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§ .1. Mo.!lenbaoe ypasaeane 

PaccMoTpHM cne.!lyromyro c;:ncTeMy na O.!lHoro m1aeaaoro cnarynstpaoro HHTerpanbHoro 

ypasaeanst H O.!lHOro anre6pan'!ecKoro aenuaeitaoro ypasaeanst: 

1 
u(s) = A -_a_ + _1_ ( v(a) da, 

s
0 
-s TT _ 1 a - s 111 

v(s)=u
2
(s) + v 2(s), 

r .!le u(s) v(s) - aenasecTHbre cpyHKUHH, onpe.!leneuabre H cyMMnpyeMbre s naTepsane 

( -1,1) i so , a, A - aa.!laHHbre ser.uecT,eeHHbre KOHCTaHThi, a .:S ') , I so I> l 
/6-7/ 

.3Ty CHCTeMy MO:>KHO peWHTb B stBHOM BH.!le 
1 

H. ee peweHHst 3a.!laiOTCst cpOpMynaMn: 

u(s) =- L(s) 
1 + L2(s) 

1 /2/ v (s) 
1 + L 2 (s) 

r.!le 
I Rk1+cks + /1 +as dO(a) 
k c k - s • 1 a -· s 1 + a 2 

1 1 -s 
L(s) = 11 + _fn -- + 

TT 1 + S 
/3/ 

8 (a) - aey6biBaiOLUast CHHrynstpHast cpyHKUHst IT.e. OTnH'!Ha-st OT flOCTOstHHOit HenpepbiBHast 

cpyHKUHst C KOHe'!HbiM H3MeHeHHeM 1 ttpOH3BO.!lHast KOTOpOit flO'iTH Be3.!le paBHa Hynro/,. II 1 

R k. 1 C k - semecTBeHHble KOHCTaHT bl1 y .!lOBneTBOpstiOWHe COOTHOWeHHHM 

1 + II -
A 

II + J_fn 11 -sa 
1T 1 + s 0 

I 

R >o 
k-

I Rk 
k 

+ I Rk 
k 

I c I < 1 
k -

1 ad O(u) c • r = o, 
k 1 +CT2 

•I 

1+cks 0 
I 1+us 0 dO( u) 

+ r ---2 o, 
ck- s 0 C1 - s 0 1 +' C1 • I 

0 • 

.M bi 6y.!leM paCCMaTpHBaTb TOnbKO Te peweHHst, .!lnst KOTOpbiX O(a)=O 

/4/ 

/5/ 

161 

171 

H llMCeTCSJ 

TOnbKO KOHe'iHOe 'iHCnO TO'ieK C k • Tor.!la u ( s) . H v(s) aenpepbiBHbi H npe.!lcTasnst-

IOTCst cpopMynaMH /2/ 1 B KOTOpbiX 

L(s) II + L fn 1 - s + I R 1 + ck s 
TT l+s k k=z ck- s 

181 

npnBe.!leHHble cpopMynbi .!lnst TO'iHblX peweanit 6y.!leM HCflOnb30BaTb .!lnst TOro,· 'IT06bi 

cpasansaTb c HHMH peweanst, nonyqaeMore MeTO.!lOM npn6mr:meaaoro pewennst, K 

nano:mennro KOToporo npncTynaeM. PaapewnM BTopoe na ypasaennit cncTeMbi /1/ OTHocn

TenbHO v(s) 

3 



• 

v(s) = ;l + ll(s).JY.- u~(s), 191 

T'.llC 1! ( s) -cpyHKUHSI, npHHHMS!OWSSl TOJlbKO 3Ha'leHIHI + 1. npe.onaraeMbifi MCTO.ll 'IHCJ1CHHOT'O . - . 

peweHHSl OCHOBaH Ha CJIC.llYIOWCli T'HnOTC3e! npH ni050li 3S.llaHHOfi /l( s) IT,e, 3a.llaHHblX TO'IKaX 1B 

KOTOpbiX MCHSICTCSl 3HaK B 191 I cymecTByeT C.llHHCTBCHHOC peweHHC CHCTCMbl (1) u(s), v(s), 
· . · ·. · 17 I · · 

. y.llOBJlCTBOpSl!OWCC 191. 3Ta I'HITOTC3a CTpOT'O HC .llOKa3aHa, HO B Bb!CKa3aHbl C005paX<e-

HHH, KOTOpbiC .oenaiOT ee eecbM!l npae.oono.oo5uofi. 

