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Ab-st r act 

It is shown that the relativistic formulae for angular dis­

tribution, for polarization vectors and tensors in the reaction 

of a + b ~ c + d type in its rest system coincide mainly with 

the nonrelativistic ones if the spin of the particle. is determin­

ed as the intrinsic angular momentum of-the particle with res­

pect to its centre of inertiae The squane of this intrinsic an­

gular momentum is the Lorentz invariante* Spins of the particles 

are arbitrary and they have non-vanishing rest-massese 

The main difference from the nonrelativistic case is that 

the description of the spin state is not identical in different 
-Lorentz systemso Therefore, it is necessary to introduce the cor-

rections into the·nonrelativistic formal theory of the cascades 

of the reactions (for instance, for the experiments on double scat­

tering)o The relativistic changes in the angular correlations in 

the cascades of the type 

are pointed outo 

,:;::,sc:cc-c=---q:.~----------------
* Shirokov Yu.Me informed us that he had elaborated a similar 

relativistic theory of polarization and correlation effects, start­
ing from the same description of the spin state, which he obtained 
from the theory of the irreducible representations of the inhomo-
geneous Lorentz group. 0 
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I n t r o d u c t i o n 

There are formal theories for the reactions of type a + b--­

c. + do There theories express the angular distrib~tion and the 

polarization state of the reaction products in terms of the pola= 
V . 

rization state of the b.eam and the target and in terms of the u:r1~, 

known parameters which ~e the S-matrix elements of the process 

a + b-+ o+ do The simplest example is the well-known formula 

for the function f (f)) appearing' in the expression• 
i,-::-,~~ ., 

'.tV c i) : e1.k'1. +~ f ( a) e ,11tr/'t (I) 

for the wave function of the stationary scattering process of 

particles with zero spinso The unknown parameters in this case 

are called the scattering phase-shiftso 

These theories are based upon the ase of the laws of icon= 

servation t (mainly law of the angular momentum cons~rvation)o 

Coester and Jauch Ill were the first who obtained the formulae 

for angular distribution and pblarization in the c~se of the ar­

bitrary spins of a,b,c,d starting from the expression of the laws 

·of conservation in the form of diagonality of the S=matrix elements 

with respect to conserving variableso Simon and Welton have ob­

tained the same formulae but in some different manner (see, for 

instance, 12 1 )o 

These formulae are non-relativistic ones but only because 

the spin state of particles is described in the Pauli approximat­

ion (so that it is the same in all Lorentz systems)o The theory 

/ 
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of scattering of spinless part-icles is actually relativistico 

In order to obtain the angular distribution in any Lorentz sys= 

tcm it is necessary to transform 6(0) =If (9)J 2 from the 

system of inertia into the abovementioned system using the known 

formulaee For the relativistic generalization, thereforei it is 

necessary to determine the relativistic operator of the spino 

The operator of the spin used further satisfies all the claims 

which may be required of the notion of the spin as the intrinsic 

angular momentum of the particleo 

To obtain the relativistic formulae we use the Coaster 

and Jauch method in the form presented in I JI .. Lefi us p~int 

out that in this method it is necessary to be o~ly able to des= 

cribe the state of the free particle with the spino One will 

not need the relativistic equations (for free particles), simi­

lar to a Dirac one (which plays a considerable fole in the Stapp 0 s 

relativistic theory 14 1 for the scattering of particles with 

spin 1/2)., 

§ lo CONSERVING PHYSICAL VARIABLES IN 

RELATIVISTIC THEORY 

The conservation laws express the fact that physical pro= 
('.} 

cesses in the isolated physical- system must be independent of 

the way of its describing, particularly, of the,choice of the 

frame of referenceo It is assumed,, of course, that spacetime is 

homogeneous and isotropic j (one may consider, however, that 

t 
1 
; 

' 

