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BBeaeHH e 

111 
B pa6o'l' e 6bmo rroKa3aHo , qTo co6cTBeHHbie oco6eHHOCTH rrpoR3B01tbHOll aHarpaMM b: 

¢eil:HM8H8 OIIHCb!B 8IOTCSI napaMe'l'pRqecKHMH yp a BHeHHSIMH 

i = 1, ... , n, I l.l I 

11= 1 

rae 

II = 1, .. . I L /1.2/ 

3aecb n qHcno ya110B pacc M aTpRBaeMoro rpa¢a, - qHCltO ero BHyTpeHHHX 11HHHll, 

M8CC8 H8 ltHHHH II, I c ill -MaTpHU8 HHUHLleHUHll rpa<iJa: 

( . 
I ll 

= 1' ecnH ltHHHSI j/ Bb!XOLIHT H3 Y31t8 

( =-1, 
t v 

ecnH ltHHHSI II BXOLlHT B yaen 

( ' = 0, 
111 

ecnH yaen He IIpHH8Ll11e)f{HT ltKHHK 1/ 

IS/ 
/ eM. TaK)f{e I . '-leTbipexMepHbie BeKTOpbi X· 

I IKOOpLlHH8Thl Y31IOB/ SIBltSIIOTCSI rrapaMeTpa-

MH B ypaBHeHHSIX rrosepXHOCTH oco5hlx ToqeK /1.1 I. KoMrrneKCHbie oco6bie TOqKH rronyq a iOTCSI 

IIpK KOMII1t9KCHblX 3HaqeHHSI X COCT D BltSIIOlUHX BeKTOpOB X· 
I • EcnH yaen 

0 

TO Mbi rronaraeM P. - 0 H /1.1 I aaeT Toraa HeKOTopyiO CBSI3b Me)f{ay rrapaMeTpaMH xi · 
~ /2/ 

YpaDHeHHSI /1.1/ 9KBHBaneHTHbi ypaBHeHHSIM JlaHaay Li ltS! co6cTBeHHbiX o co6eHH OCTeil: 

Ll118rpaMMbl. napaMeTpbl ¢ el! HM8H8 al/ CBSI38Hhl C Ll1I HH8MH 

m a=CIR J,rae 
f II II II 

I m 2 a = 1 
II II 11= 1 

c 

, TO 

IIOltO)f{ HT e ltbH8SI IIOCT051Hii8SI / ecnH 

C = 1 I. 

a 
II 

I~ I ¢opMynoil: 

HOpMHpOB8Hhl YCltOBHeM 

B aarrHcH / 1.1 I o6Hapy >I<IIBaeTcSI TecHaSI CBSI3b Me >K LlY arrrrapaTOM, HCII011b3 0BaHH biM B 

/ 3/ 
TeOpHH M8)f{OpHpOB8HHSI rpa<lJoB ¢eil:HM8H8 , H yp8BHeHH51MH !1 1151 OC06biX ToqeK LlHarpaMMbl. 

KpoMe TOro, ypaaHeHH51 /1.1/ aaiOT rrpaKTHqecKH yao6Hoe cpe 'lCTBO !11151 HaXO)f{aeHH51 co6-

cTaeHHhlX OC06eHHOCTeil: KOHKpeTHhlX Ll H8rpaMM, T8K K8K OHH Il03B011SIIOT Bhl p 83HTb BC e HM

IIY11bChl H8 oco6oil: IIOBepXHOCTH qepea MHHHM.11bHOe qHC110 He38BHCHMhlX BeKTOpOB. 0co6eH -

HO ynpOlU8IOTC51 BbiK118LlKH B C11yqae, KOr!la LlH8rpaMM8 CHMMeTpHqHa H BCe M8CCbl p8BHbl 

/!18)1{9 9C11H B LlHarpaMMe HMeeTC51 HeCK011bKO Hea aBUCHM biX KOHTypoB / . 

