJ - z • roi ( I ( I, z (I), z {I) ) dt I < j R 1 (x) I + I ,,., (0) - z (0) I + 
k 1 2 k k 

0 a: - k 

B cuny 

+ 2 A , ( dt . < ( 2 + 2 Ab ) , 
I 1 

npoHaaonbHOit: ManoclH € 1 neaag lIBCTb aepaaeucTaa pasaa 0. 3To oaHaqaeT, 

10 

qTo paaencTBO /2.11/ cnpaee.nnHBO.·Cn~.aoeaTen&Ho, zk (xJ ( k = 1,2) ecTb peweHHe 

cecTeMbl /2.4/ B o6nacTII D• , TaKoe, '!TO z, (0) - 0, z,(O) = a0 • Onaaxo 11: (x) (k= 1,2) 

ecTb e.o.HHCTB0HH00 peweHH0 cecTeMbl /2.4./., T8KOe, 'ITO 11,
0 

(OJ = 0 I 112° (0) = ao • 

Cne.noaaTonbH6 , ij0 (xJ = z➔ (x) 
.ansi acex O < x,:5 b • 

<PaKT paaHOM0pHDA CXO.O.HMOCTH MHO)K0CTB8 { i'(xJ " 
,➔ 

110(•) npOTHBOp0'1HT npe.n-

nono)K0HHlO, cne naHHOMY Bb1W0: I ii! rx,J - 11; <•,JI > , 0 • 

J,1-i;aK, nponaaon&noe MHO>1<ecTBO 111 (x) I pewenuii aana'IH KowlI CIICT8Mbl /2.4/ c Ha--, 

qan&HbIMH ycnoBHllMII ij
1 

(0) = 0, ii, (0) • t(, (0) , TSKIIMH, · 'ITO nocnenosaTen&HOCT& ·1 rr;-.(0) I 

cxonHTCH " ao • paBHOM8pHO CXOllHTCII B HHTepaane O :::,x_5b " tpyHXUHII 11°(x) • B 

qaCTHOCTH, I;; (b) I ➔ r,0 (b) . 

PaccMOTpHM q,yHKUHH r,
0 (x) ;;(x) Ha HHTepeane [ b, T] KBK npo.aon:>KeHHSI CODTseT-

CTBYIOlllBX peweHHli CHCT0Mbl /2.4/ 113 o6JiaCTH 
D• T - npouasonbHDe qacno, onpe-

T> b B nonynnocKOCTH x ~ b > 0 nm1 CHCT0Mbl 
.nenennoe B cp0pMYJIHpOBK0 neMMbl 3; 
/2.4/ BbIDOnHSIIOTCSI ycnOBHSl KJiacc11qeCKHX TeopeM O aenpepbl~HOA 38.BHCHMOCTH peweHHA OT 

uaqaJihHbIX ycnoenH. 

via aenpepbIBHOA 38BHCHMOCTH peweHHH CHCT0MbI ,'J:.4/ OT HaqanhHbJX ycnoauH Ha OT-

peaKaX [O, b] 11· [b, T] cne.nyeT aenpepbIBHBH 38BHCHMOCTb OT aaqan&HbIX ycnoBHA Ha aceM 

OTp83K8 [ o. T] neMMa 3 ,noKaaaaa. 

Ill. TeopeMa 2, 3ana'IH /1.l/-/J.2/ ,/1.3/-/1.4/ HMe10T no KpaAHeA Mepe OllHO nono

>KHTeJibHOe pewe.aue np11 1<n<;;.3. 

PaccMoTpHM pewenHll aana'IH Kow11 llHll ypaBH8HBA /1.l / H /J.3/, ycTaHOBIIB cneny10-

1Uee saa11Mao-o.nHoanaqaoe cooTaeTcTaHe aaqan&HbIX _rcnoanA: 

y(O)=y
0
>0, y'(0)=0; 11(0)=0, r,'(O)=a=Yo• 

nonO>KHM r''- r'+ _2_ r•+1 ~ F(y, y') = c, C= - f + _2_ y"+'. 
n + 1 o n+ 1 o 

ilnll peweHHA ypaBH8HHll /1.1/ C Ha'lall&Hb!M ycnoBH8M y(O) ~ Yo HMeeM: 

y'>-y>+-2-1"+teC-4 (...L!. dt. 
n+ I _ I 

LJ,a11m.eaue COBepwaeTCSl B nanpaaneHHH y6!3BaHHSI cpynKUHH F ( y, y'J, nHHHII ypoBHSI KOTO~OA 

uaoGpam.eHbI na pnc. 2. CnenoaaTenhHO, npu y <(__!!.µ),;:j • 2 
y' I peweHll8 ypaBH8HIIH /J.1/, npoAneT npaaee TO'IICH y = 0 

Ha nnocKOCTH I 

H OCT8H0TCSI B o6nacTH, r.ne 

npH acex X > 0 

y 

BBSI H306pa>Keaa JIHHBeA L 

TpaeKTOpHSI, npe.ncTBBJISIIOW8S1 

F (y, y'J < 0 • Bee TaKee pewenHSI ocTalOTCst uollo)KH~elibHbIMH 

• CooTaeTcTay10wHe 
11 = 11 (x) o6nanaIOT T0M me caoiicTBOM /nerKo no-

K838Th, ·qTo 3TO xone6n10weecst BOKpyr npSIMOA '71 = .z 
KpHBble/. Ha p11c. 2. TaKa11 KpB;.. 