I 
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this assumption is involved into the notion of the isolated sys­

tem)o 

In quantum mechanics this fact is displayed in the requi-
o 

rement that the S_.matrix of the physical process must commute 

with ten operators of infinitesimal translations of the origins 

of space and time coordinates Pp. and the rotations in spa·cf!=-• 

time M1-1v o The commutation of the operator with the S=matru 

indicates that the latter 1s diagonal in the eigenvalues of thi~ 
.. 2/ 

operator · and that- theref<lre 9 the corresponding physical -war1abl~ 
.~ 

is conserved, ioeo 9 the internal processes fo not change ito 

Four conservation laws are of the clear physical meaning 

of the· conservation of the total momentum = energy P,1 = 
I, 

={Px 1 P~ 1 Pi) LP0 j. Three opera.tors Mk'+ (K • 1 11 2 9 3) out 

of six other' ones M~v are of no immediate physical meaning and 

we introduce six other operators instead of M~~v which will 

have the maaning of the o oordinates of the centre of .in~rtia 

of the physical system and its total angular 18-& momentum (aomo 

in short) relative to this of centre of inertiao 

The properties of the centre of inertia follow from its 

very notion: motion of the system as a certain whole may be 

characterized first of all (in the very first approximation) as 
' 

the motion of the point the mass of which is equal to the rest-

----------------------

• 

2/ Write As-SA= 0 in the form of the matrix prpduct and 
choose such a representation in. which the A operator'sdiagonal (L,e of ~ 
let us enumerate A elements by its proper values). Then 

A Ll< 5 k e - 5 l m A me = ( Ai - A e ) 0te -= o 
i.e., Sil must vanioh if i I e. 
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mass (or energy) of the system and with the momentum which is 
. ; -equal to the total momentum P of the system. Therefore, the 

centre of inertia of the isolated system must move uniformly 

and reotilineary. Besides, in the quantum mechanics we should --require the centre of .inertia}'. R to he the operator of' the 
0 coordin~te of a certain point particle, in particular, the knw~n 

commutation relations between I\:, Ry, Rz, px' p
1

, pz must be ful­

fillede 
-+-

Such an operator R may be obtained in the following way. 

The following commutation relations which the operators Pl 

and Mfv must satisfy to are known (see l51 §J and 16 1 ): • 

( ,. 4-) 

The. notations: [Al B] =AB - BA h = C_ = 1 1 ~, J l K · 

assume the values 1,2,J. 

(I) 
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{ M !, • . ""'1 } -{ r: • f\1· · ~ 1 "'l M· 
I 

, v ;:i , , .. 3 ;;;. I" 1 ~<.-. ) , ! ~ 1 .. , · ' , • _ I ::. , 
1

" . 
• ~;, • • •,:.. "'! l • ' ~ } • •.: J 

11 
;" 1 

,~1 ,? \ 
c· · 1 ;:; '1• ~ t I"'" •. l 
L""I;- , .. If? 

S lJ .r: is the ten:sor a.ntisymmetx·ioal with r~spect to all in~ 

dices9 <;: 
c_, l ') ? 

~::::, .. , -c.: 1 • It is meant that we are concerned only with 

those state vectors ')·•/' 

'·t' ,] , which desoribe the states with. 
Q 

the definite rest 
. . . ~ 

masa m69 ioeo SI for which P,). !JP 1-Vo:: -m~ 'l{.fG 

or ( P0 - E ) 1-rf,. "'" 0 ( th.e time. tTa.nsla tion oper~.it o:?.'· P ,~ ,:;,:'l.:!t Jt'.:~,;r, 
. . • ., . '. .. !J 

. . r . 
with E) o Note that sine~ I r L Ii - ,. 

' ~~ l'-z } 1 
the m~~n Vif.;l,'it® of N1 

1s linearly t.ime dependent o The1:eto:Jt·e 9 N1 :i~ wir.g ons,·::1·:1,}·w,,fd ~ in th~ 

sense 9 that the internal processew affect this time dependence 
. 

ia no wayo 

.We introduce three new operators Rx 9 RY, Rz~ !or which 

[I") f;J 7 
"L , r,) J -

(' 

o rid [ R l ) P.iJ '.'.. t O 1 j 

(and then l k\ i Ej ~ L Pi/E) 

Representing -M in _the form ~-; t--; '::: ~ f i-;:i,, \Pt P1I -~ J t{ 
i ' . 

from (lol) 

we obtain that l. JI . P, 1.;; C. 0 I:f one requir 1e:s R l) R )] R . tl.1 b@ 
· , ' ,1 , · X 'J' Z 