B HacToSI'wel! aaMeTKe M bi rrpoKII11IOCTpHpyeM acpcpeKTHBHOCTb ypaBHeHHll / 1.1 I Ha Hec-· 

KOlibKHX HeTpHBH811bHbiX IIpHMepax. \-1ayqeHH e T8KHX IIpHMepOB II011e3HO Ll11SI IIpOBepKH crrpa

Be!lltHBOCTH pa311HqHhlX rHIIOTeTe~ecKHX crreKTpanbH hlX rrpeacTaBneHHl! IB rrepByiO oqepeab 

Ll11SI !IpOBepKH npe!lCTaBneHHSI JV\aH!lelibCTaMa / . 0TMeTHM, OLlHaKO, qTO ueHHOCTb IIOll 06HbiX 

HCcneaoaaHHll aecOMHeHHO BoapacTeT, eanH 6y aeT Hail: ae H o6wHil: a11re6pa~ecKH l! KPHTe pHil:, 

II03B01ISIIOLUHII pewaTb, K8KHe KOMII119KCHbie TOqKH, YLlO BII e TB OpSIIOWHe ypaBHeHHSIM OC06oi1 
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noaepXHOCTH, .aeitcTBHTellbliO SJBliSIIOTCH OC06 b!MH TO'IKaMH Ha ~1!31f'!eCKOM lii!CT e 

aMnnHTY.ll bl . 

§ 2. DHarpaMMa pacceSJHH SJ c Tpex'laCTH 'IHbiM npoMe >K yTO'IHbiM cocTOSIHKeM 

8 Ka'!eCTBe nepBOI"O npHMepa paceMOTpHM A HarpaMMy pacceSIHHSI 'l aCTHU C OAHHaKOBOH 

Maceol!: I m = 11, H306pa >KeHHYIO Ha pHe. 1 

M=l 

PHe. 1 PHe. 2 

'HopMallbHble' noporH sTol!: .aHarpaMMbi I SJBliSJIOutHe cSJ oeo6eHHOC T SIMII HH3WHX .o:Har paMM I 

paBHbl 
s = 9, t = 16. 

12.1 I 

M bl Hal!:.lleM see OeTallbHbie oeo6eHHOeTII rpa~a pHe. }, KOTOp bie CKli8AbiBaiOTC SJ H3 C06CT BeH-

11 21 
HbiX oeo6eHHOeTell: &TOI"O rpa¢a ' H 113 oeo5eHHOCT e li rpa ¢ o s, nony'!eHH blX CT SJ I"IIB8HIIeM 1IP.-

HHH 6 Rliii liiiHHR 5 B TO'IKY lnepablli H3 9TIIX rpa¢os H306pa>KeH Ha pile 2 1. noKa>KeM, 'IT O 

Ha cPH3H'IeeKOM liHeTe Y BKli8A8 OT AllarpaMM bl pHe. B aMll li HTYAY pac c eSIHIISI HeT KOMrr-

nexeHbiX oeo6eaaoeTeli no np11 se w ecTBeHHhiX s 

Ha'!HeM e 113y'leHHSJ eo6cTBeHHbiX oco6eHHOeTeli A HarpaMMbi pt-1c. l. Bae.o:eM crre.o:yiOwHe 

o5o3Ha'!eHHst: 

I" Ae B9KT0pbl 

>. =I R l =v R2 
, y y y 71,, = 

(R, R.,) 

>., >.., 
/2 ,2 1 

Ry 3a.o:aHbl ¢opMynoli 11.21. Yl3 11.21 eneayeT , 'IT O cyM M a s eK'i'Opo s R 
y no 

n1060My 3aMKHYTOMY KOHTYPY rpa¢a pasHa HyniO. TaKHM o6pa30 M, Mbi norryqaeM TpH Hesa-

BHeHM b!X BeKTOpHbiX paBeHeTBa: 

R
1 

+ R 
3 

+ R s"' 0 , R 
2 
+ R 

6 
+ R 

4 
= 0, R+R+R =0. 

3 4 7 
12.3 1 

Ycnos11 e , 'ITO BHeutHHe HMnynbehi p
1 

ne>KaT Ha noaepxH oeTII Mace 

p 2 = P 2 = P' = P 2 = 1 , 
12.4/ 

1 2 3 4 

.o: aeT '!eT blpe A OliOliHIITellbHbiX eBS!3H Ha napaMeTpbl A II l1 I a e11 11y 11.11 I. HaKoHeu, 

paBeH CTBO HYliiO BHeutHero HMnyllbCa B y311e 5 npHBOLlii T B Clfli Y 11. 3/ K COOTHOUleHIIJO: 