Ey.oeM annpoKcHMHpoBaTh v(s) cpyHKUHstMH en.oa: 

v (s) = i akTk(s) ..j1- s
2

, 
n k= 0 

1101 

r.oe Tk (s) = cos(karccoss)'nOnHHOMbl Ye5blweea, a 
a k -Koaq4>HuHeHTbl 1 KOTOpbiC HYX<HO 

onpe.oenUTb. no.llCTSBJ1SlSl 1}01 B nepBoe ypaBHCHHe CHCTeMbl 11 I H 00Jlb3YS1Cb COOTHOWeHHSI

MH 

r.oe 

1 
.1.. ( T k (a J da 

1T • 1 ( C1 - s ) yY-::::(72 
uk•1(s)' 

!J ( s) 
k 

. sin ( k + 1) arc cos s 

v 1 - s2 

nonyqaeM: 

u ( s) A - a a
0 

s 

/11/ 

-:%a
1
-(1-s 2 )[a U (s)+a~U1 (s)+ ••• +a U (s)}. 1 0 • n n•1 

n so- s 

W:z 

nycTb j.t(s) -3S.ll8HHSS1 cpyHKUHSl, npHHHMSIOWaSl TOJlbKO 3H8'1CHHS1:!: 1 1 H_ nycTh w 1 , 

(um - TO'IKH HHTepeana 1-1,11, B KOTOpbiX j.t(S) MCHsteTCSl. KaK BH.llHO H3 

191, TSK KSK u(s) H v(s) uenpepbiBHbi, u(w1 )=,:% 

wne Tp_e5oeaunst: 

un(w 1 )=%, un(w 2 )=-'h un ( wm) 

• M bi uanomHM ua 

.m·l 
(-l) •'h. 

VJ3 ypaBHeHHfi 1121 MOX<HO Bbipa3HTb KOacpcpHUHeHTbl a O aJ 

a • •• a 
m n 

05pa3yeM Bbtpameuue 

u 
n 

cne.oyiO-

1121 

am·J qepea 

. J ~(am,am+1 ••• an)= r lvn(s)-%- j.L (s)..j y.- u2 (s) !'as. 1131 
·J n 

B 1101 H 1111 .llJlSl v H un M bl no.ocTaBHJIH • 5MecTo a 
' at • • • a 

n 0 m •1 

HX Bbipameunst qepe3 a • • • a nJ H noaTOMY ~- cpyHKUHSl TOJlbKO apryMeHTOB a Dl ••• an 
m 

.[lanbwe· HWCM MHHHMYM 
~ (am ••• a") MeTo.ooM KOOp.llHHSTHOT'O cnycKa. Cuaqana nona-

raeM a = , •. = a = 0 H HWCM MHHHMYM cPYHKUHH ~ (a , 0. • • 0 
m+1 n m 

TOpOe 3H8'1CHHC a(t) • VJWeM MHHHMYM cpyHKUHH ~(aCl>,a-·+J, 0 ... 0) 
m m m 

• Haxo.llHM ueKo

nepeMeuuolt am+ I 

( J) 
H .!iaXO.llHM 3Ha'leHHe am+1 H T • .ll. Opo.oonmast 

TSKHM o6pa30M, HSXO.llHM TO'IKY 
a(1) 

m ' 

... d> '- . ' ( 1) am+J •• • an • 3aTeM cuoea cnycKaeMcst no uanpaeneHHIO 

;; .r: '.: . . (1) (1) 
cpyHKUHH ~ (a m, amn • • • a ) 

..,_.~:~::;:,,Y~'i·,. n 
!lOBaTe llbllbie ripH5nHn< eHHSl 

am , T.e. HWeM MHHHMYM 

• T aKRM o5paaoM npo.oonmaeM .oo Tex. nop, noKa .oea nocne-
(1() ( k) ( k + J) (k + 1) 

(a , ., a ) H (a •" an ) HS'IHYT OTJlH'ISTbCSl 
· m n m 

4 
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.M9HbWe, '19M Ha H9KOTOpoe 38.D.SHHOe 'IHCno. VfMest K09cpcj:>HUH9HTbl 

/12/oiioe.aensteM a
0

, a
1
,,,am·t aRa/10/H/ll'/ un(s) u 

. . 

