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AHHOTauHSI 

.Lla HO orrpea eneHHe TeopHll: Knacca A , B KOTOph!X B38HMoaefiCTBYIOlUH9 IIOnSI o5naaa-

lOT OIIpeaeneHHbiM CIIHHOM. YcTaHOBJ19Ha rny5oKaSI CBSI3b 38KOHOB COXpaH9HHSI qHcna 5apHo-

HOB, CTpaHHOCTH, H30TOIIHqecKoro CIIHHa, a TaKme sneKTpHqecKOrO 38pSiaa C IIpOCTpaHCTBeH

HO-BpeM9HHbiM CBOfiCTBOM B9KTOpHb!X IIOnell: CO CIIHHOM 1 - CBOfiCTBOM o5na.o;aTb OIIpeaenea

HbiM CIIHHOM. TaK cyruecTBOB8HHe HCTHHHO HefiTpanbHbiX rronefi CO CIIHHOM 1 IHaiipHMep, cpo-

TOH8 HnH tiJ -M930Hal BneqeT 38 COQOii: HHBapHaHTHOCTH, COOTB9TCTBYIOIUH9 COXpaH9HHIO 

aaaHTHBHbiX KBaHTOBbiX qHc en I HarrpHMep, sneKTpHqecKoro 3apSiaa HJIH cTpaHHOCTH I. Cyrue

CTBOBaHHe 38pSim9HHbiX rroneii: CO CIIHHOM 1 IHaiipHMep, p - Me30Hal IIpHBOLJ;HT K HUBapH

aHTHOCTSIM THrra H30TOrrHqecKoll:, H i.a . .LloKa3aTenbcTBo rrpoBoaHTCSI rryTeM aHanH3a HaH5onee 

o5ruero nOK8JibHOrO penSITHBHCTCKH HH58pH8HTHOrO narpaHmHaHa anSI IIpOH3BOnbHOfi CHCTeMbl 

~106oro qHcna B3aHMoaeficTBYIOIUHX rronell: co CIIHHaMH 1, 112 H 0. EaHHCTBeHaoe IBpeMeaaoel 

orpaHHqeHHe - 5e3pa3MepHOCTb KOHCT8HT CBSI3H. B TeOpHSIX KJ18CC8 A Kamaoe B38HMO.o;eficT

ByiOIUee M8CCHBHOe B9KTOpHOe none aonmHo y LJ;OBJ18TB0pSITb YCJIOBHIO nopeaua - YCJIOBUIO Bbi-

aenHIOIUeMy CIIUH H TeCHO CBSI38HHOMY C H80LJ;HOpOLJ;HOfi rpyrrrrofi nopeHua • .LlJISI BeKTOpHbiX 

rronefi c Maccoll: 0, BMecTo sToro, Tpe5yeTCSI rrpOU3BonbHOCTb ux 4 .o;HBepreHuHfi. KaK cnea

CTBHe M8TpUllbl, COCTaBneHHh!e H3 KOHCT8HT CBSI3H, C He05XOLJ;HMOCTbiO o5pa3yiOT anre5pbl nH, 
qTo H BneqeT 38 co5oii: YK838HHh!e Bbillle CBOfiCTBa CHMMeTpliH. CipyKTypHbiMH K09cpcpHUHeH

TaMH anre5p cnymaT KOHCTaHTbl CBSI3H anSI CaMOLJ;ell:CTBHSI B8KTOpHblX rroneii:. 
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l.BBeJJ.eHHe 

1.1. B CHnbHb!X B3aHMOJJ.eHCTBHS!X aneMeHTapHb!X 'laCTHU COXpaHSIIOTCSI TaKHe BenH'IHHhl, 

KaK H30TOIIH'IeCKHll CIIHH, CTpaHHOCTb H 'IHCnO oapHOHOB. Ha rrepBblll B3I'nSIJJ.I 9Ta rpyrrrra 3a-

KOHOB COXpaHeHHSI H COOTBeTCTBYIOll.lHX HM HHBapHaHTHOCTeli: ~HKaK He CBSI3aHa CO CBOli:cT-

BaMH rrpocTpaHCTBa - BpeMeHH MnHKoBcKoro. B To me BpeMSI apyrne 3aKOHhi coxpaHeHHSI -

aHeprnH-HMIIy nbc a, MOMeHTa KOnH'IeCTBa JJ.BHlli:eHHS! SIBHO CBSI3aHbl CO CBOli:CTBaMH IIpOcT-

paHCTBa-BpeMeHH: OJJ.HOpOJJ.HOCTbiO H H30TpOIIHOCTbiO. 

CaenaHHoe B aHHOTaunn yTBep)KJJ.eHne o BHYTpeHHeli: CBSI3H rrepBoli: rpyrriihi 3aKOHOB cox-

paHeHHSI C IIpOCTpaHCTBeHHO-BpeMeHHb!M CBOHCTBOM BeKTOpHb!X rroneli: oonaJJ.aTb orrpeaeneHHblM 

CIIHHOM 3BY'IHT HeOlli:HJJ.aHHO, li Mbl IIOIIpooyeM IIOSICHHTb ero. B TeOpHS!X Knacca A 
/1 I 

KOTOpb!e OOCylli:JJ.aiOTCSI B § 2, H3 ypaBHeHHli: JJ.BHlli:eHHSI JJ.nSI BeKTOpHb!X II,Oneli: 

0 b 
1 -a a b

1 
-

2 
b 

1 

ll ll v v ml ll j 
ll 

/1 I 

ITOKH cyTb HeKOTOphle KO~OHHaUHH H3 rroneli:, BKniO'IaSI liOnS! bl I aonmHo cneao-

BaTb, 'ITO CIIHH Kalli:JJ.OI'O liOnS! 

ll 
paBeH 1, T.e., 'ITO BhiiiOnHSieTCSI anbTepHaTHBa 

/1-3/ 
TaKlli:e I. 

a b
1 ={ 0 

ll ll 
rrpOH3BOnbH0 1 

ecnn m:fo 
ecnn 

/eM. § 2, a 

/2/ 

Toraa TOKH JJ.Onlli:Hbl coxpaHS!TbCSI, all j~ = 0 , a aTo 03HaqaeT HHBapHaHTHOCTb TeopnH 

OTHOCHTenbHO HeKOTOphlX ¢a30BhlX rrpeoopa30B8HHH. 

1.2. K aKne HMeHHO HHBapnaHTHOCTH B03MOlli:Hhi H KaKOBa cTpyKTypa B3aHMOJJ.eli:cTBHli: 

9TOT BOIIpOC HCCneayeTCSI HaMH rryTeM HerrocpeJJ.CTBeHHOI'O aHann3a rroneBb!X ypaBHeHHll B 

paMKaX narpaHlli:eBa ¢opManH3Ma. narpaHlli:HBH BhiiiHChiBaeTCSI C HeOrrpeaeneHHbiMH K09¢¢nun-

eHTaMH IKOHCT8HT8MH CBSI3H/, H 1 KBK cneJJ.CTBHe TpeoOBBHHSI /2/
1 

B03HHK810T HeKOTOpb!e anreopa

H'IeCKHe COOTHOll.leHHSI, KOTOpb!M JJ.Onlli:Hbl YJJ.OBneTBOpS!Tb 9TH K09¢cPHUHeHThl. 3TH COOTHOme

HHSI 03H8'1810T 1 'ITO OIIpeaeneHHbie M8TpHUb1 1 COCTaBneHHbie H3 KOHCTBHT CBS13H 1 JJ.Onlli:Hbl oopa-

30BhiB8Tb anreo'pbl nn. 

M bl HCXOJJ.HM H3 Hanoonee oomero noKanbHOI'O penSITHBHCTCKH HHBapHaHTHOI'O narpaHlli:H

aHa JJ.nSI IIpOH3BOnbHOli: CHCTeMbl n!OOOI'O 'IHCna B3aHMOJJ.eHCTBYIOll.lHX rroneli: • CO CIIHHBMH 

1,1/2 H 0. npn aToM 3apaHee He rrpearronarqeTcSI HH coxpaHeHne 'leTHOCTH, HH cox~aHeHne 

'IHCna CIIHHOpHbiX 'laCTHU. EJJ.HHCTBeHHOe OI'pBHH'IeHHe, KOTOpOe rrpHHSITO H8MH B HSCTOS!ll.{eli: 

paoOTe, - oe3p83MepHOCTb BCeX KOHCTaHT CBS13H IB eJJ.HHHUaX h = C = J I. 3To npocTo 

03H8'18eT, 'ITO Ha J1.8HHOM aTarre HCCneJJ.OB8HHSI Mbl orpaHH'IHBaeMCSI rrepBbiM 'lneHOM pa3nome

HHSI narpaHlli:HaHa IIO pa3MepHOCTH KOHCTBHT CBSI3H. YJMeiOTCSI OCHOBaHHSI n~naraTb 1 'ITO BCe 

cymeCTBeHHbie BbiBOJJ.hl, OTHOCS!ll.{HeCSI K CBOHCTBaM HHB80H8HTHOCTH, OCTBHyTCSI HeH3MeHHbiMH 

H rrocne BKniO'IeHHS! B narpaHlli:HBH 'lneHOB C pa3MepHhlMH KOHCT8HT8MH CBSI3H. B3aHMOJJ.ellCTBHSI 
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Knacca A C 6e3pa3MepHhlMH KOHCTaHTaHT8MH CBH3H ecTeCTBeHHO Ha3B8Tb MHHHMan&HhlMH 

• x/ 
B3aHMOUellCTBHHMH 

1.3 B pa6oTe aoKa3aHo, "'TO B3aHMoaeiicTBHH Knacca A, Koraa crraH BeKTOPHbiX rroneii 

Bceraa paBeH 1, HC"'eprrbiBaiOTCH cneayiOIUH~ll cny"'aHMlf: 

a/ X oraa BeKTOpHbie nonH HeiiTpan&Hbi ll B3aHMOaeiicTByiOT qepe3 coxpaHHIOIUHecH To

KH, HallpHMep, "'epe3 TOKH, COOTBeTCTBYIOIUHe COXpaHeHHIO CTpaHHOCTH llnH "'Rena 6apHOHOB, 

/5/ /6/, 
npaMep rroao6HbiX nonefi - BeKTOH ¢ly am a a ll K o63apeBa-0KyHH Pa3yMeeTcH, TaKa e. 

TeOPHH 6y UYT HHBaoHaHTHbl OTHOCHTenbHO COOTBeTCTBYIOIUHX <!Ja30Bb!X npeo6pa30BaHHH, 

6/ noocTeitwefi B03M0:1KHOCTbiO anH OllHCaHHH 38pH:1KeHHOT'O BeKTOpHOrO llOnH HBnHeTCH 

cnyqafi, KOraa TpH BeKTOpHhle llOnH 06'beUHHHIOTCH B TpHnneT C paBHb!Mll MaccaMH, npa 9TOM, 

ecna caenaT& npeanonomeHae o coxpaHeHHH "'Rena crraaopHhlX "'aCTHU, To BCH TeopaH B ue-

noM 6yaeT H30TOilH"'ecKH HHBapHaHTHa, a BeKTOpHbiH TparrneT 6yaeT b -Me30HOM RHra-

/7/ 
~Hnnca , EcnH "'HCnO CllHHOpHhlX "18CTHU He COXpaHHeTCH, TO TeOpHH 6yaeT HHB8pHaHTHa 

OTHOCHTenbHO HeKOTOpOH HOBOH rpyllllbl <!Ja30BbiX rrpeo6pa30B8HHH 0 H30MOp<lJHOH H30TOilH"'eCKOH, 

B/ llanee, 6onee 6oraTble Myn&THilneTbl BeKTOpHbiX rronefi BneKyT 3a C06ofi 6onee Bb!CO

KIIe CHMMeTpHH B3aHMOUeHCTBHH; COOTBeTCTBYIOIUHe KnaCCH"'eCKHM rpyrrrraM npeo6pa30BaHHH: 

SU(11J (11= 3,4, ... ), 0(11) (11 = S, 6, ... ), 

a nHTH acKniO"'HTenbHhlM rpyrrrraM G2 , F
4 

, E
6 

Sp(y) 

, E7 

('11=4,6, ... ) 
/8-10/ 

E
8 

/eM, 063opb! H UHTH-

pyeMyiO TaM naTepaTypy I. Teopaa rronH, B KOTOpbiX nocTynapoBannc& TaKoro poaa CHMMeTpHift 
. ~I 

06cym:aanH rnewoy H renn-~ aHH 

1.4. TaKHM o6pa3oM, 3aKOHbi coxpaaeHHH rrepBoli rpynnhi aelicTBHTen&Ho CBH3aHbi c npoc-

TpaHCTBeHHO-BpeMeHHbiMH CBOHCTBaMH: H30TOilH"'eCKaH HHBapHaHTHOCTb CO CllHHOM 1 y p -

Me30Ha; coxpaHeaue 6apHOHHOrO "'HCna H CTpaHHOCTH CO CllHHOM } - y UBYX HefiTpanbHhlX 

BeKTODHhlX Me30HOB /no-BHUHMOMy, w -Me3oHa a eme oaHoro He OTKpbiToro llOK<.l Heft-

TpanbHoro Me3oHa /, Ecna 6bi cymecTBOBan OKTeT BeKTOpHbiX Me30HOB c paBHOli Maccoii, To 

eMy COOTBeTCTBOBana 6b! HHBapHaHTHOCTb OTHOCHTen&HO rpyllllbl SU(3) I HanpaMep, 

'eightfold way ' I H TaK aanee. 

06paTHO, llOH HanH"'HH TOrO HnH HHOrO 3aKOHa COXpaHeHHH ecTb MeCTO anH "'aCTHUbll 

o6ycnaBnHBaiOIUeft ero B03HHKHOBeHae, H M0:1KHO CTaBHTb BOilpOC 0 llOHCKe TaKOft "'aCTHUbl, 

8 6onee WHPOKOM nnaHe 9TO KacaeTCH He TOnbKO BeKTOpHbiX 3aKOHOB COXpaHeHHH, HO H apy-

rHX, HallpHMep, 3aKOHOB COXpaHeHHH 4 -aMrryn&ca, MOMeHTa H T .a. 8 Ka"'eCTBe llpHMepa 

yKa:>KeM Ha a6cOniOTHb!il: 3aKOH COXpaHeHHH "'HCna <!JepMHOHOB, 6naroaapH KOTOpOMY HMeOTCH 

MeCTO anH HCTHHHO- HeiiTpanbHOro Me30Ha CO CllHHOM l. CymeCTBOBaHHe TaKoro w <!JepMHO!l

HOro" Me30Ha HHayuapoBano 6bi yHHBeocan&Hoe BeKTOpHoe B3aaMoaelicTBae "'epe3 coxpaHHIO

maecH 'Hei!:Tpan&Hhle BeKTOpHble TOKH, H Morna 6bi 1 B llpHHUHile, llpHBeCTH K pa3nH"'HIO MaCC 

y aneKTpOHa H MIOOHa. 

x/ 
3To orrpeaeneHae 

B3aHMOaeiiCTBHe j 4 
jJ. jJ. 

paH:1KH8He a ... a - ieA 
~aHHOM/4/~ IJ. IJ. 

