
2 -r3r ...... 0 

06'bEJlHHEHHblt1 HHCTHTYT 9JlEPHbiX HCCJlEJlOBAHHA 

. I 

BbJl-IVICm1TEnbHbl .l/t UEHTP 

VI.H. CunHH 

p -1228 

MVIHVIMI13AUI1fl <PY.HKUI1H 
MHOrl1'X nEPEMEHHbiX 

METOllOM COnPf!./KEHHbiX nPf!MbiX 

I 

.. 

.. 
'I 

.Lly6aa 1963 roll 

, 

. I 



Vl.H. CHnHH 

p -1228 

MV!HV!MV!3AUV!51 <PYHKUVIJ/1 
MHOrVIX nEPEMEHH~X 

METODOM COnPmKEHHbiX nPBMbiX 

H arrpaBneHo B • )KypHan 

BhlqHCnHTenbHO~ M8T8M8THKH H 

M8T8M8THq8CKOH ~H3HKH' 

r Ol:i'J.t,l!<lieHH~ ~ 1\. ., 1 

' • fil.'-l'' II~CJlt;' 1·~ .. 

-JMSJIYIOTEKA 

lly6Ha 1963 ro.a 



Ill 
n o cn e ony6nHKosaHHH pa6oTbi pHn TosapHweA o6pawancH K asTopaM c sonpocoM: 

H81lb3H Jllf n OCTpOHTb M 8 T OLl MHHHMH38Uiflf npOH3B01lbH b!X I'118L!KHX cpyHKUHll MHOI'HX nepeM8HHbiX 1 

Ill 
npH61l!f)!{8!0llllfl!CH no 3cpcpe KTHBHOC Tif K M 8 TOLlY 1llfH88pH3 8Uiflf LlllH cp yHKUH OH81lOB. 

nono6Hbll! M 8 TOLl, no-BHLllfMOMY 1 Ll 0 11)!{8H 3 8 K OH 8 '1H 0 8 'llfC JlO npH61llf)!{ 8 Hiflt 

H8XOLlHTb MHHHMYM KB8Llp8Tif'IHOlt cpyHKUiflf If pa3yMHO o6 o 6waTbCH Ha npyrHe cny'laH. :>Kena-

T81lbHO T8K)i{ 8 1 'IT06bi OH n03B011Hil yCT8H8BillfB8Tb nOB8Ll8Hif 8 cpyHKUiflf B KB831fKB8Llp8Tif'IHOlt 

}{ \ 
0Kp8CTHOCTH e e MlfHHMy rv. a. llo Cp8BH8Hif!O C M8TOL!OM 1llfH88pH38Uiflf OH M0)!{8T nOTpe60B8Tb 

BO MHOI'HX C11Y'l8HX 60Jlblllelt Bbi'IHC illfT81l b HOlt pa60Tbl 1 T8K KBK 6yL!y'IH 6onee 06lllHM M8TOL!OM 1 

He naeT B03MO)!{HOCTH Hcno nb3o saTb CTPYKTYPHbi e oco6eHHOCTH cTpoeHHH MHHHMH3HpyeMol! cpyHK

UHH. HH)!{8 onHCb!B88TCH T8KOlt M8TOL1 1 npennaraeMbil! 8BTOpOM. 

§ 1. nocTp08Hif8 anropHTM8 MlfHHMif38Uiflf KBa,apaTH'IHOlt cpyHKUiflf 

.[loKa)!{eM cHa'lana cnenyrowyro ne:MMY. 

fleMMB. nycTb L18H8 KB8Llp8Tif'IH8H cpyHKUHH m nepeMeHHbiX f(a1 ••• am) "' f(a) , KOTQ-

-+ 
paS! BL!Oilb 3aLiaHHOI'O r Ha Ka)I{LIOA 1'13 

~ .... -+ 
napannenbHbiX npHMbiX ceMellcTsa :;;

0 
+ tr HM88T 

CTpOrHl! MlfHHMyM, T.e. a f( 80 + tr) > Q 
at~ 

Mb!X OCYlll8CTB11H8TCH MHHHMYM f(a) 

• Torna CeMel!CTBO TO'l8K 1 Ha KOTOpblX Ha 3THX npg

o6pa3yeT LIHaMeTpanbHYIO rHnepnnocKOCTb (rHnepnnoc-

KOCTb, npOXOL!HlllYIO qepe3 TO'IKY M 

soo6we ecTb). 

_.[loKa3aTenbcTso. MHHHMYM no 

-+ a 

B KOTOpOA f (~) 

-+ 
Ha npHMbiX a 

a - r2L 
o at 1 t=o 

a 11_ - 1llfH8ltHaH cpyHKUHSI 

HM88T 3KCTpeMyM, KOH8'1H0 1 8Cillf OH 

LlOCn:raeTCH B TO'IKaX! 

( 1 ) 

¢yHKUHH ( 1) OT06pa)l{a8T Jli06yiO 

_.atlt=o ... 
a0 , He napannenbHYIO r , B npHMYIO )1{8 1 HO y)l{e U811HKOM npHH8LIJle-

)l{alllyiO HHTepecyroweMy HaC m - 1 -MepHOMY CeMel!CTBy MHHHMYMOB Ha npHMbiX 

CnenosaTenbHO, nro6aH npHMaH, coenHHHIOlllaH n!'le npOH3B01lbHbie TO'IKH ceMellcTsa a = a + tr 
~ a =a-+ --raE I L!_); • npHHaLIJl8)1{1fT 3TOMY )1{8 ceMel!cTsy. TaKoe CeMel!CTBO eCTb 

o atlt=o at~ ... 
rHnepnllOCKOCTb. 3KCTpeMallbHaH TO'IKa M TaK)I{8 npHHaL!Jl8)1{1fT 3TOlt rHnepn110CKOCTH 1 T8K 

KaK a f (M + tf') = 0 • fleMMa LlOKa3aHa. 

at· lt=o 
nonb3yHCb p83)'1,IbTaTOM 118MMbl 1 cpa3y M0)1{8M nOCTpOHTb anropHTM MlfHHMH3aUHH KBanpa-

TH'IHOlt cpyHKUiflf. 