(a ... 
m , H3 

v n (s) • 

8THM Me~O.D.OM HBXO.D.HnHCb Ha aneKTpOHHOH C'I9THOH M8WHHe H9CKOnbKO peweHHH CHC-

TeMhi ypasHeHHH /1 I /npH pa3HhiX cpyHKUHstX IL (s) ; 
Peay.rtbTBThi C'leTa /cnnowHast nH-

HHst/ H COOTB9TCTBYIOWH9 T0'1Hhl9 peweHHSI /nyHKTHp/ fiOK83BHhl Ha pHC, 2 H 3. ¢yHKUHH 

IL ( s) H KOHCTaHTbl A a COOTB9TCTB9HHO CneayiOWHe: 

IL (s) =- sgn (s + 0,786)(s -0,97); s
0 

= 2, A =-2;86, a =-4,712 ; 

IL ( s) =- sgn(s + 0,647 )( s + 0,436) ( s -0,522) ( s-0,697 ); s
0 

= 10,- A= 2,.735, a=-27,041. 

§ 2. Yp asHeHHst anst rr -rr pacce stHHst 

ByaeM paccMaTpHBaTb ypaBHeHHst anst rr-rr /4/ paccestHHst, npeanaraeMbie a 

m
1 

+ t- c 1 · f[ /mAt (r) _1, b/k lm AIC(r) ]dr, 

TT t ( T - C / ) ( T - t - l 0) k = 0 ( T + C/ ) ( T + t ) 

lm il1 (t) = l((t) I A 1 (t) I :l, 
(j = 0,1, 2), 

t ~ 1 , 

K(t) = V t-1 
t +1 ) 

.3 ,J 

B ( b lk ) = - + Yz Is 
1 .3 1 

/14/ 

( 

1 -3 5 ) 

-r T 6 ' 
,\ - 3BLJ.BHHOe 'IHCnO, npeof5pa3yeM ypaBH9HHSI /14/.' nycTb A I ( t) = u

1 
( t) + i lj ( t) -

peweHHst CHCT9Mhl /14/. BseaeM cpyHKUHH 

00 

h 
1 

(z) = m + f [ __ v.._1 "'-'( r'-L) __ 

( r - c 1 ) ( r - z) 
] dr ; 

hi (z) .of5naaaiOT cne.ayiOWHMH CBOHCTBBMH: 

1. hI ( z) aHanHTH'IHhl Ha nnOCKOCTH C pa3p930M (- oo, -1) . ( 1
1 

oo ) , 

• + 
2. h_

1 
(t) = A 1 (t) 1<t<oo 

x/ 

3. h 1 (z) = h
1 

(z) 
I 

4.. .ans t > 1 
+ . + :1 

lm h 1 ( t) = K ( t) I h 1 ( t) I 
5. + :1 + 

lm h 1 (- t) .= -~ b1" lm h (t) 

6. hi (z) .. 0 
z 

k=o . " 

.lloxameM nocneaHee csoAcTso. 

t > 1 

x/ h+ (z) 03Ha'laeT npe.aen~:>Hoe 3Ha'leHHe h (z) , xor.aa ·2! 
OCTaBastct B BepXHeA nonynnOCKOCTH. 

5 
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I !_'..J._~ I 
z 

<~~I~_]_ I z _;21rrlv;.rrJI dr+.± lbJkl(lvdrJI dr) 1151 
z " z zlr-c1 llr-zl k=o zlr+c 1 llr+zl 

OuenHM HHTerpanhi B CK06Kax. HanpHMep, 

( lv1 (r)l dr <Cf d_r __ _ 
I T - CJ II T - z I l I T - CJ II T - z I 

nyCTb Z = X + i y Tor .a a 

( dr r dr -
I T - c, I I T - z I 1 (r-cJ) v(r-x) 2 +y2 

1 In 
X 2 + y 2 + V (X 2 + y 2) [( 1 + CJ - x)2 + y 2] + C I - X 

vx2+;.2 
VX:.+y 2 +CJ-X 

EcnH nono*HTb 

X = p COS <P I 

y = p sin¢ , 

TO nocneauee Bblpa*eHHe npHHHMaeT BH.a: 

