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A H H o T a u H s 

PaccMoTpeHo paBHOB ec a oe pacnpeaeneaHe pensTHBHCTCKoro raaa c T oqxK apeHKH KBHe

THqecxoro ypaBHeHHH • .QOK838HO, 'ITO B pensTHBHCTCKOM CTJY'!8e OI5WKM peweHK 9M cPYHKUBO

H8nbHOrO yp8BH9HHH 6on&UM8H8 RBnH9TCH penHTHBHCTCK09 pacnpeaeneHK9 ~8KCBenna-6on&u

M8H8. HaAaeH o()wsA BH a r p aBKT8UHOHHoro DOns!, B KOT OpoM Bo3MO>KHO rnol5an&H09 penBTH

BHCTCKOe pacnpeaen e aRe ~axe senna -6onbUMaH a. ViccneaoaaHo pacnpeaeneaHe ~ axcaenna-

6on&uMaHa B 'l8CTHOA T eopKH OTHOCHTen&HOCTH. PaCCM OTpeHO aecKODbKO X8p8KT8pK b1X n p HMe

poB , T8JCBX, JC8Jt Bp8W810 WHftCH ra3, r 83 B OOCTO!IHHOM rp8BHT8UHOHHOM none, OC06ble CDY'I8K 

pacnpeaeneHH!I raaa, coCTOHwero H3 '!8CTHU c HyneaoA MaccoA noKOH. 

N.A. Chernikov 

EQUILIBRIUM DISTJ.UBUTION 
OF RELATIVISTIC GAS 

Abstract 
= 

The equilibrium distribution of the relativistic gas has been treated from the point of view of the kinetic equation. 

It is proved that in the relativistic case the general solution of the fun ctional Boltzmann equation is the relativistic 

\laxwell- Boltzmann distribution. A general form of the gravitational field in which the global relativistic \1axwell 

Boltzmann distribution i s possible has been found. ~laxwell- Boltzmann distribution in the special theory of relativity 

has been investigated. Some examples have been considered: the rotating gas, gas in a stationary gravi ta tional field, 

some particular cases of the distribution of gas consisting o f particles with zero rest mass. 
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01. Bse.aeaue 

P8BHOB ecHoe p8cnpe.aeneHue pemrTHBHCTcxoro 1"838 p8CCM8TpBB8nocb o6wRMH MeTOll8-
II 2 1 

MR CT8TRCT8<tecxoA 4JR3HKR ' • H 8PRllY c aTHM uenecoo5p83RO p8CCMOTpeTb penRTHBHcT-

131 cxoe p8BHosecHoe p8cnpe.aeneaHe K8K peweaae KRHeTH<tecxoro yp8sHeK8R SonbuM8Ha 

np8 T8KOM ITOllXOll9 ll0CT81"89TCSJ ITOnHoe R3Y'I8HH9 paBHOB9CHOJ"O p8Cnpe.aeneHHR C ¢YHll8-

M9RT81TbH biX IT03RU8A SonbuMaHa. C .apyroA cTopOHbl, pasaosec11oe pacnpe.aeneH8e RBnReTcR 

B8>KHb1M np8no>KeH89M ae.aasHo nonyqeHHoro K8H9T8'!ecxoro ypaBH9HRSJ SonbuMaHa .a nSJ pe-

14. I ITRT8BRCTCKOJ"O 1"838 S npOR3SOnbHOM rp8BRT8U80HHOM I!One • no.apOOHbiA BbiSO.Q ITOCne.a-

Hero ypaBH9HHSJ co.aep>KHTCR s pa6oTe
151

· Ha Hell 6y.aeT 6a3HposaTbCSJ Hawe .aancHel!wee 

uccne.aosaHHe. Bee o6oaHa<teHHSJ, o KOTOpbrx He orosopeHo oco5o, 6y.ayT 3aHMcTsosaHbt H3 
151 

pa5oTbi • 

D 2. <l>yaKuaoaancR:>e ypasaeHue SonbUM8H8 

ra3 H8XOllHTCSJ S p8SHOS9CHOM COCTOSJH RH, 9CnH llHB9pi"9HURR B9KTOp8 ITOTOKa &~TpOOHH 
p8saa Hynro. EcnH aTa llHBepreHUH.II o6pawaeTcR B Hynb B HexoTopoA To<txe x 

