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BeeneHu e 

B HBCTOHWeA pa6oTe paccMBTpuaalOTCR CHHrynslpHbJ e HHTerpallbl 

'" 
(0 .1 ) 

j_ r f (X) ctg ~2_}'_ dx 
2rr 0 

(0.2) 

I, f ( y) l_ {!(x) ~ 
1t •l X -y 

OH~t nonuMalOTCR a CMblcne rnaeHoro auat.~eHHR no Kown; a(x) a (2) - Hey6hiBBJOWBH cpynK

UitR1 OT11H l.I.HaR OT K OHCT8HTbl , V1HTelp011bl ( l ) , (2) CyWeO T B9HHO HCn011b3ylOTCSI 1 H80pHMe p
1 

npH 

peweHHH lp8HIIl.I.Hb\X 38.081.1 Te OpHU 8H8n11TU't9CKHX clJy HKUHA H TeCHO CBR38HHbiX C 3THMU 38.0.8 't a -

/1 I 121 
MH c nHrynRpHbiX ltHTerpanbHhiX ypaeHeHnA ' 

npH6nH>KeHHOMY Bbl"IICneHH IO IIHTerpana ( 1) noca•weHbl pa60Tbl /
3

/ - /B/ b.A.BepTreRM/B/ 

npeo6paaoaan ero K eH.ny: 

" I I f ( y) ~ _1_ r [ f ( y + X) - f ( y- X) I ctg .K. dx 
2rr 

0 
2 

(0 . 3) 

(0.4) 

k ~ 0, I, .. . , 4n- 1 . 

O H >Ke oue HH11 ow n6Ky cpopMYllbl (4) a cnyt.~ae TpH>K Obl HenpepblBHO .n u cflcPepeHuH pyeM o A 

( ( x) 
1 

8 T 8K>K9 OTM9TII11
1 

l.ITO 3 T 8 cpo pMyll B Ll89T XOpowylO TOl.IHOCTb y;.Ke npu He60llbWOM liU C!le 

yanoa . 

3aMeiiOn n epeMeHH biX HHTerpa11 ( 1) npHBOLlHTCR K CyM M 8 HHTef'p8!10B {2) C tPy HKUifHMII 

pacnpeneneHHR 

(0.5) 

H QJopMyllbl 11pH6nit>K9HHOf'0 Bbl \f.lt ClleHHR ltHTe rpll!lll ( 1 ) 1 COOTB8TCTBeHHO n p eo6p830B8HHbl8 , Oplt-

roLlHbl Ll.'Hl uHTerpana (2), Korna da (x) 
11 Me8T BHLl (5). 

Uenb HOCTOSIWeA pa60Tbl - JlOCTpOeiUte Llllst CHHrynHpHbiX iOITerpallOB ( l ) - (2) cpopMyn Bhi

COKOA anre6pau'ieCKOA T0l.IHOCTII
1 

8H8110f' H'ill b\X <POpMyllaM r aycca .illlfl o6bl 'iH b!X HHTerpallOB . 

B § 1 nony'ieHhl KBanpnTypHbie cpopMyllhl .nnR nHTerpana ( 1 ) 1 TO'iHbie, Kor.o.a f ( x) - npo-

113B011bHblii Tp~t rO HOMeTpHt.~ eCKIIii l!Olli!IIOM H C KOToporo nopRLlKB. B § 2 T8Kue cpopMyllhl nonyY.eHbi 

!WH uHTerpana (2) , OHit T04Hbl 1 Korna f(x)- a nr e6pal! 'ieCK ~-ti\ n0!11tH OM. 

Oue HeHbl ocTBTO'iHbte 4119Hbl nony'ieH II blX KBanpaTypHb! X cpopM yn nnn n'JObiHTerpa1IbHblX 

4JyHKU11 i\ lt 3 p.:S3lllt4HbiX KiiDCCOB. 

llpuMe~i9Hile nony'ieHHblX cj)OpMyn 11pOH!11llOCTp11pOBaHO 8 § 3 '·I\IClleHHbiM 11p11M9p0M . 
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§ 1. CHH rynSipH bi A HHTe rpan c st .D. p OM rHn b6e pTa 

PaCCM OTpHM HHTe rpan (0 .1 ) . nocTp O HM LI.nSI H e r o KB 8Llp8Ty p H yK> £PopMyny , T O 'iHYIO , K Or lJ, a 

I ( x) - T pHr OHOMeTpH'ieC K H A n o nHH OM N - J - r o no p sLllKa: 

Ko3cl:><l:> • u•eHTbi <P y phe 

N - I 

I ( x) = _!!_rt. + I (a k cos k x + b k s ink x ) . 
2 k=t 

BIt , b k, K8K H3 B eC TH 0 1 Bbl p8 )f{810T C 5t ll B H .D. e J.t H Te rp811 0 B 

'" a • ~ .L ( l ( x)CXJ s kxdx ; k ~ 0,1, ... , N-1 ; 

b. '" 
f ( x) sin kx dx; k ""' I , 2, . .. , N - 1 . .. 