_!1_ +~ =~+~ 12.51 
>..3 >.. 6 >.. 4 >.. $ 
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Hawa ue Jib - B hip a 3HTb Bee napaMeTp bi Av H 7ljj '19p93 OLlHH H3 HHX 1HanpHM9p 1 qe-

pe3 A/ A 
1 

I npH noMOWH ypa BHeHHl!. 12.21-12.51 H noacTaBHTb nony'leHHbie Bhipa*eHHSI a ypas-

HeHHSIX LlJHI S H 

s = (p + p / = .3-2(71 + 71- 71 ) , 
1 4 $5 37 57 

2 
= ( p + p ) 

1 3 

12.61 

Ha MeT HM OCHOBH b!9 9T8fibl 9T ol!., B npHHUHfi9 aneMeHTapHOl!., HO BeCbMa rpOM03LlKOA npoueay-

pbi HCK n!O'l9HHSI 2 1 napaMeTpa 71;j H wecTH napaMeTpOB 

P a BeHcTaa 12.31 Bbipa* aiOT TOT loqeBHLlHbil!. reoMeTpH'IecxHI ¢aKT 1 'ITO aHarpaMMa 

pHC. 1 COCTOHT H3 T p ex Tpeyro llbHHKOB, o6pa30B8HHhlX COOTB9TCTBeHHO H3 BeKTOpOB 

H • ,ileBSITb H3 LlB8LlU8TH OLlHOrO napa-

MeTpa 71 .. Or:peael!SI!OTCSI T8M 1 'ITO OHH paBHbi , C TO'IHOCTb!O LlO 3H8K8 1 KOCHHyCaM yrliOB 
I ] 

B 9THX TpeyrOllbHHKaX : 

12.1 I 

l p aB9HCTB8 12.11 MOryT 6hlTb 1 KOH9'1HO, ITOlly'leHhl H 'IHCTO 8H8liHTH'I9CKH H3 ypaBH9HHA 

12 .3 1 I. YMHO*aSI c x anspHo aa v = 11 ••• 7 I xa*aoe H3 ypaaaeaHA 12.31 1 Mhi 

nonyqaeM 1 Hapsay c paaeHcT BaMH THna 12.1 I 1 ewe cneayiOwHe 9 HeaaBHCHMbiX ypaaHeHHA: 

rae 

2 2 2 2 

Y. = '12 (A +A -A -A
7

) 
14 1 4 5 

2 2 2 
y = '!2 (A -A -A ) 
16 2 4 6 

y 
36 

-y 56 

- y 57 ' 

- Ys6 

YpaaHeHHe 12.51 axBHBaneHTH0 1 co csoel cTpOHhl, 

5 

+ Y, 7 • 

(28) 

12.91 

CHCT9M9 CX8l!S!pHbJX ypaBHeHHl!.: 



7136 = 71 45. 7134 = 71 56. 
71 = 71 • 

35 46 
71 +71 -71 = l. 

34 3 5 3 6 12 . 10 1 

YpaBHeHHR /2 .7 / - / 2.10 / n 03BOJIR !OT nerKO Bhrpa3 HTh Bee KOCHHYChl 71 ij q e p e3 anHH hl All 

neoeiiaeM T e neph K HCKnJOq eHH !O napaMeTpOB All • P a BeHCTBa p2 = p 2 = 1 
2 4 

MoryT 6b!T h 3 8llHC8Hbl B BH lle: 

711 5 = 712 6 = V2 ' / 2.11 I 

rae 71 H 71 Bbrpa * a iOTCR qepe3 
15 2 6 /12/ 

ypaBHe HHii / 2.3/ / eM. ' I cnea y eT, qTo 

A ll llOCpeacTBOM /2.7 / . J.1::1 YC liOBHSl COBM ecTHOCTH 

[((71 ,71 ,71 )= K(71 ,71 1 71 )= K (71 ,71 ,71 )=0, u 13 3$ 34 37 41 :u 46 24 
/ 2.12 / 

rae 

K ( z
1 

, z 
2

, z 
3 

) -= z~ + z} + z J - 2 z 1 z 
2 

z 3 - 1 . /2.13/ 

J.13 / 2.10 / - / 2.12/ cneayeT, '{TO yrllhl B TpeyrOlihHHK8X CO CTOpOH8MH /1 , 3,5/ H / 2,6,4 / 