AnropHTM 1. nycTb Ha npocTpaHCTBe m nepeMeHHhiX a ... a 
1 m 

3aLiaHa KBaLipaTH'IHaH 

x) 
Mbl 6y Ll8M nOHHMaTb non KBa3HKBanpaTH'IHOl! 0Kp8CTHOCTb!O TaKyiO OKpeCTHOCTb, B 

B KOTOpOl! cpyHKUHH BM8CTe C ee nepBb!Mif npOH3BOL!HhlMH M0)1{8T 6b!Tb C 3aLiaHHOl! TO'IHOCTbiO 

annpOKCHMitpOBaHa KBanpaTH'IHOl! cpyHKUHel! C ee npOH3BOL!HbiMif. 
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f ( J), HM8IOLUaH C TpOrHif MHHHMyM . 3anaLlHM B ITpOCTpaHCTbe a m + 1 TO'IKH cPYHKUHH 

Af 1 
• •• Af 1 

I m 
At 1 

m + 1 
, q epe3 K OT Op br e H e nb3 H npoeeCTH rHrrepnnoc KOCTb m- 1 rropHLlKa. Y. epe3 

-+t ~I 

TO'IKH M1 H M 
2 

npoeeneM rrpH MYIO c HanpaBnHIOLUHM aeKTOpOM 

.... 2 -+ 1 

... -+t -+ 1 
r

1
= \(M

2
-M

1
) !!Haii-

LleM Ha H e ii T O 'IKY Af 1 , B KOTOpOit LlOC THraeTCH MHHHMYM f ( M 1 + tf') • 1.J. e p e3 OCTaBLUI!eCH 
I 

m - 1 T O 'IKH npoeeneM rrpHM bre, rr a p annenbHbre rrepeoll, I! Ha HHX TaK:>Ke HallneM MRHHMYMbi a 

-+ 2 -+2 -+ 2 -+2 
T O '!Kax M ••. M • nony'le i!Hble T O'I KH u I .. . Mm y:>Ke onpenenHIOT LlHaMeTpanb-

2 m 

HYIO rRrr e prrnOCK OC Tb, B KOTOp Oit I corn aCHO n eMMeJ ne:>K HT T O'IKB 3KCTpeMyMa f (a) • noBTOpRM 

..... 2 ..... ;z 
rrpouenypy, ocTaBaHCb B s Toll rHrr e pnnocKOCTH. Y. e p e3 TO'IKH M H M rrpoeeneM rrpHMYIO 

I 2 
..... 2 -+ 2 ..... 2 -+2 

c HanpaenHIOLU HM B e KTo p oM r = A (M - M )J a qepe3 T O'I KR M
3 

••• M rrapann en bHbre e ll 
2 2 2 I m 

-+ 3 -~3 

rrpHM b! e I! Ha HHX HaitneM MHHI!MYMbl B TO'IKaX M 1 ••• Afm _I , KOTOpb!e o rrpenenHIOT LlHaMeT-

panbHYIO rHne pnnocKOCTb m- 2 rr o pHnKa. nponon:>KaeM npouec c no T ex rrop, noKa He rrony'IIIM 

rrpHMY IO c HarrpaBnHIOLUHM B e KTOpOM r:, = Am (Xi; - M ~ ) 
Ll OC TRrae TCH MI!HI!MyM f (;) 

__,.m+ t 
I! T O'I KY M I , B K OT O p Oll I! 

B nanbHel!LUeM nnH y no6cTea 6yneM rrpenn onaraTb HOpMHpyiOLUI!e MHO:>KRTen11 A k T aKI!-

MH , 'ITO 

2 -+ -+ 
J f(a -a± tr") 

at 2 
2. {2) 

§ 2. HeKoTopwe ceo itcTBa anro pH TMa I 

Ll.oKa:>KeM pHLl T eop eM OTH OCI! T enbHO CBOHCTB anrOpi!TM a J. 

TeopeMa I. Haxo:>Kne HHe MIIHiiMyMa KBanpaTH 'IH Ol! cl:>y uKUIIH cornacHo anropH TMY I Tpe-

6yeT Bbl'IHCneHHH ee B MIIHHManbHOM 'II!Cn e T O'IeK , e cnf! He rrpa6 e raTb K aHanHTI!'IeCKOMy 

.UflcPcPe peH Ul! pOB8HH 10 , 

Ll.oKa3aTenbCTB O. 3arrR LUeM ypaBHeHHe rrp01!3BOnbH Oll KBanpanPIHOit cP YHKUHH B BHne: 

-+ - 2 
f(a) = (coo *c olal + . .• +c omam) + ( c 11 a l + c l2 ala2± .. . ±clmalam) + ... + c a 2 

mm m 

n o.aC'li!TaeM 'IHCn O K09cPcPHUI!eHTOB 3 T OrO ypaBHeHHH, 0HO paBH O ( m + 1) ± IT, + ( m - 1)+ .. . ± 1J_m±2)(m±J) 
2 . 