• ~\ H o>KeCTBO pewenHii, ae nepeceKSIOWHX OCb 
% npH, 

X > 0 • o603HaqHM 'lepe3 a L 1 • a CooTaeTCTBYJOWee MHQ)KeCTBO aaaqe~uA H8'{81lbHbJX 

npouaaon,nbIX a -qepea L1 • Qqeau.ano, 'ITD ecnu onpe.nem1Th aHanoruqabie MHomecT-

Ba llllll COBOKYilHOCTII peweHHll ypaBH8HH!I /2.1/, TO OHH coananyT C MH0)1{8CTB8MH L1 H Li.a 

a MHom.ecTBO L1 -ae nycTo. noKa>KeM. q.To oHO ol"'paauqeno caep~y. ,UnH sToro 11ocTa-

Toqao r.oKa3aTb, qTo HafineTCSI Taitoe a= a
0 

, 'ITO .nns:r ecex- · a-11-·(0J > a 0 11 (x) nep8-

ceKaeT OCb X 

noBHH r,'(0)'2 a.> l 

QqeBHllHO, a > ( ~ ffi> l , PaccMOTpHM peweHIIll 11 • r, (x) npH ye-

• 2 • B o6nacTH r, >x HM88M r,'~<O • CnenaeM B ypaaHeHHII /1.3/ _aaMe-

II 



Hy nepeMeHHbIX: z=n(•)-x • YpasHeHHSJ nnSJ z (x) aanHweM a au.ae: 

z"+ I (z+ xJ I ( ~~ f"'- 1 I I = ,, 
X 

z" + z I ( 1 + ..!_) I ( L + 1 (:.. 1 I I= o 
Z X 

13.11 

O6oauaqHM -~ = t, (l+L) [ ( t+ 1 )""L 1 l=R(t); R(t)={t+l!"-IH.LJ= -~. 
" t t t 

noKa T/ = 11(x} 0CTaeTCH BbIWB npSJM0fi TJ = x , :r.e. D0Ka z(xJ z O 

eTCSI MOHOTOHJ:10 B npe.aenax a-1~ -=f-1!1.2: o. Ha 0Tpe3Ke [0,«-11 

i;;• (t) = n ( n -1) ( I + 1 f" 1 > fJ npH n > J 

CneL10BaTenbHO, P (t) :::_ (n-1) t TOr-Lla R(t} ::. n - 1. 

<pyHKUHfl' t = -= Memt
x 

HMeeM: P' (0) = n- 1, 
t 

CpaBHHB8SI Tenepb ypaaHeHHe /3.1/ C ypaBHeHHeM Y "+ y ( n -1) =0,rro11r1aeM cneny10-

wn fi peay11bTaT: z (x) o6pawaeTcH B HYllh s HHTepaane ( 0, _!!___) • CneaoaaTen&Ho, n!O-
,/ n• 1 

6oe peweuue ypasHeHHSI /1.3/ npH 11"(0) =a> l , Bhifillst Ha Hynsr npu: x ""o 

KaeT aaTeM npsn.1y10 11 = X B ToqKe X = Xo < _JJ___ • 

,/n• 1 
2onycTHM, qTo rrpu acex a> 1 peweHHe T/ = 11 (x) 

M0H0T0HH0 B03pacTasr. 3anuweM ypaBHeuue /1.3/ B BKLIB! 

.. , 
n "= A(x}~ , r-Lle A(x) = 1-!L..J& < o 

xn•1 

IlpHX0llHT Ha IlpSIM/lO 

npu ~ (x) 

YMHO ✓KaSJ o6e qacTH ypaBHBHHSI Ha 271" u HHTerpupyH a rrpenenax OTO no 
nylfaeM: 

11'
1
(x )=a> -~l11(x)ldn 2 

0 
0 

I A(x) I = !C:!'!l_ - ·1 < d'" 1 -1 , n (x) < -rn=, 
X n•t O \ n • 1 

n•t " 2 1 
,1 x )>a'-(a -1)(=)> npu 

n ( o ,' n- 1 
n<J 

, Il03T0My 

H ll0CTST01.{H0 6onbWHX 

, nepece-

71::::X 1 

> X • 

x = x 
O 

, no-

a • Co-

rnacuo caenaHH0My ..'.:I0ilYLIIBHKIO 0 M0H0T0HH0CTH 1J(XJ npu o::: •~Xo l>n'(xo);:_0. 

