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KuHeTH'IecKoe ypasHeHue EonbuMaHa c y'leTOM Teopuu OTHOCHTenbHOCTH H rpasHTaUHH 

Ill 
3ltHWTeltHa nony'leHO H HCcne.a;oBaHO B pa6oTax • CHCTeMaTH'IeCKOe paCCMOTpeHHe ::!TOll 

/2-4/ /5/ 
npo6neMbl Ha'laTo B pa6oTax • H.H.Eoromo6oB IIOKaaan, KaK MO:IKHO S HepenSITHSHCT-

CKOM cnyqae IIpHllTH K KHHeTH'IeCKOMY ypasHeHHI0 1 ' HCXO.D:SI H3 MexaHHKH CHCT9Mbl 'laCTHU 1 H 

_TeM caMbiM ycTaHosun onpe.a;eneHHoe oTHOWeHHe KHHeTuqecKoro ypasHeHHSI K ~exaHHKe. Bsn.a;y 

8TOrO cpopMynupOBKa H HCCne.a;oBaHHe pemJTHBHCTCKOrO KHHe.TH'IeCKOrO ypaSH9HHSI npe.D;CTaBnSIIOT 

UHTepec u s CBSJ3If c paasuTneM penSJTI~BHCTCKoll MexaHHKH. B .a;aHHoll pa6oTe us penSITHSHCTCKo

ro KUH8TH'IeCKOrO ypasneHUSI Bb!BOLJ;SITCSI penSITIIBHCTCKII9 ru.a;pO.D;HHaMH'IeCKH9 ypaBHeHHSI LJ;HCCH

naTUBHb!X npoueccos, npoTeKaJOWHX B rase. nocne.D:HIIe 6binH ussecTHbi .a;o cux nop nHWb s 
• /6/ . 

'IUCTO cpeHOMeHonorH'I9CKOM acneKTe • 3.a;ecb ycTaHaSniiSaeTCSI S penSITHSHCTCKOM cnyqae He-

llSBeCTHaSI paHee saBHCHMOCTb K08cpcpHUHeHTOS TennonpOSOLJ;HOCTII H SSISKOCTH OT .D;HcpcpepeHUHanb-

Horo ceqeHHSI ssauMo.a;ellcTBHSI qacTHU rasa 11 OT noKanbHOlt TeMnepaTypbi rasa. PeweHIIe sa-

. . 6 . /7/ 
.a;aqu Ll:OCTHraeTCSI MeTOLJ;OM MOMeHTOS 1 paspa OTaHHbiM S HepenSJTIIJ:}IICTCKOM Cnyqae f'pa.D;OM • 

4T06bJ nepeHeCTH MeTOLJ; MOMeHTOB Ha penSITIISHCTCKHlt cny'lalt, IIOTpe6osanOCb penSITIISHCTCKOe 

o6o6rueHue nonnnoMos 3pMuTa-4e6blwesa. HecKonbKO nepsbiX TaKHX nonHHOMOS npaso.a;HTCSI s 

LJ;aHHOit pa~oTe. npe.a;nonaraeTCSI 1 'ITO see 'laCTIIUbl rasa OLJ;HOro COpTa II 'ITO CTOnKHOSeHHSI 

qaCTHU ynpyrue. 

06osHa'IIIM 

( 1 ) 

(2) 

- MOMeHTbi OTHOCIITenbHO cpyHKUHH pacnpe.a;eneHHSI rasa A( x, p) H IIHTerpana CTOnKHOSeHHit I( x,p). 
/2/ • n 

Yfs ypasHeHHSI nepeHOCa .D;nSI cpyHKUHII ( ,;(x), p) cne.a;yeT ypasaeHHe MOMeHTOS: 

(3) 

nepBbiit MOMeHT Aa{3 (x·' COSna.a;aeT C SeKTOpOM IIOTOKa 'laCTHU rasa. BTopolt MOMe~T ~ 

/2/ 
cosna.a;aeT c TeHsopoM aHeprnn-HMIIynbca rasa. B pa6oTe .a:oKasaHo, 'ITO Hynesoa MOMeHT 