COOT BeT CTBeHHO paBH hl, H, Cnea OB8T9lihHO, :3TH aBa TpeyrOJihHHKa noao 6Hbl: 

~ ~= ~ = p / 2.14/ 

A I AJ A5 

C apyrol\ CTOpOHbl, H3 / 2.11 / H8XO a RM 

A5 = V2( y 4A 2
3 - 3A:- A1 ) • /2.15 / 

PaaeHCT Ba p2 = p2 = l c yqeToM /2.14/ H 12.151 Mory T 6b!Th npHBea eHh! K cpo pMe : 
1 3 

2 3 2 2 ~ 

(p+ l) A =[- ( p + l ) A +(p+l)A A +A (A +A )] %y4A2 - 3A2 + 
3 3 13111 3 1 

+Y2(3-p )(l +p ) A A2 +A3[(A1+ A7) 2 + 3P+ 1 X] + ~7 (A +3A ) , 
13 <) 1 2 1 1 / 2.!6a / 

2 3 2 2 2 2 
(p+ l ) A3 ='h [- (p+ ll A, + p ( p + l) A1 A3 + A7(A7 + pA 1)] y ti-A3 -3 At + 

/ 2 . 166 / . 
2 2 2 

+'h(1p- l )(l+ p)A1 A3 + A
3
[(pA

1
+ A

7
) + p/2 (3 + p)A

1
]+Y2 A

1
A7( A 7 +1pA

1 

Bbr'{HTa R / 2.166 / H3 / 2.l6a / , Haxo a HM : 

A ( l - p ) [ A + ( 1 + p ) A ] [ 1 A + 3 A +..) 1·A1 
- :'\>.. 2 l = iJ , 

I 7 3 3 I 3 I 

OTKyaa an g C06CT Be HH b!X OC0 6e HH OCT eA rpa cpa Ha ¢ H3H'{eCKOM liHCT e llOJiyqaeM 

p = 1, AI = A2 , A3 = \ , As= A 6 • 
12.17 1 

npH p Ka maoe H3 a ByX ypa BH e HH H / 2.1 6/ npHBO a HTC51 K BH a y : 

A ( A + A ) ( A t~ 2A ) l A 2 + :\ ( A - 2A ) A + 1A ~ A - A ) I = 0 
11 3 7 3 7 I 3 7 113 12.181 
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B cnyqae co 6 c T B<?.HHbiX oco6eHHOCTeif p accMaTpiiBaeMoro rpacpa, ne :>K aUliiX Ha cp11311'1ecKoM 

11 11 CT9 , miW b nocneLIHI!H MH O:>K I!Tel1b B / 2.18/ MO:>KeT o6p8Ul8TbCSI B Hynb . noaTOMy: 

A = 
3 

npl! 9TOM 3Ha'leHI!II ,\ 3 

2 2 
A7 +3AtA7 +3At 

3.\ 1 + 2,\7 

2 2 
2,\7 + 6.\7.\1 +3.\ I 

2.\ 7 + 3,\1 
A = 

5 
,\7 (,\7 + 2 ,\ I) 

2A 7 + 3,\1 

/2.19/ 

12.201 

noLlCT 8 B i1SISI /2. }7 / - /2 .20 / B peweHI!!I T/J.IY CIICTeMbl /2.8/ - /2.10/, Mbl nony'IHM B Cllny 

/ 2.6 / cneLiyiOwee napaMeTpH'!ecKoe ypaBHeHHe Lli1!! oco6oll: KpHBOli LIHarpaMMbi p11c 1: 

rLie 

1/ 3 ( s - 9) 2/,\ 1 2.\
2 

+ 5,\ + 6 

A ( .\ 2 + 3A + 3) 

•¢113H'!eCK a !I • BeTBb OC060li K p HBOH onpeLien!leTCSI ycnOBHeM, '!TO ilpll s~9 

/2.21 I 

/2.22/ 

I MO:>KHO il 0 K 8 38Tb H9 ilOC p eLICTBeHHbiM HCCneLIOB8HIIeM 8Mili111TY Ll bl, '!TO np11 BemeCTB9HHOM 

s~ 9 OHa He MO>K eT HMeTb KOMnneKCHb!X OC06eHHOCTell: ITO I . OT c IOLia cneLiyeT, 'ITO 