f1onyqeHHOe ITp0TIIB0peque 003B0119:eT cnenaTb BbJB0.O, 1.IT0 rrpH !l0CTaT0tJH0 9o11bWRX' a 

np0X0llHT qepe3 MBKCHMyM. nycTb 3T0T MBKCHMyM il0CTHraeT

o6e qacTu ypaanemfH 11 "(x) = A(x) 11 Ha 2 11 ' u HHTe~pupyst B 

B HHTepsane [ 0, x
0 

I peweHae 

csr rrpu X = X max 
YMH0 ✓1iast 

rrpen.enax OT O no 
max 

X= X , nonyqaeM: 

OTCIO!J.8 

-a1= (
0

A(x)_dn'= A(.~}~ 2 (xm•x 
0 

712 ( X ) = _JJ.-~--- > --~- = __s_c_ 
. max JAri,1 maxj.-i(x)I ,F"'-1 

npH a--,.+-,.:, n qiHKCUpOBaHHOM n< 3. o'S,x'S.,xmair 

PaccMoTpHM HHTerpallbHYI0 KPHBYK) n = ry(x) 

B T0qKe X = XO • T~K KBK TJ" '(x) >') npu'l<17< x 

) ' 0<t;<xmair 

• + ~ 

r,'(0J > I ll0CTHra10wy10 rrpttMorl 11""" 

, TO .llllSI 1J = 11( ") B03MQ;+.-:eu MHHu-

MYM np11 X > X 0 a 06nacT;.1 O.::;: 17 ,:5x - Llonycno,1, tJT0 MRHHMyM eCTb H !J,OCTHraeTCSI npu 

X"" X "llin , TaK "ITO. 71'(xmin J- (J npul.teM 1J '(x) < 1) npu X <x < X • 
o 

I 
min IMbI orpa-

ffHl{HMCSI peweHHSIMU C ll0CTaToquo 6011bwH~H 3Ha1.leHIUl!vfH n '(0) , TaKne peweHHSJ, KaK 

6hmO IT0KaaaH0, H:Me10T ry'(xoJ<0 I. QqeaunHo, 

12 

11 (x . )>0 B CHny enHHCTBBHH0CTH pewe
m,n 

HUR n(xJ~fJ 

l xo, :<min I , 

11n T/ 1< !) npu 

• l-1aTerpu.pyn ypanHeHne {1.31, y~moA<eHttoe Ha 2 11 " 

nonyqaeM: 
,2 · ,2 lfmltt n , 

11 (xm,n)-TJ2(:xPtln)==r, (xo)-1,2(xoJ-2f 11-)L_!_l~. n•I 
'o X 

irmfn 
11 

, 

-n1 (x ) --n" 2(x ) - ,,
2 (x ) - 2 f _'L_!_,I_ dx 

'' m In O O x"· 
'o "mln~"(x) ~• (x) 

noaToMy - 2 f ----;;;=i·-- dx > 0 • 
X :_ l X • X 

0 min 

' 

, a HHTepnane 

/3.2/ 

/3.3/ 

-;~ 0 
Ecnu 

11 
" 2(x

0

) -·,
1

,: ( \,> • 'I • TO npanasi qacTb p8aeHcTBa /3.3/ nono>1<HTen1>Ha, nenan -

0TpHuaTenbH81 H paaeHCTB0 /3.3/ HBB03MO>KH0. CnenonaTenbHO, peweHHe 71 = 11(x) He HMeeT 

X > X 
0 

, ecnu ij''(••) > ry>(xo) = •: 
acHMIITOTOfi. 

• Ouo He M0)K9T TBK ✓Ke HMeTb 
MHHHMYM_a, K0r.na 

KaKy~-nH6o' npRMY~ ij=C(C ::_OJ 

,QeilcTBHTe1lbH0, B T8K0M cnyttae paBeHCTBO /~.2/, nepenHCBHHOe anst n106oro X 

X ➔ - nMeeM: 11"2<xJ ➔ n, 

HMeeT BHil ( X > XO) 

~''(x)-ij 1 (x) =ij' 2(• )-n 2 (x 0 ) -2 ( __i:__.:L dx 0 ,,_n•t 

n2 (x) ➔ C1 (C:~ 11); ~•(x) < I) 'o 

l3.4i 

npu 

,lpu •X > X ' - 2; ~- dx > 0 ' H paB0HCTBO /3.4/ npOTHBOpe'iHBO. Cnenoaa -

o • xn•I 
Te11J:i,H0, HHTerpanb°ilBSJ KpHB8SI 1J = r,(x) nocTHraeT npH HeKOTOpOM X = X OCH X I ecnH 

ry'>(x.)>i(•o)' 

(0) = 0, ij '(0) =a> 1 

peM TaKoe a= a. 