MHHHMan&HOCTH B cnyqae aneKTpOUHHaMHKH OUH03Ha"'HO BbiaenHeT 

H 9THM OHO nyqwe· 06b!"'HOrO llpaBHna 3aMeHbl B CB060UHOM nar-

1 He HBnHIOIUerOCH OUH03Ha"'HblM 1 KaK OTMe"'eHO rnewoy H renn-
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1.5, 0Tl'~:teTIIM, 'ITO Hai'In:eHHbie rpynnhl npeo6pa30BaHIIH OCT8BJHIIOT im~apHaHTHblM, B 

'IaCTHOCTII, II CBOOO.O:Hb!f! narpaHiKIIaH C!UfHOpHb!X nonei'! np!i COOTBeTCTBYIOIUeM Bb!OOpe· Mace, 

. 1111 1121 . 
Vfx MO)KHO paCCM8Tp11BaTb KaK OOOOIUeHIISI rpyH!lbl naynn H r!OPCII Ha. cny'I8H MHO!"IIX 

CIIIIHOpHb!X I!Onefi, 

1,6, nony'IeHHb!H HaMil BII.O: B3aiiMO.O:eHCTBIISI BeKTOpHb!X rronei'! B OCHOBHOM TaKOH me, 

KaK II y aBTOpOB MHOI"O'IIICneHHb!X pa5oT, KOTOpbre TpaKTY!OT BeKTOpHb!e nonS! Ha OCHOBe, TaK 

· · · . " 
5 

';,- · 17,13,41 I ... . · 13 141 , 
naGhrBaeMoro Kanll pOBO'IHoro np11Hn11na · n:pyr11e cc binKH eM, B ' I, 3To cxon:-

CTBO He cny'IaHHO H !JOycnosneHO TeM, 'ITO, Oilll, IIOCTY1IHpySI C CllMO!"O Ha'Iana CBOl'CTBa CHM-

MeTpllll IHaiipiiMep, 1130TOI!Il'IeCKY!O IIHBapllaHTHOCTbl II rronaraSI Macey BeKTOpHhlX rronefi, pas7 

HOH HYJJ!O, Tpe5yiOT n:anee "II OKanbHbiX" CBOHCTB CIIMMeTpiiH, 'ITO paBHOCIInbHO Tpe5oBaHH 10 

, 112,31 B, 
IIP01l3BOnbHOCTH all b ll ll TaKiKe Bbi.O:enSieT CnHH , TO X<e BpeMSI Mbi HllKaKHX 

CHMMeTPHH ne npep;nonaraeM, Mbi !IX Bb!BOLJ;HM. np!IHU!InHanbHOe OTnH'IHe HaWHX pe3yllbT8TOB 

u non:xon:a SICHO sun:no H3 cne.o:yroruei'! Ta5nuuhi 

CyruecTBOBanue BeKTOpHbiX 

nonei'! 

VI HBaPilaHTHOCTH OTHOC!ITenbHO 

npeo5pa3oBanufi c neGasuc SI ruu-

MH OT X cpa3aMH IHanpuMep, 

H3oTorru'IecKaSI I 

Ocnosnoll: npHnuun 

~acca seKTopnoro nona 

B11n: B3aHMon:ei'ICTBHa 

y aBTOpOB Kan!IOpOBO'IHO

HHBap!IaHTHbiX Teopufi 

"B hiBO.O:l!TCSI" I cpaKTH'Iec

KH nocTynupyeTcHIIcM, 

Hawy K~l!Tl!Kyl31 / 

nocTy nupy !OTCSI 

K anH5p<;>BO'IHaSI Hnsa

pHaHTHOCTb. C 38BHCSI

IUHMII OT X cpa3aMH 

0 

B hlBO.O:IITCa 

Y Hac 

nocTynupyeTCSI 

n:na MaCCIIBHO!"O 

BeKTOpHoro nona 

np01!3BOllbHO B 

cny'Iae MaCChi 0 

n!05ag 

Bca COllb HMeHHO B BeKTOpHbiX nonax: HMeHHO .O:lla TOI"O, 'ITo.fibi OHII I!Menll_ CnHH 1, Heo5-

XO.O:IIMbi Te HllH I!Hbi9 CBOHCTBa CIIMMeTpii'H, npoCTOTa. II H3aiUeCTBO CBOHCTB CIIMMeTp!III 1 Hpii

CYIUIIX TeopHaM Knacca A, snywaeT aan:e)Kn:y, 'ITO ecnH Obi y n:anocb nocTpOHTb anna paT, . . ' 

an:eKBaTHbiH H90.0:HOpO.O:HOH rpynne nopeHUa C COOTB9TCTBY JOIUefi KnaCC HcpHKaUH9fi B38HM 0.0: efi-

CTBY!OIUIIX noneii., npu KOTOpOfi nona H9 ObinH Obi OopeMeHeHbi nHWHIIMH KOMnOH9HTaMU, TO 

9TH CBOfiCTB8 CIIMMeTpllll CT8llH' Obi npOCTO O'I9BII.O:HbiMH, 

1. 7,, B § 2 o5cyiK.O:a!OTCa BOnpoChi, CBSI38HHbi9 CO Clli!HOM B381lMO.O:eficTBY!OIUero nonS! II 

onpen:enSIIOTCSI TeOpHH Knacca A. nocnen:yiOruHe naparpacpbi nocssrrueHbi nep e'IHcneHII!O scex 

TeopHlt .xnacca A, B § 3 non:po_ono paccMaTpHBaeTcsr npocTofi npHMep, KOTOpbifi nnniOcTpHpy.;. 

eT npHM9H<S~eMbiil non:xon:. 3aMe\l.aHHSI oo oorueil MeTO.O:HKe .cn:enaHbi_ B § 4. B § 5 paccMOTpe-

·no BGaHM on:eilcT'BHe npoH3sonbHOro 'IHCna BeKTOpHbiX nonen n:pyr c n:pyroM I" caMon:eltcTBHe .. I, 

BaaHMon:eltcTBHSI c nonSIMH co cnHnaMII 1/2 11 0 11 IIX csoilcTBa CIIMMeTpHII Hccnen:oBBHhi B 

B §§ 6 11 7. B 3aK1I!O'IIITenbHOM § 8 oocy)K.0:8IOTca nony'leHHbie pe3y1!bTaThl. 
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B npHnomeaHsrx 1 H n .npHBe.QeHhi HeKOTOphie KOHKpeTHhre peaJiii3aUHH anre5p nH H 

_ cooTBeTCTByrowHe B3aHMO.QelicTBHsr. B 'IHcne paccMoTpeHHhiX npHMepOB c aecoxpaHeHHeM 'IHc

na CnHHOpHh!X 'IaCTHU OTMeTHM B3aHMO.Qefi'cTBHe ".oeliTOHHO!'O nonsr". 0 TaKOM B3aHMO.QelicT

BHH MO:>KHO 5hiJI0 5hi !'OBOpHTb, Ha5paBUfHCb CMeJIOCTH onHChiBaTb .oeliTOH -cTaOHJibHhili 5030H 

co cnHHOM 1 H 5apHOHHhiM aapsr.ooM B ·= 2 - noneM B narpaameBOM cpopManHaMe. Tor.oa Mhi c 

He05XO.QHMOCTbiO npHlllJIH 5hi K "TpHnJiety" noneli C paBHh!MH MaccaMH, COCTOSI!lleMy H3 .oefi-

+ . . - + 
Toaa /1 , B = + 2/, aeliTpanbHoro 5osoaa /1 , B =0/ H aHTH.oeliToHa /1 , B ~21. 3Ta cHM-

M_eTpHsr aapywaeTcsr TT -Me30HHh!MH /a TaK:>Ke H HeKOTOphiMH Ll"Yl'HMH/ CHJibHhiMH B3a.HMO-

.oeliCTBH.IIMH.· noaTOMy Macca HefiTpaJibHO!'O ·5o30Ha, pacna.oarowe!'OC.Il Ha 3 n.HOHa /no.oo5HO 

W -'IaCTHue/ H Ha 5 nHOHOB, MO:>KeT Ha HeCKOJibKO COTeH MaB OTJIH'IaTbC.Il OT MaCChi .oeli

TOHa. 0.oHaKO aTO yKa3aHHe Ha cywecTBOBaHHe TaKO!'O,pe30HaHCH0!'0 COCTO.IIHH.Il O'IeHb cnop-

HO H MO:>KeT paCCMaTpHBaTbC.Il TOJibKO KaK HaBO.OSI!llee. 

2. CnHH BsaHMo.o en cTByrowero nonsr 

2;1.- B TeOpHH nonsr onepaTOphr nonsr KnaccHcpliuHpyroT no HenpHBO.OHMhiM npe.ocTaBne

HHRM ( f 1 k ) O.OHOpO.OHOli rpyrrnhi nopeHua /cKansrphi, CnHHOph!, BeKTOphi H T • .0./. 8 TO me . ' 

BpeM.Il cflH3H'IeCKHe BeJIH'IHHhi IHMnynhC, Macca, CnHH/ .IIBJ1.1IIOTC.Il nOH.IITH.IIMH HeO.QHOpO.OHOli 

rpynnhi nopeaua /rpynnhi nyaHKape/, npH'IeM onepaTOphi KBa.opaTa CnHHa· H MaCChi RBJIRIOT.CSI 

. . /15/ 
HHBapHaHTaMH aTOll rpynnh! 

C aTHM CB.Il3aHa Tpy.OHOCTb BBe.QeHH.Il noneli C onpe.oeneHHh!M CnHHOM B paMKaX O.QHO

pO.OHOfi rpy.nnhi. nopeHua: npHXO.QHTCSI .HCnOJib30BaTb BeJIH'IHHhi, o5na.QaiO!llH9 50JibillHM 'IHCJIOM 

KOMnOHeHT; 'IeM· H905XO.QHMO. nHWHHe CTeneHH CB050.0hl y TaKHX BeJIH'IHH /nHWHHe KOMnoHeH-

Tb!/ ycTpaHSIJOTCSI nyTeM HaJIO:>KeHHSI COOTBeTCTBY.IOWHX .QOnOJIHHTeJibHhiX yCJIOBHli /cM. 1 HanpH-

. /16//. ' 
Mep. • . 

no.o-qepKHeM,_ ,'ITO Hano:>KeHHe 05hi'IHhiX .QOnOJIHHTeJibHhiX YCJIOBHli Ha CB050.0Hhie nonsr 

tlJaKTH'IeCKH npHBO.OHT K BeJIH'IHHaM, npeo5pa3yiO!llHMCSI no HenpHBO.OHMhiM npe.ocTaBJI9HHRM 

HeO.OHOpO.OHOli rpynnhi nopeHUa, T.e. SIBJIRIOllllfMCSI co5CTBeHHhiMH cflYHKUHRMH onepaTOpOB 

KBa.opaTa CnHHa '~ 2 H KBa.OpaTa MaCChi J2 2 C aa.oaHHhlMH C05CTBeHHhiMH 3~a'I~3HHSIMH. 

3TH onepaTOph! .OJIR -nOJISI aanHChiBaiOTCSI 
xl 

,, 2 .. s %mpampa-p-
2

m, m, p p =%s spa-p-
2

s, s, p p 
· 1\P 1\a p a pa "P 1\a p a 

,,, 
j.t = p' =0. 

OaH nocTpoeHh! H3 reaepaTopoB npeo5pisoBaHHli onepaTopa nonsr 

P =- ia A A m "'Xp-xp+s 
pa p a a p pa 

/3/ 

141 

/5/ 

!'.Oe S -reaepaTOphi nopeHUOBhiX BpaweHHfi KOMnoHeHT nonsr. HanpHMep, .OJIS:I. CnHHOpHO!'O . pa . . 

onepaTopa nonH 

a .OJIR BeKTOpHOI'O 

x/ . . 
One.J>aTop KBa.opaTa cnHHa 

H3B9CTeH/15,17-19/ H HHTeHCHBHO 

nopeaua. 

/6/ 
s "' %a 

pa pa 

.QJIR 38MKHYTh!X KB8HTOBO-MeXaHH'IeCKHX CHCT9M XOpOlllO 

HCnOJib3yeTCSI npH HCCJie.QOBaHHH HeO.QHOpO.OHOli rpynnh! 
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17"/ 

· · Ill 
.MomHO .llOKa3aTb ,qTo HanaraeMhie 06hiqHo· B CB060AHOM cnyqae ,llOnOnHHTenbHhie ycnOBHSI 

9KBHBaneHTHbi Tpe6oBaHHI0 1 qT06hi none, npe,llHa3HaqaeMOe .llnst OnHCaHHSI CIIHHa s 1 6h!n0 

C06CTBeHHOfi ~YHKUHefi orrepaTOpa ~ 2 c co6cTBeHHhiM aHaqeHJreM 
) . s(s'+ 1), 

2.2 3aMeTHM 1 qTo y B3aHMO,lleHCTBYIOIUHX nonefi rroqTH · Bee KBaHTOBhie qucna /HanpH

Mep, 3apst.ll 1 H30CnHH 1 qeTHOCTb H T,,ll./ COBna,llaiOT C KBaHT!)BhiMH qucnaMH CB060.llHhiX no

neil H COOTBeT,CTBYIOIUHX ~R3HqecKHX O.llHOqacTRqHhiX COCTOSIHHfi. YfcKniOqeHRe COCTaansqoT 

Macca u, aoo6rue roaopst, cnHH. · 

Macca B3aHMO.lleficTBYIOIUero nonst o6staaTenbHO .llOnmHa 6hiTb paaMhiTa. Yl'Haqe He 6hi

nR 6b! B03MOmHhi B3aHMO.lleilCTBHSI nonefi, HX B3aHMOnpeBparueHHSI, noaTOMy onepaTop B3a

RMO,llei'CTBYIOIUero nonst C He06XO,llRMOCTbiO .llO!Ime.H 6hiTb cynepn0.3HIIHefi co6CTBeHHhiX ~YHK-

IIHfi O,llHOrO RHBapHaHTa HeO,llHOpO,llHOii. rpynnb! nopeHria - o . .n_e.p.aTopa ttaa,llpaTa MaCChi 

C paanHqHbiMR C06CTBeHHhiMR 3HaqeHHSIMH. B COOTBeTCTBRR C STHM onepaTOp B3~~MO,lleUCT'lly

IO'IU9rO nonst B RMny llbCHOM npOCTpaHCTBe OT!IRqEiH OT HynSI H npH BpeMeHe-nO.ll06HhiX,· H npH 

npocTpaHcTaeHHo-no.ll06HhiX, H npH H30TpOn;HhiX, H npH HyneBhiX 4-HMnynbcax. TaKHM o6paaoM, 

B3aHMO,lleficTBYIOIUee none 3aBe,llOMO He npeo6paayeTCst no O,llHOMy HenpHBO.llHMOMY npe,llCTSB

neHHIO HeO,llHOpO.llHOfi rpynnb! nopeHrra. 

4TO KacaeTCSI BTOporo RHBapHaHTa HeO,llHOpO,llHOll rpynnhi nopeHua. - CnHHa, TO, B~o6rue 

rOBOpH, B3aHMO,lleficTBYIOIUee none MOmeT HMeTb KOMnOHeHThi, COOTBeTCTBYIOIUHe HeKOTOpO-

MY cneKTpy co6cTBeHHhiX aHaqeHHfi ~ 2 HanpHM ep, B3aHM O.ll eiicTBYIOIUee · nceBllOBeKTopHoe 

none 06rra,llaeT H CnHHOM 0 H CnHHOM }. B TO me Bp9Mst B pst.lle cnyqaeB B38HMO,lleUCTByiO

IUee none RMeeT TO!IbKO O.llHO 3HaqeHHe. CnHHa:. CKanstpHoe ·none Bcer.lla H~eeT CnHH 0, cnu-. 