TaKHM o6pa3oM, 'IT06br o.aH03Ha'!HO 3an aTb K ea.apaTH 'IHY IO cPYHKURIO, HY:>KHO 3a.aaTb ee u e 

MeHee , 'l eM B (m+ 2)(m + 1) 
2 

T O'!Kax . MRHRMI!3 aUTfH n o anropRTMY I Tpe6ye T ee Bbi'II!CneHR H 

I! MeHHO B T aKOM 'IHCne TO'Ie K. A HMeHIIO , HaM Hy:>KHO Bbl'IHCni!Tb ee 3 Ha'!eHHH B m + 1 Haqanb-

-+ 1 ... 1 
H Olt T O'!Ke M

1 
.•• Mm + I • Ll.anee , 'IT06bl I-llll!TH MHHRMYM BLlOnb KB:>K.UOll 1! 3 rrapannenbHb!X 

npHMbrx i: = M 1 + t? , Hy:>KHO Dbi'IHCni!Tb ee 3 Ha'leHH H eLUe B m TO'!Kax (Ha rr epeott 1!3 rrpH-
1 I 2 

Mb!X y:>K e eC Tb .nee T O'IKH, a Ha OC TanbHblX fl O OLlHO il, H O _it____!_ = cons t (lf 1 ) ), Ha nocne.a y iO-
J t 2 I 

LUIIX s Tanax HY :>K H O Bbi'li!CnHTb 3Ha '!eu u e cP YH KUHH B m - 1, m -2, ... , 1 T O'IKax . CyMMapuoe 

'IHCn O TO'IeK p a BHO 

( m -'*- 1 ) + m + ( m - 1) + . . . t- 1 

TeopeM a .a o Ka3 aua. 

T eo p e Ma 2. ToqKa MRHHMyMa 
-+ -+m + t -+ 

M = M
1 

R aeKT Opbi r
1 

(m + 2){m + 1) 

2 

-+ 
r , nony'l e HH hle npH ocy-

ruec TBn e HHfl anropHTMa I H HOpMRpoBaHH bie cornac H O (2), 

TI!'IHYIO qJyHKUf! IO f(; ). 

o.a H03H a 'IH O onpe.aen HIOT Kna.apa-
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DoK83aTenbCTBo. rlonb3YHCb HHcpo p Mauaei!, yK838HHoi! B ycnosaa T eopeMbi , Hanaw eM 

ypasHeHae cpyHKUHH f (a->) B SIBHOM BHLJ.e, DnH 3Toro p83J10)!( HM BeKTO P a-M n o BeKTOpaM 

c K03cpcpauaeHT8MH pa3nO)!(eHH51 a I .. • a'" • DnH onpen.en e HHH a 1 nony'iHM 

CHCTeMy yp8BH eHHi! 

'" -> 
L ... ... 

M, a I r' a 
1= 1 

OTKYL1.8 
m -.I 

a, = 2 R,k (ak - Mk) ' k = 1 (3) 

rn.e R - M8Tp11U8, C TpOK8MH KOTOpo l! 51BJ15110 T C 51 
... ... 

BeKTOpb l r, rm R Tp8HCllOHHpOS8HH8K 

MaTpaua R, R · I - 3neMeHTbi 
lk MBTpHUbi, o6paTHOi! K R B b!'IHCJ1HM 

... ... ... 
f.( a ) = f ( M + a r + . . . -+. a 1,). 

I I m ... ... -> 

f(M + amrm) = f(M) +a! ( CM. HOpMH p OBKy ( 2)). 3a Me 'i851, 'iTO COrJ1 8CHO anrOpHTMY 

H n eM Me H8 npHMOi! a-> = M + t m -;m H8 npHMblX 

; = (M + trn?m) + trn_ 1 ?m·I' nonyqaeM f (M +am ;m+ am. 1 ;:.I)= f(jJ) +a!+ a!.I 
... ... 

On51Tb - T8KH' corn8CHO anro pHTMY I H neMMe ' B nnOC KOCTH a = M + t m rrn + t ; 
m-1 m-t 

-+ .... -+ .... 

(M + t m rm + trn·l rrn·I) + trn·2 r m·2 J1e)!(8T MHH11MYMbl no t rn· 2 
... 

BLI.OJ1b npS!MbiX a H, cne-

Ll.OB8 T eJ1bH O , f(M +am rm + arn·Irm. 1 + arn·l rm_ 2 ) 

Cy)!( LJ.eHH 51 1 n o ny'IHM; 

TeopeMa D.OK838Ha. 

Cnen.cTBHSI H3 TeopeMbl 2. non.CT8BJ15151 (3) B (4) I HM e eM 

+a! ( 4) 

!(~) 
... - 2 ... --I (5) 

f(M) + L [2 R;: (ak -M J ] = f(!.f) + L [ L R
1
·,t (a-M )R (a -Mk)] = 

OTKyLJ.a 

k k lk J I I 11r k 

G • I = 2 R I} R /k 
lk 

(6) 

(7) 

T eo p eMa 3. Ecna KBan.paTH'iH851 cp yHKUHH f (;) He HMeeT cTpororo MHHHMyMa ( HMeeT 

c en.no, npOTSI)!( e HHbll! 3KCTpeMyM, HJ1H B006we H e HMee T 3KC,TpeMyMa) 1 TO npH ocywec~aneHHH 

anropHTM8 I sn.onb on.Ho r o H3 HanpasneHa i! MHHHMH 3 8UHH r 
I 

-> 
r 0 65138TeJ1bHO He 6yLJ.eT 

CTporor o MHHHMYM8 1 a2
f(a ... 

9
+tr;J < o / 

m 

at 2 

... 
DoK83aTenbCTBO . Del!cTBH T enbHO, na6o CTpororo MHHHMyMa H e 6yn.eT sn.onb ri Ha npH-

Mb!X a-+ + tt 
0 1 

, na6o e r o He 6yn. e T H a ranepnnocKOCTH MHHHMyMoB no I T8K K8K 

... ... ... 
HB np51Mb!X a O + tr I , npOXOLI.S!UlHX q epe3 06 J18CTb, rn. e f (a) :: f min 1 MHHHMYM 6yn.eT Ll.OCTH -

r8TbC51 npH 3H8 'i eHH 51X f : f rn In 

orpaHH'le H a CHH3Y H H8 A rn- I 

1 8 ecnli cp yHKUHS! H e orp8HH'ieH8 CHH3y , TO OH 8 He 6yLJ.eT 

rlpon.on )!(a 51 paccy)!( LJ.eHHH, npHLJ. e M K BhiBOLI.Y, 'iTO ecna 

... 
M HHHMYM 6yLJ.eT H8 BCeX H8npasne HH51X ri , , , 

... 
r 
rn-1 1 TO e:ro He 6y.aeT B.aonb ; 

rn 
TeopeMa 

Ll.OK838H8 , 
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-+ -+m+1 
TeopeMa 4. n apannenenHn eL( c ueHTpOM B TO 'IKe M "' M 1 