( I. I ) 

( 1.2 ) 

( 1.3 ) 

4 T 0 6bJ 3 TH HHTerpBflbl Bbl 'iH CllSiflHCb T O'iH O , B OCn 0 11 b3yeMC Q cpo pMyllO A npSI M Oyr o nbH H KOB C 

2N yanaM H , Ll810We A T O 'iHOe 3 H S'i e H H e HHTe rpllna O T TpHrOH OM e TpH'i eC K o r o nonH H OMa N- 1-r o 

nopHJl Ka ( CM.
17 1

): 

~N-t 

a• .1._ ~ I ( "m) CXJs ( km !!_) ; 
Nm ~ o N N 

( 1,4) 

2N-J 

b. ~ .1._ ~ I( ";J sin(km lfr!. 
N m=o ( 1.5) 

Vf3BeCTH O / 8/ • To 

11 sin ky = cos ky; k =1, 2, . .. ; ( 1. 6) 

f1 cos ky = - sinky;k =O,J , ... ( 1.7 ) 

n oa T OMy 

N • I 

[ I f(y) - ~ (b.CXJ s ky- a • s inky ). 
k = t ( 1.8) 

noD.C T 8 BHB B ( 1.8) Bbt p am e H JfSI LlllSl K 03cfJ£PH u He HTOB <f> ypbe 

0 6 p83088H HH 1 0011Y'-IHM: 

ll B bln 0 11H HB H e KO T Op bJe n p e -

21't · I 

l I I ( y) ~ .!.... ~ I( '!'_rr_) run ( f!..._-:_1 ( m " - y )) sin ( f!._ ( m "- y)) cosec y, ( :n " - y). 
N ~ ~ o N 2 N 2 N N ( 1.9) 

nonO>K HM T ene p b B ( 1.9 ) 

y ~ .f 
T 

1 ~ 0,1 , ... , 2N-J. ( 1.10) 

nony'-IH M 

e 2N-J m-( 
[ I 1(!!.,-! - _!__ ~ I( !'..:".) 1 - ( - 1) c tg(( m- f ) _!'_ ) , 

Nm~ .,~ff N 2 2N ( I. 1 I ) 

B s e.a e M .a nst 6onbweA HarnHnuoc TH o6oaHa'i e Hu5J: 

I ~ I ( ..!!l11. ) • l I ~ l I ( !!!_ J · 
Ill N ' I f 1 N ' _1_--f.!J...m c ig -"'- ~ -

2N 2N 
( 1. 12 I 

4 

H n e p en H W e M t lJopMYllY ( 1.11 ) B 06Ule M C11Y'I8e, 8 TBK>Ke OTLlMbHO .01151 'le THbl X H He'ie THbiX 

y a n o D. 
2N+J 

li It ~ ~ l.c •. f;! ~ 0, 1, ... , 2N-1; 
•• • , .,;r 

(LJ3) 

(LJ4) 
N-I 

11 l 2f = M:/ l•+Icl(•.t)+I ; l • 0, 1 , .. . , N-1 ; 

( 1.15) 
N-I 

~ I 
m ~ o 

[2m c2(ttt - fJ-/ f - 0,1, ... ,N-1. I I 
1,1+ I 

<P opM yn " ' ( J. 13)- ( 1. I 5) aeChM8 yao6Hbl anH M8 W HHHoro c~eTa. llnH ahi•HcneHHH l If ( 1 ) 

B 2N T OlJ KBX HB.OO H MeTb 4N- 1 K 0 3¢xPHUHeHTOB c. , H3 KOTOp~X D0110BHH8 - aynH, 

T.e . 2N K03QlQlHUHeHTOB 

(I. I B) c ' c , . .. ,c ' c ,c ,c , . .. ,c 'c 
- ( 2N- 1 ) - (21't- J ) - J - 1 I J 2N- J 2N- I 

Danee, MO>KHO orpaHH'IH T bCSI Bbi 'IHCneuneM H a anoMHH8HHeM TOllbXO Koa<P~nuueHTOB c nono)I(H-

Te11bHbiM MH.lleKC8MH, eC11H ylJeCTb1 "'TO 

C =-C 

B 3TOM cny•ae q,opMyn" ' ( 1. I 3) - ( 1.1 5) aanHwy TcH cneay10W HM o6paaoM: 

2 N - f -I 
[I I 1 

1-I 
-I 
•= I 

I f •• em+ ·I.=I tr •• c . 

f •.J II -• •I 

11 f2
f = - ~ 12(f -• >- 1 c 2•+I +I. 12( f+•J+Ic l•+1 ;f .,. O,l , ... ,N-I; 

.. - 0 "' ... 0 

t lf -- -1 

t, ',t+1= - -~ol,tf~>c 2• + z +.~o l,(f+• J+' c2•+ ,; f "" 0, 1, .• • , N-1 . 