the components of a space vector, they i'iHJts.t satisfy the follow-
f -1 

1ng commutation relation: 1 M1 ,Rjj = L F. 1.: '., •. P 1'{ Therefore 

[ Jt i R J] "'· O a rid J}t ,, Ji ,_ J l ar~ l(l,lso the three d1mensio= 

nal vectoro It follc:nrs from _(L,2) thalt [ Jt ) J j] "c: t. f, q tr J tt 

B7 analogy 9 representing -N- in the form ~1 u l/2(R1E + 

ER
1

) + K1 ;;cc:.=": R1B ... 1P1/2E + K1 Vij obtain that IK1 ilP jl • Oo 

Th~refore, tK19EI • 0 and the me~n walu~ of K1 is time~ indepen-

dento 
·-~ ~-

Now Wfl 1nt@nd'to expr~ss M and N in tf:r•s or the op~ratc~:s 
-~- -~ ~ 

R an4Jintrodu~•d aoaveo For M it ha5 be~n alr@ady doneo Ther~ 
-~·· ~ 

r•mains onlJ, to express tho spac@ polar w•ctor K 1~ terms ot P 

an~ Jo It can be shown that if Rx,Ry,R~i ar• 
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the first .three components of any four-vector .(L,e .. , for instance, 

--(Nip Rj( = 0 (if ii j) then K cannot be expressed only in terms 
--'F-' -- - --of J and p so that all the commutations for Ii would be 

~ --""'· --satisfiedo It means that if K are composed only of p and J 
.'4? -'!,--

then [R x P ]k and Jk are not the space components of these-

cond rank fourtensoro 

The simplest K 
' . ,.~ (namely linear with respect to Jx;J~) JI) 

.satisfying (:W) and (lo4) is 
~ ~ -~-

of the form; k ::[P x i]'(E ± rn)-i 

(compare 17 1 and 16 1 )J/o 

Since the problem has the solution then: 

1) R. is "conserved" (in "the same sence, as N) since it 

may be expressed in terms of the conserving operators M~~(see 
~ 

Appendix ).R may be called the operator of the centre of iner-

tial It coincides with the definition (e) o:f the centre of iner-

tia in Pryce 11 s papers 0 

2) J is also conserved and, what it is especially im-

portant for us,. J2
:;;. J; + J; ~- 1; :).s the Lor-entz invariant, 

as [N
1
J~]' 0. Emphasize that it is correct for anyk~-K-(P

1
f). 

§ 2o USE OF LAWS OF CONSERVATION .. 

RELATIVISTIC DETERMINATION OF THE SPIN OF A PARTICLE 

Four laws of the total momentum- energy conservation and 

three laws of the centre of ineraia conservation may be expressed 

=-31-;;~;;;-abl~-t~=;how, that no other K exist for J~ 1/e (l/e. Ti) 
and 12 ~2 o Starting from o_ther considerations, LoGo Zastaven­
ko seems to have proved that K is unique (whatever eigenvalue 

J 2 has)e We are grateful to him for the discussion of this 
questiono 
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very simplyo As usual the consideration is being carried on in 

the Lorentz system K
6

, where the (conserving) total momentum is 

equal) to zero (the so called Como system)o The origin of the coor-
. Q 

dinate frame of axes may be taken in the point of the centre of 

inertia (to be more exact, in the point of the mean value of the 

operator R 4/) of the particles a and b ( or C and- d) 0 Then -r is 

~ the total aomo Since the commutations between Ix 
I 
J ~ 

1 
J 1. 

are the· same as for the any aomo (eogo as for the Paul:t spir.1. 
- ~ I', 

matrices) then the eigenva1u·es of J 2 and lz are equal i;o 

h2 JCJ+1) and M = J r - 1 - I > J } ... 

respectivel;ve 
~?, 

The law of conservation o:f J 1s expressed as the dia-
,\ A 

gonality.of the S-matrix in the eigenvalues of 12 and Ji 

JM 
(". J

1 M'/SJ ... Jj'1)=(. .. IS / ... )·61 1.r· 8M'M (2) 

and ti besides, as the independence of ( ... JS JM/ .... ) of M8 

fallowing from .. [ J x 
1 
S] = 0 

If one meeds to find, for instance~ the angular,3 distri-

buti·on of c and d . it is necessary to know the S=matrix 

~---------------~----•P~~~ 
. . 