T/ ( Xo) = Xo • noKa>KeM, CITO ST0 HMeeT MeCT0 .anst scex peweHHil T/ = 11(x), 

ypaBHBHHSI /1.3/ npH .a.ocTaT0'-180 60JibWHX a H 1 < n < 3 • Bb16e-

• 11To npu a> ao KpHBast 11 = r,(x) npoxonHT qepea MaKCHMyM: 11 '(x )= 'l, max 

0 < xmax < x o • 

71 (x;nax ) ➔ +-

l,13 Il0K838HH0r0 Bbiwe cnenyeT, qTo aT0 M0>KH0' cnenaTb. OTM0THM, tJTO 

npu a ➔ i-.-., 11(x
0
)<---1I- H 

-Jn7°J 
11" (x) < n npu: 11 > x 

OTcrona ·cnenyeT: M0>KH0 abl6paTb .TaKoe a
1 

> a 0 , ttTO npw acex a> a 1 ycnoaue 

11
'1(x

0
J-

11
2(x

0
J >0B&moneeHo. KpeB&1e 11=11(x) nepeceKaioT OCb x npH x > x0 nnst TaKHX a • 

nox.a>K.eM' qTQ B cnyr-1ae n = 3 HHTerpa1lbHbl8 KpHBbJe ypaBHeHIHt /1.3/ TaK;-~<e .llOCTH-

raIDT OCH X npH X > Q) ecnH 11
1

(0) =a> 1 .a.ocTaToqHo aenn.Ko. YpasHeane /L~/ npH 

n = 3 HMeeT BR.a: 

ry"=ry(l-~- ). 
x> 

/3.5/ 

PttCCMOTpHM npOH3B01lbH0e peweuee J7:::: 71{x) 
ypaaHeHHH /3.5/, Taxoe, q'l'o 11(0) = 0, 

~'(0)=a>l. 

H ero peweuue 

z(x) 1:: __ a __ sin 

~aCCMOTpHM TaKme ypasneHH8 

z" = z ( 1 ;_ a 2 ) 

z = z ( x) TaKoe,qTo z(0J::::0, 

/3.6/ 

z'(0) = ij'(0J =a. 0'1eBHLlHO, 

T~T.x, z(-__!!_--)='l, z(x)>·0 npu 0<x <_..;'-~ . B o6nacTH ry>O 

-~( 
BMeeM 713~ -1 <a2..J 

,raz::r ,/ aI:1 • 
nnst paccMaTpnaaeMoro pewe~ua ypanuenun /3.5/. npu-

. /0/ x• 
MeHRR K ypaaneHHRM /3.5/ R /3.6/ TeopeMy o· tJHC11BHH0M cpaBHBHHH /cM. /. nony1.1aeM 

aepaaencTB0 

B qacTH0CTH, 

¢>yHKUH!it 

ij(X) > - a _sin,;-;;,_ l . x 
,Ja>-1 

~( 2y'a~-l -J> ~"""Fl 

Ha ~HTepaane o<x<-11--
\·ta"i=I 

npH paccMaTpHBaeMbIX a 

a sin .J a2 -, 1 • x eCTh HH»cHee rrpn5nHiKBHHe K peweHHlO r, = 71(X) , 

. ij(0J = 0, 
,/ a 

1
- 1 

~'(0)=a Ha HHTepaane [O,_!!-] ,,ra--q -
nv.llCTBHOBK8 71 = a x s npasy10 ~acTh 

ypasneHHSI /3,5/ naeT ypaaaeaue 

)3 



11_=ax(J-a
4

) /3,7 I 

Ero peweHae 'I (x)=ax+~(l-a2)_x 3 , '1 (0)=0, n'(O)=a 
- 6 

TaK>n:e, O'-teBn:nHo, flBnSteTCSI 

HHA(HHM npH6nH>KeHHeM K peweHJtlO 7J = 11(x) , no KpalfHeli Mepe, IIOKa 11 (x) H TJ_(x) OCTa-