(I. I 7 ) 

( 1.1 8) 

( 1.1 9) 

( 1.20 ) 

OpraHnaauH R Mawuuuoro c lJeTa no cpopMynaM ( 1.18)- ( 1.20 ) c n o)t(uee, 'leM no <tJop MynaM 

( 1. 13) - ( 1.1 5), o.aH a KO Tpe6yeTC SI MeHbWe MeeT a .anR xpa u eH HH xosctxPuuueHTOB c • • EcnH Mbt 

H e CB SI 3 8Hbl TeM y cllOB it eM, 'ITO I f(y) Heo6XOD.HM O Bbi"'HC11RTb B T ex >Ke T O"'X8X, rae 38.08118 
I 

l(x~ TO uenecoo6paaH o npHMeHRTb <l:>o pMyn bi (1.14), (1.15), (1,1 9) , (1.20). 

nepexo.anM x oueuxe OCT8TO'IHOro qneua KBa.npaTypuoA ctx> PMY11 bl ( 1.9) , nonaraR nOLJ.hlHTe-

rpanbHy K> cjJyHXUHIO f(s) npoH3B011bHOA - 11MWb 6bJ ee pSI.O ¢>ypbe 

~ 

l(x) - ~ + :£ (a coah + b sinh) 
~ k= I Jr Jr 

( 1.21) 

a6COnJOTHO C XO.O H11CSI. llnR 3 T Or O He06XO.QH M 0 H .OOCT8TO'IH0 Tpe60BBIH1fe CXO.OHMOCTH psr.aa H 3 

M o .ayneA Koacpc:puuueHTOB ¢ypbe : 

~ l a. l + l b. l ( 1.22) 

~ = I 

(c,...'91 ) , 

lleMM8 t. nycTb pR.a ( 1.22 ) cxo.aHTCR . Tor.aa T pH r OHOMeTpH'IeCKHit 0011 HH OM 

T (•) = ~ + l: 
N 2 

N-I 

a + ~ 
21fl II = I 

(;: /a21f l+ lt + a,lfl+ ;~lf -lt))cos kx + 
(1.23) 

I = I 
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I 
N.l 

+ (I:O aN + ]NI)cos Nx. +k:I ~:0 (bk+1Nl-b1N -k +1Nt)JsinkJC 

coon a.aae T c f( x.) Ha ceT Ke 

X = "k ..,- k = 0,1 , ... ,2N -1. ( 1.24) 

Jl JI SI .no K 038 T e llbCTB8 .0.0CT 8 T04H O 8 0C OOilb3088TbCR p88 6 HCTBB MU 

N k N . "f) k f" . k f cos ( ( 2 - + 2 I) N = cos -,:r- ; J , I = 0 I 1 ' ... ( 1.25 ) 

sin((2N-k + '}/{i) .!'..!..;= - sin __!<_i_rr_; i , k, f 
N N 0,1, ... ( 1.26) 

u a6como TuoA cxon.HMOc TbJO pH .a a ( I .22) . 

n e MMB 2. JlnH npH6nlf>KeHHb!X 3HB.'i e HHA K03¢CtJIIUif6HTOB ¢ypbe, BblliH Cil9 1fH h i X flO ciJopMylla~ 
( 1.4), (}.5), COp8DellflHBbl Bbtpa>KeHIIR 

ak = , :o (alt+2Nt +a2N- k+ 1Nt); k :c: 1, 2, .•. , N; 

bk = L (bk + >Nt 
I= 0 

- b ) ; 
2N-k+ 2NI 

1, 2, ... ,N-1. 

!J.OK838TellbCTBO. flpe.O.CTBBHM HHT6p0011RUH"OHHblJ:\ fiOilH H OM LlllH f(x) 8 BH.Qe: 

T (x) = T (•)+ (La )cosN• . 
N N-z l=o N+2N1 

( 1.27) 

( 1.28) 

( 1.29) 

KaK y>Ke OTMe1.fanocb, cPopMyna npstMoyrollbHHKOD c 2N Y3118MH .a.aeT T04HOe 3 H846HHe HHTe-

rpana OT TpHrOHOMeTpHlf6 CKOf'O 0011HHOM8 2N - 1 -ro nopH.QKS. no3TOMy 

2N ·I 2tt 

_J_ :£ cos mN" cos ..!!!...!.!!__ = _!_ r cos N X cos kx. dx. Q 0; k = 0, 1, .•• , N- 1; 
N m r-o N N " o 

( 1.30 ) 

J JN ·l mN TT • mk TT 1 l 11 • 
- ~ r..os -- - sm -- =- (cosNxsrnkxdx ::oO; k=O,J , ... ,N-1. 
N m=o N N " o 

( 1.31) 

H o 

1N·l 2NTT j 
_!_ L cos --,r 
N m= o 

1 2 TT 2 
• 2 f - ( cos Nx d•. 