4/The law of R. conservation means somet~ing more than the 
conservation of mean valueo The requirement IR 9 SI ~-0 implies 
that it the system is in the state with the definite R (note . 
that in the interaction pictur~ the wave function of the external 

. beh~;;r
1
iour of the physical syste·m does not ch~nge in time) the in­

t e ~ a-o:.t-i:en ~½-e-~ttre-~he-wa'v''G'-!fttr.tettV'i'r pro c es s es in the system do 
• not take it out .2f this state., This property is not used e?.fpli­

citly_ but such R is necessary to define the conserving J - in­
trinsic a .,m .. of the system (and spin of a particle, see" fur­
ther) .• :_·_ 
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elements in the representation of the particles mo,nenta" In or­

der to e~press these elements through the elements (2) we must 

first of all write .out the remaining yariables of the complete 

set (denoted by dots in (2)), commuting with J 2 and J1 
and with each othero 

The initial and final states of the process a + b - c + d 

are the states of the two free not interacting particles. 

s-mat:t:tx elements are in fact the transition amplitudes bet­

ween such stateso Therefore for the total set of variables enu--· 

merating the S=matrix elementf? we must take the quantum-mecha-

nical variables describing the free particles a and b or 
-.r 

0 and d. The total a.em. J (in the system K
5

) is presented 
- --> --4, -~ 

in the form r~ii+J'l where J is one-particle "tota1'amo 

in K,..e 
i:> 

The procedure of obtaining the consf~ing angular momentum 

with respect to the centre-of-inertia which was set forth in 

§ l may be applied for the system of any physical nature (eege, 

for physical fields)o It is pnly sufficient to know the specifie 

representation of the operators P~ and M~v • It is reasonable, 

therefore, to apply this procedure to the "elementary" particle, 

the ·physical nature of which is unknown at all (according to 

the notion of the "elementarity")o Apart from thi coordinate of 

the centre of inertia -t -and the momentum p we obtain 

then in the only way one more internal -conserving characteristic 

of the microparticle S - the aomo of the particle relative to 
-;po 

its centre of inertia ~ o Defining the spin of the particle 



.... ai.o ~ 

..,.. ,,., 
as, S · we only attribute more exact meaning to the notion of the 

spin as an intrinsic momentum of the particle., 

so, - 0 - -· ...... J = [ '"t ·x p] + S and in the system K
8

,where 

-- - ~ p : - p : p we obtain 
1 e 

r 

J: ["i. )( ~] i-$1 + [~ X ~] +$2 = [ (ii~ - ~2) xj;] + $1 +52 .= +. .:_3) _ 
. -P .LC, .,c C -,,._•·vi, ,.,;2 

Now we may introduce in K
5 

the _operator of the total spin S = -- --. ~s1 + s2 formally by a complete analogy with the n.on-relativistio 

consideration. (~he square of this spin is, no longer, however, 

a Lorentz invariant). The eigenfun~tions of its squijre and pro­

jection S may be expanded by the products hfl rn · 1p
1 

rn · 
: Z 't' I I - "l 2 

of. t_he eigenfunctions of the squares and of the 1 -projections 

of the operators 

are denote9, by 

-- --s1 and s2 

h2 Lf < l 1 + O). 
respectively (the eigenvalues of sf 

Since the commutation xelat--- ~ ions for s,s1 ,s2 are of the usual form [Sx) S~]=t5 1 etco, 

the expansion coefficients Will be the well·-known Cfebsch-Gordan 

coefficienti:; ( L1 L2 rnt rn2 j l 1 
L2 Sri:) which are simultan.eously the 

transformation functions from the representation in the variablew 

Li ) L2 , h:-t 1 rn 2 into L1 > L2 l S ) tn - representation (and vi­

ce versa). The coefficient ( tsJ.,trnjfSJM ) has an analogous 

meaning. 

As variables marke.d by the dots in (2) we may take s; ~ 

and the momentum module in K
3 

(or the total energy of the system 
. 

whioh in K
5 

coinotdes with the relativistic invariant-the rest 

ina.ss of the system). 
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§ Jo FORMULAE FOR CROSS SECTION, VECTOR AND TENSORS OF 

POLARIZATIONo RELATIVISTIC ROTATION OF SPIN 

Noww may eKpress the s-matri.X elements in the representat• 

ion of the momenta of particles. and of their spin projections in. 

terms o:r tlie elements (Pc.)5'1(1:M'ISIPa1s1e,J,M) 
The transformation function from the representation in 

the variable_s p > S
I 
e > J, M into the representation 111 

the momenta and the spin projections is the product of three 

transformation functions written out in the following formula. 

(compare [9J )o 

(pc > rn c l m d IS I Pa 1 h1 a l rn f)) ~ 

-=. ('lJC i1 ( Pc I e'tJ,
1 

Pc)( LC ld m, md I ~c id s'rn') (e's 
1p 'm' l e's 'J M) ~ 

J( ( s / e, I$ J l E (Pa)' s e) X ( 4) 

• 
Expression (2) and the law of total energy conservation are used. 

