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3naMeHHTaSI aa.z:taqa nnpcona o cnyqaRHbiX nepeMeweHHSIX na nnocKOCTH (npo6neMa 6nym

.z:tannR) 6brna pew en a KnnaepoM. Pane A .z:tan pewenne aa.z:ta'IH o nepeMewennsx a Tpex H3Mepe

HHSIX. CooTseTCTBYJOWaSI 3a.z:taqa a MHoroMepnoM npocTpancTae paccMoTpena a MOHorpaqmn BaT

/1/ 
COHa 1 r.z:te MO>KHO T8K>Ke HatiTH H31lO>KeHH9 OCHOBHb!X pe3yllbT8TOB H CCbinKH Ha pa60Tbl 

npe.llbl.llYWHX HCCile.llOBaTeneA. C npH110>K9HHeM TeOpHH K peweHHJO HeKOTOpbiX npaKTH'IeCKHX 1 na-

/2 3/ 
y'IHbiX u TexnnqecKHX aa.z:taq Mo>KHo noanaKoMHTbCSI no MOHorpacpnHM ' • HecMoTpSI na npocTo-

Ty cpopMy11HpOBKH 1 peWeHHe 38.ll8'1H B :9BK11H.ll0BOM npOCTp8HCTBe noTpe60B8110 npHB119'19HHSI an

napaTa TeopHH 6eccenesbix cpyHKUHA. B paccMaTpnaaeMOM HaMH cnyqae /eM nyHKT 1 I. npocTpan

CTBa C n0110>KHT91lbHOti KpHBH3HOti 6ecceneBbl cpyHKUHH ycTynaJOT M9CTO CcpepH'I9CKHM cpyHKUHHM, 

HM9HHO: n011HHOM8M ne>KaH.z:tpa ( .llllSI 06bi'IHOfi ccpepbr) 1 n011HHOM8M l..fe6biW9B8 {.z:tnH TpeXMepHOA 

rnnepccpepbi) n nonnHoMaM reren6ayapa ( .z:tnSI MHor~Mepno.ll rnnepccpepbi). B nyHKTe 2 noKa3aHo, 

'ITo npn pewennn 38.ll8'1H s npocTpaHcTae no6aqescKoro ecTecTaeHHbiM o6pa30M so3HHKaeT ne-

/4/ 
o6xo.z:tHMOCTb npeo6pa3oaannSI 3oMMepcpenb.z:ta- BaTcona- Pe.z:t>Ke , npH'I~M s TOM BH.z:te, Ko1'o-

/5/ 
pbi.Il H3B9CTeH no.z:t naaaauneM npeo6pa30B8HHSI Men epa- Cl>oKa • 

1 • .UnSI cnyqaSI o6bi'IHaR ccflepbi aa.z:taqa cpopMynnpyeTCSI TaK: 

;HeKTO H8'1HH8eT .llBHraTbCH H3 TO'IKH 0 H npHXO.llHT no reo.z:te3H-'19CKOA cpHKCHpOB8HHOe 

paCCTOHHHe a1 i 38T9M noaop8'1HB89T B K8KOM-TO HanpaB119HHH Ha H9KOTOpbll yron H npoxo

.llHT no aTopolt reo.z:teanqecKoA paccTOSIHne a~ • 3TOT npouecc noaTopseTCH n pa3. Tpe6yeTCR 

H8.11TH 1 'ITO nocne n - ro nepeMeWeHHH OH OK8)KeT CH H8 paCCTOHHHH M9>K.lly r H r + fj r OT 

TO'IKH BbiXO.ll8 0 "• 

C'!HTaeTcSI, 'ITO 0 S r < rr H 0::;; a
1 

<rr 1 H 1 KpOM9 TOrO, .llllSI npOCTOTbl pa.llHYC Ccpepbl 

nollO)KHM paBHblM e.z:tUHHUe. 3aMeTHM T8K)Ke 
1
'1TO BCe paCCTOSIHHH H3MepSIJOTCSI no reoae3H'I9CKHM 

llHHHHM, T.e. no .z:tyraM 60ilbWHX Kpyroa, KOTOpble .llllH ccpepbl Hrpa!OT pOilb npSIMbiX llHHHA. 