IOTC st B o6nacTH 71 2: x B aToli o6nacTu 

n"= f(x) < o, 

npuqeM 
n::=g(x)-<O, n(O)=n_(O)='l, n'(Ol=n' (0/ =a 

ln"(x/l=!f(,)!<IJ<•J! = Jn~'(x/!B crrny ypa"sHeHttR /3.7/, -

nycTb 

1/_(x/> X 

X= i' -roqxa rrepecet.teHHSI Ky6uqecxofi rrapa6onb1 r, (x) C npSIMOH r,=x , npa-

'18M 
X 

npH O<x<x , QqeBH!lHO, n(x/ - n_(x/ = f ( x - t / ( f (t) - il(t/ / dt > fJ, 

X 

1/'(x) -n: (x/ = (( f (t/ - g(t)) dt >fl 

0 

0 

( X:;; X) • /3,8/ 

EcnH Tenepb_ IIOLl.CTBBHTb .,, =:: 1J_(x) B npaayIO l.f8CTb YPflBHeHKQ /3.5/ t nonrrnTCR ypaBH9HHe 

n" (x) = n ( l - _'I:._ 
+ - xz 

/3,9/ 

npKM9HSIR paccy>K!l9HUSI, aHa.rioruqable C)lenaHHbIM BbIWe llJlSI TJ_(x) , y6e>Kna~MCSl, 'ITO 

TJ + (x) ·ecT& aepxaee npe6nu;,n:enHe K pewe11uJO Ha HHTepaane lo,'i I , rrpHlJeM 

n;(x/ ~n'(x), x c[ o, x 1. /3,10/ 

H HTerpupyR ypaBHemre /3.9/, nony'laeM: 

1/' (x) = a _;,_~--<Cl_ x 2 + 
+ 2 

c,(l-a2J(I-3~ 
24 

x'- E~C!.:~
1

)
2
x6--~}y~! X

8 
, /3.11 / 

72 8.6 

1/ (x) =ax+ a__(_I_::_,fJ x 3 t ."i!=.iH.!:.~~ x 5 - ~
3U::a2/ 

2 
x 7 _ ~U::.E'1__[__ x• , 

+ 6 120 504 72. 6 3 /3.12/ 

~+(0)=0, ;,~(O)=a, xC[0,xl. 

HeTpy,nHO BHLleTb, qTo TOl.lKa X =:: -.~ npu acex .:lOCTaTO'-IHO 601IbWHX 
- 2, a'-1 

a nona.aaeT a 

HHTepBaJt [O,x J • ,!leiicTBHTe!lbHO, x=X ecTb KOpeHb ypaaneHHR 

~-<•) = x. 

OTcrona x = __ -!.j __ HepaBeHCTBO ___ \·_6 __ ? __: ::. cnpaBe.lllIHBO npH Bcex 
,,.Ta( a+ IT "'"t"-ati+"TI- :!v' a2-l 

BblflCHH'-1, H8K0HeU, sonpoc O aemf:ltHHe npOH3B0.l]HOi'r, C KOTOpoH peweuue 71=71(x) a>-6_, 
6-JI.l_ 

npHxo.AuT Ha IIps:!MYIO ,, = X • O6oaHattKM TOlfKY x =--l!. __ qepea 
2,faLI

TOttK« ( X., r, l =( --..:L-=..., 1 JfIY'tOK npstMblX 11 = k x +A, k < a . 

, ecnu ~'(0/=a•+~ 

Xo H BhlITYCTHM H3 
:!\ a1-) 

Q.~«K cnpye).l k JI nenaeM IIOUCTaHOBKY n=kx+A a npasyro• ttaCTb ypaanemtst 13.51; 

nonyt.tHM HeKoTopoe ypaBHemte z
0 =I ( x, a, k J ero HHTeI:'pan 

X X 

z( x/ = ( dx ff ( t, a,k) di+ z;. ( x - x0 I+ ~ /3.13/ 
.l,o Xr, 

rne Z0 -= z(x
0

), z~==z'(x0 ), Zr-,>TJ(X_,) z~ >17'(xo) ' 

06na:1aeT cne!ly10111uM caot;cTBOM. nycTb npstMast 11 = k x + -l rrepeceKaeT npst~iYIO r, =x a To11-

Ke x ""'x 1 • LlonycTH\.I, qTo peweHite yp,1aHeH1Ht /3.5/ ·npH Bb16paHHOM a nepecexaeT npst-

~tyio T/ = X B TOlJK0 X > X 
2 I 

Tor.aa B cuny 3a.aaHHoro COOTHOW0HHSI HalfanhHbIX yCJlOBHfi .nns 

z(x/ H n(x) B T0~Ke x=x
0 

H HepaBeHCTBa ln"(x)I > lz"(xJI npH acex x C[x0 , x 1 1,.(n"(x)<OJ 

14 

<pyHKUHR z(x) 11srr11eTc11 sepXHHM npu6rrHmeeueM K peweeuro 1/ =,1/(x) Ha HHTepsarre [ x0 , x 
1 

I • 

B ypaBHeHHR np!IM0A ,,=kx+A 

YpaBH9HHe ,nng z(xJ T&KOBO: 