-+m + t 
, llOCTp08HHhlit Ha BGKTOpax 

... ... II 
, rne r

1 
••• rm;. 1 anropHTMa 1, 2d 

1 
2fi' 

m 
nony'leHbi npH ocymecTsneHHH 

... ... 
a ( - npOH3B01lbH08 'IHC110, OUHC8H BOKpyr 311HUCOHLla f(a) = f(M) + (1 H HM88T H8HM8Hb-

wHi! o6oeM H3 scex onHcaHHbiX soKpyr 3Toro 311HncoHna napannenenHnenos. 

JloKaaaTe nbCTB c . De AcTBHTenbHO , no cpopMyne (4) a ,-;;o 6oli H3 TO'IeK ;= M 

H ____g_.i__ =0 , TO eCTb CT8HKH napannenenHnena Kaca~TCH 311HUCOHLla B TO'IKaX 

~ ( -;lc l( ;J·d(M~ 
.4i ± (; lc 

a a,# lc 
06oe M napannenenHnena paseH ( 2f )'" I Det R I= ( 2f j J Det G" 1 (eM. ( 7) ) . 0Tc~na BHLlHO, 'ITO 

06'b8M napannenenHnena He 38BHCHT OT KOHKp8THblX BeKTOpOB r
1 

••• r m , a onpenenHeTcH 

CBOliCTBaMH KBaLlpdTH'IHOi! cpyHKUHH. MO)I(HO y68LlHTbCH, aanaBaH 

... 1 ii 1 

... 1 
B anropHTMe 1 TO'IKY M

1 

B U8HTpe 311HllCOHLl8, 8 TO'IKH M1 •• • m + 1 Ha KOHU8X ero rnaBHhlX oceli, 'ITO rnaBHhl8 OCH 

-+ 
311HUCOHLla TaK)I(8 o6nana~T CBOACTB8MH B8KTOpOB r . . . r 

1 
, H 

1 
C118LlOB8T81lbHO, 06'b8M Ha-

wero napannenenHnena paseH o6'beMy onHcaHHoro napannenenHnena co cTeHKBMH, nepneHLlHKy

nHpHbiMH rnaBHblM OCHM . EcnH Mbl Tenepb OT06pa3l!M 31lHUCOHLl f (;) = f (A1) + f 1 Ha wap, 

nHHel!Ho C'KriM8H ero snonb rnasHbiX oceli, TO npHMoyronbHbili napannenenHnen OTo6pa3HTCH 

B Ky6, a OTHOWeHHH 06'beMOB napannenenHnena K 311HUCOHLly H Ky6a K wapy 6ynyT OLlHHaKOBbl-

MR. Ha scex )i(e napannenenHnenos, onHcaHHbiX BOKpyr wapa, Ky6 HMee T Haf!MeHbWKA o6oeM 

( y KocoyronbHoro napannenenHnena Ta )i(e BbiCOTa, HO 6on bWe nnowan b n~6oro H3 ocHosaHHi!). 

TeopeMa noKaaaHa. 

CnenC TBH e ({3 TeopeMbl 4. npH 1lliHel!HOM OT06pa)l(eHIHI 3 11HUC0f!Lla f (;;) 
-+ 

f(M)+f1 

s wap napannenenHnen, yKaaaHH bi li s ycnoBHf! T eo peMbi 4 (soo6we rosopH> KocoyronbHbiA) 

OT06pa3HTCH B Ky6, T8K K8K y Hero HaHMeHbWHli 06'b8M , a CHCTeMa B8KTOpOB 

CHCTeMy OpTOrOH a1lbHhlX B8KTOpOB. 

§ 3. 06o6u.reHH8 anropHTMa H8 cnyqaj!: H8KBanpaTH'IHbiX cpyHKUHA. 

-+ 
r 

1 

... 
rm B 

Hs TeopeM 1-4 BHLlHO, 'ITO anropHTM 1 npH o6o6weHHH ero Ha cnyqaA HeKsanpaTH'IHbiX cjJyHKUHli, 

KpOM8 npenn0110)1(HT81lbHO xopowej!: CXOLlHMOCTH, nan 6bi B8CbMa 601lbWY~ HHcPOpM8UH~ .0 KBa3HKBan· 

... /2/./31 
paTH'IH Ol! oKpecTHOCTH MHHHMyMa. HanpuMep, ecnu f (a)= -21n L

1
rne L - cpyH KUHH npasnonono6uH ' , 

_ X I 1 
npuMeHHeMaH s cTaTHCTHK e ,G·t = R RnaeT npH BbmonHeHHH HeKoTopbiX ycnosHli MaTpHUY owH60K a,k 

HalineHHbiX onTHMa1lbHbiX swa'leHHli napaMeTpos a k • napannenenHnen, yKasaHHbili B ycnosHH 

TeopeMbi 4, MO)I(eT xopowo annpoKCHMHposaTb o6nacTb HH3KHX aHa'leHH li /(it) • Hs TeopeMbi 3 

ffiHLlHO , 'ITO np8KTH'IeCKH yCTpaHH8TCH B03MO)I(HOCTb COliTHCb K C8Ll110BOli TO'IKe. 

0nHaKO ll01183HO H3MeHHTb UOpHLlOK Bbl'IHC118HHi! B anropHTMe 1, 'IT06bi HMeTb B03M0)1(H0CTb 

nyqwe Hcnonb3osaTb ndnyqaeMy~ a npouecc e cqeTa uHcjJopMaUH~ nnH nocneny~lllHX HTepauna. 