HOpHOe - 1/2, cnHH HefiTpanbHOrO BeKTOpHoro nonst, B3aHMO,llefiCTBYIOIUero C COXpaHstiO.IUHM

CH TOKOM fa qaCTHOCTH, aneKTpOMarHHTHOro;, paBeH 1; y STHX nonefi BCe KBaHTOBhie qucna, 

KpOMe MaCChi, TaKHe me, KSK y COOTBeTCTBYIOIUHX ~H3HqecKHX O,llHOqacTHqHbiX COCTOHHHll. 

2.3 3TO o6cym.ll9HHe npHBO.llHT HaC K ecTeCTBeHHOMy ,lleneHHIO TeOpHii nonst Ha ,llBa 

Knacca: 

A/ Teopuu, B KOTOphiX Kam.lloe B3aHMO.lleiicTBYIOruee none HMeeT onpe.lleneHHhifi cnHH; 

B/ Teopuu, B KOTOphiX B3aHMO.lleficTBYIOIUHM nonHM Henb3H npHnHcaTb O.llHoro onpe.lle

neHHOrO CnHHa. 

Onpe.lleneHRe TeopHfi Knacca A oaHaqaeT onpe.lleneHHb!ii ~uauqecKHfi npHHIIHn orp~Huqe

HHH qucna cTeneHefi CB060.llhi, npHCYIUHX B3aHMO.llefiCTBYIOIUeMy noniO-npHHUHn, OCHOBaHHhiH 

HS HeO.llHOpO,llHOH rpynne nopeHrra. Or'paHHqeHHe qHCna CnHHOBhiX CTeneHeii CB060,llhi, nnrueH

H09 ~H3HqecKOfi OKpaCKH, ,llenanOCb BO BCeX H3BeCTHhiX BSpHaHTaX T90pHH nO!IH /cM. 1 Hanpu-

/20// A· ,.J,., ... 6 Mep1 • HM9HH0 1 't'aKTHqecKH Bcer.lla HCnO!Ib3YIOTCH B3aRMO,lle,..cTBYIOIUHe nong, npeo pa-

3YIOIUH9CH no KOH9qHOM9pHhiM HenpHBO.llHMhiM npe,llCTaBneHHSIM ,llaneKOll OT ~H3HKH O.llHOpO.ll

. HOfi rpynnb! nopeHIIa. TaKH9 nonH, o6na,lla~ KOHeqHhiM qucnOM KOMnOH9HT, MOryT RM9Tb 

TOnbKO KOHeqHoe qucno cnHHOB. 
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2.4. CMbicn noHSITIISI "cnHH a3aHMoaeiicTayromero nong" n pa3Jlli'H!e Me>Kay TeopHSIMH 

xnacca A- u xna:cca B MO>KHO npounmocTpnpo·aaTb npu noMomu anarpaMMbi, H3o5pa>KeHHOii 

Ha pnc.l, rae KOHeqHoe H HaqanbHOe COCT6SIHHe coennHeHhl oaHOll aHoTyanbHOll liiiHHeii HC-

HaqanbHOe 

BupTyanbHaSI nHHHSI 
uccneayeMoro nonSI 

I KoHeqHoe 

COCTOSIHHe I l_ _ __ - - _I l COCTOSIHHe 

p H C. 1. 

cneayeMoro nong Ia o5meM cnyqae. co aceMH paauau~~HHbiMH nonpaaKaMn I. EcnH npoMe

>KyToqHaSI qacTHU8 SianSieTCSl CK8l1SlpHOH, T.e. HMeeT CnHH 0, lunu CnHHOpHOll - CO CnHHOM 

1121, TO OH8 nepeHOCHT TOlibKO oanH MOMeHT KOliHqecTaa aaH>KCHHSI: 0 lunu } 121. 3TO 

npoganSieTCSI a· TOM, qTo aMnnuTyaa aaHHOro npouecca coaep>KiiT napUH8l1bHbie aonHb!, COOT

aeTcTayiOmHe oaHOMy· eai!HCTaeHHOMy nonHOMY MOMeHTy KOnnqecTaa aan>KeHHSl 0 IHliii 1121. 

noao5Hb!M >Ke o5p830M a TeOpHSIX Knacca A Ka>KaOe none C li!05b!M CnHHOM nepeHOCHT TOlib

KO OaHH MOMeHT KOnuqecTaa aau>KeHHSI, paaHb!ll CnHHY nonSI, B TO >Ke apeMSI a TeOpHSIX 

xnacca B nonSI cnoco5Hbi nepeHOCHTb no HecxonbKY MoMeHToa. 

2.5. Pa3nuque Me>Kay TeOpHSIMH xnacca A H xnacca B npoSianHeTcSI a c}:lopMe 3anncu 
. xl 

aononHnTenbHbiX ycnoanfi • B TeopHSIX xnacca B aononHHTenbHbie ycnoanH anSI a3aHMoaefi-

cTayromnx nonefi OTliHqHbl OT aonOliHliTenbHb!X. ycnoaufi a cao5oaHOM cnyqae. HanpHMep, a 

npOCTefimeii nceaaoaeKTOpHOfi TeOpHI! aonOliHI!TenbHO'e ycnoaue abirliSiaiiT 

2 
m ap. AIL 2iMg'Jy 5 t/J 

181 

rae g -xoHCT8HT8 CaS13II nceaaoaeKTOpHOrO nOnSI AIL C M8CCOfi m CO CnHHOpHb!M 

noneM t/J c Maccofi U 

ilnSI TeOpHfi Knacca A XapaKTepHO, qTO a HIIX aonO/lHI!TenbHb!e ycnoaHSI BbirnSiaSIT TOq

HO T8K >Ke, K8K B CB050aHOM cnyqae. 3TO npSIMOe cneaCTBHe TOro, qTo B TeOpHSIX Knacca 

A xa>Kaoe none aon>KHO 5biTb co5cTBeHHOfi cPYHKUHefi caoero onepaTopa s' 2 c 3aaaHHbiM 

co5cTaeHHbiM 3HaqeHHeM s ( s + 1) • nong c npOH3BOnbHbiMH cnHH8MH o5cy>KaeHbl H8MH /Y 
3aecb Mbi npHBeaeM TOnbKO pe3ynbT8Tbi, xacaromuecg HHTepecyromHx Hac cefiqac nonefi ·e:o 

CnHHOM 1. 

2.6. EcnH noTpe5oBaTb, qTo5bi BeKTOpHoe none' bp. ( x) o5naaano TOnhKO cnHHOM s = ·1, 

T.e. 5b!l10 co5cTBeHHOii c}:lyaxuuefi onepaTopa ~ 2 c co5cTBeHHbiM 3HaqeHueM 111 + 1 I =2, 

TO .OTCIOaa, B qaCTHOCTH, cneayeT, qTo 

xl B u 5 . "' onpOC 0 pa3nHqHI{ aononHHTenbHb!X YCli0!3HII ansi CBO OaHb!X H B38HMOaenCTBYIOII.lHX 
BeKTO~Hb!X nonefi o5cy>Kaa,ncSI .Eafiepnc H nafiepnCOMI21 I H K eMMepOMI221. 

8 
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,.:z I I a 4 . . 
. s < o b" c x J <t> p > = 2 (o -~ J < o 1 b c x J 1 <t> > "' 

r f.LV 0 · V p 

= 2 < o I bf.L CxJ I <t> p > 

npH BCeX B03MO)KltbiX. cPH3H'IeCKHX COCTO:IIHHSIX !l> P C nonHbiM HMny nbC OM pf.L 

ycnOBHR /9/ n03BOllSieT 38KniO'IHTb, 'ITO eMy SKBHBaneHTHO ycnOBHe 

<Oia b (xJI<t> > =o 
f.L f.L p 

/9/ 

/10/ 

npH BblllOnHeHHH KOTOpO!'O none bf.L H8 llH8l'p8MMe pHC. } nepeHOCHT TOnbKO MOMSHT 'KOnH-

tiecTBa llBH)KeHHR 1. BbiSICHHM, KaKne orpaHH'IeHHR llnSI caMHX onepaTopoB b f.L 

BbiTeKaTb :113 ypaBHeHHll. llBH)KeHHSI, 'IT06bi BblllOnHRnOCb ycnOBHe /10/, 

llOn)KHbl 

a/ EcnH COCTORHHR !l> P o6pa3yiOT nonHyiO CHCTeMy fT.e, HeT COCTOSIHHll C P 2= 0 /, 

TO Ha OCHOBaHHH 06bi'IHbiX f'HnOTe3 0 noKanbHOCTH, KOBapHaHTHOCTH H nonO)KHTenbHOll onpe

.lleneHHOCTII no TeopeMe ¢e.llep6ywa H .[l)KOHCOHa 
123

-
241 

B ycnOBHH /10/ MO)KHO CHSITb 

06Kna.ll'KH H 3anRCaTb ero B onepaTOpHOll cpOpMe 

llli 

Ecnn ycnOBRe /11 I BbiTeKaeT H3 ypaBHeHnii llBH)KeHHSI, TO TOr.lla none bf.L 5y.lleT '3aBe.llo-

MO nepeHOCHTb Ha llHarpaMM9 pHC, 1 TOnbKO MOM9HT 1 /o6na.llaTb cnHHOM. 1/. 

6/ EcnH BeKTOpHOe none o6na.llaeT ·MaCCOll 0, TO Cpe.llH COCTORHHll !l> p 9CTb COC-

TORHHR C p :J = 0 , H noaTOMY B ycnOBIIH /10/ Henb351 CHRTb 06Kna.llKH. BMecTe C TeM 

BeKTOpHOe none 6y.lleT o6na.llaTb cnHHOM 1 H B TOM cny'Iae, KO!'lla bf.L He onpe.llellSieTCR 

1{3 ypaBHeHHll .OBH)KeHHR, T,e, KO!'ll8 1{3 nocne.llHHX He B03HHKaeT ·HHKaKHX O!'paHH'I9HHll Ha 

H, cne.llOBaTenbHO, 

a f.L b f.L COBepweHHO npOH3BOnbHO /12 t 

Tor.lla HHKaKHe cPII3H'IeCKH9 BbiBOllbl He MOI'YT 3aBHCeTb OT BenH'IHHbl a f.L bf.L B crrny ee 

nonHOll npOH3BOnbHOCTK, BenR'IHHOft af.L b f.L Mbl MO)KeM pacnopg)KaTbCSI no CBOeMy YCMOTpe

HHIO, K, B 'IaCTHOCTH, Bbi6paTb ee TaK, 'IT06bl Bbi!lOnHRnOCb ycnOBHe /10/, 0TCIO.lla RCHO, 

'ITO BeKTOpHOe none, llnSI KOTOpOI'O BepHO /12/ TaK)Ke OnHCbiBaeT TOnbKO CllltH 1. 

2.7. VITaK, ycnoBrre /12/ ecTb anbTepHaTHBHbili cnoco6 Bbi.lleneHHSI cnrrHa 1. 0Ho aKBH· 

BaneHTHO Tpe60BaHHIO Kan!i6pOBO'IHOft liHBapHaHTHOCTH, Ha3Hif'IeHiie KOTOpOii TOnbKO li CBO

llHTCR K Bbi.lleneHHIO CnliHa 1 /:11 KOTOpaSI He HMeeT OTHOllieHHR K Mace~ BeKT~pHOI'O 

/2 3/x/ 
nonR ' I. VJcnonb30BaHRe' pa3nli'IHbiX cnoco6oB /11 I H /12 I llliKTyeTcR coo6pa)KeHRRMH 

npaKTHtiecKoro y.llo6cTBa: B cnyqae HeHyneBoii, MaCChi Yll06Hee npliMeHSITb /11 I, B cnyqae 

HyneBoll - /12/ /anbTepHaTHBa 1211. 

x/ /2/ . 
K C.llenaHHOMy B BbiBOllY, 'ITO K8n1I6pOBO'IHaSI IIHB8PiiaHTHOCTb He Tpe6yeT paBeH-

CTBa HyniO M~CCbl BeKTOpHOI'O nong n03llHee npHwen illBIIH!'ep/25/ B pe3ynbTaTe aHanH3a 

llliHaMH'IeCKHX Mo.neneii, CoBCeM He.llaBHO TO )Ke yTBep)K.lleHHe CHOBa '6bll10 nOBTOpeHO 

.~e1J.LU,iaHOM u .M:!31'1>I®OM/26/~ 
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B cooTBeTCTBHII c BhiiiJecKa3aHHhiM. Teopnn KJiacca A anH BeKTOpHoro nonH cyTh TaKHe . 
TeOpHHI B KOTOpblX BhinOJIHeHa 8JlbT9pH8THB8 /2/. 0TM9THM, 'ITO 9JI9KTpOLlHH8MHKa Bceraa 

9CTb TeOpUH KJ18CCa A ITO OTH0ill9HUIO K 9Jl9KTpOM8I'HIITHOMy llOJIIO, onaroaapH K8Jl!!OpOBO'IHOfi 

HHBtq..lH 8HTHOCTH. 

M hi npncTynaeM Tenepb K nepeqncneHnro Bcex Teopnfi Knacca A anH B3aHMoaeficTBHH 

CK8Jl51PHblX, Cni'IHOpHbiX H B9KTOpHbiX nonefi. 

3 • npoCTOfi npHMep 

3.1. 4TOOhl npOCJI9L(I'!Tb XapaKT9pHbl9 'I9pTbl npHM9H519MOfi M9TOL(UKH1 paCCMOTpHM B Ka

'I9CTB9 HJIJIIOCTpaTHBHOrO npHMepa B38HMOL(9HCTBI'I9 OL(HOrO H9HTp8JibHOI'O B9KTOpHOrO nom! 

A I! c OLlHHM cnnHopHhiM noneM t/J • CaMhifi o6mnfi narpaH)KIIaH c 6e3pa3MepHhiMH 

KOHCT8HT8MH CB513H 9CTb 

~(x)=-~F F - m
2

A A +aa A ·A A +~A A A A'-
i!V i!V 2 /! /! V /! V /! /! /! V V /13/ 

- - . - i -
-t/J(ya + M)t/J + itfiyl!(g1+ Ys g2)t/JAI!+ +lt/Jyl! YstficAI!+2f*t/Jcyl! YstfiAI!' 

rae Fl!v = a/! Av-a v AI!, 

'IaCTh narpaH)KHada LlJIH 

t/J. 
c 

- 38pHLl0BO-conpH)K9HHhiH CnHHOp: t/1 = c;r, I CBOOOLlH851 
c 

AI! H . t/J BhlllHCaHa B CT8HLl8pTHOM BI'!Lle, TaK, 'ITOOhl B CBO-

oOLlHOM cnyqae H3 ypaBHeHHH anH AI! cneaoBana anbTepHaTHBa /2/. npn HanncaHIIH nar-

p8H)KH8H8 /13/ Mhl TpeoyeM TOJlbKO p9JIHTHBHCTCKYIO HHB8pH8HTHOCTb H He H8KJI8L(hiB89M 

38p8H99 HHK8KHX orpaHH'I9HIIH, CB5138HHhlX C COXP8H9HH9M 'I9THOCTH H 'IHCJI8 CnHHOpHhlX 

'IaCTHU. 4neH if y t/1 A 
I! c I! 

/u 9pl\f!ITOBCKH conpH)K91JHhlH eMy/ OTCyTCTByeT, T8K K8K OH 

TO)KL(9CTB9HHO paBeH HyJIIO B CHJIY CT8TI'ICTI'IKH ¢lepMH L(JIS! t/J H CBOll:CTB MaTpHUhl 38p51L(O-

BOI'O conpH)K9HH51 C 

Vf3 narpaH)KHaHa /13/ BhiTeKaiOT. cneayromue ypaBHeHHH LlBII)KeHHH 

0 ..'11! -al!av Av- m
2

AI! + aai!Av· Av- aAI!av Av +4~ AvAv AI!+ 

+ i ~ y I! ( g 1 + y 5 g 2 ) t/1 + ~ f J; y I! y s 1/; c + i2 f* t/1 c y I! y 5 t/1 

(ya +M)t/J- iy (g +y g .)t/JA -ify,y.'tfic A = 0 
1!1 52 I!.-~ I!. 