nycTb Pn ( r; a ,a , ••• , a ) o6o3naqaeT aepoSITHOCTb Toro, 'ITO nocne n . - ro nepeMe-
1 ~ n · 

WeHHSI paCCTOSIHHe OT H8'181lbHOti TO'IKU 6y.z:teT MElHbWe '19M r 1 H. T8KHM 06p830M 1 89pOSITHOCTb 

TOrO, 'ITO paCCTOSIHH9 6y .ll9T H8XO.llHTCSI M9)KJly r II r + 8 r i 6y .ll~T pasHa ! 

dPn (r; az, a2••••• an) 8r, 
dr 

r.z:te BB9.ll9HO 0603H8'19HII9 Wn .llllSI fillOTHOCTII aepOSITHOCTII. 

38MbiK8JOWyJO JlllSI a 1 , a ~ , • ; • a 1 H qepe3 01 - yron 

M9)KJlY r 
1 

II a 1+1 Bee anaqean:s 01 OT 0 .llO 2rr 6y.z:tyT paanoaepos_TJ!biMH. Tor.zla 

no H3BeCTHOl1 cpopMyne ccpepH'19CKO.Il TpHrOHOM9TpliH HM99M: 

cos r
1 

= cos r1 • 1 cos a1 + sin r1 • 1 sin a 1 cos 0 1 • 1 ( 1 ) 

Qqean.z:tno, 'ITO 

1 ~1T ~1T 

rr 
00 (2rr)"" 1 
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rna npenenhl HHTerpana no d() 
n • 1 non)KHhi OhiTb TBKOBhi, 'ITOObi r n OhinO MBHbWe r 

nnSI K8)K.QOH COBOKynHOCTH SH8'18HHH () 1 e 2 ••• () n•:Z • EcnH 8 STOT Kp8THbiH HH-. 

Terpan 8B9CTH paspbiBHbiH MHO)KHT9nb 

, ~ 1 
f I. ( e + % J P ( cos r J P ( cos r'J sin r' dr' = I 
0 e=o e n 1:: 0 

rn <r 

r > r , 
n 

(3) 

TO .OnSI SH8'19HHH ()n • 1 MO)K9T Ob!Tb BSSIT HHTepaan 0,2 TT , VlSM~IIHB nopSI.OOK IIHTerpupo-

88HIISI no d () • II CYMM1Ip088HIISI no f H nOBTOpSIS! STOT npMSM n - 1 pas, 118H.09M: 
n•1 

Pn (r; a
1 

,a2 ... , an 
' ~ n 

f I. (C+~~J Pe (cosr')sinr'dr'Il Pe (cos a
1 

0 
f=o t= 1 

(4) 

MnM .OnSI nnoTHOCTII BBpOSITHOCTM: 

~ 

IY r r; a ' a ' ... I a ) = sin r :£ ( e + ¥2 ) P. ( cos r ) II p ( cos a I ) • 
n 1 2 n f= 0 t 1= 1 e 

n 
(5) 

VIs ( 5) aunno, 'ITO a cnyqae onnoro nepeMemeHMSI nnoTHOCTb aepoSITHOCTM nponopuuonanbHa 

0 - cPYHKUIIH: 

W
1 

(_r;a
1 

)=sinro (cosr -cos a
1 

), (5') 

'ITO ·oqeaHnHo us sneMeHTapnbiX cooopa)KeHuit. 