AnropHTM 2. 3ananHM m 11HHel!HO He3aBHCHMblX "saTp8BO'IHlclX" B8KTOpOB 1 H811pHMep, 

KOOpLlHH8THhl8 BeKTOpa, 

qanbHOrO npH611H)I(eHHH 

1
1 

:, • f rn H Ha'la1lbHble warH BLl01lb HHX hi • .. hm 
-+ 1 
M 

1 
nenaeTCH war 

-+J -+1 ..... 

M 1 = MI +hie 1 H H3 TO'IKH ... 
-+t 
M1 

Hs TO'IKII Ha-

BLl01lb B8KTOpa 

-+ -+1 -+J 
r =A (M -M ) HaXOLli!TCH MHHHMYM f (;) B TO'IK8 M 1 

-+ 1 
1 

MHHHMyMe). Jlanee nenaeTCH war M 3 = 

( r 1 HOpMHpyeTCH cornacHo ( 2) 1 

1a11 1 1 1 

- .-- 6epeTCH B 

at 1 

HllleTCH MHHHMYM B T O'IK8 

coenHHH~wea T O 'IKH 

-+ 

M 
1 

H 
1 

't:l 
M1 BLl01lb t

1 
-+ M:' HaXOLlHTCH 

-+ -+ It{:+ h 
1 

f 1 H H3 3TOA TO'IKH CHOB8 

-+ -+1 .'11 
Bnonb seKTopa r = A ( M - M ) 

:1 -+3 1 :1 1 
H8 npHMOA, 

MHHHMYM B TO'IK8 M • Jlanee nenaeTCSI war 
l 

x) / 1/ 
8 'la<;THOCTH) f!C11H MHHHMYM He Bbip0)1(Ll8HHbi A, K8K 3TO UOHHM88TCH B pa6oTe 1 H 

nosepxHOCTb f(i/) = t(M) + 1 118)1(HT BHYTPH o6naCTH KB83HKB8Llp8TH'IHOCTH. 
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H H3 STOll TO'IKH Hl.l.leTCSI MHHHMYM B TO'IKe 

;f 3 
MHHHMYM B TO'IKe " 1 BJlOnb r 1 • 8JlOnb HaXOJlHM 

EyJleM Ha3b!BaTb TO'IKH 1 HaliJleHHb!e npH MHHHMH3aUHH BJlOn i . y )!{e H3BeCTHb!X BeKTOpOB 

-+ 

r" 
-+1<+1 

BCllOMOI"aTenbHb!MH npH6nH)!{eHHSIMH 1 a TO'IKH M t 1 HaXOJlHMble npH MHHHMH3aUHH 

BJlOnb BHOBb nonyqaeMOI'O BeKTOpa r It+ 
1
,- OCHOBHbiMH npH6nH)!{eHHSIMH. H a Ka)!{JlOe cneJlyiOl.l.le e 

OCHOBHOe llpH6nH)!{eHHe llpHXOJlHTCSI Jlen&Tb Ha .OJlHO BCllOMOI'aTenbHOe 6onbl.l.le, npouecc npOJlon-

)!{aeTCSI 1 llOK8 He H8liJleTCSI BeKTOp 
-+ 
r 

Dl 

--+ m+t 
H TO'IKB M 

1 
• CpaBHHBBSI c anropHTMOM 11 H o6pa-

l.l.l8SI BHHM8HHe H8 COBllaJleHHe HyMep8UHH TO'IeK H 0JlHH8KOBblll CMbiCn STOll HyMep8UHH 1 

MO)!{HO BHJleTb1 'ITO reOMeTpH'IeCKOe llOCTpOeHHe B 060HX anropHTM8X COBll8Jl8eT. EcnH 6b! cpyHK-

....., m+ 1 
6bma KB8Jlp8TH'IHOA 1 TO'IKB M 1 yKa3ana 6hi ee MHHHMyM. B o6meM cnyqae onH-

C8HH8SI Bbll.l.le npoue.ixypa SIBnSieTCSI p83I"OHOM. VITep8UHOHHblll npouecC MO)!{eT 6b!Tb npOJlOn)!{eH 

cne"YIO'"HM o6pa3oM. CJlenaeM H9KOTOpbill war M1
· = A{m+t+ h 1 r-+ nocne qero noHH3HM HH"er """ '"'-' m+ 1 t t t I """ 

Cbl TO'I9K M: H k BeKTOpOB ;It H8 eJlHHHUY 1 OT6p8Cb!B8SI Te H3 HHX, y KOTOpblX llOSIBH-

nHCb HyneBbie HHJle~Cbi. B pe3ynbTaTe C03Jl89 TCSI TaKaSI )!{e CHTyauHH, KBK H nocne HBXO)!{JleHHSI 
-+ ... 1 

npeJlllOCneJlHero OCHOBHOI'O llpH6m!)!{9HHSI, VfCXOJlSI H3 TO'IKH M ~ + t ( 6biBW9ll M m +I ), CHOBa 

MO)!{eM llOCn9JlOB8TenbHO H8liTH BCllOMOI"8T9nbHble llpH6nH)!{9HHSI BJlOnb BeKTOpOB t , . , i* 1 

_, ... _,m -+ .... m -+m .... m · 1 m-1 
(6biBWHX r ••.. rm ) 1 HBXOJlSI TO'IKY M , H BJlOnb r = A (M -M ) ( M - 6biBW8SI Toq-

• 1 m "'1 I I 
m+I) _.m+I 

K8 M t H8XOJlHM HOBOe OCHOBHOe llpH6nH)!{eHHe B TO'IKe M z • reoMeTpH'IeCKOe llOCTpOeHHe 

CHOBa npHo6peno CTPYKTYPY nocTpoeHHSI H3 anropHTMa l, xoTSI Mbi 

BOe BCllOMOI"8T9nbHOe npH6nH)!{eHHe. 