" ( 1.32) 

Y"'HTLI B lHI pasen c Tna ( 1.30 ) - ( 1.32 ) H npHHitMasr so BHHMB.HHe TO, "'TO T (x) -nonHHOM 
N-1 

N - 1 - r o nopRD. Ka u n.nR aero Koacf:Jcf:Juun e HTLI ¢ypbe no QJopMynaM ( 1.4), ( 1. 5) BLI "' HCJHIIOTCR 

T O\f:HO, nplfX OD. If M K p8De HCTB81..{ ( }.27) , ( 1.28 ) . 

Tenep b MO>K HO H80HC8Tb Bblpa * e HJt e npH61HI * e HH0f'O 3 H8"1eHH R C HHf'YilHpHOf'O HHTerpana 

"" N ·I t:: N·I oo 

11 ! (Y ) = :£ (b.cosky-a• sinky)~ L ((~ (b>HNI-
k : z k = I l =o 

-b1N-Jc + 11'il))cos ky- (I (a• + 2NI 
I = 0 

6 

+ a 2N-k+ 2NI ))sinky)' 

( 1.33 ) 

8 T 8 K*e B b! p B)t{ e HJ!e OC T8TO"tH 01 0 'ill e Ha 

N·I ., 

1
1 

I ( y) - I f ( y) = :5:. ( ( b k - b ) cos ky - (; - a ) s in ky ) -
I lc = 

1 
lc 1c k 

il aJJ. e e IJ M ee M 

~ ( b 11 cos ky - a sinky ) . 
lc "'- N k 

bk-b lc = :5:. ( b ;,NI + Ic- b:JNI- k ) ; 
i = 1 

a -a 
k k 

= L 
I = I 

( a :zNI + Ic + 8 ;,Nt - k ) ,· 

l b-b l< ~r l b I + 
lc lc -I "" I :JNI +lc 

b I ;; 
21V1-1c 

I ;; -a I < L r l a I + I a I!; 
k lc - p : I 2N1 + 1c 2N I-k 

N·l 

L l rb~ -bJ I< :5:. l b, l ; 
k k -

"=z I=N + 1 

N ·1 

L I r a· • - a • ! I -::_ L I a1 I 
I = N + I 

k = I 

l l,f (y) -l,l(y) :s 2 L r i b, I + la , I J. 
I=N 

VITaK, ,aoKaaaua cnen.yK>wast 

( 1.34 ) 

( 1.35) 

( 1.36 ) 

( 1.37) 

( 1.38) 

( 1.39) 

( 1.40) 

( 1.4 1 ) 

TeopeMa 1. Ecnu pst.a ¢ypbe nonbiHTerpanbHoA: cpyuKUII H f(x) a6comoTHO cxo.nuTcst, TO 

npH6JIH>Keuuoe aaatteHH e CltHrynSipuoro HHTerpana ( 0.1), B bi"'Hcneuu o e no KeanpaTypHoA QJo pMyne 

( 1.9}, CXO.llHTCR K TO"'HOMy 3Ha'i.e HH IO npH 

Horo qneua KeanpaTypuoR <jJopMynbt ( 1.9) 

6earpaHHttHOM yeenutteHHH "'Hcna yanoe. llnst ocTBTo 'i

HMeeT M9CTO OUeHK8 (1.41). 

/9/ 
nonb3ySICb H3BeCTHbiMH pe3y11bT8T8MK H3 TeOpHH T pHf'OHOMeTp1f\f:9CKHX pR.UOB OTM9TifM 

cnenyiOW He .llOCT8TO"'Hbie OpH3H8KH CXO.llHMOC TH i
1 

f (y) H I 
1

1 (y) 

1) f (X) HMeeT CYMMHpye MyiO BTOpyiO npOH3BO.ll HYJO ; 

2) I (x) a6comoTHO Henpe p blBHa H HMe e T npHHanne>KaWyJO L• 

3) f ( •! HMeeT 01p8HH"'9HHOe H3Meu e HHe u npHuanne>KHT Knaccy 

nocne.nHeM cny'i.ae cnpaee.nnnea oueuKa 

I I, I (y) - l, I (y) I :s __ _ c_ 
N a- 'fr 

nepeyK> npOH3BO.llHYIO; 

L a t a > ~ t B 3TOM 
~ 

( 1.42) 

Ecnu I ( x) HMeeT cyMMHpyeMyJO + 1 - IQ npOH3BO.llHYK>, TO 

l l,t (r!- l,trr! I ::;~. 
N 

( 1,43) 

Ecnu f (x) 8H8 nKTH"'H8 1 T O 

I i I (y) - l I (y) I < c 8N; 
1 1 -

0 < 0 < 1 . ( 1.44 ) 
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0 2. CuHrynSipHbiA HHTerPan c s.npm.o~ Kowu 

PaccMoTpHM HHTerpan ( 0.2). EcnH <j>yHKUH~ a ( ~ 1 

( 0.2 ) MO>KH O 380HC8Tb B BH.n e: 

HM e eT npOH3B O.QHy JO , T O MHTerpan 

1, l(yJ - I ( ~) w (~I d~ ------ (2 .1 ) 
" _, • - y 

e 3TOM cny .. ae ,.. (~I :! 0-

nocTpOifM KB81lp8TypHyiO cjlopMyny 1 TO'iHYJO , KOr.na I (x) - 0011HIIOM OT n -A cTene-

""· n y cTb I p .J x) I - opTOH O pMHp088JIH 8 SI CHCTeMa non HH OMOB , COOTB e TCTBYJOll.l8SI pacnpenene-

HHIO da (~) : 

1 
f P • ( x) p ( •) d a ( ~) • I 0, k -1 t 

-I f 1, k ~ t . 