B cnyqae n = 2 nnoTHOCTb BepoHTHOCTM nponopuuoHanbHa cyMMB nponsaeneHull Tpex no-

. 16/ . 
nMHOMOB ne)K8H.Op8, KOTOpyiO, K8K IISB9CTHO 1 MO)KHO Bbi'IMCnMTb B KOHe'IHOM BM.Qe: 

ll' ( r; a , a)= 
2 1 2 

sin r () ( 1 + 2cos r cos a, Cos a 2 - cos 2 a, - cos2 a 2 - cos :z r l ( 5") 
---

TT 
yl+2cosr cosa cosa -cos2 r -cos 2a -cos2a 

1 2 1 :z 

CToSimaSI snecb '(j cPYHKUIISI onpeneneHa, K8K OOb!'!HO: e (x) paaHo 0 unu 1, ecnu x < 0 

MnM X > 0 • VlHTepeCHO OTM9TMTb1 'ITO pesynbT8T 1 npMB9.08HHhiH B (5" r, T8K)K9 cnenyeT 

161 
JIS. SneM8.HT8pHOro paCCMOTp9HHSI 1 OeS MCnonb30B8HIISI Bbi'IMCneHHOH B CYMMbl npoMSB9.09HHH 

Tpex nonMHOMOB Jle)KaHnpa, 'ITO MO)KHO paCCMBTpM88Tb K8K H938BIICIIMhiH CnOCOO Bbi'IMCneHMSI 

STOit CyMMbl, 

B cnyqae Tpex nepeMelUeHull nnoTHOCTb· aepoSITHOCTM nponopuuoHanbHa cyMMe npousaene

HIIll '18Tb!p8X nonMHOMOB ne)KaHnpa :. 

I. (h % ) P ( cos r ) P ( cos a ) P ( cos a ) P ( cos a ) e e ze 2£ 3 e, o 
3ua'!eHue sToii cyMMhi MO)KHO BbipasuTb qepes nonHhili snnunTH'!eCKHit HHTerpan nepaoro pona. 

B nnocKoll sa.aaqe SToit. cyMMe coOTBeTCTBOBan Obi MHTerpan HuKOnbCOHa OT npoHsae.aeunll 

Ill 
'!eThipex 6ecceneBbiX cj:lyHKUHll Hyneaoro nopSI.OKa ( BaTCOH , cTp. 454), TO'!HO TBK )Ke, KBK 

( 5'') MO)KHO COnOCT8BHTb IISB9CTHblit HHTerpan CoHMH8 OT ·npOHSB9.09HHii Tpex oecceneBbiX Hy-

/11 . 
neaoro nopSI.OK8 (BaTCOH 1 CTp, 451 ). npH n > 4 CYMMbl MO)KHO Bbl'IMCnHTb nHWb ·npHonH-.. 
)KSHHO, 'ITO npH OOnbWHX n npMBO.QMT K HOpManbHOMY· rayCCOBCKOMY pacnpe.aenellltiO .OnSI 

nnOTHOCTH aepOS!THOCTH, 

PaccMaTpuaaH sa.aaqy B cnyqae p - MepHoit runepccj:lepbi, Hy)KHO aocnonb3oBaTbCSI o6o6-

~eHHhiMM ccjJepM"'9CKIIMII KOOp.OHH8T8MH H auanorH'IHO (3) B89CTII paspb!BHblll MHO)KHT9nb1 CKQH-

v 
C (~ 1 BepXHHit IIH.09KC KOTOporo CBSIS8H C pas-

£ 
CTpyHpOB8HHbill H3 nOnMHOMOB rereuoayspa 

MepHOCTbiO npOCTpBHCTB8 COOTHOW9HH9M v = ¥2 ( p. n . He paccMaTpMB8SI s.oecb no.apoouo 

4 
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. MHOI'OMepHbl.ll cnyqa.ll, yKa)KeM TOnbK0 1 'lTO B Cnyqae .llBYX cnyqa.llHbiX nepeMellleHHll: HCKOMaSI 

nnOTHOCTb BepOSITHOCTH Bbipa)KaeTCSI qepea CYMMY nponaBe.lleHHfi Tpex nonHHOMOB rereH6ayapa, 

KOTOpyiO OKa3biBa9TCSI B03M0)!(Hb!M Bbl'lHCnHTb B KOH9'lHOM BH,lle; 

2 
l 

IJ IJ IJ c e (.cos t ) c r ( cos a t ) c e ( cos a.zJ "' 

(6) 

t - 211. . 2 2 2 
17 8( 1+2 cost cosa,cosa,- cos t -cos a,- cos a~ ) -· _. ,...----:---:- ( 4 sin t sin a