I(x) u nepsbiA MOMeHT I fJ (x) pasl!bi ayn~, a, cne.a:osaTenbHO, 

a 
V A =0, 

a 

a{3 , 
V A =0. 

a 

(4) 

Bsn.a:y paseHCTBa (p,p)=m 2 c 2 . MOMeHTbl OTHOCHTenbHO A ( x,p) H 

KaK 'i soo6rue . OTHOCHTenbHO mo6olt cpyHKUHH B ( X,p) I o6na.a:aiOT Sa:IKHbiM CSOltCTSOM 

(5) 

B 'laCTHOCTH, ecnu Macca noKOSI m qacTllUbl rasa pasua HynJO, TO cne.a: n106oro MOMeaTa 

pasea Hyn10. 
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KaaapaTH'LHBH ¢opMa Aa{3 (x)f.a f. {3 oT f. nono:>KHTenhHO onpe.neneHa, Cneao-

BaTenbH0 1 CYW9CTByeT O.D.H8 H TOnhKO O.D.H8 C00CTBElHH8H IlpHM8H T9HSOpa 9HeprHH-HMIIynhC8 
{3 . . 

( A a{3f. .. I' f. a ) I ne:>Kawag BHYTPH caeToaoro KOHyca. 0Ha onpeaengeT CKopocTh u(x) MaCChi 

rasa B TO'!Ke X 

{3 

Aaf3 u = I'(O) u a ( u, u) .. 1, u
0 

> 0. (6) 

Co6cTBeHHoe quciiO I' nono:>KuTenhHo, ocTanbHbie coocTBeHHhie qucna I' · , I' , I' 
(0) (I) (:l) (3) 

•J 
oTpHuaTenbHbi, CKangp I' c ·HBnHeTcs nnoTHOCThiO MaccM rasa B TO'!Ke x • CKanHp 

~) . 

p (x)- + [ l'(o)- m
2

c
2 

A(x)] =- -;-[ I'(JJ+ IL( 2)+ ILm] (7) 

HBnHeTCH cpe.D.HHM rH.D.pOCTaTH'!9CKHM aaBn9HHeM rasa B TO'!Ke X 

Mbi npuxo.aHM K penHTHBHCTCitoit rHapo.D.HHaMHKe 6es .D.HCCHIIaTHBHbiX rrpoueccoa, rronaraH 

a(x) -(>.(x), p) 
A ( x,p ) "' 4'iT e (8) 

H IIO.lJ.CT8BnHH B ( 4) MOMeHTbl OTHOCHTenbHO ¢YHK~HH pacnpea~neHHH ( 8) • 

.llnH Y:'LeTa Lj.HCCHIIaTHBHbiX rrpoueccoa, rrpoTeKarowux B rase, ny:>KHO aocrronhsoBaTbCH 

6onee TO'!Hb!M Bb!pa:>KeHHeM ang ¢YHKUHH paCIIpeaeneHHH: 

rae 

A (x,p).. 1 -(A, p) rrre 
a 

a+ a Ha --- + 
.j(A, A) 

aaf3 Haf3 + 

2(A,A) 

ba Ha% 

5v(A, A) 

/L 
Ha =haiL f. ' 

/L v 
Ha{3 • hall ~v f. f. - f. o h a{3 

{3 v p 
Ha{3 .. [S~o- ~pf. f. ] h t:/L 

aiL "' 

ha{3 ua u{3 - ga{3' 

a --a f. · = .j(A,A) p , 

a a 
.\ = yr;;:;xJ '! . 