P aano>K HM I ( x) no nonHHOMBM p • ( x) : 

Ko:><I><P•uHeHTbJ I• 

I ( x) • i 
· - 0 

l.p.(~). 

B~qHCI1SI~TC H no ct>opMynaM : 

I 
I• = (I(~) p• (x)da (•) 

-I 

lc =- 0, 1 , . . . , n . 

'-ITo6bJ t. Bbl\fH CI1Sil1HCb TO'fHO , BOCOOI1b3yeMCH cpopMynoA raycca 

(2.2) 

(2.3) 

(2.4) 

c n + 1 yanoM: o u a 

TO'fH8 DpH B bl 'lHC I1eHHH HHTerpano s OT 0 0 11HHOM OB 2n + 1 CTeneHH, R 003TOMJ Jt0 3Q:xPKUHeHTbi 

( 2.4) K8K HHTer p a nbJ OT 0011HH OMOB C T 909HH H e Bblll.E 2n Bbl'lHCI1HTCSI T 01.fH O: 

Ecn u T enepb o6oaHB1.fHM 

TO OOI1Y1.fHM 

n+1 

I. - }; __ , (n+ 1) 

>. • tr~.J P• r~.J . 

q. (1) - -
p•(x)da (~) 

~- y -1 

1, 1 (y J I l•q•(y) . 
n 1' • o 

noncT8BHB c ;o.oa Bblp8>KeHHe .0119 I. H3 (2.5) t nony"lHN 

n+l (n+l) 11 

11 f(:rJ · - ...!.. I>.. l(x)Ip.(x.Jq.(yJ. .......... 

(2.5) 

(2.6) 

(2.7 ) 

(2.8) 

<l>opMyna (2.8) 00 CYUl9CTBY H OCTb TO, 'ITO 1:1 8 M HYJkHO, - 9TO Bblpa>KeHHe ll11SI CHHry-

11HpHOro HHTe rpana OT DOJ1WHOM8 n -1 CTeneHM. Henb3R C&&38Tb, 1.fTO B TBIKOM BH.09 OHO SIBnst

e TCR Op OC TbiM H yll06HbiM .0.1111 npHM91:19HMII. 0.llH811:0 cpopMyna (2.8) 38M9'l8TenbHbiM o6pa30M 

ynpoW89TCR . LlnH 3 T OrO H8M ll0H8.ll06RTCII H9KOT0pble ct>opMynbl H3 TeOpHH OpTOrOH811bHbiX 

MHOrO'IneHOB (eM/ I O/). 

nycTb •• y I [-1,1]. Tor.oa 

I P.(~Jq,(yJ ... _ 1 _ [ I + ~(q (YJP r~J-q (YJP r~JJl (2.9 ) 
•-y k,+1 n+J " " n+J 

8 

1 • --k~(p (•)q (•)-p (~)q (x)) . 
k, + 1 n+ t n n n + z 

(2.10) 

3necb k"- Koact><t)HuH eHT npH 
B nonHHOMe Pn r~ J . vb ( 2.9) H (2 .1 0) non y 'IH M 

i p (x ) q (y ) ~ - __}_ ~ [ p + ( •)(q ( x)- q ( Y)) + p ( x)(q (y)-q (~))].( 2.11) 
k It" X- Y k n + 1 " I n n n n+ l n+ l ·-· 

A T enepb eocnonb3yeMCSI T eM, '-ITO y a n bl ¢opM Jnbl rayc c a Xm SIBnSI JO T C SI K O pHSIMH n + 1 - ro 

OpTOrOH811bH OrO MHOro~neHa: 

p n + /•m) = 0 ; m 1, 2 , . .. , n + 1. 

Torn a 
k 

:£ pk (•m)qk(y ) 
k=O 

_ 1_ 
x,.- y 

p (x )(q + I ( y)-q + ( ~ )} . 
kn + 1 n rn n n 1 m 

VI, H a K o Heu, aocnonb30BBBWH Cb B bJpa JKe HneM .nnH Ko3cl>ct>HuHeHTOB KpRcToct><PenSJ: 

(n + J) k + 1 
.\ = - "--

k. Pn(xm) p:+t (xm) 

H n O.Q. CT 8 BHB ( 2. 13 ) a. <j>opMyny ( 2.8) , no ny'IHM ; 

n +l 
I, t (yJ =- J... I ~!R 

n m = l P n + l(xmJ 

qn+I (xM)-q n+/YJ 

xm- y 

( 2.12 ) 

( 2 . 13 ) 

(2.14 ) 

(2.15) 

Ecn n T O'-I K B y coan a ,aae T c KBKHM - nn6o H3 y a noe •m• T O , ecTeC TI~eHHO , BMeCTO 

q n + 1 ( ~ m ) - q n + / Y ) ( 2.1 6) 

X m- Y 

H8Ll0 B3S1Tb q'ni
1
(xm). 