1 
sin a

2 
) - - - ~ 

!r(v)l 4 (1+2cost cosa cosa -cot?t-cos2a -cos 2 a J"v 
t 2 t 2 

B cnyqae o6bi'lHOll: c¢epb! p = 2 , cne.llOBaTenbHo, 

XO.llSIT B IIOnHHOMbl ne)KaH,llpa cornaCHO ciJopMy ne ( 7) 

v = ¥2 , n nonHHOMbi rereH6ayapa nepe
·y. 
C/ (x)= pe (x) • a H3 (6) nony'lHM B 

KaqecTBe qacTHoro cnyqag 3HaqeHue cyMMbi nponaBe.lleHnit Tpex nonnHOMOB ne*aH.llpa, Y*e 

HCIIOnb30BaHHOe B (5"): 
00 

~ 0+%)~ (cost) P (cosa )P (cos a)=· 
f=o L f t f 2 

B cnyqae TpexMepHoll: nmepcciJepbi p = 3 u, cne.lloBaTenbHO, v"' l, u nonnHOMbi 

· 4 6. -+. _
171 c

0

1 
(x)--u._· () apa nepexo.llSIT B nonnHoM6I e billleBa cornacHo 't'opMyne r. x , a 

.(7) 

rereH6ay

H3 (6) 

nony'lHM B KaqeCTB9 'lBCTHOI'O Cnyqag cne.llyiOUle.e 3Ha'l9HH9 .llnSI CyMMbl IIpOH3B9.ll9HHll: Tpex no

nHHOMOB '4e6b!lll9Ba: 

~ . ue (cost) ue (cos a, ) u e ( cos a:l ) = 
f=O (8) 

= 17 8( 1 + 2 cost 
2 2 

cos a 1 cos a 2·- cos t - cos a1 -

4 sin a1 sin a 2 sin t 

2. nepell:.lleM Tenepi, K pellleHuro· 3S.llaqu o cnyqaitHbiX nepeMemeuuSix B npocTpaHCTBe c 

/8/ 
OTpnuaTenbHOll: KpHBH3HOll:, T.e. B npOCTpaHCTBe no6aqeBCKOI'O • Cuaqana paccMOTpHM aa,lla'ly 

Ha IInOCKOCTH no6a'leBCKOI'01 T.e. Ha cciJepe C MHHMbiM pa.llHYCOM 0 ~OpMynHpOBKa .38,llaqu, npu

B9.lleHHaSI B npe,llbi.llYlll9M nyHKTe, a TaK)Ke COOTHOlll9HH9 (2) H cne.llyiOUlee H3 Hee Onpe,llene

HHe IInOTHOCTH BepOSITHOCTH He M9HSIIOT BH,lla 1 B TO Bp9MSI KaK BM9CTO ( 1) 1 COr naCHO H3B9CTHOti 

ciJopMyne I'HIIep6onH'l9CKO.Il TpHI'OHOM9TpHH 1 6y .ll9M HM9Tb: 

ch t = ch t ch a - sh tJ sha'J cos el-l J J-1 J -1 (9) 

a paapb!BHbi.Il MHO)KUTenb (3) He06XO.llHMO MO.llHcPHUHpOBaTb npu IIOMOlllH npeo6pa30BaHHSI 3oM

MepciJenb.lla- BaTcona-Pe.ll*e. CoaeplllHM Ha.ll o - cPYHKunett 1 CToSimea B ( 3) 1 npeo6paaoaa.

HUe 3.-B.-P. npn IIOMOlllH cPYHKUHH ctg frr 1 Bbi'leTbl KOTOporo B TO<iKaX f =·0,1 12 13 • • • 

paBHbi l/rr 

o(x-y)=~(U+Y1 )ctgfrr Pe (x) Pe (y) dP., 
2t c . . . (tO) 

I'.ll9 KOHTyp C Ha'lUHaeTCSI Ha 6eCKOH9'lHOCTH 1 OKPY*aeT TO'lKH 0,1 12 13,. •. B nonO)KUTenbHOM 