0C06ag Kp11B8!! H 8 cpH3 11'19CKOM 11HCTe npH S > 9 nonyqaeTC!I, KOrLl8 napa MeTp B 

/ 2.21 I aewecTBeHeH H nono :>K HTene H: 

0 < .\ < oo. /2.23/ 

A cHM!lTOTaMH oco6ol1 K pH Boi! !!Bi1!IIOTC!I np!!Mbie / 2.1/. B6nll311 9TIIX np!!MbiX oco6a!! KpiiBa!l 

yLioaneTBopgeT cneLiyiOWHM aCHMITTOTH'!eCKIIM coOTHoweHHSIM, nony'!eHHbiM 113 /2.21 I npH 

,\~ oo II A-+() 

72 + 21 /npH S-+ 9, t~oo I , 
s-9 

s = 96 + 8 /np11 t -. 16, s - Jo 00 / . 
t-16 141 

KaK H3BeCTH O , I e M ., H anpHMep, I y Ll llarpaMMbl pHC. 2 To :>K e HeT KOMnneKCHbiX oco-

6eHHOCTeli H8 cp H31!'19CKOM i1HCTe. 3TO MO>KHO y BHLICTb II H3110>KeHHbiM BbiWe MeTOL!OM, npH 

llOMOUlH KOTOpOrO Mbl llpiiXOLliiM K cneLiyiOWeMy ypaBHeHIIIO Ll i1SI C06CTBeHHb!X OC06eHHOCTeli 

rpacpa pHc. 2 H a cpH3H'IecKOM nHcTe: 

16 s(s-4) / s > 9 / . / 2.25/ 
(s-1) ( s -9) 

B TO'tHOCTH TaKI!e :>Ke oco6eHHOCTH H y Ll llarpaMM bi, nony'leH HOH 113 rpacpa pile. 1 CTSirHBa

HHeM i11!HIIII 5X/. 

x l 
p eaynbT8Tbl 3 TOrO napac_pa rp a llOK83bi B810 T Hellp8BH11bHOCTb OCHOBHOrO YTBep:>K Lie HII!I, 

cLienaHHoro B npenpiiHTe K HM a 
15 1 . 
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§ 3. LlHarpaMMa paccesHHSI, o6pa3oBaHHaH pe6paMH H aepwHHa M R TeTp a3a pa 

B Ka'leCTBe BTOporo npHMepa HailaeM co6cTBeHHhie oco 6eHH OCT H aRar paMMhi pacc es

HHR B <i:JopMe TeTpa3apa, H306pa )K eHHOH Ha pHC. 3 f 3TOT rpa<i:J HH O r D.a H 8 3 h! B ae TCH 

PHc. 3. 

16 I 11 I 
pacne'laTaHHhiM KOHBepTOM / eM I I. B 6hinH Hal! a eHhi co 6c T BeHH hie oco6eHHOCT H 3 T o r o 

rpa<i:Ja B Cnyqae, KOraa MaCChi Ha BC9X nHHHHX /aH y TpeHHHX H B H ew HH X / paBHhl M e)Kay co-

6ol!, 3aecb Mbl paCCMOTpHM HeCKOnbKO 6onee 06WHH cnyqal\ : n peanon O )KHM nHLUb , 'ITO Ma CChi 

Ha BHyTpeHHHX nHHHSIX, He HMe!OWHX 06WHX y3nOB, nonapHO paBHhl 1!: 'ITO B ee B H e WHI!: e Mac -

Chi paBHbi apyr apyry: 

m
1 

= m
4 

, 

p1 
J 

p1 
1 

m1 = m s' 

p1 
3 

p2 
4 

m
3

= m 
6 

, /3 .1 I 

M.1 / 3.2/ 

l-13 /3.1 I R /3.2/ cneayeT paseHCTBO anKH \ , /2.2/ Ha nHHHHX 1 H 4, 2 H 5, 3 H 6. 3To 

YTB9p)KJ:leHH9 MO)KHO aOK838Tb no aHaJtOr'HH C § 2, HCXOaH H3 nonHOH CHCTeMhi ypaB H8HHl! 

anR yrnoB H .llnHH, BXO.llRWHX B a HarpaMMy H ycTaHaBnHBaH paBeHCTBO Tp e yrOnbHHKOB C 