0 K OH 'tBTellbH8SI cpopM yna (2 .1 5) D.OC T 8TO'-IH O npOC T8 H y n o6H a .O IISI C '-l e T S . LlT06bl B bi'-IHCIIHT b 

1
1 

l(y) a n + I T 0 1.f:Ke , H 8,00 HM e T b 1 11 0M HMO n + 1 3 H8'ie HHSI n O.llb!HTe f'p8 11bHOA cpyHKUHH 

f(x m ) (m = 1, 2, . ... n + 1 ), e w e 5 (n + J) 3 H B 'i e HHA: pn+
1
(xm) , qn+z (xm), qn+frJ, x.,y. EcnH )t{e 

I ( y ) Bbi'-IH Cnste T C SI e T e x >Ke TO 'iKBX , r.ae aa.aaH a I ( x) , T. e . npH y = x 1 , x 2 , .. . , xn +z' TO , xpoMe 

n + 1 3 H 8 'i eH HSJ cpy HKUH H l(x) , H a.ao HMeTb ewe 4(n+l) 3 H8'i e HHR P~ + 1 (xm), qn+ 1 (xm), 

q~n+ l (xm) ' 

nep eXOLlHM K OUe HKe OCT8TO'iHOrO 'ill e H B . npnMeHHM cl:>o pMylly (2.} 5) .OIISI Bbl1.fH ClleHHSI C HH

r ynSi pH Or O HH Te r pana ( (1 ,2) OT n p OH3BOllbHO A Q:>y HKUHH I (X) : 

f ( • • J ~% .J- q_d:.!_ 
- y 

"+ 1 
I I 1 I ( y J 

P~+l (xM) m•I 

llyCTb 

f(x) = L.(•) + R(~) . 

r .ne l.." (x )- H eKOT o p Ll A n on HH OM n -ro n opH.n Ka . Tor .aa 

.., n+ ZR(x) 
I l ( y)-1

1
f(y) = IR(y)-IR ( y) = -J... I --~-

2 
2 2 

TT m = l p:+l(x.) 

_Cl_!2~2!2.!_- qn+ , {Y) 

xm-y 

-.1. r R (x) 
d a ( x ) 

" -1 X - y 

n~l !_r_! mJ - R(!..}_ 

,.,=z p ~+ J (x ~:~ ) 

9 

~!!+ , (x,,J - q n + I(y) 

- y 

(2. 17) 

(2.1 8) 

( 2 . 19) 



n+I 
- R(y J j__ l: 1 

71 m=-t ;:-:y 
I R R I 

qn+ I (x~J-q. +I (y J _ __!_ ( ~__f_!_J_ da(x)- R(y) 1._ (~.(& 
p~+t(z'") "·: x-y "-Ix-y 

TaK K8 K cjlo pMyna ( 2.17 ) To qHa nno l(x) = , TO nocneauee paeeuc Teo yJlpo waeTCR: 

n + I 

1
1

1(y) -l,f(Y) =-!.... L ~.,)- R(y). q•+ I (x.,)-qn+I(Y) 
71 m=< J "m-y p 'n + t (xm) 

!_ f R(x) - R( y) da (x) 
rr x-y 

·I 

Ecnu yqe cTb Te nepb, 'iTO 

(n+ I) 

h 

qn + I ( xm) ~ 
p' n + 1 (xm) *· Pn(xm)P ' n + z {:em) 

- Ko3¢Q:>uuu euThi KpncToct>¢enR), TO nony'-IHM 

( n + I) 

Am 

n + I (n + t) 
I 1 1(y) -1

1
f(y) = .!..._ L >. m R(x~)- R(y) 

71 m=t xm- y 
1 I R(x)- fl(y) da(x) + 

--;( x-y 
·I 

+ qn + I 

n+ z l 
1 " - -

( y).-;-m::l p'n +t (xm) 

R(x.,) - R ( y J 

xm- y 

( 2.20 ) 

( 2.21 ) 

(2 .22 ) 

YfTa K, M bl nony,mnH 06Wy10 cj>OpMy .anR OCT 8 TO'iHOf'O lf.neua. npennonO>t<HM Tenepb, l{TO 

n O.ObiHTperanbHBH ¢YHKUHfl I (x) HMee T uenpepbiBHY!O nepey10 npoHaeo.aHyK>. Ll anee, nycTb 

L n-J {x) - nomtHOM uauny'"lwero npH 6nH">KeHHR nnR f'(x) • nono>KHM 

0603H8'11tM 

T o r .a a 

L.(x) = (L n-I (.~)d,; · 
0 

max I R'(x) I a max I f'(x)- Ln_I (xJ I 

•' [ -I,t] • cl·I.t] 