--l:o-· ~ 

Pc and Pa are the momenta of the particles c and d.f 

and a and b corre§po:o,dingly in K
8

; v, 1 fc I Pc; {}a, If a.> Pa 

are their spherical angle~- a~~
1 

mod":~·es., It is~_,:~:11-ed that 
I

p c 

. is the function of pa:~p~ i-df; +~p~·i·Mb =-~p~~aez +~p~ +~a. 
al I I I O 

The sum over L IL S rn J M t. 11 S n,"\ 1a implied, ) r> > > i J ) r, , ''' 

2.JTh~i,R' l-~ , · 
(-dlfplep.po)::-- ff =·p 'Ye,.,,(~I yi),(PIPo) 

where ·Ye1-4 ('1J) lf) is the spherical :f'unct1ono 

See the other notations in r] (particularly in Appendix II)o 



= 12-= 

I . 

Making use of the formul~ P -:;;spst- we ma;r obtain 
J 

now the density matrix p iof the reaction pl'oducts. in the re-

presentation of their momenta and spin projections ( 
JI p· -is 

the densityQmatrix of the beam=ta.rget in the same representation)o 

The problems of normalization and the obtaining of the cross 

section in the system K
5 

are solved in the same way as in the . 

nonrelativistic case (see lJl)o Th~ statistical polari~atlon 
• 

tensors may be introduced instead of the density matrices 

just in a similar mannero .All the f:o:r.mulae will be of the sam® 

form as the nonrelativistic ones I JI o The di.ffe:renoe is that 

the spin projections ma l m ~) m,) rind (or 1: } V ) a3 wieill 

as the total spin are refered to the K
5 

systemo The same spin 

state is of another form in the other Lorentz frame K (for instan-

ce, in the Laboratory one)o 

Let a certain spin state be defined in K
8

o In order to kno~ 

how it is described. in Kit is necessary to find the transfor­

mation function from the repr·esentation in the .eigenvalues o! 

s2 and S in the system K to the representation in the eigen z s 
yalues of s2 and Sz which are the square and the projection of 

the same operator but in the frame!. As s2 is the Lorenta in-
~ -iP 

variant the operator S ~s a vector rotated in compari•on with So 

Therefore, the transeormation ·tunction is the same as that ob­

tained when solving the task of describing the given spin sta­

te in the rotated frame of space axes~ 

(~ I ])i -imq:> rn~Fn i -·Lmq, 
rn rn)~ rn,m(f>2)e/=t)1)=e 2.L . Pffirn(eo~e)e~ , (;) 



l is 
PFii~(co;)e) ax;e determined in 

. 1 

I 101 (formula. (22) page 

77 o Note that the mattix Pron written out on page 78 in the 

explicit form does not correspond to (22) and 1s not correct~o 

If the rotation is interpreted as the rotation of the vector 

with respect to the fixed coordinate frame it consists of 1) 

the rotation of the vector around the Z axis at the angle 1,. 
2)the rotation around the. y axis at the angle G; J) the 

rotation around Z at -- 4\ '- ... All the rotations are contrac-
. I 

lockwiseo It 1s shown in the Appendix how to find the axis 

of the rotation and the angle of the _rotation Q o:t the 

spin vector when transforming from Ks into Ko To transform the 
-

spin state of the reaction product from K into the labs sys.;,,. .. s 

tern we obtain such Euler a:ngles of rotation {cp1,9/P2}:{+f>52t1} 

(6) 

where v-'~IPl/w =~w) t=(;)/JC;tp=(1-~2f'hi {, w/l<. 
C . 

I 

U~ is the energy of the reaction product in the labo sys-

tem 9' -J and '-f are th~ spherical angles 
s 

of itp- momentum 
-p 

p in k5 ' 
defined with respect to the frame ot axes 

-,t,,,_ 

with the axis -il!J . /the axes X and y are chosen arbit-
() 

rary/o 

In Stapp•s formula (48) in 14 1 for s1n(2 there 1~ an 

error/ or a misprint/: the factors t i f3 are absent there 

( ((a.)_ t(f,J in his notations)o If we repeat Stapp•s calculat-

ions (in accordance with his arguments) we shall obtain namely 

formula (6)0 The rotation at the angle Q must be made around 
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the vector [F )( p J ~.-

contraclockwisep f is the velocity of 

the lab o. system relative to the c omos o of the reaction (see Ap= 

pejndix) o 

The relativistic effect of the spin state rotation which 
Q . 