!_ In 
p 

p 
2 

+ p V p 2 
- 2( 1 + cl ) p cos ¢ + ( 1 - c 1 ) 2 - p cos ¢ + c 1 

p -·p COS <fo + Cl 

.1.. (In p + 0 ( 1) ) ... 0 • 
p p->00 

TaKHM,)!(e o6pa30M MO)!(HO OU9HHTb H OCT81lbHb19 HHTerpanbi B /15/, 

Mo)!(HO .aoKa3aTb H o5paTHoe: 

ecmt h (z) 
J 

- tPYHKUHH, o5na.aaJOWH9 CBOitCTBSMH 1,3,4,5,6, TO tPYHKUHH 

+ 
A 1 (t) = h 1 (t) , t ?::.1 

Y.llOB1lOTBOpSIIOT ypaBHeHHSIM /}4/, lho5bl pa60T8Tb C KOHe'IHbiM HHTepB81lOM
1 

c.aenaeM no,a-

CTSHOBKY 
1 w 

Bae·aeM tPYHKUHH 
z 

F1 (w) = h1 (-.; ) 

F1 (w) o5na.aaJOT cneayJOWHMH caoAcTBaMH: 

1. . F1 (w) 8H81lHTH'IHbl Ha fi1l0CKOCTH C pa3pe30M (-1,1 J 
J' 

2. .ana ·-1 < s < 0 

+ 
F 1 (s) 

+ . 1 
hi (--) 

s 
Al(-..l_) 

s J 

3. F1 {w) = F 1 (w) 

4 •• .rinR _ 1 < s < o 
+ + 12 lm F (s) =K(s) IF (s) , 
J J 

6 

I<(S) = ..j-T+s-
1-s 

.. 



5. llmr 0 < s < 1 

+ l + 
lm F 1 (-s) =- l: blk lm Fk (s). 

k= 0 

6. w F I {IV) ... 0 npH w ... 0 , fj (- .£_) 

H KOHe'IHO, 
Cl 

_ F
1 

(cu) 
npHMeHHM TeopeMy KowH K Q>yHKilHSIM --- H KOHTypy r· 

cu-w 

r,(z} {2(1) 

(-·-~---

1 ( Fl (w) dcu 
2rri [' cu - w 

lj(O) 

PHc. 1. 

Res (eo ) + Res 'r w ) 

Res (eo) =- F1 (eo) 

· Res(w) ·= Fl (w) 
J 

1 -8 + 
r ...!J...l_w), dcu ... 1 r l:n F 1 ( u) 

2rri cu-w 1T 
----~~~---- du 

1 

['I 
l ... 0 -I 

I 
Fl (cu) dcu ... 1 f. 
cu-w "jj 

u-w 

+ 
lm F 1 (u) 

du 
u·-·w 

I~ r Fl (cu~ dcu I~ ~· :r.ax IF (cu) I . 
2m cu-w 1 w1-u cutl~(8) I 
~ 3 . 

ll (0) 
I 

cyruecTayeT 

/16/ 

noKa>KeM, 'ITO 8 max I Fl (cu) I .. 0 npH 8 ... 0 • 3az:tSllHM npOH3BOnbHOe E > 0 • TaK KllK 
cutf' 1 . 

w F (w) ... 0 To MO>KHo Bb16paT& I w I< 71 TaK, 'IT06b1 npH I wl < 
71 

Hcnonusrnoc& HepaaencTao I w .. o' . . 
w FJ (w) I <t. nycTb 8 < 71 • Torz:ta 

npH 

7 



~-

cne.llOBaTenbHO, H 

omax IF/ (w)J<e 
wer3 -

no.llCT8BHM STO_ BbipaMeHHe B. 1161. npH e -+ 0 nony'IHM! 