0 

/14/ 

/15/ 

Bo3bMeM LlHBepreHUHIO OT ypaBHeHHH /14/- H 3aMeHHM n nony'IeHHOM Bhrpa)KeHHH 0 A . I! 

cornacHo ypaBHeHHro /14/, a npoH3BOLlHhie OT t/J - cornacHo ypaBHeHHIO /15/. B pe3ynhTaTe 

nony'IuM:. 

- m 2 a A + a a A • a A -a a A • a A - a A • a II a v Av + 8 ~a I! A v' A VAl!+ 
1111 /!V/!V /!/!VV /!r 
r r. . /16/ 

+ 4~Av Ava!! AI!+ a Al!lm2AI! +al!av~v -aal! Av· Av+aAI!av Av- 4f3AvAVAI! 

_p:y (g + y g )t/1 _ Lt;y y t/J -Lt*J y y
5 

t/1 I+ iMI2g2 J;y
5

t/, + 
'!" I! 1 s 2 2 I! 5 c_ 2 c I! 

+ f f y t/1 + f* t/1 y t/1 I = 0 I 

5 c c 5 
3.2. PaccMoTpHM cHa'!ana MaccnBHoe none (m F 0) • B .aTOM cnyqae Mhl Toe6yeM, 

'ITOObl 113. /16/ cneaoBano YCJIOBHe nopeHua /17/ 

a~t A ~t 0 • 
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a=f3=0, 

A OCTaTO'IHOCTb ycnOBHfi 1181 O'leBH.llHa. H eoOXO.ll..HMOCTb. nycTb 

1161 MO>KHO nepermcaTb B BH.lle 

a all A 11 all A 11 + 8{3rJJl.Av ·A 11 Ail + 

1181 

a A = o 
Jl. Jl. 

Tor.lla 

+aAJl.[n/AJl. -aaJl.A 11 • A 11 -_4f3A 11 A 11 AJl. -itpyll(g1 .f.y5 g2 )t/J- ~ ft/Jyllyst/Jc-
116

,
1 

_i_ £* if; y y t/J ] + i M [ 2 g ;p y t/J + f ;j; y t/J + £* 1/J y t/J ] = 0 
2 CJl.5 2 5 SC cS 

r .ll9 OCTaJIHCb TOJibKO npOH3BO.llHbl9 llOJISI A Jl. He Bblill9 nepBOfi H H9T 'IJI9HOB C npOH3-

BO.llHb!MH nong t/J • EcnH Obi paBeHCTBO 116' I He BbinOmiSIJIOCb TO>K.lleCTBeHHO, TO OHO 

npe.llcTaBnSino Obi coooi! ewe O.llHO .llononHH'r9JibHOe ycnoBHe .IB.llOOaBOK K ycnoBHIO 1171 H 

ycnoBHIO, · KOTOpbiM SIBJISieTcSI ypaBHeHHe 1141 npH Jl. = 4 I. 3To oaHa'lano t5hr, 'ITO y A 
ll 

MeHbwe cTeneHefi cBot50.llbi, 'leM Heooxo.llHM.o .llJISI oriHcaHHSI. cnHHOB 1 H 112;· 'ITO He-

.llOllYCTHMO, n;'aTOMy B paBeHCTBe ~16'1 Ka>K.llblfi 'IJieH He3aBHCHMOi! CTpyKTypb! .llOJI>KeH 

Ob!Tb · paBeH HyniO caM no ceoe, T,e • .llOJI>KHbi BbmcinHSITbCSI cooTHoweHHSI .1181. TaK, HMeeTcSI 

e,llHHCTB9HHb!:ii 'IJI9H. BH.lla aa A •d A" • OH .llOJI>KeH Ob!Tb paBeH HYJIIO,_OTKy.lla cne,llyeT, 
Jl. v Jl. v 

• nocne HCKJI!O'I9HHSI 'IJI9HOB C a ocTaeTCSI O.llHH 'IJieH BH,ll"a 8 {3 a A • A A , 
Jl. II II Jl. 

H 1 CJie,llOBaTeJibHO {3 = 0 • npO.llOJI>KaSI TaKOfi aHaJIH3, SaBepwaeM .llOKa3aTeJibCTBO li900XO

.llHMOCTH ycJIOBHfi 1181. 

3.3. Cpe.llH KOMnoHeHT All He Bee He3aBHCHMh!,· noaTOMY npH.llHP'IHBb!i! 'IHTaTeJib ~w-

>KeT.._ aa.llaTb Bonpoc,· .lleficTBHTeJibHO nH. ycJIOBHe . . 116'1 H3JIHwHe ·orpaHH'IHBaeT 'IHcno cTene

Hefi CBOOO.llbl, llO'IeMy HeOOXO.llHMO llO'IJI9HHOe npHpaBHHBaHHe ·HyJIIO. H 'llO'IeMy H3 paBeHCTBa 

Hy.iiiO OT.ll9JlbHb!X 'IJI9HOB CJI9.llyeT, 'ITO a = 0 H {3 = 0. 

B Ka.'leCTBe OTB9Ta Ha .3TOT Bonpoc Mbl llOKa>KeM, 'ITO B KJiaCCH'I9CKOfi TeOpHH UOJISI 

npn HaJIH'IHH paBeHCTBa 116'1 C a {3 g H f f. 0 ·HeB03MO>KHO Ohmo Obi· npona-

BOJlbHO. 3a,llaBaTb H&'laJibHbie 3Ha'leHHSI KOMllOHeHT llOJiei! tP (it, 0) 

H conpst>KeHHb!X K nocne.llHHM HMnynbcOB IIm (;, 0) 

II 
m 

=aA -a A +aA 
4 m m 4 m 

CnepBa Bbrt5epe~ Ha'laJibHbie ycnoBHSI B BH.lle : 

t/J(it,O)=O, 0 

++ 
II m ( x ... , 0 ) = i am sin ( k X ) 

_. .... ' 

,/(ak) 1 /*) 0 , 

1, 2, 3) 

119/ 

.. 
1201 

Tor.i:xa ypaBHeHHell41 npH Jl. = 4 , HOcstwee xapaKTep .llOITOJIHHTeJibHoro ycnoBiiSI, npHMeT 

BH.ll: 
-m

2
A

4 
+ 4{3A

3

4 = 0 

a c y'leToM aToro paBeHCTBii, ycliOBHe 116'1 aann!lieTcSI · 

xl 
nng HaC cyweCTBeHHO TOJibKO · CBOfiCTBO a II ( x ... , OJ = o 

. m m 

11 



a ii (x' 0 ) n m ( ;, 0 ) = 0 
m ' 

OTKY .oa HCHO, 'ITO a .OOn:>KHO 5blTb paBHO Hymo, 

nocne 9TOI'O CHCTeMa .OOUOJlHHTeJlbHb!X YCJlOBHH /npH 1/J (;,· 0 )= 0 / npHMeT BH.O! 

. 2 
-amnm-m A 4 +4/3Af.LAf.LA 4 =0 

/3 av (AIL Af.L)Av = 0 

af.L AIL = o. 

Teneob aa.oa.Q:HM Ha'laJlbHbie ycnoBHH TaK, 'IT05bi 

Am (t,O)Am(t,O)=const=f,.O, amllm(t,O)=const/=·0, amAm(.t, 0)=01 

HanpHMep, B BH.Oe 

A(t, O)=.icos([a ... x b] .;j + bsin([~ xb ... ] ·k) 

....... 
(a b)= 0 

..., 
a b ... 2= 1 

... ... ... 
ll(x,O)=x. 

/14'/ 

" . /16 I 

/17/ 

/211 

/22/ 

B cn:ny /21/ ·n:a /14'/ M02KHO aaKmo'IHTb, 'ITO A 
4
(;, O)=consti=O H 'ITO, cne.oo~aTenbHO, 

Ap. (~, 0) AlL (;, 0) = const • Tor.oa yc~oan:e /16~ I sann:weTcH 

.... 
.2/3llm(l, 0 )A m(x, 0) = 0 1 

T.e. 13 TaK2Ke .OOJ12KHO 5b!Tb paBHO Hynio. 3a.oaBaH COOTBeTcTBY!OlUHM 05pa30M HeHyJieBb!S 

Ha'laJlbHbie YCJIOBHH LlJlH 1/J , y5e2K.oaeMCH B Heo5XO.OHMOCTH OCTaJlbHb!X COOTHOWeHHl!: 

/18/. 

,AHaJlOI'H'IHb!M 05pa30M 1 B KBaHTOBOH TeOpHH UOJlH Tpe5oBaHHe HenpOTHBOpe'IHBOCTH ypaB

HeUHl!: .OBH2KeHHH, YCJIOBHH nopeHUa /17/ H O.OHOBpeMeHHb!X KOMMyTaTOpOB /saMeHH!OlUHX 

iJaqaJibHbie ycnoan:g/ · npn:aeno 5bi K TeM 2Ke cooTHoweHHHM /18/. 

3,4, ,llo CHX nop aHaJ1H3 KaCaJlCSI;, MaCCHBHOI'O UOJlH (m /=·0) • ·flpH m = 0 1 BMeCTO 

BbiUOJlHeHHH ycnoBHH nopeHua cne.oyeT noTpe5oBaTb UOJlHOH npOH3BOJlbHOCTH af.L A f.L 

Yfa /16/ COBepweHHO O'leBH.OHO, 'ITO CHOBa .OOJ12KHbl 5b!Tb Bb!UOJlHeHbl COOTHOrueHHH /18/, 

3.5. TaKHM o5pasoM .ooKa3aHo, • 'f-TO B TeopHHX Knacca A HefiTpanbHoe BeKTOpHoe none 

a/ CBH~aHO C COXpaHHIOlUHMCH TOKOM, 5/ y Hero HeT CaMO.OeHCTBHH H 1 B 3aBHCHMOCTH OT 

3Ha'leHHl!: Mace, ocyweCTBJlHIOTCH CJle.OY!OlUH.e B03M02KHOCTH! 

1/ MacChi cnHHOpHoro K BeKTOpHoro nonel!: OTJIH'IHbi oT Hyng: M I= 0 

narpaH2KH.aH HMeeT BH.O: 

~=-lf,;Ff.LV Ff.LV 
2 - -7 Ap.Ap.-1/J (ya +M)I/J +i& 1 !fryf.LI/JAf.L 

~ \~ 

H m I= 0 • 

/23/ 

3aMe'laTeJlbH0 1 'ITO B 9TOM CJly'lae .OJlH Bb!UOJlHeHHH YCJIOBHH nopeHUa HapH.OY C a/ H 5/, 

12 



noTpe6osanocb, qTb6hl s/ coxpaasnocb qncno cnnaopHhlX qacTHU H TeopHst 5hlna HHBapHaHTHa 

· ta 
OTHOCHTenbHO npeo5pa30BaHH!l t/J-'> e t/J ; H qT05bi r/ COXpaHstnaCb qeTHOCTb. 

21 M f, 0 m = 0 • narpaHlKHaH CHOBa 3allHCb!BaeTCst B cPOpMe /23/ 1 HO C ;n = 0 • 

TaKast _TeopHst ecTb MaKCBennOBCKast sneKTpO.llHHaMHKa. 4- .llHBepreHUHst. a, A B 9TOM 
.... 1.1 

cnyqae COBepllleHHO ilpOH3BOnbHa H, B COOTBeTCTBHH C 9THM, llOst.BDsteTC!l KanH6pOBOqHast HH-

BapHaHTHOCTb. BbtBO.llbi a/-r/ no-npelKaeMy sepHbi. 'i.f 

3/ M = 0, m r 0 K narpaHlKHaHy .llo6aBnstiOTCst qneHbi c 

r.lle 

/24/ 

Bb!BO.llbl B/ H r/ Tenepb Tepst!OT CHny - HH qeTHOCTb 1 HH qncno CllHHOpHhlX 'laCTHU Tenepb· 

He o5stsaHbi coxpaHstTbCst. CoxpaHeHH 10 TOKa j 1.1 COOTBeTCTByeT ni050llblT HOe o5o5we HHe 

ci:>a30BOn HHBapHaHTHOCTH, a HMeHH01 HHBapHaHTHOCTb OTHOCHTenbHO O.llHOllapaMeTpHqecKon 

rpynnbi npeo5pa30BaHHft I llO.llrpynnhl rpynnbi naynn-riOpCH /11 '1 2 ~ 

·'· 1 IW 112 y 5 I [ ( ) . . -1. • ( ] ,,: • f . I /25 I 't' = e cos wa + zsm'P•sm wa) 't'+ _z_y coscp•szn(wa)t/J , 
. I II 5 c 

r.lle w - napaMeTp npeo5pasoBaHHst, a a eCTb q,~HKUHH KOHCTaHT CB!l3H 

~in¢ = .b ; cos¢ = 1..1_ 
a · ·a 

4/ M = 0 rr. = 0 • CIO.lla OTHOCHTC!l Bee. CKa3aHHOe B ny HKTe 3/. 3TOT cnyqan 

HHTepeceH TeM 1 qTo OH OTKphlBaeT HeKOTOpyiO cneUHcPHqecKyiO B03MOlKHOCTb B3aHMO.lleHCTBH!l 

5esMaCCOBb!X ClllfHOpHb!X qaCTHU C sneKTpOMarHHTHblM noneM. 

4. 3aMeqaanst o5 o5meM nO.llXO.lle 

· B .llanbaenllleM ·HaM npH.lleTcst nccne.llOBaTb B3aHMO.lleficTBHe n106o ro qncna BeKTOpHbiX, 

CITHHOpHbiX H CKanstpHhlX nonefi. npH 9TOM Mbl 5y.lleM pyKOBO.llCTBOBaTbC~ cne.llyiOIUHMH 

npOCTbiMH C006pa:lKeHH!lMH, KOTOpbie SlCHbl H3 paCCMOTpeHHOrO Bbillle ITpOCTOrO npHMepa: 

I I YpaBHeHHst .llBH:lKeHHst He .llOD:lKHhl .llaBaTb nnwaux /csepx aeo5xo.llHMJ;>IXI orpaanqe

HHil Ha qncno cTeneaeil cso50.llbi non eft, npuqeM H3 HHX .llOnlKHO cne.llOBaTb nn6o paseacTBO 

HyniO 4- .llHBepreHUHil BeKTOpHbiX noneil, nH60 llpOH3BODbHOCTb nocne.llHHX, nosTOMy B .llO

llOnHHTenbHblX ycnOBH!lX, nonyqaeM b!X nyTeM B3SlTH!l 4- .llHBepreHUHH OT ypaBHeHHft · .llBH:lK 9HH!l . 