was set :forth above in no way display itself when transforming 
, .. ,,•-· 

the angular distributmnn into the labo system (since the angu­

lar distribution is the zero Qnk polarization tensor\ It is 
/ 

only necessary to make the usuti.l (kinematic) relativist:l.c trans=-
'<;--, 

formation of the angles from K into the labo system ... 't'he non-. s . ) 

relativistic theory of the angular distribution in the reactions 

with the nonpolarized beam and target remains also correct in 

the relativistic region (only the meaning of the quantities in= 

volving into the formulae changes or specified)o 

✓-

As for the vector and~ moreover~ the tensors of pola­
rization they are not directly mea~ured in the experi­
mento 

In order to measure the polarization vector of the 

product C of the reaction a + b -~ o + d it is 
ct 

necessary to scatter 0 on t>-hB target e and to mea-

sure the asymmetry in the angular distribution of the 

scattered Co Then we obtain some information about 
~·~-· 

the polarization vector 
! 

, 
in the OomoSo Ks 

of the react1.on c + e ---,,-~ c + e o The polarization 
~ 

vector which we are looking for is obtained from qJ' 
with the help of rotationo The angle of the rotation 1s 

found using formula /6/ o Indeed, in the successive Lorentz ,tS:"f 

transformations from Ks in.to the. labo system (with the 
-¾-- • 

and further into the help of the known velooi ty_ ~ ) 

system K' . s 
-·$= 

(the velocity P1 ) the rotation really 

occurs only in the f.irst transfrrmation, since the mo= 



.,_., -

-, 
mentum Pc of the particle c in the labo system is parallel 

to -~' , so that sin Q2 ~- · sin(f~p~ ) = 0 o This problem -

is e~amined in 14 1 in more detail; note that the considerat-

ion given there may be applied to any spina 

And in ge~eral, the relativistic rotation of the spin is 

essential, apparently, only when considering the cascades of 

the reactionso In the next paragraph we shall be concerned.with 

the relativistic change of the angular correlations +n the cas-

cades of the a + b--+- c + d, 

In conclusion we note that in the transition_frqm ~sin-

to the ,;system K
0

, where the particle is at rest, the 4esaript-

ion of spin state does not undergo any changes since in this· 

case ·~ ll P and then Q ,.,... 0 " Th"erefore one may consider 

that the quantities ma.J m6 etce desQribe the spin states of 

particles in their rest systems K
0

• Such an interpretation i~ 

preferential than the former o~eg the spin state of the PB:Xtic­

les is described by the quantitits the determination of which is 

independent of the system Ks, i o e o, of what ta1:,g_et the •. particle 

reacts with, what is its energy or -qhat is the energetic ba= 

lance of the reaction5/o .. 
5/ In connection with this interpretation the fpllowing 

puzzle may occuro Since there exists only one system where the 
particle is at rest then in any reaction m signify the same: 
the projections of spins in their rest systemso Therefore,it looks 
like as if no transformations of spin state are not ~eally neces~ 
saryo -~ , .. 7 

The pQint is that if V is the velocity of the system K re­
lative to.~R and V the veitcity of~J{ relative to K , then 2 the 
velocity V 3} (whic~2 iJl,. funqJio~of v,.3 and V3~ of c ofirse) appear. ed 
not to be pa:rallel to V13 if [Ve,~ v32 ] :to (see [11J, §22) o The trans-
formation from Kf into K3 must have the form of the Lorentz · 
transformation with the space rotation /ib1do 1form~la(58)/oif t]le 
particle was at rest in K 1 , then in K3 it has the velocity V13 and it is possible to pass with the help of the usual Lorentz , 
transformation with this velocity into the system K~ where this 
particle is again at restoThe calculations show that the product 
of the transformations from Ki into_JC3 .§}!!_d furth,.er i:qto K-., has 

. the form of a purely space rotation,l S(l/>;J) Sen if Dv13 -=- v1J /of 
course, the space axes of the Lorentz systems K1 ,K,, 1 K3 j)K~ are as-
sumed to be parallel/Q ~ 



...;; 16 -

§ 4. RELATIVISTIC ANGULAR CO:QRELATIONS IN THE CASCADES 

OF THE a + b ~ c + d, c - e + f TYPE 

Q 

Let us consider first the known cascade rr~+ p---+-Y + k > y...,... N + IT. 