·0 . _]_ r 
TT • 1 

Kor.lla a ... 0 

+ 
lmF1 (a) 

a- w 
da + 

+ 

!_ f .!f!:..!_!__ff!..L da + ~- f !LrwJ dw =-F
1 

(oo) + ~ (w) • 
TT a a-w . 2TTr I' w-w 

3 

, nepBbli!: H TpeTHfi HHTerpanbi CTpeMSITCSI K onpe.lleneHHbiM npe.llenaM H, 3Ha-

'IHT,· BTopoll: HHTerpan ToMe HMeeT npe.llen. TaKHM o6paaoM, nonyqaeM: 

+ 1 Im F (a) 
F (w) = F (oo) + . ..L f da 

I I TT •
1 

a- w· 

IHHTerpan B TO'IKe a= 0 MOMeT 6b!Tb Heco6CTBeHHbiMI, YcTpeMnHH W k s .f 0 CBepxy 
+ 

H'0603H8'18SI F
1 

(s) = ~~ (s) +i71
1 

(s) F1 (~) =. A r ··· nonyqaeM CHCTeMy ypaBHeHHH: 

1 

'I (s) =AI+__!_ f T/J(a) 
17 ·1 a-s 

da , 11711 

2 . 
71 1 (s) = K (s) [~1 (s) + 71 : (s)], -l<s<O, 

2 
117 21 

71 (s) = - ~ b 71 (-s) 
I k=o /k k 

O<s <1, 

(j 0,1,2). 
I 11

3
1 

HTax, 'iMecTo cHcTeMbl 1141 6y.lleM paccMaTpHBaTb 3KBHBaneHTHyro ell CHCTeMy 1171. KpoMe 

TO!'O, HMeeM cne.llYIOWHe COOTHOWeHHSI, Tax KaK A = F (oo) 
. I I 

Me>K.lly F
1 

(w) H h
1 

( z) ·, nonyqaeM: 

A0 = 5 >.. + .3d 
1 

A 1 = d 1 

A 3 = 2>.. + 3d. 

PaapewRM B'l'Opoe H3 ypaBHeHHil 117 /' OTIIOCHTenbHO 'T/J (s). 

'T/1 (s) L + ll (s) .j_l_ 
2K (s) 1 4K:Z(s) 

e :z(s) 
I 

, TO, HMeH B BH.llY CBH3b 

1181 

nony'laeM: 

1191 

i'.lle 1.! 1(s)-!lJyHKUHH, IIpHHHMaiOWHe TOnbKO 3Ha'leHHSI ±.1. npHMeM l'HIIOTe3y, aHanO!'H'IHYIO 

TOI, KOTOpyro·' Mbl IIpHHSinH .llnSI MO.llenbHOI'O ypaBHeHHSI, ·a HMeHHO: 'ITO IIpH ·nro6b!X 3a.llaHHbiX 

' ·. 
1.1 1 (s) cyruecTByeT e.llHHCTBeHHoe peweHHe CRCT~Mbl 117 I, r.lle ypaBHeHRH 111

2
1 aa~eHeHbl 

ypaBHeHRSIMH 1191. ,Onsr IIpOCTOTbl paCCMOTpHM peweHHSI, .lln!l KOTOpb!X 3HaK B /191 MeH!IE:!T-· 

CSI .llBa pa3a - B TO'IKaX WI H WI. ·• 3TH TO'IKH 3a.llaHbl llpOH3BOnbHO B HHTepaane 1-1,0/, 
1 2 . 

Tax JtaK 'I (s) H ~I (s) Heiipepb!BHbl, TO B TO'IXaX, l'.lle MeHSieTCSI 3HaK, BenH'IHHa IIO.ll 

XOpHeM .llOn>KHa o6paWaTbCSI B Hynb, T,e, 

8 

.... 



noTpe6yeM, 'iTOObl 

1: ( CtJ I ) 
',:,I 2 

I 
~I (CtJ,) 

1 

( j 0, 1, 2). 