HM88M ,1 a J - __k,z___ 
2 ;r;;:.::cr- x,a 

·z"=(kx+A)--L(kx+A /=f(x,a,k), 
x> 

B carry paseHCTBa /3.13/ BT0'lK8 X = •1 HMeeM: .,, 

z(x) =.Y.1---.!.JU~--~1!.j•_ k(l-k') _-1!.!_ + 
1 

, , ,6 2(1-k).J~l _ 6 8(a 2-I'!J/2 

+~-...1!..:I[ l,{-;;i:'( -!!_u _ ) 2-.,1.U-Jk.'.'J _!!;._ 
2 2(1-k)✓a>:f • 2 4(a -ll 

2i¼,:-l -h . 
2(1-k) ✓-,i>=T 

- 3 k A2• 2✓-,;,::r -h 
2(1-k),/a'-T 

fn 2J'<i"CT-k77 --+ JkA~ --" _ fn __ 77 __ + 
2(1-k),J"?=T- , 2,,1;?-l 2.J-al.l 

+3kA 2 , 2 .J7f-k,, -3kA
2

" +A
2
fn~'.:'k" .A

3
fn" 

2(1-k).Ja 2-l 2,J,l--l 2(1-k).Ja'-l 2ya2-l 

_ J<(l-k>J,, 2 

8(a2 - l ) 

2.J~ -k77 _ ~-"( 1-~2
) 2V a"'Cl-h ( 1 _ k) + 

2(1-k)..,r;;cT 2( 1-k) 2( l-k)(a 2-l) 

+ 3 A> k. 2 ..J(i'i:.::Y -k17 en ---"-- _ 2A'y';;,: ~ _Af--;, l.1-=_k_:7_ + 
" 2{1-k),J_;;c-i_ 2( 1-k) .J a 2-l 2 ,,/-a'-1 

+ z~. ~::__k" _ + k(l-k2J ,, 2 
" __ 

2(1-k).Ja:Cf 8(a2-l) 2,Ja 2-l' 
+ :4,,(l-Jk.:l_ ---"--

2 J a2=i- 2 ,,;;:,-::.-i 

·' -3kA 2 ___!J_ fn _....JL_ + A - z~ --"-- + z o 
2J"J-:1 2v'a2-l 2Ja2-I-

/3,14/ 

ilenaSJ a !lOCT8TOl.lHO 60flbWHM, a ➔ +~ 

A= I+ 0 <-;-); B curry /3,14/ HMeeM: 

, rrpH (pHKCHpOB8HHOM A: nonyqaeM 

z(x) ~ _!cJ l+IL+ A( l-3k
2

) _ :!.!:..'_k_ fo _l __ + 3 A 2k + A' fo _l __ 
1 

- 6( 1-k f 2( 1-k ) 2 l - k l - k l - k . l - k 

2 3 --- 3 

- A3 fo -'ba..+ ~~ fn ~-" - _!.~-~:_!_ + ~-!._ + ~ -
2,J a2-l l - k 2,J a'- l 77 ( 1 - k) l - k l - k 

/3. 15/ 

- _!.!'__z_;_=~+ A
3 

- --.!:...-~z' + z + o ( .. L J. 
2(1-kJ.Ja2-l 2.JaLl O o. a 

Bb16epeM B xat.tecTee aHalfeHHH z 0 u z~ aep~uue rpaHHUbI 3HatteHuA 17+ (x 0 J H 11: (x 0 ) • TaK 

KaK x C [ 0, x I npH 
0 

TO 

a > __ 6__ 
6-.112. 

4 

B curry paBeHCTBa /3.12/ 

~+ (•
0

) ;.n(x
0

), < (x
0

) '3,n'(x
0

J. 

,, (x J=-"---_l_(-"-)3 +.l. (_lI __ ,. _ _1 __ (-!l...)'➔---I-r_11-i•+o(.l.yc=3 
+ 0 2 6 2 24 2 504 2 72-6' 2 a 

npH .aocTaTOlfHO 6onbWHX a . 

B cany paBeHcTBa /3.11 / 
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ry'r•.J=a[l-1,r_-!-J 1 + _L(-"- )'-----1~(----"--) 6 + __ L_(_lL) 8 I; 
+ 2 S _-2 72 2 2 6 J3 2 

+ [ _L( -"--J'- _ J_ ( _,,__ )' + ___ ]_ ( ~7-J' J. _____ g ··-
12 z 72 2 2•. 33 2 r,~;,=-r I' 

par Q _ ... K~ 
uZ-1 

npe a > __ 6 __ cnpaaenm!B0 HepaBeHCTBO 1}~ (x
0

) <Pa+ Q • • QqeBIILlHO, p -:0.35; Q ..:.0,35. 
. 6 - TT.]_ 

npu .:J.OCT8TOq1o 6011blUHX 3H8'1eHJfHX a Y.MeeM: 1]_; (x,~) , 0 • .J « • 

3aaepLUHM OU8HKY .!1119 z (X1) • ucxo.:u-1 H3 ct,opMJllbl /3.15/:. 