If the first reaction occurs near the thre~hold the correlat-

ion in the angle ){ between the direction of the incident JT~ 

mesons and that of the decay nucleon makes it possible to deteT­

mine the spin J of the hyperon Y . This correlation may be 

obtained if the explicit expression for the statistical fensors 

of the hyperon polarization f ( q,) \)) will be substituted into 

the expression 

· 2j-1 ½ · <j, 

t(1'>lf)=T
4 

• L (,i~1)
1

~Q(i,cpL Yav(1'/f)f(Cf,>V) (7) 
JT i=o,2 l1 V=·ci " 

for the angular distribution of the hyperon decay products in 

its rest system Ky • /see 112 I and I J 1/. In the centre of inertia 

system K of the reaction JT+ p -r- Y + k near the threshold s . 

/the axis Z is directed along the Jr--meson beam) 

fs ( 1 > V )-- Q <j I i) 6v) o . 

The nonrelativistic correlation in the angle K 
simply by substituting (8) into (7): 

aj-1 · 
c- ~ -'/z 2 1-n 7. ( iJ > 'f) -- L ( 2 i + I ) Q (J. > i ) Yn O ( 'll > 0 ) ,...,. · 

i:0 V) 

2j-l 

,_ ~ Q2
( i /t) Pa ( Coj t) · q,:: o d ··1-

(8) 

is obtained 

(9) 
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As a matter of fact, it is necessary to substitute into (7) 

not P,s ci l V') but the statistical tensors of the hyperon refer-' 

ed t·o the system Ky i 

. (10) 

Here lfl c and -Jc are the spherical angles of the hyperon 

direction of emission in the sy~tem K;~ The angle Q is deter-

m'ined by formula (6), since in the transformation· froi:.'Ks into _ 

the labo system and further into Ky the rotation occurs· only 

in the transitimn from K into the labo systemo /Let us note 
8 

that J (1.1
1 
lf') is obtained by the transformation of the measured 

distribution from the labo system into Ky ,, but not by the trans­

formation from Ks into the h.ypEron rest sysrem/o 

Substituting (10) into (7) we obtain 
? .. J•I q. 

J1 ('v,'f)0-> t~~ (2~ +1f'Q
2(ti)L Ya vClJ,lf)Y{Q/fc): 

q_ ~o,2 · l)~-q, I, l 
2J-I (11) 

~ 1/'IJT J;o Q2(J > ~) Pq, ( r;i1 Y~) 
where li is now the angle between the direction of the emis­

sion of the decay products and the direction { Q(1.9c), lf c}. 
Thus, the form of the correlation remains the old one if we 

change the determination of the angle X .. Q doe's not 

0 er 
exceed lo5 for the exprceiment under discussionc If one constructs 

the distribution in ~ selecting only the ca.sea with the fixed 

Ve-:::: 9 0° and the f:Lxed lf c , the difference between the 

nonrelativistio and relativistic correlations may be J% for J=o/2 

. 061,e)lllHCHJJblli ·•!!JC i tt, 

11;iepHWX HCC.'Ie,noaa;q;, 

6H6Jll10TE!·{A 

•.,,' ·.' 
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and · 5% for i = S /2 • Actually, all.the cascade cases are used 

in the _exp/e!iment for the construction of T(K) . If (11) 

is integrated by ~c the difference of the obtained correlat-

ion }'T.(~
1
Q(1'c )) from the nonrelativistic (9) will not exceed 

Ool% for all values of t and ,JC ( j ~ 5/ 2 ) . 

In the case of the K"""'.+ p ~ Y+ If) Y-+- N +rr cascade the 

angular correlation does not involve any unknown parametars and 
• 

is dependent only upon the spin J of hyperon if the energy of 

K- -mesons does not exceed,20-JO MeVo But this energy must be 

sufficiently high ( ~ 0,01 MeV) in order the K-mesoatom no.t 

to be produced (see in more detail 191 )o In the Comos 9 of the 

reaction K- + p -r- Y + Jr wlth Z axis parallel to the di-
-+-

rection ny of the hyperon emission and the axis ~ II [nk )( ny] -- C 

where nk is the direction of the incident K-meson beam 

p 5 ( q )'t) r'\.J Q (j ) q). 6-r) 0 

In the same set of the axes but in the rest system Ky of the 

hyperon 

p(~)1:)= >-, n;1:,(o)Q)o)J\Cq/c')= t ) . 

- I; * --
:~~JT/2.q +1 Yi,t C '2, o) Q <J, q l 

(12) 
17. 