H ano»<nM eme O.LlHO orpaHH'ieHne. By .Ll eM ncKaTb Ta,Koe pew eRne, .LlnSI KOToporo 

f.(-1),0, 
1 

YfmeM TJI (s) a aH.Ll9: 

+a~ Tn(sJh/1-s
2

, (j= 0,1,2) 1 

/20/ 

/21/ 

/22/ 

1"'!19 - nonnHOMbl l{e6biweaa, a a I 
k 

-Ko3¢¢nuneHTbl, KOT0pb19 HY»<HO onpe.Ll9fiHTb~ 

· BaE!aeM aeKTop 

Toraa coOTHoweHHSI /17.3/ aanHCbJaaroTcH a anae: 

-+ 
TJ (s) =- B ij (-s) , 

a COOTHOW9HHSI /22/ a aH.Lle: 

k=o 

n 0 .llCT aBnSISI -:{n) ( s ) a /23/, nonyqaeM : 

k 

:£ 
k=O 

... 
ak 

npuHHM8SI BO BHHMBHH9, 'iTO 

n 
-:£ B an 
k=o 

k 
Tk(sJ=(-1) Tk(-s) 

II cpaBHliBaSI K09¢cpiiUH9HTbl nepe.ll T k ( s) 1 nonyqaeM COOTHOW9HH9 

T. e. npu k 'i~THOM ak HBnHeTcH co6cTseHHbJM aeKTopoM MaTpliUbl B 

/23/ 

C COOCTaeHHbiM 

3Ha'ieHU9M +}, KaK nerKO BH.ll9Tb 1 COOCTB9HHOMy 3HS'ieHHIO -1 COOTaeTCTayOT COOCTB9HHblll 

BeKTOp 

9 



a C06CTBeHHOMy 3Ha'leHHIO +1 COOTBeTCTBYIOT ,UBa nHHefiHO He3aBHCHMbiX C06CTBeHHbiX BeK-

Topa 

-+ 

(:) q, = 

TaKHM o6paaoM, nonyqaeM 

H ;,.(-!) 

-+ 
a 

;lie 

(O)-+ 

ck P 
.. (1).. (2) 
a2k+t= c lr q, + ck 

-+ 
q2 

r.ue 
(0) (1) 

cle , c le 
c (2) 

le 
- 'IHcna. J..1a ypaBHeHHii ( 17.1) rronyqaeM 

/24/ 

zen) ( s) AI 
.. -+ .. -+ -+ 2 /25/ 

- a 0 s -'h a 1 + [a 1 U0 (s) + a 2 U1 (s) + ••• +a11 U,. 1 (s)](1-s ), 

r.ue .. 
I; ( s)· = 

J..13 ycnOBHSI /21/, llpHHHMaSI BO BHHMaHH9 

( 
l:o (s)) 
C1fs) 
£:2 s) 

/18/, nonyqaeM 

d -a 1 +fha
1 

0 l 

no.ucTaBnSISJ B /20/ t (s) H3 /25/ H ale . H3 /24/, nonyqaeM 6 ypaBH9HHfi, H3 KOTOpblX 

MO>KeM Bbipa3HTb c(o) , c 0 >, c(
2

) ,c (OJ, c(t) ,c(
2

) qepe3 ocTanbHbie xoa<P<PHuHeHTbi. TaKHM. 
0 0 0 1 l l 

o6pa30M, OCTaiOTCSI HeOnpe.ueneHHbiMH KOStPtPHUHeHTbl c(:) , c~l) , , c(;) ••• l1X 6y.lleM 

onpe.uenHTb H3 ycno~HSI o6paweHHSI B MHHHMYM tPYHKUHH 

(0) (l) 
~(c2 , c2 

, c(2) 
2 

, .. ~ 0 · (n) 1 1 2 
1

2 
J = ~ r I TJ (sJ- -- .-"' 1 (sJ v -:--r.--:-1:

1 
(sJ ds. 

1=o -z 1 2K(s) 4K (s) 

3 TOT MHHHMyM onpe.uenSieM M9TO,UOM KOOp.UHHaTHOro CllyCKa, Ha'IHHaSI C TO'IKH C~O) = JI>=,..= 0. 
. ~ 2 

He 6y.aeM npHBOllHTb no.apo6Ho <iJopMyn, no KOTOpbiM npoH3BO.llnncH C'I~T. PeaynbTaTbi C'l~-
• 

Ta npH A= 0, 1 , cu 0 = cu 1 = cu 2 = - 0,7 •H cu 0 = cu 1 =cu 2 = -0,3 IIOKa3aHbl Ha pHC. 4,5,6. nyaK-
1 1 1 2 2 2 

THpOM OTMe'leHbl KpHBble: y = _1_ 
1 

y = _1 __ 
1 

y = _ _ 1_· _ 
K(S) 2K(S) 2K(S) 
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