R(x,)- R(y) 

X m-Y 

(I) 

::; En-t 

" H3 cjlopMyHbi ( 2. 22) nonyqaeM oueHKY 

E:~I 

1 i 1 rr > -t 1rr> 1 :o: _!_E ~I~I£ 2ao J- 2a r-1> + 1 q rr> (jn ---'----
2 ~ 11 n+t m=tp~+ 1 (x.,) 

Ll anee H M e eM 

n + I n + I 
l q•+I(•~J l: 1 < max ____ I ___ :l: 

I = 
m ~ I I p' (x Jj- l q (xmJ i m= I p 

n + I (X m) 
n + 1 m t$. m ~ n + 1 n + 1 

__!:_,_ 
k n+ 1 

[ a ( 1) - a ( -1 J] max I P n (X m) I 
t S m~n + 1 

Vf a (2.26) n o nyl.fHM MeHee T04Hy JO , H O 6on ee npoc Ty iO ou e HKy: 

11-

"" (1) k 
I I 1 I ( Y) - I 1 I ( Y) I :_ + En _ I [a (1) - a ( -1) ][ 2 + ~ I q n + I ( Y) I max I P n (X m Jll. 

n + I 
t < rn < n + 1 

(2.23) 

(2.24) 

(2.25) 

(2.26) 

( 2.27) 

(2.28) 

... 
.Do C lfX D Op T 0 4K8 y , B KO T Op O R Bbl'f.H C IHIIlC SI CHHIYilstpH bli\ HHTe rpa n, 6bln8 npO H3B 0 11bH O R . 

n oc M OTpHM, liTO 0011 Y 4HTC SI, ecnH B bi4H C11S1T b C HHIY11HpHb1A HHTe rpall B HYilRX cj:l yHKUHH BTOpOIO 

pon. a q n + 
1

( y ) • VfTa K, nyC Tb y* TBK OA, 'ITO 

qn + I(y*) = O. (2.29 ) 

T o r .a a 
"" n+ I (n + 1) 

1 1 f(y*J ~!... LA., ~ 
"m=1 Xm - y* 

(2.30) 

¢:> OpMyll a (2.30) 9CTb He 'ITO HHOe , K B K ct:JopMylla raycca .C.IlR 0 6bPiHOIO HHTerpana, DpHMe

He HH B R K OO.D.hiHTer' p 8 11bH OA ct>YHKUHH 

F(x,y*) ___!!_!j_ 
X - y* 

VfM e eM c n e .ayiOwe e Bb! pa>KeHHe n.nH o cTaTOttHoro 'f.lleHa: 

"" 1 n+1 (n+1) 
1

1
1(y*)-I

1
f(y*J - - L A~ ..!..!.=...J._.L ( f( x )da(x) _ 

""'~1 "--y* "-1 "-y* 

1 • +I (n+l)f(x ~)- l(y *) 
_ L A • 
11m:::azm xm-Y 

·I 

f(x)- f(y *) da(x) 
X -y* 

(nony'"IBeTCSI 8H81101Hl.fHO COOTHOW e KHIO (2.20) ). EcnH Tene pb nOJlO)f(HTb 

l(x) = L 1 . + 1 (x ) + R(x) ; 

a a KalfecTae L ( x) aastTb nonKHOM 
2n + 2 

L 1n +1 = ( L 1• + I ( _; ) d _; ' 
0 

(2.31 ) 

(2.32) 

(2,33) 

(2,34) 

r.ae L ln + 1 (X} - OOIIHHOM HBKilYlfWero npH611H>KeHHR .C.IlR f'(x) TO nonyttKM 0 UeHKy 

- 2 (I) 
I I 1 I ( y •) - I 1 f ( Y •) I ;:: rr (a (1) - a (- 1)] E 1" + I· (2,35) 

.D.oxaaaHa cnen.y10waR 

T e opeMa 2. Ecn u CHHrynstpHbi A KHTerpan (0.2) BhlttHCnHeTCR B HYilHX ¢YHKUHK BToporo po.aa 

q n + / y) 1 TO cfJopMyna (2.17) CTBHOBKTCR TO'iHOA .C.IlR npoH3B011bHOIO 0011HHOM8 2n + 2 -A CTe

neHH , npHHHMBSI npH 3TOM 6onee npocTOA BH,a (2.30); .C.IlR Henpepb1BHO ,anqxpepeHUHpyeMoA 

DOD. biHTerpallbHOA cpyH KUHH f (X) cnpaaeanuaa oueuxa ocTaTottHoro ttneHa (2.35). 