BepWHHaMH /1,2,4/, /3,4,2/ H /4,3,1 / , npowe MO)KHO npHATH K 3TOMy )K e 38KnJO'l8HHIO no 

cneayiOweil cxeMe, 

PaBeHCTBO KBaapaToB BHeLUHHX HMnynbc OB 3KBHBaneHTHo B3aHMHOA op T o r o HanbHOCTH 

BeKTOpOB 

q = p + p 
J J 1 

q 1 q 1 = q 1 q 3 = q 1 q 3 = O; 

q = p + p 
1 1 3 

q: = s, 

q = p + p 
3 1 3 

/ 3.3 / 

q: = t ' qJ = u 0 
/3 .4 / 

BeKTOpb! RV /},2/ HHB8pH8HTh! OTHOCHTe nbHO TpaHCnHUHH BC'3X Xi H8 oa HH H T OT )!{8 

BeKTOp. noaTOMy yao6HO BBeCTH BMeCTO B8KTOpOB X · 
I TpH H 8 38BHCH M hiX B e KT Opa f 

' 1 

e , e 
1 

onpeaenH8MhiX p8B8HCTBOM 
1 3 

px+px + px + px = q .f +q.f +q ~ 
11113344112133 

V'f3 cpaBHeHHSl / 3.3/ H /3,5/ H8XOaHM cne a yiOWHe CBH3H Me >l<a y BeKTOp8MH 

X -X = e t ,; , 
1 4 1 2 

x-x =( +( , 
2 4 1 3 

x -x = f, +e 
3 4 2 3 

8 

X 
I 

/3 .5 / 

t: 
H '> I 



1: ( ) t:
2 

=ILl (x
1 

- x. +x.-x, ), ~.= ~(-x 1 + x.+ x.-x,) s, = ~ x+x-x-x, s. r; • ~. • • ~· 
1 1 1 3 4 IS.61 

no/lb3YHCb YC/10 BHHMH OpTOI'OHa/lbHOCTH /3.4/ H paBeHCTBaMH /3.1/ 1 MO)K HO liOK838Tb IHCXO -

a H H3 napaMeTpH'IecKHX ypa BHeHHA /1.1/ I I 'ITO BeKTOpbl nonapHO OpTOrOHa/lbHhl; 

/S.7/ 

OTc10aa HenocpeacTaeHHO cneayeT paBeHcTBO anHH aecoceaHHX CTopoH TeTpasapa: 

/3.8/ 

KaaapaTbl BeKTopoB ~ Bbipa)KaiOTCH 'lepe3 anHHbl A no ¢opMyne: 
I 

i = 1, 2,.3, /3.9/ 

rae (i,j,k) - nepecTaHOBKa 'IHcen 11.2,3/. 

8 CHilY / 1.1 / H /3.3/ - /3.6/ ypaBHeHHH OC06olt KpHBOA aHarpaMMbl pRe. 3 npHHRM810T 

2 2 2 2 
2 ( _!!!J + __!!1L ) ( A, + AJ- A 2) , 

At AJ 

2 1 2 2 
u = 2 ( .-!!!..L + ..!!!.....3 ) ( AI + A 2 - A 3 ) • 

A, A2 

8 CH/IY oaHOpOaHOCTH npaaolt '18CTH / 3.10/ OTHOCHTe/lbHO nepeMeHHble s 

u 38BHCHT /lHWb OT aayx He38BHCHMblX napaMeTpOB /HalipHMep 1 OT OTHOWeHHA 

~ I . OaHH H3 HHx aeo6xoaHMo HCK/liO'IHTb H:a ycnoBHH 

A 3 s + t + u = 4M
2 

I 

x/ 
KOTOpOel B CH/IY /3.10/ 1 MO)KeT 6b!Tb 38liHC8HO B BRae 

M 2 - m2 - m 2 - m2 = m m m I __ Al_ ( ~ + ~ - ~ ) + 
1 1 3 1 1 3 A A m m. m 

1 .2 3 2 ~ 

B cnyqae paBHhlX Mace Ha BHyTpeHHHX /IHHHHX 

ypaBHeHH 9 /3. }}/ ynp o m aeTCH H1 H8K/l8abiB8H HOpMHpOBO'IHOe YC/lOBHe 
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