Bbi'IHCnHnH TOnbKO 

p<M~J 

1 I 

--· ,' 
M~ 

• 
. , 

,''F 
,' [,, 

_, 
M, ' 

I 
... 

• l, .. 
t, 

. 

P11c. I. noi!CK MI!HHMyMa no anropi!TMY 2. m =J • 0603H8'19HHSI: ------ W8I'II 6e3 MIIHH-

Ml!3aUHII, 

TI!'IHOll cpyHKUIII!, 

npH6nH)!{eHHSI 1 ® 

pa3rOH 1 ------npoJlon)!{eHHe. npouecca ;:rnSI HeKBaJlpa-

0 - TO'IKII He SIBnH!Ol.l.ll!eCSI MIIHHMyMaMH 1 e - BCll<JMOI'aTenbHbi9 

ocHOBHbie npH6nH)!{9HHSI. B CK06Kax yKa3aHbi o6o3Ha'leHHSI TO'IeK 

H BeKTOpOB nocne nepeHHJleKCaUHH. 
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npaKTli'IeCKH BeCbMa Ba)f(HbiM SIBJIS!eTCS! Bbi60p warOB h: , C nOMOWb!O KOTOpblX o6ecne

'lHBaeTCSI npOJJ.OJI)K e HH e npoi!ecca. CrreayeT HMeTb B BHJJ.Y, 'ITO CJIHWKOM 60JibWHe warH MOryT 

npHBOJJ.HTb K yxyJJ.WeHHIO CXO.IJ.HMOCTH H3-3a H e JIHHeltHOCTH u OBparau, BJJ.OJlb KOTOpor o npOHCXO-

JJ.HT cnyCK, a CJIHWKOM M8Jlbie warH - K n o T e pe TO'lHOCTH npH norry'l e HHH O'lepeJJ.HOrO 1 (TaK 

KaK MHHHMYMbl BJJ. OJlb .npSIMbiX HaXOJJ.SITCSI npH6JIH)KeHHO) H KaK C Ji eJJ.C TBHe - 'T'O)Ke K yxyJJ.WeHHIO 

CXOJJ.HMOCTH, KpoMe T Or O , eCJIH H8C HHTe pecyeT noBeJJ.eHHe cfJYHKUHH B KBaJJ.paTH'lHOlt OKpecT-

HOCTH MHHHMyMa, warH He JJ.OJI)f(Hbl BbiB OJJ.HTb H3 3TOlt OKpeC THOCTH, HH8'le BeKTOpbl 

M8TpHua G -I 6y JJ.YT CHJlbHO HCKa)K e Hbl. 

... 
r 

k 
H 

ArrropHTM 2 6&m ocywecTBJieH aaTopoM Ha arreKTpOHHOlt B bi 'lHC JIHTeJibH o lt MaWHHe JJ.JISI crry-

qaSJ 'leT&Ipex nepeMeHH biX H noKa3arr aocTaTO'lHO B b iCOKYIO acpcpeKTHBHOCTb, WarH h' 
l 

Bbi6Hpa-

JlHCb CJieJJ.yiOLUHM o6pa30M. B npouecce MHHHMH38UHH BJJ.OJlb K8)f(JJ.OrO H3 
... 
rk onpeaeJISIJICSI pa-

JJ.HYC 06JI8CTH KB83HKB8JJ.p8TH'lHOCTH hk , BHyTpH KOTOpOlt napa60JIH'leCK8SI HHTepnOJISIUHSI no 

TpeM TO'lKaM npeJJ.CK83biBaeT nOJIO)KeHHe MHHHMyMa t min C 3aJJ.aHHOlt TO'lHOCTb!O ( no-

... 
CTOS!HHOA JJ.JISI BCeX ~ . (c yqeTOM HOpMHpOBKH (2) ). npH BblilOJIHeHHH mara h~ '?

1 
6paJIOCb 

h
1
1 

= · min I hk I , 'IT06bi He BbiXOJJ.HTb 38 npeaerr&I 3KBHnoTeHUH8JlbHOlt n oaepxHOC TH f = fmln + 
k 

+(min hk ) 1 , BHYTPH KOTopoA O)KHJJ.aeTCSI KBaapaTH'lHOCTb. TaKoA Bbi6op wara no3BOJISieT 
k 

T8K)Ke 3KOHOMHTb BpeMSI npH H8XO)KJJ.eHHH BCnOMOraTeJibHbiX npH6JlH)KeHHA. 

Ha npaKTHKe aeCbMa qacT crryqaA, Koraa ·naparrrrerrbHO c B bi'lHCJieHHeM cpyHKUHH f (t,) 

6e3 38MeTHbiX JJ.OnOJIHHTeJibHbiX 38Tp8T BpeMeHH MO)KeT 6biTb B bl'IHCJieH no 8H8JlHTHqe cKHM cpop-

-+ ... 
MyrraM H ee rpaJJ.HeHT g (a j. )KerraTeJibHO nocTpOHTb arrropHTM, Tpe6yiOLUHlt B 3TOM crryqae cy-

wecTBeHHO MeHbwero o6oeMa Bbi'lHCJieHHlt. 

Mo)KHO 6&mo 6bi, Hcnorrb3ySI ( 7) B Ka'leC TBe oueHKH o6paTHOlt MaTpHUbi BTop&Ix npOH3BoJJ. -

HbiX, Cpa3y npeJJ.CK83h!B8Tb HanpaBJie HH e cnycKa, 0JJ.H8KO, K8K MO)KHO yBHJJ.eTb H8 npOCTblX 

... 
npHMepax, npH 3TOM nocrreaoaaTeJibHbie warH rk He npHo6peTaiOT CBOltCTB 

... 
rk H3 arrropHT-

M8 } .IJ.8)Ke npH non8JJ.8HHI{ B KB8JJ.p8TH'lHYIO 06JI8CTb, 4T06bi H e HaKanJIHB8Tb norpeWHOCTH, 

MO)KHO BCe BpeMSI nOBTOpS!Tb pa3rOH , 6epSI B K8'1eCTBe *38Tp8BO'lHbiX * BeKTOpOB BeKTOpbi, norry-

'leHHbie B pe3yJibTaTe npeJJ.biJJ.ywero pa3roHa. 