BecbMa aa>KHhiM HBnHeTcsr sonpoc o pacnono>KeHHH uynea cpyKKUKK BToporo pona. Ha (2.10) 

HMe eM 

1 s -
k. 

k" + 1 

q n +I (x.)·p.(x.J, 

(2.36) 

OTKYil8 1 BBH.Oy nonO)l(UTellbHOCTH CT8pW HX K03<f:lct>HUH e HTOB k n k n + 1 , 38K1110lfBeM, 'iTO 

qn+
1

(x'") U pn (xj- p83HblX 3H8KOB. npn % 2: 1 BCe OpTOIOH8nbHble ROilHHOMbl CTporo nono-

>KHTe llbH bl. nycTb X 1- 611H>K a AwnA K 1 KOpeHb p n+ I (x) 0 Toraa p "(X I) > 0 H60 Me)K.Ily 

x
1 

HeT KOpHR pn (%) 1 H p n (x) He MO)KeT CMeHHTb 3 HBK. nanee, eCilH Xl- cnenyiO-

W.HA K O p e Hb pn+l(x) 1 TO pn (x
1

) < Q, Hl50 Me>t<.ay x 1 H x 1 H BXO,aHTCSI TO'iHO OllHH KOpeHb 

p" (x) • Y1MeeM 



, 

~+z 
Sig n p"(x~)~(-1) , m 1, 2, ... , n + 1 (2.37) 

noaTOMy 

Sig n q n +z (x
111

) • (-1) m , m-= 1,2, . . . , n+ 1. (2.38) 

Me>t<n.y .aayMSI coc e .aHKMK HynSIMH nonHH O Ma pn+/x) ¢YHKUHst qn + I (x) M9HReT 3 HBK, K , 

C!'l9.QOBBTe nbH0 1 HMeeT TBM XOTH 6bt O.OHH KOpe H b, HynH cJ:>yHKUHH BTOporo pon,a pacnonaraJOTCHJ 

no xpaAHeA Mepe, c ToR *e rycTo ToA , 'ITO H rayccoacxne yanw x m. 

§ 3. 4~cneHHbiR npnMep 

B K8'19CTe e npnMe pa 6btnH COC 'iHT8Hbl 00 Q)OpMyne ( 1. 13) C HHrynRpHbT9 HHTerpBn b l OT 

cpyHKUifA 
oo k-z 

f ( x, A) ~ :£ A 5 in kx 
11' =1 

Sin x 
J~ACOS I~ 

(3 .1 ) 

nns1 paanH'IHbiX aua'leHHR napaMeTpa A H "f: Hcn a yanoa 2N • P eaynbTBTbt C'l eTa cpasnnaannca 

C T Ol.IHblM 3 Ha'I9 HHeM C HHrynSipHOr O HHTerpana 

11 f ( y, A) k A k - z c.. s kx = cos r -A 
k =t 1-2Acosx+>..1 

(3 .2) 

HaaoaeM aenHlflfHY 

max I ~ f ( y 'A ) - I : f ( y' A ) I ; y ~ • ' -w ' ... ' 2NN- 1 " 
(3.3) 

'IHCn eH H O A OW H6K O A , 0Ha yM e H bW89T C SI npH yeemflt e HHH l.JH C J18 TOl.J e K 2N ,0.0 B9JlHl.JHHbl nopH .O. K 8 

-7 
10 ; nanbHeAweMy yM e HbW eH H JO npenHTCTByJOT ow u 6 xu o xpyrne HnH npH c t.t e T e no cpo p Myne 

( 1.1 3) . VIHTepecHo cpaaH HTb ""cne HHY IO ow H6Ky c oueHKOA ( 1.4 1 ) . 

T a 6 n n u a 

A ~0,75 A ~0, 875 A ~0,9375 

4HCll e HH 8SI N N 
ow u 6Ka 10 (0,78) 12,6 · (0,90) 30,6. (0,95t 

O u e Hx a 

10 ,7·(0,75)N 17,3 (0, 8 75)N 34·( 0,9375) N ( 1.4 1 ) 

KaK B n .nHo H 3 Ta6miU bl I, 3MrtH pHlfeC K8H cpo pMyna, on HCbiBBJOWBH t.tncne HHYJO ow H6Ky, .noaonbHO 

6nH3K8 K oueHKe ( 1.4 1 ), lfTO YK83 biB8e T H8 3ci)(1JeKTH&H OC T b nocne.n H eA , 

B 38KllJO '-IeH H e asTop Bblpamae T 6naro.napHOCTb nou . >Kunxoay H .n . 38 nocTOSJHHoe BHn 

MBHHe K JJ.8HH O A: pa6oTe ; Y'-1.8CTHHX8M C9M UHapa xacpenphl B b ll.JH Cll i!TeJlbHO A M8T~!\18THK1f M rY, 

pyKOBOllHMOro '-l lleHoM - xoppecnoH.neH T OM r\.H CCCP TnxoHOB biM A.H ., - 3a pSin KpHTH'-Iecxux 

12 

3BMelfBH HA , a T axme coTpynmtKB M BU OV1 HV1 >KeneaHosoA K.l'v\ . H Mapxoay A .C. - aa npoue-

,O.eHHWe HMH lfHCJleHHW C paCt.t OTbl. 
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