The difference of the relativistic correlation }'t (v, lf) from 

the nonrelativistic is in general the same: substituting /12/ 

into /7/ we obtain the correlation ~'l(0) in the angle 0 bet-
~ 

ween the direction n of the decay product emission and the 
~ 

vector obtained by rotating ny at the angle Q around the 
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vector [nk )( h y] /io'e e, in the plane of the reaction/. The 

· nonrelativistic correlation had the same form but e was the 
-► 

angle between h 
---~ 

and ny. 

I 91 
Although the correlation proposed by Adair llJI (see also 

assumes the energies greater than those near the threshold 

it does not change in the relativistic consideration: the cases 

when the hyperons are emitted at small angles to the direction of 

the incident beam are used in Adair's method and then Q~o. 

Since the most general cawe of the cascade a + b-+- c + d, 

c -Pe+ f when all the spins ~re arbitrary and the correlat-

ion is dependent upon the unknown parameters is of no practical 

interest we s~mply note without proving that the nonrelativistic 

form of the angular correlation may be conservedo For this we must 

find a particular set of axes for each case of the cascade (using 

measured angles of the direction of emission of the particle c). 

The emergence angles of the decay products of Care calculated· 

in respect to this set of axese The distribution over such recal-·. 

culated angles has the old nonrelativistic formo 

Of course, to make up for it, the prescription for the 

construction olfi' the angular correlation is changed., 
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A p P. end 1 x 

lo The expression of S in terms of Mµv and P ,-,. ., 

Let dt be the rest mass of the particle and w =~ p2 t J-e ~ 

-i- + -,Ir,-· -

M =[ 7: X p] + s 
.-,.. ..,,..J 

. -+- [.p )( s N ~ riw- -L P/2 l>f + Ctli:}f-· (Aol) 

Tp.e fojlur vector rcr = ½., C },n)o/i Mµv P). 

( e, µv6 A is the c O!Ilpletely antisymmetrical tensor of the 

fourth rank,, £H! 3'1 ~ 1 ) then has the form: 
·__..,._ ,_,,...-,..... 

r::sa{+iE-22.p) ~4~l(S p). (Ao2) 
w- + ~ -·- _,... --Noting that ( ,,. p) =W ( S p) , we find from (Ao2) · 

•--'j,o- I ..➔..--;.- .-;,,.. 

---+-s - r;. - - --- " ( r . P ) -P . 
- Je ,lew-(w+.}() 

(AoJ) 

All these operator equations ought to be understood in the 

mom~ntum representationo 

From the second relation in /A.,1/ we obtain now 
~ ~ -- . 

-; _,_ ,p)/ [ p X r] (A04) 
LW-= N+L /21.J ----

~{ ( W" + lee ) 
----- .......,, 

· 2., The vector S in the new system K , which moves --relative to K
8 

with the velocity-~ (in the units of the 

velocity of•light) may be found now in the following wayo 

Substituting into the right and into the left sides of 

the following exprewsions /see llll , § 18 1 formula (25)/ 
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--..-
and: r 

_,.. 
in.· terms of S 

,....,_ ,,._ ,._ 

(A.5) 

and S , Pp. respectively and subst __ it:Uti~~ fo~.: .Pt-,L ,their ex-

pressions. throggh Pf /wh2:_oh have the same form. /A,-5/) we ob-
.~ -tain the expressions of S throggh S •·. First- of' all we as-·--- -..- .~ 

certain that S. if·.:the · linear combination of :vector S 1 ·~ and p. -~- _,,_ .. 
It means that the vector· S is obtained-from. S by means of· 

. '~ ,·> ~ • ,' : ~ 

~ ~ 

the. rotation around the axis perpendicular .to ·.~ and P~ 
There remains only to·find-out the magnitude and the sign _ot· 

the angle of the rotation· al'.ound ,·this a:x:i~ ., For this we choose 

a convenient.set of the spatial·axes /it is·clear that the angle 

of the rotation must not depend upotj. the choice of the axes/: 

• The rotation_of:a vector around the· 

axis ~ contraclookwise at an a~gle Q must have the form 

,-.., 

Sx:::: co1.Q Sx + Sin Q s1 

,._ 0 
~ 

Representing the expression S 
~ 

through S(in the, closen set of· 
·. ' 

, 

the axes) in the form of (Ao6) and finding the coeffi_cnet which· 

has S "l in the expression ·for S:(as one hav_ing the. siljplest form/ we 

.obtain formula·.(6). in § J for sin Q 0 
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