Z (X 1) = - ( _Uf.__ 0,-n 1 :!-,; <l - ( 1- -/3,y- ) rn--t--+ ck TO ( •f-1, 
/3.16/ 

ck -KOHCTBHTa, COOTB8TCTBy1oi.uast ,.:J.8HH0:-.1y k ,· J -k> I) no rrpeanonoA-.emIJo O 3HaKe k; 

-j--0.-1> -0. QqeBHLlHO TOrIJ.a, 'ITO npH .:.IOCTaTO'--IHO 6o.1lblll0M a JH.teeM: 

z(x
1

) <0, ( lim z ( x j) ~ - ~ ) , 
Q>N 

CnenoaaTe!IbHO, npe.anonox<.eHHe O TOM, '-ITO MO)KHO 38ll.8Tb TaKoe KOHe'lJHOe 

KOTOpOM ace HHTerpanbHbie KpHBbie ypaBHeHH.Q /S.5/ C rrpOH3B0LI.HblMH 71'(0) =a> 1 

KYT npSJMYKJ -,, = x npaaee npHMoii 71 = k x + ll • nesepHo. 

, np11 

nepece-

,\\01KHO Tenepb yTaepM.naTb: ang n106oro cxonb yroitHo 60.'lbworo no ~w.a.ymo /no rl-H.K-

CHpOBaHHOf'O/ k < ') • Ha11JleTcSJ Taxoe a() , l.lTO Bee peweHHSl ypaBHeHHSl /3.5/ c 

HSl.18.'lbHhIMH IIp0113B0llHbIMH a > ao ~epeceKalQT npH X '.• 0 

TenbHYIO npOH3BOllHYIO, no Monymo He MeHbWYIO, 1.JeM ! k 1 

3To paBHOCR1lbHO YTBepM,.'leHH!O: 

np51,1yIO ,, = X • HMest OTpHua-

Bee peweHH.8 npH a> a 0nepecexaroT OCh x npasee x =- f) • CornacHo noKaaattHOMY pattee, 

nocTaTOI.JHO B351Tb l kl>-"-=-"
,/n-1 -./2 

B cnyqae ypaaHeHHst /3.5/. 

L].OK83BT8JlbCTBO orpaHlf<IeHHOCTR caepxy MHOA(eCTBa L :l , KOTopoe 6yaeT paccMaTpn:-

B8TbCR .rianee onpeneneHHblM nng ypaBH0HlHI /2.l /, 38KOHl{0HO. 

nycTb L; =I ry: I, < =ry'(O) >0. 

nonotKHM Supl11:l=ri: H paccMoTpH'-1 peweHHe 11---rj(x) ypaBHeHU:Sl /2.11,TaKoe, LJ.To 

ij (OJ =O, ij"(O)='ij~ • Kpueast Tl (x) nepeceqeT B ToqK~ x = x 0 npRMyIO q=-x ilonycTHM. 111:'0 npH 

xl>x. ;j (xl)=O Olf0BH.[lH0, i;'(x,)< O.TaK KaK 11'~-0 npa 7,.::,, TO ,j'(x,).x 

- x
1 

.;; '(x
1

) = i;(x) npu X .::: xl Bo3bMe~f HeKOTopoe t') 'i) B TO<iKe X = x, ~· fo HMee~: . 

Bb1oepeM I 
111<•+,il ,-, 

< lj, (X 1 )j < 1 0 = I ry ( X ) I 2 __Q_ r ' <o. 
• CornacHo ne:MMe 3, MOFKHO YKa38Tb T8KOe 8 = 15 C:, x, +c0 ~ 

'!TO np11 scex xc[o,x,+,
0

] lq(x)-ii(x)!<,, Jry'(x)-rj'(x) ! <, , rne 11(>) -pemeHHSI yp61aae-

HIIH 12.1/ TaK11e, 'lT0 ry(0)=0 11 1~'(0)-ij'(0) I <.S 

II DO 1/ ( x, + (. ) < - I,( (XI ) I . (. 

3To -rrpOTHBopettHT onpeaeneHHIO ,j~ =supl 11: l 

KpHBaR -;j(x) He pepecexaeT oc:e x np11 x > 0 

He UOCTHrHyB OCH x , HaqnaaeT B03p8CTBTb. 
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• Bee TaKHe p01.ll0HHSI nepecexa10T OCb X _, 

a 
B MHomecTae LI 

• llonycTHM. ttTo 

, H, cnenoBaTe:lliHO, 

-;; (x) npe x>x 
0 , 

nycTh x
1 

H X 
2 

-.oae T8KHS: -TOqKH 1 qTQ X1 > ii (x1 ) =-EI x 2 >XI '.,>ii(•,) 
II ii'(x!>O np!I xC(x1,.i 2 ]. 