ArrrOpHTM 3, npouecc pa3rOH8 TOT )Ke, 'ITO H B arrropHTM e 2, OJJ.H8KO BCnOMOraTeJlbHble 

npH6JlH)KeHHSI M
2
1 He Bbl'l:II:CJIS!IOTCSI, a npeJJ.CKa3biBaiOTCS!, HCXOJJ.SI H3 (4) H (2) no cpopMyJie 

z~ 
2 

1- ·z ... ...1 ... ... ... 
% 2, (g(Mt +hi el)' rk)rk 

k=t 

... ... 
M J + hI e1 

OTKY JJ.8 

.... ..... J-1 ... .... J .... .... ...... 
r = A 1 [ h 1 e1 

- % 2. ( g ( M + h e ) , r ) r ( 8) 
I k=t l I I k k 

cpa3y HLUeTCSI O'lepeJJ.HOe OCHOBHOe npH6JlH)KeHHe. npH 3TOM Y*e no JJ.BYM J::lJJ.OJlb BeKTOpa 
... 
rl 

TO'lK8M MO)KHO JJ.eJiaTb Ky6H'leCKYIO HHTepnOJISIUHIO, HCn OJib3ySI 3H8HHe rpaJJ.HeHTa. nocrre TOrO ... 
KBK H8ltJJ. e Ho r... • pa3rOH nOBTOpS!eTCS!. B K8'leCTBe B e KTOpOB e .. . e 

m l m 
6epyTCS! BeKTOpbl r ,r ... -: 

01 1 m•J 

iMHHHMYM BJJ.OJlb 
... 
r 

m 
Y*e HaltJJ.eH paHee). 

ArrropHTM 3 T8K)Ke 6&IJI ocywecTBJieH aaTopoM Ha MaWHHe. WarH h k Bbi6HpaJIHCb 

1 
.::l HanorH'lHO h 

1 
B arrropHTMe 2. B H e Cl!HWKOM CJIO)f(HbiX crry'lliS!X arrropHTM 3 aaeT 38MeTHYIO 

3KOHOMHIO C'l e Ta no Cp8BHeHHIO C aJirOpHTMOM 2. 

3aM e THM, 'ITO BMeCTO 8JlrOpHTM8 3 MO)KeT 6b!Tb npeJJ.JIO)KeHO H eC KOJlbKO 6onee 3KOHOMH'l-
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HbiX anropwTMOB, Tpe6yiOU.lliX, ODH8KO , B H eC KOnbKO p83 6onbWe~ onep8TliBHO~ II8MilTli, AnropwT-

Mbi :>K e 2 w 3 Tpe6yiOT mJ + 4m pa6o•mx H'!eeK. 

8 CBil3li C T eM, '!T O B OII li CbiB8eMOM Me T ODe 6onbW81l H8rpy3K8 nanae T H8 OD HOM e pHy iO 

MliHliMli38UlilO BDOnb IIpllMbiX, c nenyeT npwM eHilTb Dnll H ee BeCbM8 H8D e:>K H bie li 3KOH0Mli '!Hble 

anropliTMbl, ABTOp npwMeHHn anropHTMbl, OCyW e CTBnHIOWWe II OWCK liHTepBana, B HyTpli KOT Op Or O 

H8BepHilK8 eCTb MH HWMyM, li 38 T eM CTHrWB8!0Wlie rpaHHUb l 3 T Or O liHTe pBana C o6eHX CTOpOH K 

MliHliMYMY C KB8Dp8TW'!eCKO~ wnw Ky6w '! eCKO~ liHTepnonHUHe~ npw H8XO:>KLJ.eHWll MliHWMyMa, '!T O 

o6ecne•mBaeT Hb!OTOHOBCKY!O CXODliMOCTb DnH DOCT8TO'!HO rnBDJ.<li X cj:ly HKUli~. 

CTpo roe paccMoTpeHwe cxonwMOCTW anropHTMOB 2 w 3 BeC b Ma 38TpynHw T enbHO , ABTOP 

IIp!iBODliT pe3ynbT8Thl K8'!eCTBeHHOrO liCCn e DOB8HliH, 

CnenyeT cpa3y oroBOpHTb ycnoBwH, npw KOTOpbiX rrpo uenypbi 6onee wnw MeHee o rrpaBD8Hbi , 

} ) VfMeeTCil 38MKHYT8H 3KBliiiOTeHUW8nbH8H IIOBe pXH OC Tb f (;) = F > f(; ) , OXB8TbiB8!0W8H 
0 

ToqKy HaqanbHoro rrpw6nw:>KeHwH a
0 

2) f(;) HerrpephlBH8 BM e CTe CO CBOllMli IIpO!i3BODHhlMli DO BTOpOrO II OpHDK 8 BKn JO qwTenb-

HO H8 38MKHYTOM MHO:>KeCTBe p , orpaHHqeHHOM YK838HHO~ BbiWe 3KBHIIOTeHitll8nbHO~ IIOBepx-

HOCTbiO. npw 3TOM ycnOBlie l) HBnHeTCil CyW e CTBeHHbiM DnH n 106or o M e TOD8 MHHHMH38Ulili f (B) 

H8 HeorpaHHqeHHOM IIpOCTp8HCTBe, 

... 
EcnH pHD OCHOBHbiX rrpw6nH:>KeHwl! CO~DeTC51 K H e K O TOpOl! T O qKe M w H e npow 3o~neT 

... ... 
BbipO:>KLJ.eHH51 CHCTeMbl B eKTOpOB r

1 
• , . r m B CHCTeMy nHHel!HO 38BHCHM biX BeKTOpOB, TO B 

... 
TOqKe M 6yneT ITO Kp8l!Hel! Mepe 3KCTpeMyM (MHHHMYM HnH, qTo M 8n OBepOilTH O , cenno ) 