BeKTOpHblX no neil, BCer.lla 5y .lleT He05XO.llHMO H . .llOCTaToqao 05paTHTb B HyDb qneHbl He sa;_ 

BHCHMOil CTpyKTypbl. KaK H B npOCTOM npHMepe '§ 31' Heo5XO.llHMOCTb cne.llyeT H3 TOro, qTO 

B npOTHBHOM cnyqae aenb3Sl 5b!DO 5bi 3a.[laTb HY:lKHbie aaqanbHbie ycnoBHSl B sa.llaqe KowH 

npOH3BOnbHhlM o5pa30M /a B KBaHTOBOn TeOpHH - HenpOTHBOpeqHBO 3a.llaTb O.llHOBpeM9HHhl9 

nepecTaHOBOqHbl9 COOTHOWeHHst/ • 

x/ Ha coxpaaeaHe qeTaocTH · B sneKTPO.llHHaMHKe na-sa Kann5poBoqHofi HHBapnaqTHOCTH 

B npe.llnonolKeHHH nepeH~MHpyeMOCTH, T.e. q,aKTHqecKH'6espasMepaocTH KOHCTSHT CB!l3H, 

yKa3biBan B.r. ConosbeB 7/. 
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_2 / .OrpaHH"'eHHH Ha. KOHCTaHTbl CBH3H MO)KHO nony"'aTb nocneaoBaTenbHO: cnepBa pac

CMOT~eTb B3aHMoaeftcTBHe BeKTOpHbiX noneii Me)Kay co5oii, saTeM nepeiiTH K HccneaoBa

HHIO B3aHMOaei1cTBHSI CO, CnHHOpHbiMH nOnHMH, H, HaKOHeU, K aHanH3Y B3aHMOaeiiCTBHH BeK

TOpHblX H CnHHOpHbiX nonei1 CO. CKan~pHbiMH. KaJKabiH nocneayiOUlHH .STan 5yaeT aaBaTb 
' ' 

HOBble COOTHOWeHHH, He .H3MeHHH nony"'eHHblX paHee. 3TO ~O)KHO npocneaHT.b Ha npOCTOM 

nPHMepe. §. 3: MO.)KHO ,5blnO 5bl CHa"'a~a paCCMOTpeTb CaMoaeHCTB.He BeKTOpHOf'O nonS! H 

y5eaHTbCSI, "'TO a = {3 = 0 , a 3aTeM1 HCCneayst B3aHMOaeHCTBHe CO CIJHHOpHbiM noneM~ 

nony"'HTb OCTanbHble COOTHOWeHHH /18/. 

5. BsaHMoaeiicTBHe BeKTOpHbiX nonei1 Me)Kay co5oi1 

5.1. B COOTBeTCTBHH CO CKa3aHHbiM B npeahiayiUeM naparpa<iJe, Ha"'HeM CO B3aHMoael!:

CTBHH BeKTOpHbiX nonefi. nycTb HMeeTCH HeKOTOpOe "'HCnO n TaKHX noneft b I (i = 1, ••• n ). 
' ~ ' 

H aH5onee o5wHl!: narpaH)KHaH, onHchiBaiOruHi1 Bee M biCnHM hie B3aHMoaeiicTBHH c 5espasMep-

HbiMH KOHCTaHT_aMH CBH3H, MO)KHO sanHCaTb B BHae: 

rae 

c;) I I 2 IJ IJk 
.\.. 1 (X ) = - '(.. f ~ 11 f~ II - 'fl ( m ) IJ b ~ b~ + a 1 J k a11 b~ b b II + 

llkf Ilk llkf 
+ f:3 11ke b~ b~b 11 h 11 + e~11>..p r:11 k a~b11 bA bP + a, 1ke b~ h11 bAbPJ, 