B03bM8M 
• ( ij(x) -<1 • < . X -ii(x_,_) ) 

E < min -~~~ T _:_;:i_-Y - .• CornacHo ne~Me 3, Hait.oeTcSJ Taxoe 

i, = 0 (,, ••) > o , 'lTO npH scex xC[ 0, x
2

] I~(•).- ij(x) I<< , rne ~ (x) -peweHIIH ypaBHe-

HIIH /2.l/ TaK11e, 'lTO ~(0)=0 1~'(0)-ii'(0)l<i> • B CH1IY Bb!DOpa ( mooaH TaKaH KpllBaH 

11 = -,,(x) nepecexaeT B H0KOTOpon. T0't{K9 X = j O np8MyIO 11 = J: , 11MeeT ry'(x
2

) > Ou q_'(x) > 0 

a HeKOTOpott oxp7CTHOciTH'TOlfKH X = x
2

• np11 11 < x 11"(x)>') • nerxo aHneTb, lfTO paccMaT-

puaaeMaSI KpHBaSI 71 =11 (x) npH HeKOTOpOM X > X 
3 2 

B o6naCTH 11 >' 'l BHOBb nepe7elfeT npst-

MyIO 71= X 

.Unst COOTBeTCTBYKllll0I"'O peweHH.Q y = y(x) y(O) = Y
0 

~- ~'(0) , y'(O)=O ypaBHBHRH. 

/1.1/ 3TO 03Ha'laeT, 'lT0 y(x.J=l y(x,)=1 B oonacTH y>O. CnenosaTB1IbHO, TpaeK

T0pHH, 1130opa>KarowaH JlBH>KeHlle y = y(x). y(O)=q'(O), y'(O)= 0 Ha cpaaoson. nnOCICOCTII (y, y') 

npOX0JlllT s nonynn0CKOCTII y>IJ qepea TO'lKII /1, -lr'(xo)I),( 1, Ir'<•, JIJ 3To oa-

HatJ:aeT, 't{TQ B HeKOTOpbiit MOMeHT X= 'i ( ~<'i < x,·) , TpaeKTOpHst npOXOD.HT qepe3, 

TO'lKY I y(x), 0 I II OCTaeTCH aaTeM B oonaCTII y>y(x)nn,i scex x>x . ICM. p11c. 2 

H LIOK838T0JlbCTBO neMMbl 1 /. 

Torna nnH pewea11n ~ = ry(x) ypaseeHIIH /1.3/, npoxonHw11x Ha 11HTepsane [O, x
2

] s 

€ - 01tpecTHOCTH peweHHst -q°(x) 1 nonyqaeTcst nepaseHCTBo:· r,(x) > ~L'x npH x <x< oo 
· X 1 2 

TBKH0 peweHHSI HHKOI"ll8 He nepecexyT OCb X 3TOT peayJlbTaT TBK>Ke npOTHBOpelfHT onpe-

neneHHlO 11; 

Kpasa,i 

MOA~ - C ,/ 0 

1] =-;; (x) He MomeT TaK>Ke npH6JIH>K8TbCSI 8CHMilTOTHlf0CKH K KBKOH-nu:60 npst--, 
• neHcTBHT01IbH0 1 B npOTHBHOM cnyqae B CHJIY: ypaBH0HHst /l.3/ +,➔ 0 

np11 

npll 

X ➔ ~ 

x ..... -. 

~,, -= 
' .,, ➔ 11 ,T.e. ;;-- ➔ C"' () 1 cnen.oaaTellbHO, :;;" (x) -1' 0 , H if (x) ➔ +oo 

v1TaK, 

HO, aa.o.a~H 

~ = ij(x) 

/l.3/-/).4/. 

ecTb nono>KHTenbHOe pellleHHe aan.aqu /2.1/-/2.2/ u, cnenoaaTeJlb-

nposen.eHHe ueo6xo.o.HMbIX .0.0K83aTenbCTB cymecTBOB8HIHt nonOIKHTellbHOf'O peuieHHSl 

aanattH /1.1/-/1.2/ nocne riJ)Hse,neHHbIX paccymneHHit, He npepcTaBnsteT Tpy.na. 

• TeopeMa 2 .a.oKaaaHa. 
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1. IL.I. Finkelstein, fi.Lelevier, ~I. Huderrnan. Phys. Rev:, ~• 326, (195)). 
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p II c. 1. i-1HTerpanbHb18 Kp11Bbl8 ypanHeHHll /1.3/ np11 0 < n < 1. 
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p n C, 2. TpaeKTOpHII Cl!CT0M /2.6/ H /2,5/ Ha nnOCKOCTH / y ' p' / npa n>'l. 