I ' 
(g) 

( 10) 

( 11 ) 

Tensopb! ( 10) npe.acTaBnHIOT co6olt penHTHBHCTCKoe o6o6weHHe rronHHOMOB 3 pMHTa-4e6biWeaa. 

a · a a~ a{3 {3a 
Mo:>KHO C'LHTaTh, '!TO a u =· 0 , b u = 0, a u~= 0, a =a . . a a ~ 

YcnoBHMcH, '!TO aeKTop U (X) B (g)-( 11) IIpe.D.CTaBnHeT CKOpOCTb MaCChi rasa, 3To 

OSHaqaeT, '!TO OH ,ZJ,On:>KeH Ob!Tb COOCTBeHHblM BeKTOpOM BTOporo MOMeHT8 OTHOCHTenbHO ¢yHK

UHH (g). OTero a a cneayeT a a = b a. KpoMe Toro ycnOBHMCH, '!TO cpeaHee rHapocTaTH'!ecKoe 

.D.8BneHH9 OIIpeaenHeTCSI y:>Ke noKanbHO-paBHOB9CHOli: '!8CTb!O (8) CYMMbl (g), 0TCIO.D.8 HaXOllHM 

ha{3 aa{3 .. 0 • TaKHM o6pasoM, B paccMaTpHBaeMOM npH6nH:>KeHHH ¢yHKUHH pacnpeaeneHHst ra

sa sa.aaeTCSI TpHHa,D.UaTb!O KOMIIOH9HTaMH: q9Tb!pbMH KOMIIOHeHTaMH BeKTOpa A(x) , O.D.HOlt 

CK8nHpHOlt ¢YHKUH9lt a(x) 1 Tp9MH HeSaBHCHMh!MH KOMIIOH9HTa_MH B9KTOp8 a a (11:) H IIHTb!O Hesaau-
. a{3 

CHMb!MH KCMIIOH9HTaMH T9HSOpa a (x) • 

.llnH HX onpeaeneltHH Heo6xo.D.HMhi TpuHaauaTh ypaaHeHHlt MOMeHTOB, Mbi aomKHbi coxpa

HHTh, IIHTb ypaaHe-HHlt ( 4) 1 0Sli8'!810WHX coxpaHe!IHfl 'LHCna '!8CTHU 1 HMIIynbCa H S!leprHH, 4T00bl 

CT/LV /LV 
ycTaHOBHTh aononHHTenhHbie aoceMb ypaEmeHHlt, paccMoTpnM TeHsop TILv .. v A -1 · 

CT 
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B cBny paseHCTBB (5) B nepsoro ypasHeHBH (4) ero cnea paseH Hynro. TaKHM o6pa30M 1 TeH3op 

T!Lll BMeeT aeBHTb He38BBCB,Mh!X KOMUOHeHT, EcTeCTBeHHO OT6pOCHTb ypaBHeHHe U IL U 11 yllll"" 0 

B He UpHHBM8Tb ero· B pacqeT T8K )Ke 1 K8K H BCe Bh!Cll!He ypaBHeHHH MOMeHTOB, 0CT8IDTCH 

5 + 3 He38BBCHMhlX ypasHeHHll:: 

(12) 

3TH ypasHeHBH BMeCTe C ypaBHeHHHMH (4) o6o6lll8IDT Ha penHTHBBCTCKHll: cnyqall: TpHHaauaTb 

ypaBHeHHH rpaaa, Mhl paCCMOTpHM 9TH ypasHeHHH B TOM nnaH8 1 K8K 9TO caenaHO B HepenHTH

/8/ 
BHCTCKOM cnyqae B KHHre 30MMepcpenbaa 1 'iT06hi Kp8T'i8itlliHM ny'l'eM UpHli:TH K ypaBH8HHHM 

penHTHBHCTCKOfi rHapoaHH8MHKH, 

0603H8'iHM 

ellaz"'an 1 r az an -o,, p) 

411
.P ... p e 

MoMeHThl OTHOCHTenbHO cpyHKUBH ( 9) paBHbl. 

A ( x) "'a <ll, 
a a 

A (x) • a .ell + 

dP. 

a 
K, (y)a, 

f3 af3 6 6 a{3 
A a ( x) = a ell + ~ K3 (y) a , 

y 
y= mcy(A.,>..) 

2 me 
~· 

0 - noKBnbHBH TeMnepaTypa, Kn(y) - uunuHapH'ieCKllSI cpyHKUHH • .LJ.ng TpeTbero MOM8HT8 

HanHll!eM npH6nH)K8HHO AU!LY "'a ellull~ VIMeeM 

K, (y) K2 (y) cP h IL 
K -k- a "if, a , 

3 (y) ,.. 