I 

~~~~ 
I I 

a~ b 11 - a 11 b ~ ,a allk ' f311ke Yllk H 0 I J kf 

/26/ 

BeiUeCTBeHHbie/, anSI o5ecne"'eHHH 9pMHTOBOCTH narpaH)KHaHa/ "'HCnOBble K09cPcPHUHeHTbl 

KOHCTaHTbl CBH3H. no nOBTOpSIIOIUHMCH HHaeKcaM Bceraa noapasyMeBaeTCH CyMMHpOBaHHe. 

CHMMeTpH"'HYIO spMHTOBY MaTpHUY II ( m 
2

) II 
IJ 

ecTeCTB9HHO C"'HTaTb aHaf'OHanH3yeMOH 

H o5naaaiOruel!: HeoTpHUaTenbHhiMH co5cTBeHHhiMH 3Ha"'ei!HHMH. 3apaHee He npeanonaraeTCH, 

"'TO OHa KpaTHa eaHHH"'HOl!:; n09TOMY Y: pa3Hb!X noneii MaCChi MOryT 5biTb KaK oaHHaKOBbi

MH,. TaK H aeoaHHaK<;>BhiMH. CBo5oaHaH "'aCTb· narpaH)KHaHa /26/ c caMoro Ha"'ana sanHca

Ha B TaKOM BHae, "'T05bi B. OTCYTCTBHe B3aHMOaeiiCTBHH Ka)Kaoe none yaoBneTBOpSinO 05bl"'" 

HOMy ypaBH9HHIO anH B9KTOpHOf'O nOnS! CO cnHHOM 1. 0TM9THM TaK)Ke, "'To' "'neHbl C y 

H o Y"'HTbiBaiOT B03MO)KHOCTb HecoxpaHeHHH ."19THOCTH. l-13 CaMHX OnpeaeneHHl!: HenHHel!:Hbl~ 

qneHOB .. cneay!QT CBOHCTBa 

/:31 J kf f311ke = /31/ek = f3ke,J 
/27/ 

/28/ 
Y = - Y lk I 

I I k 

alike nonHOCTbiO aHTHCHMMeTpH"'eH. no BceM HilaeKcaM /29/ 

C y"'eTOM 9THX CBOHCTB H3 narpaH)KHaHa -/26/ nonyqaeM ypaBHeHHH aBH)KeHHH 

I . I 2 I 
D b ~ - a_~ a v b II - ( m ) I J b ~ 

I k J k 
aiJkall(b~ bll) +aJik av b~bll + 

, k 1 k e 
+alkla~bvbii+4/3,Jkf b~bllbll + /30/ 

+ 2 c - · J e ·a b 1 b k + 48 f b 1 b k be 
YIJk YJkl ~vAp 11 A p IJkf ~IIAp II A p 

0. 
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Bepst· 4-.z::tHBepreHUHIO OT aTOrO ypaBH9HHSI H HCK1IIO'Iast B nony'I9HHOM COOTH0Ul9HHH 0 bJ 
II. 

C nOMOillbiO ypaBH9HHSI /3Q/,. Hafi.a:eM 

2(y -y )E aV b! bpk 
m"/k Jkm IJ.VAp " 

J k e I k 
-4 °m J ke. f 

IJ.VAp b v b >.. bp I + ,alkl a~~. bv • a bv II. 

1 k · e e 

\ 

+ 

bk 
v 

4 f311ke 2b:bza~~. I + (a II. b • b b + bv ) - 2 Yikl Ell.v>..pav·b>..aJl. J1. v v 

+ 12a • 
I I kL 0 

bk + 
p 

/31/ 

5.?. Mbr Tpe5ye~, 'IT05bt Bbmonastnacb anbTepHaT,HBa. /2/. Tax ,;:»<:e, KaK H B npocToM 

np11Mepe H 'KBK 5btn0 CcpOpMynHpOBaHO B fl 41 .01ISI 3TOrO H905XO.OHMO H .OOCTaTO'IHO, 'IT05bi 

K8)K.rJ:8SI KOM5HH8UHSI '11l9HOB 'O.OHH8KOBOil: CTpyKTypbi T0)!{.09CTB9HHO paBHSI1l8Cb ·aynro. 0TCIO.Oa 

Mbi Hafi.a:eM CBOil:CTBa KOacpcpHUH9HTOB a I f3 y 1.1 o .. PaCCMOTpHM 
· Jk llkf ' Ilk llkL 

CHa'lana '11l9Hbi 1 He co.a:'ep)!{alllH9 a J1. b ~ • Yf M eeTCSI TOnbKO d.OHH' 'lneH' BH.Oa' 

a . a II b J a b k npHpaBHHBaSI ero Hynrol Hail:.a:eM I 'ITO 
I k I ,.. v J1. v 

/32/ 

.[lanee1 npHpaBHHB.aHHe aynro KOM5HHaUHH .. 

- a II k av b: a J1. b ~ + a I I k. a V b: a J1. b: 
c y'leTOM /32 I .a:aeT· 

/33/ 

'ITO BM9CTe C COOTH()Ul9HH9M /32/ 03H8'189T nonHyiO 8HTHCHMM9TpH'IHOCTb KOacpcpHUH9HTOB 

npHpaBHHBast Hynro 4 'IJ19H8 3-efi CTeneHH no noni0 1 , o:5na.a:aiOillHX CTpyKTypoH 

, nonyqaeM c y'leToM /32/ I 'ITO 

/34/ 

CHMMeTpH3Yst H aHTHCHMMeTpHayst paaeacTBo /34/ no i H j H npHHHMaSI npH aTOM BO 

BHHMaHHe CBOfiCTBO CHMMeTpHH KOacpcpHUH9HTOB {3 /27 I H .a:oKaaaaayro Bbime. nonayro 

8HTHCHMMeTpH 10 a I aaxo.a:HM 

0 /35/ 
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11 

ami I a kfm + a mkl alem +am/k alfm =0. 
1361 

npHpaBHHBaHHe Hymo 9.llHHCTB9HHOI'O "'ll9H8 "19TBepTOil: CTeneHH no nomo bll, HO 6ea ( ILY~P • 

.oa~T ycnoBne 

amnl f3mlkf + amll f3mnkf + amkl f3mfnl +amfl f3mknl= 0• 1311 

KOTOpOe, KaK MO>KHO npoBepHTb, 8BTOMaTH"'9CKH BbinOllHS19TCSI KaK Cll9.llCTBHe COOTHOW9HHfi: 
. . . 

1351 H 1361, 1321, 1331. PacCMOTpHM Tenepb "'ll9Hbl, HapywaJOWHe "19THOCTb. npHp8BHHB8HHe 

HYllJO "'lleHa CTpyKTyphl ( a b a b 
/lV>._p V >._ /l p 

npHBO.llHT K COOTHOWeHHIO 

1381 
yl k I =- y k II 

CooTHoweHHSI 1281 H 1381 .ooKa3biBaJOT nonHyJO aHTI!CHMMeTpH"'HOCTb KOa~c}lnuneHTa y . · '*' Ilk 

B pe3j'llbTaTe "'neHhl c y Boo6we Bbma.oaJOT H3 ypaBHeHHSI .llBH>KeHHSt 1301. 1-1 aTo 
Ilk · . 

nOHSITH0 1 TaK KSK "'neH B na.rpaH>KHaHe, CO.Oep>KSIUHil: y ' npH fiOllHOil: aHT.HCHMMeTpHH Ilk · . . 

Y II k 
ecTb 4-.oHBepreHUHSI, H, cne.ooBaTenbHo, HecymecTBeHeH. 

nocne HC"'93HOB9HHSI "'lleHOB C y OCTaeTCSI TOllbKO O'LlHH "'lleH CTpyKTypbl 
II k 

E /l v>..p a /l bV b >._ b p H Tpe60B.8HH9 paBeHCTBa ero HyllJO .oaeT 

811kf = 0. 1391 

3THM' HCKllJO"'aeTCSI He06XO.llHMOCTb paCCMOTpeHHSI .opyrHX "'lleHOB, CO.llep>Kau.iHX 8 II kf 

· TaK.HM o6paaoM, .ooKaaaHo, "'TO 'lneHhl ae coxpaHSIIOIUHe "'eTHOCTb, aecoBMeCTHMbi c ycno

BHeM nopeaua. 

nerKO y6e.OHTbCSI, "'TO C y'leTOM nony'leHHhlX CBOftCTB KOac}lc}lH_UHeHTOB CBS13H 132/ 1 133/ 

H 13 5 I To>K.oecTBeHHO o6pawa10T9H B aynb "'neHhl, co.oep>Kamae 
I a p. b p. IKpoMe 'lneHa 

2 I 
(m )II ap. b ll ) I, 'ITO cymecTBeHHO .onH .ooKa3aTenbcTBa .oocTaTO'IHOCTH, a npn ayneBblX 

Maccax TaK>Ke I! He06XO.llHMOCTH. 

HaKOHeU, HaM ocTanocb paccMoTpeTb qneH 
n 2 · I · 

am n I b /l ( m )
111

.1- b p. • npHpaBHHBSSI H ero 

HyniO, nony'IHM nocne.oHee ycnoBHe, onpe.oenHIOIUee Bbi6op Mace 

a ( m 2 ) · = - a (m 2
) • 

mnl . ml mil mn 1401 

5.3. MTaK, noKa3aHo, "'TO TeOpHH B3aHMo.oeftcTBHH Me>K.oy BeKTOpHbiMH nonHMH c 6e3paa-

MepHhlMH KOHCTaHTaMH CBS13H 6y .ll9T TeopHell. Knacca A TOI'.lla H TOllbKO TOI'.ll81 KOI'.lla 

1 I narpaH>KHaH HMeeT BH.o: 

I I 2 I I 
f. (x) = -~ GILV GjLV-Yz(m ) 11 biL b p. 

1411 

r.oe. C y"'eTOM T0':0 1 "'TO {3 II k f Bbipa>KaeTCSI "'epe3 a II k 

naKTHOe 0603H&'IeHHe 

COI'll8CHO 1351, BBe.OeHO KOM-

21 allk 

I 
G p.v. 

I I I k 

aIL bv - a v b IL + a II k b p. b v 

nonHOCTb 10 aHTHCHMMeTpH'IHO 

16 
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3/ a II k Y.LIOBneTBOpS!eT CTpyKTypH-OMy COOTHOW9HHIO /36/, KOTopoe, IIIIOLISI MaTpiiUbl 

( a ) = a , MO)KHO 3aniiCaTb II MaTpli"IHOfi .ri.op,M.e 
I lk Ilk 't' 

[ a I 'a} ] = - a II k a k 
/44/ 

4/ MaCCbi OrpaHIIH9Hbi ycnOBII9M /40/, KOTOpOe YLI06HO 3aniiCaTb II IIHL19 

[a 1 ,m 2
] 0 . /45/ 

5.4. CneLI_CT!liiSI: 

a/ CooTHOWeHHSI /43/ 11 /44/ 03Ha'laiOT, <iTo MaTpiiUbi a 
1 

o6pa3y!OT perynS!pHoe npeLI

CTaBneaH.e anre6pbi nH, /PerynS!pHb!M npeLICTaBneHH9M anre6pbi n11 Ha~biBaiOT npeLICTaBn7HHE! 

MaTpHUaMH, MaTpH'IHbl9 aneMeHTbi KOTOpbiX CYTb CTpyKTypHbie KOHCTaHTbl anre6pbl ·a 
II k 

,:; 
6/ 0TCIOLia SICHO, H STO nerKO HenocpeLICTII9HHO npOI19pHTb, 'ITO TaKaS! T90PHSI;,HHBapll

aHTHa OTHOCHTenbHO rpynnbi npeo6pa30BaHHfi, HHtPHHHT9311ManbHblll: IIHLI KOTOpbix; / napaMeTpbi 

cu 
1 

I cneLiyiOiuHA 

I , 

bp. b
1 

+a' cu ·b" 
p. Ilk I p. 

/46/ 

I 
/aenH'IHHa G P. v. npeo6paayeTCSI no TO My )K e aaKoHy I. 

11/ n1060e npe~cTaBneHH9 pa36HBaeTCSI Ha HenpHIIOLI~Mbi9, a BeKTOpHbl9 nonS! - Ha 

COOTII9TCTIIYIOUlHe MynbTHIIIIeTbi, npeo6pa30BaHH9 /46/ 1Ipeo6pa3yeT no_nSI, IIXOLIS!UlH9 II TOT 

HIIH P!HOfi MYIIhTHnneT, TOnbKO Lipyr 'lepe3 Lipyra. ~.CnH npeLICTaBneHHe H91IpHBOLII'IMO, TO 113 

KOMMyTaUHH MaTpHUbi m 2 CO _BC8MH.MaTpHUaMH a
1 

/45/ no neMMe illypa cneLiyeT, 'ITO 

m 2 
KpaTHa 9LIHHH'IHOil: MaTpHUe, noaTOMY BHyTpH Ka)KLIOrO MYIIbTHIIneTa MaCCbl IIOnefi 

OLIHHaKOIIbi, 

r/ Bo B3aHMOLiefiCTIIP!H COXpaHS19TCSI 'leTHOCTb H IleKTOpllbiM nonSIM cneLiyeT IIPHIIHCaTb 

CnHH-'19THOCTb 1: 

§ 6. BaaHMOLI~Il:cTBHe nonefi co cnHHaMH 1 H 1 /2 

B Ka'leCTBe cneLiy!Owero wara paccMOTpHM. Il3aHMOLI9ti:CTBHe II9KTOpHbiX nonet!: b I 
p. 

. CO CIIHHOpHb!MH 1/J ( T = 1, , , , m ) , KOTOpbie y LI06HO 06'b9LlHHHTh II CTOn6eu. 

/47/: 

rLie Ka)KLI09 1/J r .-o6bi'IHb!ft '19Tblp9XKOMIIOH9HTHblft LIHpaKOBCKHA CIIHHOp, Haa6onee nOIIHbiH 

narpaH)KHaH CHCT8Mbl nonell: 3aiiHW9TC.SI 

+.!_~y 
2 p. 

( T ( 3) + T ( 4 )) , b I + 
I Y, I 'i't:p. 
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B ·ST.OM. Bbipa:>Kemm + oaHa'laeT anMHTOBCKoe corrpH:>KeHHe; 2.1 -narpaH:>KHaH CaMO,ll eiicTBHH 

' 
aeKTOpHoro nonH /26/; .;_, c - aapHaoao-corrpH:>KeHHbiii CIIHHop; M -MaccOBbi~ orrepaTop, :· 

. COIIOCTa Bl!HIOIUH ii K8:lKLlOMY CIIHHOpy 1/J r . ~BOlO Macey H rrpeacTaBl!HeM blii LlH8I'OH8IIH3yeMOll 

x/ C > 
MaTpHuell c ;teoTpHuaTen&HbiMH co6cTBeHHbiMH 3Ha'leHHHMH • MaTpHUbi T 

1 CYTb KOM-

rr·aKTH8H 38IIHCb· COOTBeTCTBYIOIUHX KOHCT8HT CBH3Ho 0HH rreperryTbiBaiOT CIIHHOpbl 1/J r , HO He 

aeiiCTBYIOT Ha KOMIIOHeHTbL Kamaoro TaKOI'O CIIHHOpa. B cHny apMHTOBOCTH narpaH:>KHaHa 
(1) (2) 

T H T 1 . apMHTOBbi, 
I .( 3) 

T 
1 

- aHTHCHMMeTpH'lHbi, T ( 4) 

I 

xx/ 
-cHMMeTpH'lHbl /49/ 

qll9Hhl C MaTpHUSMH 
(3) 

T I H 
(4) . 

T· OllHCbiBSIOT B03MO:lKHbl9 B38HM0Ll9HCTBHH C H9CO. OSHe- · I . . 

HHeM 'lHCl!a CllHHOpHb!X 'lSCTHU /HaiipHMep,. B38HMOLteHCTBHH C B9KTOpHb!MH 6030H8MH, o6naaa

IOlUHMH 6apHOHHbiM 38pHLlOM/ i 

·. narpaH:>KH~lH /48/ y Ll06HO 381lHC8Tb B tsonee KOMII8KTHOH. cpOpMe. BaeaeM LlliH STOI'O 

CTOn6eu YLlBOeHHOH pa3MepHOCTH 

rae. 3Ha'lOK 

IJ.I 1 '[.;_, +: '-f.!c] 
V2_ i(!fr-1/Jc) 

CO CBOHCTBOM 

w IJ.I c -1 

H MaTpHUhl 

" _.(· _!t!_! __ o_] 
0 :.u . 

M 

't(t~ = '(l 
I ( 

r~'~:_. !L1~~!~~ ~ _r~~= _\ __ -y_r~1~+_ ~(~ ::!i3~!{'~+] 
i(T(1>+ i- 0>+ rP>_r(3)+J I r( 1>- 1'(1>- r( 3~ ·r( 3>+ · 

fC2> 
. J 

I· I . . J J I • I J J J 

[T
(2> ·r"'(2> r(4) .r(·->+: -·cr(2>_r"'(2>...:r(4) r(4>+J] 

+J +J+J ,1 J J I+J 
'(l ;c~(;;_-f(;;~-:;;!.._r_( -;):;--'~-r( ;) :-rr ;)= -;(~~-;(~>+--

·I I I J 'J J J I 

03HS'laeT TpaHCilOHHpOBaHHeo 

/50/· 

/51/ 

/52/ 

/53/ 

/54/ 

x/ M . . 
. acchl acex CIIHHOpHbiX noneii 

Bceraa MO:>KHO LlOOHTbCH aaMeHaMH 

MO:>KHO C'lHTSTb HeOTpHUaTellbHbiMH, TSK KaK 9TOI'O 

.;_,' _. y ifJ r 
6 

xx/c . · . . · (3) 
.. HMM9TpH'lHbl9 'lSCTH y MaTpl'IU TJ H SHTHCHMMeTpH'lHbie 'lSCTH y 

'lE!CKl'l aaiOT ayn&. B caMOM aene; c yqeToM aHTHKOMMyTaTHBHOCTH rroneii .;_, 

Hoii MaTpH~e · T .. 
~yp.T!frc=-if;y Tlfrc• 

p. . 

- -
!fryp.y

1
Tt/lc= t/Jyp.y 1 T!frc·· 

' 
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Toi"aa 

/55/ 

B COOTBeTCTBHH C Ko'HcTpyKI.tHefi. 'l:neHa B38HMOaeiicTBHli B /55/ 1i CBOfiCTB8MII IJ! OTHOCU-

TenbHO aapllaOBOI"O conpg)KeHHli /51 I 
. . ,, 

MaTpHUhi T/ 1
) aHTHCHMMeTpH'I:Hbi, 

" (2) 
T1 . CHMMeTpH'I:Hbi, 

H, KpOMe Toro, ii Te H apy!'He apMHTOBbi, 
/56/ 

Yfa nai"p8H)KH8Ha' /55/ cneayJOT ypaBHeHHli aBH)KeHHSI 

n4Y(30) +_i_IP (T 0 J + ·r( 2 JJ'l' = o 
2 yll I y5 I 

/57 I 

/58/ o. 

3aecb H HH)Ke fll.{Y aaMeH.SieT cnoBa • neBaSI qacTb ypaBHeHHSI". 

Tenepb 1 I B03bMeM 4-aaBeoi"eHUHJO oT ypaBHeHHli 1571, B nony'l:eHHOM paBeHcTBe 

2/ HCK.nJO'I:HM 0 b~ npH noMOlllH /57 I; H, HaKoHeu, 3/ OT nponaBoaHhiX cnHHOpHOI"O nonSI 

ua6aBHMCSI c noMOlllbJO /58/. B peaynbTaTe nony'I:HM 

/59/ 