HanpaaneHHHI npOXO.llHT qepea TO'lKY e = - lh H CHOBa YXO.llHT Ha 6ecKOH9'lHOCTb. CnpSIMnSISI 

KOHTyp C B IIpSIMY10 1 napannenbHYIO MHHMOti OCH 1 H Y'liiTbiBaSI aCHMIITOTH'l9CKOe IIOB9.ll9HHe 

5 



-,p......-_ ,. 

cpyHKUHi! ne.>KaH,llpa npH 6onbWHX e H lx I ' I y I > l 1 nony'IHM cne.llyJOwee paano.>KeHHe 

0 - cpyHKUHH B HHTerpan .Menepa-¢oKa /5/ 

00 

o ( x _ r J ,. r "' th "'11 ~y, + lA 
0 

(x) P.y, + lA ( y) d.\ 

H BMecTo paapblBHoro MHO.>KHTenn ( 3) MO.>KeM HanHcaTb: 

, 
I shr' dr' I .\ th .\11 ~y, + lA 
0 0 

, I 1 (chr;,) P_,h+ lA ( chr ) d>.."' 
0 

r < r n 

r > r 
n 

( 11 ) 

( 12) 

noaTOpSISI paccy.>K,lleHHSI npe.llbl.llyWero nyHKTa 1 .llnSI nnOTHOCTH aepOSITHOCTH UOCne 

MeWeHHi! Ha UnOCKOCTH no6a'leBCKOrO nony'IHM Bb!pa.>KeHHe: 

n -nepe-

00 

w ( r; a l ' a:./ ' ... , a ) "' shr r ,\ th ,\11 p \ 
n n ~ ·Y.+II\ 

n 

( chr ) ll ~y, + 1.\ 
I"' l 

( cha
1 

) d>.. (13) 

3aMeTHM 1 'ITO a cnyqae O.llHOro nepeMewenHSI nnoTHOCTb aepoSITHOCTH nponopuHoHan&Ha 

o -cpyHKUHH 1 KaK H cne.lloaano O.>KHJ18Tb, B cnyqae n"' 2 HHTerpan ( 13) He,llaauo 6bm Bhl'lac-

neH a pa6oTe Pe.ll.>Ke H coTpy .llHHKOB 
/7/ 

.. 
00 

IV ( r; a a ) "' shr { .\ th .\ 11 P , ( chr ) P + , ( ch a ) P + , ( ch a ) d.\ = 
:./ 1 2 · ·Y,+II\ •Y, II\ 1 ·Y, II\ :./ 

0 

= shr 
11 

O(l+2chr cha1 .cha
2

- ch
2
r - ch 2a

1 
gch 2a

2
) 

' 2 h 2 yl+2chr cha1 cha 2 -ch r -ch a
1 
-c a:./ 

TaKHM o6paaOM 1 MO.>KHO aaMeTHTb, 'ITO nepexo.ll oT peweHH51 aa.lla'IH Ha ccpepe K peweHHIO 

38.ll8'1H Ha nnoCKOCTH no6aqeBCKOrO MO.>KHO cpopManbHO nony'IHTb O.llHOBpeMeHHOtl 38MeHotl no-

nHHOMOB ne:>KaH,llpa pe Ha KOHH'IeCKHe cpyHKUHH Menepa- ¢oKa p 
.y, + I,\ 1 TpHrOHOMeTpH'Ie-

CKHX cPYHKUHfi -Ha rRnep6onR'IeCKRe, npR'IeM CYMMHpOB8HHe no uenO'IHCneHHblM 

HHTerpHpOB8HHeM no HenpepbiBHOMy napaMeTpy ,\ 

3aMeHSieTCSI 

AHanorH'IHOe COOTBeTCTBHe HMeeTCSI H Me.>K.lly peweHHeM 38.ll8'1H B MHOrOMepHOM UpOCTpaH

CTBe no6a':ieBCKOrO H peweHHeM Ha COOTBeTCTBYIOWefi rRnepccpepe. 

B aaKnJO'IeHHe Bbrpa.>KaiO 6naro.llapuocTb H.A. Y:epHHKoay aa noneaHbJe o6cy.>K.lleHHst. 
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