T8K K8K 

atrM~tt:.J =O;, k=l ... m; - nHHel!Hhl He38BllCHMhl , 

at 
A nrOpHTMbl 2 H 3 IIOCTpOeHbl T8KHM o6p830M, qTO HH H8 ODHOM H 3 warOB C KOHeqHbiM 

-+ 
HOMepOM CHCTeM8 rlt He MO:>KeT CT8Tb BbipO:>KLJ.eHHOl!. 0LJ.H8KO BbipO:>KLJ.eHHe MO:>Ke T npOHCXo-

DHTb B IIpenene. Ero Henb351 IIOnHOCTbiO HCKnJOqHTb 6e3 H3MeHeHH51 anrOpHTMOB, OC06eHHO 

npHHHM851 BO BHHM8HHe KOHeqHyiO TOqHOCTb, C KOTOpol! MO:>KeT B e CTHC b cqeT. n pll 

:>Ke B DOCT8TOqHO ManyiO OKpeCTHOCTb MHHHMyMa, B KOTOpOM Det G lit~ 0 

npH DOCT8TOqHO M8nbiX npHHYDHTenbHbiX warax h ~ B anropHTMe 2 ll 

, rne 

H, COOTBeTCTBeHH0 1 DOCT8TOqHO 60nbWOl! TOqHOCTH B blqHcneHHl! OII8CHOCTb BbipO:>KDeHHil HCqe-

38eT, 

Bo3MO:>KHOCTb Bbipo:>KneHHH MO:>KHO nonHOCTbiO ycTp8HHTb, ecnH B anro pHTM e 2 OTK838TbCH 

oT rrponon:>KeHHH npoue cca rrocne pa3rOHa H K8:>KD bil! pa3 rroBTOpHTb pa3 r OH c wcn onb30 B aHweM ... ... 

HCXODHbiX "38Tp8 B O qH biX" BeKTOpOB f
1 

... f m , B anropHTMe 3 T8K:>Ke IIOBTOpllT b p83 r OH 

C HCXODHbiX t ... . t 
1 m 

, 06WHOCTb BllDOH3MeHeHHbiX anropHTMOB B CMbiCne HX npHMeHHM OC TH 

T8K8H :>Ke, K8K H, nnH MeTOD8 CKOpel!wero CIIyCK8 HnH pen8KC8UH O HH Or O MeTOD8, 38 llCKnJO q e 

HHeM TOrO, qTO HMeeTC51 B 03MO:>KHOCTb II pH H OpMHpOBKe ( 2) IIOnyqHTb BeKTOp 6eCKOHeqHo~ 

nnHHhl, Ho B IIpHHUHII e , MO:>KHO BBeCTH HCKYCCTBeHHOe orp8HJ1qeHHe H8 nnHHy BeKTOpa 
-+ 

r" 
HCII Onb30B8HHeM, HanpHMep, p83Me pOB o6n8CTH p H p83HOCTH F - l (a-+) • 

TeM He MeHe e 8BTOpy K8:>K e T C 51, qTO H e cn e nyeT OTK83biB8TbCil O T anr o pHTMOB 2 H 3 B 

HX OCHOBHOl! cj:lopMe, T8K K8K B 6 o nbWHHCTB e cnyqaeB T8KOl! O TK83 npHBene T K yBenH q e HH !O 
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BpeMeHH C'leTa, npH IIO.Q03peHHH, 'ITO IIpOH30W110 BblpO)!{.QeHHe BeKTOpOB 
... ... 

... 
r 

I 

... 
r 
"' 

3TH anro-

pHTMbl MOryT 6b!Tb B0306HOB1leHbl C HCXO.OHblMH f I ..• f,. 

rrepe.O 3THM C 3a.QaHHOA TO'IHOCTbiO COW11HC b, 

1 HO y)!{e C TOA TO'IKH, K KOTOpOA 

XOTSI OIIHCaHHblA BbiWe MeTO.Q H 1IOKaneH, OH SIB11SieTCSI B HeKOTOPOM CMb!C1le pa3BHTHeM 

* *141 0 
MeTo.oa oaparoa • .OHaKo, aaTop rrpe.oanaraeT Ha3BaTb ero MeTO.OOM corrpH)!{eHHhiX npS!MbiX - nc 

/5/ 
aHa110rHH C MeTO.QOM CO!IpS!)!{eHHblX rpa.QHeHTOB .011SI peweHHSI CHCTeM 11HHeAHhlX ypaBHeHHA, 

Cne.oyeT o6paTHTb BHHMBHHe, 'ITO anropHTM, aHanorH'IHhiA anropHTMy I, B npHHUHne Mo

)!{eT 6b!Tb IIpHMeHeH K peweHHIO CHCTeM 11HHeAHhlX ypaBHeHHA, ecnH BMeCTO MHHHMyMa Ha !IpS!-

MOA (a + tr) HCKaTb Hynb aenH'IHHbl (r, l) ... 
, r.oe g aeKTOp HeBH30K, BbiWe H31IO)!{eHHbie 

TeopeMbi MoryT 6biTb c HeKoTopbiMH H3MeHeHHSIMH nepecppa3HpoaaHbi Ha 3TOT cnyqaa. AnropHTM 

MO)!{eT 6hiTb o6o6WeH Ha HeKOTOpblA K1laCC HenHHeAHhlX ypaaHeHHA 6e3 !IpHBe.QeHHSI K 3a.Qaqe 

MHHHMH3aUHH, XOTSI BO MHOrHX cnyqaSIX 3TO He BhlrO.QHO, 

AaTop 6naro.oapeH C.H.CoKonoay 3a r:one3Hbie o6cy)!{.QeHHSI H E .n.)KH.QKOBY 3a 3aMeqa

HHSI no pa6oTe. 
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