I [ , oaH_aqaeT KOMMyTaTop 1 a [ , 1 + -aHTHKOMMyTaTop/. 

4To6bi BeKTOpHbie nonSI 06naaanH TOnbKO cnHHOM 1 /npHHaane)KHOCTb K Knaccy A I, 

aon>KHa Bbl!IOnHSITbCSI anbTepHaTHBa /2/, .QnSI STOI"O He05XOaHMO .H aOCT8TO'I:HO, 'I:T06bl B • Bbi

pa)KeHHH /58/ CYMM bl qneHOB OaHHaKOBOlt CTpyKTypbl TO)KaeCTBeHHO o6pawanHCb B Hynb 

/cp. § 3/, 

HeTpyaHO !IOHSITb,. 'ITO COOTHOWeHHSI anSI KOHCTaHT CBSI3H CaMoaeiicTBHSI BeKTOpHb!X no

nelt, HaltaeHHble B § 4 nyTeM aHanH38 'l:neHOB, BXOaSilllHX B ·ny:y /31/, He H3MeHSITCSI, AHa-
,, 

nH3HpySI HOBble qneHbl, !I?nY'IHM COOTHOWeHHSI anSI MaTpHU CBSI3H T H MaTpHUbl MaCCb! 
,, 
M 

" ( 1) ,, 
[ T 

1 
, M ].= 0 /60/ 

" ( 2) " 
[TI I M ]+"'0 /61 I 

"(1) "(2) ". "(2) 
r I + Y 5 rl , . r :v + Y 5 r I l 

,, . "" ,, 
i al/k (T(1) + y y(2)) • 

k 5 k 

ia'il 

,, ,, 
CooTHoweHHSI /58/ - /BO/ HC'I:epnhiBaiOT_ OI"paHH'I:eHHSI Ha MaTpHUbi T ll 

H3 Tpe6oBaHH SI, 'I:T06bi co6nJOaanacb anbTepHaTHBa /2 I. CooTHow eHHe /62 I oaHa'l:aeT,'· 'ITO 
,, "' 

MaTpHUbl T ( 1) +· y T(k::l) o6paayiOT npeacTaBneHHe an!'e6pbl nu. noaTOMY TeOpHSI HHBa-
k 5 . 
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PH8HTH8 OTHOCHTenbHO rpynnbl npeo6p830B8HHll C HHqJHHH3HMan&HbiMH npeo6pa30BaHHSIMH BH

.lJ.S 

I' 
bj.L 

I b ic 
b + aiJk WI j.L j.L 

Ill , Ill · (r'(Z) + ;'(2>) Ill 
"' - zwl J Ys J 1631 

I w 
1 

- HHcPHHHTe3HMan&Hbte napaMeTpbil. 

J]nSI npHnO)KeHHl!:, a TaK)Ke .D.nSI aaanHaa o6mero cnyqag, KOr.D.a cpe.D.H cnHHOpHbiX no-

nell: 9CTb nonS! C ayneBbiMH Jl! HeayneBbiMH MaCCSMH, Y.D.06HO pacnHCaTb COOTHOWeHHSI 1601-
. • (l) (:l) (3) (4) 
1621 aenocpe.D.cTaeaao qepea MaTpHUbl T , T , T H T , cToSimHe a 

nar·paH)KHSHe 1481 

[ T ( 
1~ M ] = 0 

I 

( :J) 
[T

1 
,Ml+"'o 

[ r('?ul "'o 
I 

[ T( 4J M] = 0 
I ' + 

[ T(1J T OJ] [ T(:JJ T(:J)] T (3) (3):. (3) (3)+ 
I'J + I'J + T T T + . · I J J I 

T( 4JT( 4J+ T(4JT(4J+_. T(lJ 
+ I J - j I. -laljk k 

( 1) . (:J)] [ (:l) (l)] (3) (4)+ ( 3) ( 4)+ 
rl ,T +T,T·+T T- T T + 

I I I I I I I 

(4) (3)+ (4) (3)+ ( 2) 
+T T -T T "' iallkTk I I I I 

(l) (3). (l) (3) (2) (4) 
T

1 
T

1 
-T

1 
T

1 
+T

1 
T

1 

(2) 

Tl 
. (4) 

T I 

(3) .. ( 1) (3) "' (l) 
T T·+T T + 

T(4J T(2) - T( 4) .;m ia 
T (3). 

= 
I I I I I I I I II k k 

T(lJ T(4J- T(1J T(4J + T(2J T(3)- T(2J T(3J -I I I I II J I 
(4) .. ( 1) (4) .. ( 1) . (3) .. (:J) (3) .. ( 2) • ( 4) 

-T
1 

T
1 

·+T
1 

T
1 

+T
1 

T
1 

-T
1 

T 1 = zallkTk • 

3aKOH npeo6pa30B8HHSI CnHHOpHbiX nonel!: 1631 COOTB9TCTBE'HHO aanHW9TCSI 

1/J'= 1/J- iw [ T 0 >.p + T(
1
3>1/J + y (T(

2 J1/J + T
1
(

4J.p )] • 
I I c s I. c ,._,. 

/641 

1651 

1661 

167 I 

1681 

1691 

1701 

in 1 

1721 

noKa)KeM Tenep&, 'ITO M9)K.lJ.Y CITiiHOpHblMH UOnSIMH 6e3 MaCChi H CnHHOpHbiMH nonSIMH 

C MaCCOl!: B T90pHS!X KJI8CC8, A HeT npSIMOrO B38HMO.lJ.9llCTBHSI. ,llel!:CTBHTen&HO, ecnH HMe

IOTCSI H Te, H .D.pyrHe nOJISI, T.O MaCCOBaSI MaTpHUa npe.D.CTaBHMa B 6JIO'IHOM BH.D.e 

M [;t:l 1731 
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I"'Lle MaTpHUa M, npHBOLlHMa K Lllial"'OHanbHOMy BHLlY C nonO)KHTenbHh!Mii, OTnH'IHhiMii OT Hy-

/1 I 121 f31\ 141 nSI, :aneMeHTaMH. npeLlCTaBnSISI MaTpHUhl T T. • T i H T B TaKOM )Ke 

6nO'IHOM BHLle H aH_anH3HpySI HX nepeCTaHOBO'IHhie COOTHOWeHHS! /64/-/67/ C MaCCOBOll MaTpH~ 

ueii M , nel"'KO BhiS!CHHTb, 'ITO OHH 06SI3a.Hhl HMeTb BHLl 

(1) [A(~) 0 ] T = I · 
I - (1) ' 

0. B I 

r
1
(2) = [+tforo o ) ; r (3) = ( A(/) o "\; 

0 B I 0 B (J)J 
I I 

3TO 03Ha'laeT, 'ITO CUHHOpHhie nong C MaCCOll He B3aHMOLlellCTByiOT npSIMO CO CUHHOpHhiMH 

nonHMH 6ea MaCChi. Te H LlpyrHe MO)KHO paccMaTpHBaTh nopo3HJ;>: 

a/ Jlng noneii c HyneBhiMH MaccaMH ( M· = 0) cooTHoweHHSI /60/ IHnH 1681-171 I I H 

aaKOH npeo6paaosaHHSI /63/ I HnH /72/ I cnpaBeLlnHBhi B csoeii HaH6onee o6weii cpopMe. 

/11 I 
rpynna npeo6pa30BaHHll /63/ IHnH 172/ I siBnSieTCS! o6o6weHHeM rpynnhi naym.f H r!Op-

/12/ 
CH Ha cnyqafi MHOI"'HX.CUHHOpHhlX nonefi C MBCCOll 0. 

6/ EcnH MaCChi Bcex cnH~OpHhiX noneii oTnH'IHhi oT nynSI, TO H3 /61 I c y'leToM LlHaroHa· 

nHayeMOCTH MaTpHUhi M cneLlyeT, 'ITO 

f'(2) = 0 
I 

IT.e. T( 2
) = T( 4 ) = 0 I 

I I · t 

H TOI"LlB COOTHOW9HHSI /62/ H 3aKOH npeo6pa30BBHHS! tp ynpomaiOTCSI 

T"(1) r''(1) 1 =i _a(l) 
1 ' J aiJk 1 .k 

• (1) 
1V-tw T 1V 

J • J 

/75/ 

176/ 

3TOT KnaCC npeo6pa30BaHHll ecTb MaKCHManbHOe o6o6weHHe cpa30BOI"'O npeo6pa30BaHHS! 

ljJ .. e lA ljJ B cnyqae MHorli:x noneii c HeHynesoii Maccoii. 0THOCHTenhHO TaKHX npeo6pa-

aosaHHli, B 'laCTHOCTH, BCel"'LlS HHBSpHSHTHhl CB060DHhie narpaH)KHaHhl LlnS! My.TibTHnn":TOB 

noneii c paBHhiMH MaccaMH. 

BhiBOLlhi, CLlenaHHhie B nyHKTax a/ H 6/, nenocpeLlCTBeHHO SICHhi H3 /74/. 

CHcTeMa nonei!: ljJ MO)KeT 6hiTh paa6HTa Ha HenpHBOLlHMhie MynbTHnneThi, npeo6paay-

IO!l.{HecSI no nenpHBOLlHMhiM npeLlcTaBneHHSIM coo'TBeTc.TByiOmnx rpynn. BnyTpH Ka)KLlOI"'O ne-

npHBOLlHMoro MynhTHnneTa MaCChi nonefi 1/J r C He06XOLlHMOCTb!O ~LlHHaKOBhl. 8 cnyqae He-

HyneBhlX MaCC 9TO cneLlCTBHe KOMMyTaUHH MaTpHUhl 

"' ( 1) 
Moro npeLlcTaBneHHSI T 

1 
/neMMa Wypa/. 

" .If CO BCeMH MaTpHUaMH HenpHBOLlH-

§ 7 • BaaHMOLleiiCTBHe no neil CO CUHHaMH 0, 1/2 H 1 

HaKOHeU, BKn!O'IHM B3aHMOLlellCTBHS! C UOnS!MH CO CUHHOM 0 - CKanSipHhiMH. nonSIMH 

¢ IJ I a = 1, .••• e I. HaH6onee nonHhlll noKanbHhlll QenS!THBHCTCKHll narpaH)KHaH, OXBaThiBa

IO!l.{Hi!: BCe B03M0)KHhie B3aHMOLleitCTBHSI noneft CO CUHHaMH 0, 1/2 H 11 npH. ycnoBHH 6eapaa

MepHOCTH KOHCTSHT CBS!3H HMeeT BHLl 
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CooTaoweane /91 I rroKaShiBaeT, 'ITO MaTp!IIIhi CBH31I 11 • TaKme peanuayroT rrpeacTaBneaue 

anreophl nn CO CTpyKTypHhiMH KOacpcpHIIHeHT8MH a II k Teopng HHBapHaHTHa OTHOCHTenbHO 

rpirrrrhl rrpeo5paaoaaanR /63/, ecnu oaaoapeM~HHO CKanHpHhle rrong rrpeo5paayroTcH no aaKo-

HY , 
cP

8 

= cP
8 + (t) 11 1 cPb I ab /99/ 

CooTHoweHHH /89/-/94/ .o5ecrre'IHBaiOT HHBapHaHTHOCTb acex 'Ineaoa narpaHR<HaHa rrpH Ta

KHX rrpeo5pa30B8HHSIX. CKanHpHhie rrong TaKme pa30HB8IOTCH Ha HeiipHBO.ciHMble MynbTHIIneThi, 

IIpHlleM B CHny /90/ MaCChi BHyTpH KaX<aoro MynbTHrrneTa paBHhl. B HaHtSOnee BamHOM cny

'Iae- KOI'aa MaCChl BCeX CIIHHOpHhlX liOnel OTnH'IHhl OT_Hyng- COOTHOWeHHe HHBapHaHTHOCTH 

/93/ 38IIHChiBaeTCSl OCOOeHHO IIpOCTO 

,, " "(!I) 
[ T (1) G (1J + i y G ] 

1 ' a S 8 

"' 1\ • 1 G (1J • (2) 
- 1 11ab ( b +ty SG b). /100/ 

HaKOHeU, ecnH K TOMY me 'IHCno CIIHHOpHhiX 'IaCTHU COXpaageTCSl, TO /100/ cnpaaeanHBO 

anSI MaTpHU oe3 KpbiWeK: 

(t) (t) (2) • 1 (t) • 
[T. ,G +iyG .. ]=-111 (Gb+ty 5 J a S . ab 

(2) 
G b ) 

/1011 

KaK Mhl BHaHM, BO B3aHMOaeficTBHSIX, CIIHHOpHhiX H CKanHpHh!X noneit B TeOpHSIX Knacca A 

'IeTHOCTh ae oogaaaa coxpaHHThCH. 

8. 3 a K n 10 'I e H , H e 

8.1. ViTaK, B IIpHHSIThiX H8MH rrpearronomeHHSlx:· 

1 I narpaamea cpopManH3M, 

2/ 6eapaaMepHOCTb KOHCTaHT CBH3H,--

~ 

aaH5onee o6masr Teopnsr Knacca • A /TeOpHSl nonel C orrpeaeneHHhiMH CIIHHaMH/ CHCTeMhi 

noneft CO CIIHHaMH } , 1/2 H 0 OIIHChiBaeTCH narpaHmHaHOM 

£ =-l,!,G G -'flb m 2 b 
o, ¥.. , 1 1L v 1L v 1L 1L /1021 

- '' ( 1) '' (ll) 1 '' I I · - 'h w 1 r [a - i c r, + r r, ; b , 1 + M I w - '12 c a, - 11 b, ; c/J • c a - TJJ bJ; c/J-1L IL S ,.. ,.. ,.. IL ·IL 

- '12 cP IL 
2 

cP + e abc .tP a cP b cP c cP d + '12 ip ( (;'(:) + iy s d(~) 'l' cP II 

B 'BhipameHHH /102/, rae TOnbKO B03MO)!{HO, YIIOTpeoneHa KOMIIaKTHaH· MaTpii'IHaH 3aiiiiCh, 

" 
G #LV aaeTcH cpopMynoii /42/. MaTpHUhl CBH311 a " T ' 11 wTea3op aeKTOpHoro nonsr' ,, 

e H G . 11 MaCCOBhie MaTpiiUhi m 2 M H p. 2 
aonmHbi y aoaneTaop!ITh cooTaowe-

HHSIM /43/-/45/, /56/, /60/-/62/, /80/, /85/, /89/-/93/. B TOM cny'Iae, KOI'aa MaCChi 

acex CIIIIHOpHhiX rroneR OTnii'IHhi OT aynH 
''(2) 0 T = 

MaTpiiU CBSI311 COOTBeTCTBeHHO. ynpoma IOTCH. 

II narpaHmHaH H ace COOTHOWeHIISI anSI 

8.2. YKa38HHble COOTHOWeHHSI 03Ha'IaiOT, 'ITO TeOpHH IIHBapHaHTHa OT~OCHTenbHO rpynn 

cpa30BhiX rrpeo5pa30BaHIIA 
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b I 

fl. 

I 
b 

fl. 
b 

k 
ljl' 'I' It 

9a+w TJJ ¢b 
i ab 

/ecnn M8CCbl BC8X CllUHOpHbiX noneti OTmi'IHbl OT HYnll, TO '1Jl8H C 
,, (;l) 

y T 
5 

11031 

OTCYTCTByeT/. 

KnJO•IeByJO ponb npn STOM nrpaioT cooTHoweHIHI /44/, /62/ n /91 I, KOTOpbie noKa3bJBatoT, 

'ITO M8TpHUbl a TJ H 
''(I) '' (2) T + y T 

5 
o6pa3yJOT npeacTasneHHSI anre6phl flu. CTpyK-

TypHblMH K09cpcPHUH8HTHblMH CJiy)K8T ,KOHCT8HTbl. C8Moaei1CTBHSI B8KTOpHblX noneti. 

npeaCT8BJl9HHSI anre6pbl flu pacKnaabiB810TCSI Ha HenpHBOaHMble·. B COOTB8TCTBHH C 

3THM see nonS! ~~ H · pa36HsaJOTCSI na MynbTHnneTbi, npeo6pa3yJOwnecg no 

HenpnsoanMhlM npeacTasneHHSIM, npn'IeM BeKTOpHhle nang sceraa npeo6pa3yJOTCSI no peryngp

HOMY npeacTasneHnJO. BHyTpH Ka>Kaoro MynbTnnneTa Maccbi none·ti c Heo6xoanMOCTbJO oan

HaKOBbi, 'ITO SIBnSieTCSI cneaCTBHeM· COOTHOW9HHll /45/, /60/ H /90/ H8 OCHOB8HHH Jl9MMbl 

Wypa. 

noaqepKHeM, 'ITO HCTO'IHHKOM CHMMeTpHti CJiy)K8T B8KTOpHbl9 nong, 

8.3. B STOll CBSI3H OC060 OCT8HOBHMCSI H8 

x/ 
CnHHOpHhlX '18CTHU C0Xp8HSI9TCSI 

npaKTM'IecKn nan6onee HHTepecnoM cny'Iae, 

Koraa qncno H M8CChl CnHHOPHhlX noneti OTJlH'IHhl OT HYJISI 

./T.e. Koraa 
(2) (3) (4) 

T I = Tl = T I = 0 I. Bo3HHKaJOwne ynpoiuenug ciJaKTH'IeCKH csoaHTCSI 

f'I) "(2) ct> ,, ct> 
I +ysTI ... Tl ,a ..... G ( t) H G (2)' ... G (2> a narpaH>KHaH 

a a 
K 38M8H8M 

npHHI1MaeT ana 

£ o.~.t 

/104/ 

B npeo5pa30B8HHHX /103/ 1 OTHOCHT9JlbHO KOTOpb!X HHB8pHaHTH8 T90pHS1 1 38KOH npeo6pa30Ba-

HHSI cnnnopnoro nonS! cseaeTcH K 

·'· ' ·'· . T c t) ·'· 'I' ='I' -tw 1 I 'I'·. 
/105/ 

nycTb Tenepb HM88TCSI Oat:O HnH H8CKOJlbKO HCTMHHO H8fiTp8JlhHb!X B9KTOpHblX noneii CO 

CllHHOM 1. 'J;'oraa a 
1 

J k = 0 1 T8K 'ITO MaTpHUbl CBH3H 

/eM. /62//, H TO )!{9 C8M09 MO>KHO CK838Tb 0 M8TpHU8X 

T (lJ 
I 
I 

K0.\1MYTHpyJOT M8)Kay C050fi 

/eM. /91//, CneaosaTeJibHO, 

OHH. OaHOBpeM9HHO npHBOaHTCSI K aHaf'OH8JlbHOMY BHay, H B 3TOM npOSIBIISI8TCSI HCTHHH8SI Hefi

TpanhHOCTb B9KTOpHOf'O nOnS!. Ka>KaOe T8K09 none - HCTO'IHHK IIHB8pH8HTHOCTH OTHOCHT9JlbHO 

npeo5pa3oBaHHH Tuna 1/J , ... 

• 
3apSI>K9HH09, B9KTOpH09 none 6e3 H9HTpanbHOf'O napTHepa CYlU9CTBOB8Tb H9 MO>K9T, 

npocTeiiwaSI B03MO>KHOCTb - TpHnneT B9KTOpHblX nonefi /nanpHMep, p - Me3on/. Toraa, 
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KaK cneacTBHe npeanonomeHHH o cnuH~ 1 y TpunneTa, a . 