( 13) 

( 14) 

(16) 

npa BbiBoae ( 16) HCUOnb30B8HO BTOpoe ypasHeHHe (4), CP - TennoeMKOCTb raaa Upll UOCTOSIHHOM. 

aasneHHB, npuxoaHlllaHcH Ha oaHy qaCTHUy. 

KsaapBTH'iHb!ll: qneH a(~ a (x) B HH'l'erpane CTOnKHOB8HHll: HC'Ie388T, npeHe6perag qne-

HoM, He coaep*BlllHM a (x) I H8XOJ:1HM 

af3 a {3 {3 a a{3 
I =aD[a>..+a'A]-aBa, 

B =__!£I 4o b (0)- 21 Ob'(O) + 3 o' b"(O) I, 
15 

D =E-120b(0)-70b'(0}+0'b"(O)l, 
15 ' . . 

b (0) = J S ( p) ( p ' + m ' c ') 
K ( 2y(p)) 

[ 2y(p) ] 3 

dp , y (p) = .Jf):;iJ v pH m:lc '· 

0 
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(17) 

( 18) 

( 19) 



S(p) Bblp8:lK89TCSJ qepe3 .OHcpcpepeHUHanbHOe C9'19HH9 B CHCTeMe U9HTpa H~epUHH !ia=h(<p,q>, 

cosO) sin OdOd¢ cne.OYJ?lUHM o5paaoM: 

s ( <p,q> 

..j(p+ (/} p+ q) 

" 3 )=2rr ( h(<p,q>, cosO) sin 0 dO, 
0 

<p, q>=..j(p,q)• -(p,p)(q,q). 

no.ocTaBnHst (15); (16) H (17) B (12) 
1 

H8XO.OHM 

rr!c 5 

K 3 (y) Ill ll V uf:3 + h; V u - 2/3 h {3V aaf3 =-
y"B all lla all 

a =·- m 6 c 6 K (y) [ Kz (y) ] ~- hll V en a a y'l D 3 K
3 

(y) k a ll 

'. 

(20) . 

ull I , (21) 

(22) 

BbipameHHst (21), (22) cne.oyeT no.ocTaBHTb a (14) H nony'!eHHbie TBKHM o5paaoM A a 11 Aa(3 

nO.ll'IUHHTb ypaaHeHHstM (4). B peaynbTaTe. Mbi npH.oeM K penHTHBHCTCKHM rH.opo.o~HaMH'IecKm.! 

ypaBH9HHSJM .OHCCHUBTHBHb!X npOU9CCOB, npOT9K810lUHX B 1'839. 

KoscpcpHUHeHT Tennonpoao.QHOCTH K paaea 

K= 
rrl o ctt 

TD 
K

2 
(y) K 

3 
(y) c P (23) 

KoscpcpHuHeHT Bst3KOCTH 71 paaea 

rrfl II 
71 = c K (y) K (y) 

,ys B 3 3 
(24) 

BTopolt Ko_scpcpHul!eHT Bst3KOCTI! ' . paaea Hynro. B HepenstTHBIICTCKOM npe.oene K 

BIICHMO OT Bl!.ll8 .011cpcpepeHU1!8nbHOI'O C9'19HI!SJ. 

lSk HeGa-
71 4lil 

npH UOCTOSJHHOM .OHcpcpepeHUHBnbHOM C9'!9HHH 

h(<p,q>,cos0)=_5!._ H npHm=O HM99M 
. 4rr 

K = .3ck 

2a 

6 K .,= , -
sa..;o;;xr ., 

Sc
2 

40 
(25) 

B 3aKnro'!eHI!e aaTop BhipamaeT rny5oKyro 5naro.oapHOCTb H .H.Eoronro5oay aa HHTepec 

K pa5oTe II U9HHbl9 .llHCKyCCI!H, 

lli!TepaTypa 
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