. Ilk g f II k (i,j,k =1,2,3; 

f 11 k - 9QHHH'IHbill a6COniOTHO 8HTHCHMM9TpH'IHbiH T9H30p 1 . g -KOHCT8HT8 CB513HI, 

CyweCTBOB8HHe TpunneTa cnymnT HCTO'IHHKOM H30TOnH'IeCKOH HHB8pH8HTHOCTH, npH'I9M BeK

TOpHbie nann cocTaBnHIOT naoTonu'IeCKHii ncenaoneKTop, a apyrne nann npeo6paayiOTCH no 

TeM HnH HHbiM npeacTaBneHHHM rpynnbi H30TOnH'IeCKHX BpaweHHH •. 8 9TOM cnyqae Mbi npn

XOAHM K TeOpHH HHra-Munnca, HO Macca B9KTOpHbiX noneii MomeT HM9Tb n1060e 3HatreHHe. 

Bonee 60r8Tbi9 MynbTHnireTbi B9KTOp~biX no neil BeayT K 6onee BbiCOKHM CHMMeTpHHM. 

MynbTnnneTbi paanH'IHbiX noneii npeo6paayioTcn no HenpuBoauMbiM npeacTaBneHHHM Knaccn

qecKnx rpynn, ynoMHHYTbiX BO BBeaeHuu. TaKue Teopnu cyTb ofu6weHHH Teopun .Hiira-

141 -
Manne a , HO 6ea BCHKHX orpaHH'IeHnii Ha MaCChi BeKTOpHbiX noneii. nocne .TpnnneTa cpa-

xlr · 0 
ay HQ9T OKT9T COOTBeTCTBYIOWHH rpynne 5 U (3) • TM9THM, 'ITO ecnH 6bi 'IHCno CnH-

HOpHbiX 'I8CTHU He COXp8HHnOCb, TO B9KTOpHbl9 nang CO CnHHOM 1 nopomaanH 6b! HHB8pH8HT

HOCTb OTHOCHTenbHO rpynn npeo6p830B8HHHI H30MOpcpHb!X YK838HHbiM Bb!W e, npH KOTOpb!X 

nepenyTbiBanHCb 6bl 6apHOHbl c 8HTH68pHOH8MH. lnpnMepb! CM. B npnnomeHHH II I. 

8.4. Yfa CK838HHOro HCHO, 'ITO CHMMeTpHH CHnbHbiX B38HMOQ9HCTBHlf HSXOAHT CBOe ec

T9CTB9HH09 o6bncaeHHe B Teopnnx Knacca A. 3aMe'IaTenbHO, ·'ITO B Teopunx K·nacca A 

T8KHe aaneKHe OT 06 bi'IHOrO npocTp8HCTB8 nOHHTH51 1 K8K HanpHMep, 6apHOHHblll H rnnepoH

Hblli 38p51Abl 1 H30TOnH'IeCKHH CnHH H COOTB~TCTBYIOWHe 38K0Hbl COXp8H9HH51 nopomaaiOTCH 

npOCTp8HCTB9HHO-Bp9M9HHblM CBOHCTBOM B9KTOpHb!X noneii - CBOHCTBOM o6naaaTb onpeaenea-

Hb!M CnHHOM. 

BKniO'I9HHe sneKTpOMarHHTHb!X B38HMOQeHCTBHH HapywaeT KSK H30TOnH'I9CKYIO HHB8pH8HT

HOCTb, T8K H npOCTp8HCTB9HHO-BpeMeHHOe ycnOBHe 121 ann 38pnmeHHbiX BeKTOpHb!X noneii, 

KOTOpoe ripHBOAHnO K 9TOH HHB8pH8HTHOCTH, 8TH AB8 cp8KT!i T9CHO CB5138Hbi. 

EcTecTBeHHo cnpocHTb: "nMeeT nn CMbicn roBopHTb o npocTpaHcTBeHHo-BpeMeHHOM 

CBOHCTBe lcnuHe BeKTOpHOrO nonnl, KOTOpoe HapywaeTCH K8KHMH-nH60 B38HMOQ9liCTBH51MH?" 

D.a, HMeeT, HanpnMep, npocTpaHCTBeHHan· 'IeTHOCTb ecTb xopowee KBaHTonoe .'IHCno TonbKO 

B p8M.K8X CHnbHbiX H sneK'fpOMarHHTHb!X· B38HMOQeHCTBHH, HO B npeHe6pemeHHH Cna6b!MH. 

AHanorn'IHO, cnHH aapstmeHHoro BeKTOpHoro nann · Ia cTano 6biTb :n H30Ton:nqecKast HHBapnaHT

HOCTbl eCTb XOpowee KB8HTOBOe 'IHcno' TOnbKO B paMK8X CHnbHb!X B38HMOQeficTBHH 1 HO B 

npeHe6pemeHHH sneKTpOMarHHTHplMH H cna6b!MH, 

8.5. BMecTe c TeM, Teopnn Knacca A O'IeHb noxom:n Ha sneKTpOAHH8MHKy,_ T8K K8K 

nocneQHHH H3-aa Kann6pOBO'IHOH HHB8pH8HTHOCTH BCeraa eCTb TeOpHR Knacca A no oT-

HOWeHHIO K 9neKTpOM8rHHTHOMy non10. 8 'I8CTHOCTH, CXOQCTBO npORBnHeTCR B TOM, 'ITO Bee 

B38HMOQeHCTBHR 

I a - '12 a b 
j.l. I j.l. 

C B9KTOpHbiMH 

, a - i T
1 

b 
1 

j.l. j.l. 

¢ , COOTB9TCTB9HHO, 

nongMH BXOQRT TOnbKO 'Iepe3 "KOBapuaHTHble npOH3BOQHbie": 

H a -•TJ I b I B npHMeHeHHH K nOnRM b , 1/J H 
j.l. j.l. II 

8.6. 06pawaeT Ha ce6R BH~M8HH9 yHHBepcanbHOCTb KOHCTSHTb! B38HMpaeHCTBH51 C Kam

Qb!M HenpHBOQHMb!M MynbTHnneTOM B9KTOpHb!X noneii - BCIOAY .BXOQHT KOHCT8HT8 CSMOQeil:-

xl 
. B npunomeHHH 1 nJ?OHnniOCTpHpOBaHO, K8K npOH3BOnbHbiH KBapTeT nonell: pa3naraeT-

C51 H8 HenpHBOQHMbie 'I8CTH - CHHrneT H TpHnneT. 

26 



CTBIHI. 3TO cpa3y · BII.OHO 1!3 COOTHOWeHIIH CTpyKTypbl an're5p nii /62/ II /9}/. TaK, ecnii 

a 
ll k 

HOCTb/, TO MaTpiiUa 

II COXpBHHeTCH qiiCITO CITIIHOpHhlX_ qaCTIIU fii36Torr~qecKaH IIHBapiiaHT

T ~ 1) CBH"lii C II30CITIIHOpHh!M ITOneM pea.TIII3yeTCH B BII.Qe g ..!...J_ • 
2 

8. 7 • .Dane~ B TeopiiHX Knacca A ITpii COXpaHeHIIII qiicna CITIIHOpHblX qaCTIIU BeKTop-

Hb!e Me30Hbl .aon/KHbl IIMeTb CITIIH-qeTHOCTb : /5b~Tb BeKTOpaMII, a He rrceB,OOBeKTOpaMII/ 

11 qeTHOCTb BO B381IMO.QeHCTBIIHX C HIIMII' .aon/KHB COXpaHHTbCSI. 

8.8. HaKOHeu, ocTaHOBIIMCH Ha ccpopMyniipoaaHHhiX a Haqane HacTonwero rraparpacpa 

rrpe.arronomeHIIHX. 0HII He paBHOueHHhl. nepBoe II3 HIIX KaCaeTCH .OHHBMIIKII, II 8BTOpbl MO

ryT TO.TibKO Bblp831ITb Ha.aem.ay, qTo CBSI3b Me:iK.ay CBOHCTBBMII CIIMMeTpHII II CITIIHOM 1 MO

meT 5biTb ycTaHoBneaa II BHe paMOK narpaameaa cpopManii3Ma. 4To KacaeTcn BToporo 

npe.anonomeHIISI, TO aTa CBH3h COXP8HHeTCSI II nocne BKmoqeHIIH B narpaH/KIIaH, HapSI.ay C 

qneHaMII C 5e3p83MepHbiMII KOHCT8HT8MH CBH31I, qneHOB C KOHCT8HT8MII CBH31I nocne.ay!OWI1X 

pa3MepHOCTeii. 

AaTOphi IICKpeHHe np1I3HaTenbHhi M.A. MapKoay 3a HHTepec K pa5oTe II E.H. Banyeay 

II n.E. OKyHIO 38 ueHHbie o5cym.aeHIISI. 

npiinomeHIIe 1. Pa3nomea1Ie KBapTeTa noneii Ha HenpHBO.OIIMbie qacTII 

B cnyqae 4-x aeKTOpHhiX noneii acer.aa MO/KHO 3amicaTh 

( i, j, k = 1 , 2, 3, 4 ) 
tn.tt 

I e.aiiHIIqHhiii a5con!OTHO aHTIICHMMeTpiiqHbill: "TeH30p "I , T .e. a 
11 

k onpe.ae-

opToroHanhHOe npeo-nSieTCH KOHCTaHTaMH CBSI31I g 1 . il, g3 g4 Ecnii c.aenaTh , 
5pa3oaaa1Ie . b I = r.IJ b I r rl k 8 1 k . TO 

j.l j.l I I 

a ,I 1 k r I I, r 11'r kk'a 1'1'k' 
1n.21 

CaepThiBaSI 1n.21 c rpf' E I I k f II yqiiTbiBBSI. ln.111 nerKO Hali:TII, qTO 

il
1 

=r 11 g
1 

T.e. g f npeTepneBaiOT ITOBOpOT B 4-MepHOM SBKnH.OOBOM npOCTpaHCTae. npii .ni06biX Ha-

qanbHhiX gf acer.aa aaii.aeTcS! TaKoii noaopoT 
, , . 

il
1
' = g: = g

3
'=o. a g = ..jg + g'+g'+g', TaK 

• 4 1 , 3 4 

II r 11 II 
qTo a ~{k 

, nocne KOToporo, aanpiiMep, 

pacna.aaeTcSI aa .aaa Siwu-

Ka: 

ecnii i, j, k .;, 4 

a 
I J k 

0 IIHaqe 

1' 
3To 03Haqae~, qTo b IL 

, 
bj.l o6pa3y!OT TpiinneT a3aiiMO.aeiicTayiowiix no-

nell:, a -CHHrneT, He B3aiiMO.Qell:cTBYIOUlHii c· STHM TpHnneTOM. 

27 



nEHJIQ)!{.eHHe II n~hi oeanusauuu o5wux. cooTHoweHull 

cTpYKTYplll 168.1-171 I 

npuBeaeM HeCKOJlbKO IIpHMepOB He05hi'IHhiX B38HMOaefiCTBHH, He COXpaHSI!OWHX 'IHCJIO 

CIIUHOpHhiX 'IaCTHU. PaCCMOTpHM B0'3MO)!{Hhle peanH38UI'IH COOTHOllJeHHH 1681-171 I 2 X 2' MaTpH-

UaMH IIpH asyx BW5opai a 11 k 
• 3To 03Ha'!aeT, 'ITO HMeeTCSI TOJibKO asa CIIHHOpHhiX IIOJISI. 

npeaiiOJIO)KHM, 'ITO HX MaCChi OTni1'IHhl OT HYJISI, TaK 'ITO T( 1> = TC4> = 0 • 
l l 

nycTb a =·gc (i 1 j 1 k=1 1 2 1 .3).ntopequcnHM Bee B03MO)!{R0CTH: 
II k . II k 

11 T(l> = __g_ r , T( 3> = 0 - o5bi'JHoe usoTorruqecKH HHBapuaHTHoe. ssauMoaellcTsue 
l 2 l l 

g . l 
i _ iji y T t/J b 11 • • 

2 ll l r 
1n.s1 

nro50IIhiTHO, 'ITO 5naroaapS! BeKTOpHOCTH OHO LlOIIOJIHHTeJibHO HHBapHaHTHO OTHOCI1TeJibHO 

Tpe~rrapaMeTpH'IecKofi rpyrrrrw rrpeo5pasosaHull: 

rae 

l, 

bll 
bl. 

ll 
t/J ' = ( cos w - i _f!L1 sin w ) t/1 -

w 

w = V w2 + w2 + w2 
t 2 3 

I t/1 = ir2 t/Jc 
G 

i w, + w, 
w 

sin w t/1 
0 

2/ (I) g c + 1:) . *) 
T =--(.; T ·~; T (3) = JL ( ~ T 2 T I ~) T 2 

I 2 I I 2 

rae ,; -aByXKOMIIOHeHTH8SI BeJIH'IHHa, 3aBHCS!WaS! OT · Tpex rrapaMeTpOB 

ln.41 

~ = (sin 0 e 
1 cPz 

1 
•cosO e 1 cP1) • ToT 11nH HHOH Bhi5op rrapaMeTpoB saKperrnSieT peanusauwo anre5phi 

nu. B 'I8CTHOCTHI npH 8 = 0 I cP 1 = 0 

T(l)= T(t) = 0; 
1 1 

ro> = g 
3 '• 2 

T(3) = !.L T 
t 2 2 

T (3)= _§_ T 
2 2 2 

T(3 >= 0. 
3 

B 9TOM cnyqae B38HMOaeficTBHe BeKTOpHOrO IIOJISI CO CIIHHOpHhiM HMeeT BHa 

_j_g_ t ~ Y, "' b ~ . + iji y II "' b :;- + V2 iji y. "' b: ] I 2.[2 r G r G r r j.l. 

rae t/J - G- conpSI)!{eHHhiH CIIHHOp: ir t/J , a 
G . 2 C 

+_1 ., ,1 1 l 
_,- (b + ib

1 
) 

1n.s1 

~I 
3TO B38HMOaeilCTBHe HHB8pHaHTHO He TOJibKO OTHOCHTenbHO rpyiiiihl rrpeo5pa30BaHHfi 

bll- V2 (bll -zbll J~ bll v2 ll ll • 

t/1' = "' 

b I' 
ll 

b 1 + g b k 
ll cllkwl ll 

' g I g (' ) .I. t_w
3

lj.I--ZW 1 +w 2 IJJG 
2 2 • 

HO H. OTHOCHTeJibHO 05hl'IHhlX H30TOIIH'!eCKHX_ rrpeo6p~30B8HHH IIOJISI t/J 

I 
ecnH C'IHT8Tb nOnS! bj.l. H30CKanSip8MH. 3aMeTHM, 'ITO nepexoa K CIIHHOpaM 

)( =% [( 1 + r
3 

)t/J + ( 1 ~ "r
3

) t/Jc] IIpHaaeT B3aHMOaeHCTBH!O ln.51 BHa ln.31. 

1n.61 

1n.11 

xiM .. 
8TpHUhl T( 3 ) no onpeaeneHH!O aHTHCHMMeTpH'IHhl H nosTOMY OHH C Heo5xoaHMOCTbiO 

KpaTHhi·· MaTpuue r·
2 

• 

xx_l Koae'IHoe npeo5pasoBaHue Haa 1/J 3anHChiBaeTCSI B BHae ln.41 C 3aMeHOfi T8M 

(3 ... g ~ 
T 

2!l 



3/ HaKoneu, ocTaeTCSl rrocne.llHSlSl B03Mom:nocTb 

T (1) 

J 

+ 
~ grr, -(e r,eJ]; ln.BI 

3ToT cnyqafi ecTb Brronue orrpe.lleneHHaR KOM5HHaUHS1 B3aHMO.llei!:cTBHfi THrra 1 I 11 2/. B 

qacTHOCTH, llpH (J ~ 0 , cp 
2 

~ 0 

1 [fyl' r 1 r./1 b~ + v'~ (i/iyiL r./J 0 b; +f
0

yiL r./Jb: +.JT~yl'r./Jb:J],/n.91 

B3aHMO.ll9fiCTBHe /n,9/ HHBapHaHTHO OTHOCHTenbHO llpeo5pa30BaHHi!: biL cornaCHO 

1n.e1 11 r./1 cornacHo 

1n.to1 r./1 ' ~ exp (- !_ g ~ r .. ) { [ cos ( A... w ) - i ~ sin ( _! w }] r./1 
2 2 (U 2 

i w l + w 2 sin ( _!_ w ) r./1 I 
W 2 G 

nycTb Terrepb HMeeTcR 6 EieKTOpHbiX rroneA, rrpHqeM a - " a - f a 
123- 6 ' 4!16- ' IJk 

He CBO.llHll.lH9CS1 K 9THM, paBHbl HYniO •. 3TO llp9.llCTaBneHH9 llpHBO.llHMOj HM99TCS1 HHBapHaHT-

HOCTb OTHOCHTenbHO .llBYX TpeXMepHbiX rpyrrrr. MaTpHUbl CBS13H C .lly5neTOM CliHHOpHbiX liOnel!: 

MOm:HO Bbi5paTb B BH.ll9 

T(1J g (l) (l) (l) 
f _f (i"' 1, 2, 3) ; r4 "' r, 0 ; T6 "'-z-I 2 I 

(3) 
T (3) T (S)"' jj_ T T (S) .. f 

0 ( i "' 1, 2, 3 ) ; 2 T2 ; T6 
I " 2 2 

I 

3TOMy Bbi50py MaTpHU COOTB9TCTByeT B3aHMO.ll9i!:CTBHe 

r.lle 

TaKaSl 

• 3 

1.L!. r/Jy r, 
2 t~ 1 IL 

+ 
= _1_ ( b 4 

& 4 I 0 6 
B -ibiL ) ;, B 1 (biL +iblt)"; !Jit = bIt 

It ..;2 It It ..;2 
TeOpHSl HHBapHaH1Ha, KOr.lla bit npeo5paayiOTCS1 no 3aKOHY /46/. 

exp ( '- i_ g ~ T_.) { ( COS ( .!_ 0 ) - i -~ sin 
2 2 n 

(_!_OJ]r./1-
2 

i (U 4 + (U & sin ( .i_ n ) 'r./1 G I , 
n 2 

a 

"'0. 

r./1 liO 3aKOHy 

/n.t2/ 

r.lle ~ ~ { (L) 1 , w,, (L) 3 I; n ~..; w: + w! + (L)~ TaKHM o5pa30M, TeOpHSl o5na,llaeT 

. I • 
HHBapHaHTHOCTb!O OTI!OCHTenbHO H30TOliHqecKII~ Bp8W9HHfi, llpH KOTOpb!X TpllllneT b ( 1~1, 2, 3) 

, ' It 
npeo6paayeTcH KaK HaonceB.llOBeKTOp, a TpHrrneT Bit ocTaeTCSl neH3MeHHbiM, KpoMe Toro, 

HM99TCS1 HHBSpHaHTI!OCTb OTHOCHTenbHO 3-napaMeTpHqeCKOH rPYllllbl rrpeo5pa30BaHHi!: /H30MOp~-

HOH H30TOllllqecKOi!: rpynne/, llpH KOTOpb!X !J It npeo6pa3yiOTCS1 liO.ll05l!O 1130TOliHqecKOMY 

TpHnneTy, a TpHllneT Bit He rrpeo6paayeTCS1. npH 9TOMI KaK BH.llHO H3 /n,l2// t/J H 1/J c 
/28/ 

npeo5pa3yiOTCS1 .llpyr qepe3 .llpyra. no.ll06Hbi9 npeo6pa30B8HHS1 38TparHBanHCb CTpenbUOBbiM. 

CyLUecTBOBaHHe TaKoA .llBOiiHoi!: HHBapl!aHTHOCTH o6ycnoBneHO BeKTOpHOCTbiO B3aiiMO.llefi-
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