, TO S STOll 

To<txe npH nro5brX i I j BblnonHReTcR paseHcT so 15.40 I p850T bl 151 

12.11 

3To p8B9HCTBO OTHOCHTCR x npOH3BOITbHOA qeTsepxe I p,q;p ' ,q'l 
RM ny nbCOB, CBSI38HHOl!: 

38KOHOM ynpyroro CTOnKHOB9HHSJ, 'ITO B p91!SJT8BHCTCKOM Cny<tae 03H8'189T 

p + q p. + q ' 12.21 

EcnH h11 CTporo 6onbwe aynH, 'ITO 83 12.1 I cne.ayeT cfYHKUHOHal!bHoe ypasHeHKe 

SonbuMaH8: 

A 1 (x 1 p) A 
1 

(x 1 q) A 1 (x,p ' ) A
1 

(x,q ' ) 
12.31 

.anH n106ol! <teT sepxu I p
1 
q; p ' I q'l 

HMnynbcos, CBB38HHOA 38KOHOM 12.21. YpasHeHHe 

12.3 I cne.ayeT H3 12.1 I 8 npH MeHee C8nbHOM orpaHH<t9HKII H8 

H900XOllHMOM YCITOBHR, KOTOpOe HY>KHO HBITO>KHTb H 8 hI/ 

3ll9Cb Mbl P8CCM8TpKB8Tb He 6y.aeM. 

hI/ , OllH8KO BOITpOC 0 

'IT05 br 83 12.11 nony<tHTb 12.3 1, 

161 P8B9HCTBO 12.31 YCTaHaSnKS89T OTHOW9H89 3KBHBaneHTHOCT8 , p8368B8!0W9e KOMOO-

H9HTbl 1"838 H8 KIT8CCbl . Sy.aeM J"OBOpKTb, 'ITO KOMITOH9HT8 
9KBHB8n9HTH8 KOMI!OH9HTe j 

8 381TRCbJB8Tb ( i) .. (j) . , ecnu BblnonaSJeTcH paseHcTso 12.31. CHMMeTpH<tHOCTb oqesu.aaa: 

ecnH (i) • (j) , TO H (j) ,. (i} \f . .QOK8>K9M Tp8H3HTHSHOCTb: 9CITH (i) .. (j) 8 (i) "'(k) 

TO (i) • (k) nycTb 3all8H8 '19TSepxa HMITYITbCOS lp, s; p ' , s ' l • r.ae p ( P, (x) I 

S( P,.(x), P'fP
1 

(x), 
p + s "' p 1 + s' 

no.a6epeM HMITYITbCbl 
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p + q = p' + q ' . BaKay Toro, 'ITO 

Cneao8aTen&HO, q' + s .. q + s' 

(i)-en KMeeM pa8eHcTao 12.31. Ho q ' - q. p -p' • s ' -s. 

H, T8K K8K (j) • (k) 

A (x,q') A (x,s) 
I k 

A (x,q)A (x,s'). 
I k 

12.41 

Vl3 /2 .3/ H /2.4/ cneayeT 

A (x,p)A (x,s)"' A (x,p')A (x,s'), 
I .It I .It 

/2.5/ 

T,e , (i) .. (k) , 0TCJOLl8 CJ19LlY9T H peq,neKCHBHOCTb, T8K K8K B LlOK838T9JlbCT89 Tp8H3HTH8-

HOCTH He 3anpeweHo paaeHcTao k • i . Ecna KOMnoneHTa aaxoaaTCH c xaKoA-nK6o KOMno

H9HTOA B OTHOW9HIUl 8K8HB8J19HTHOCTH 1 TO (i) "''(i ). 

noHCHHM cPH3H'19CKHA CMbiCJl p8CCM0Tp9HHOrO OTHOWQHHH 9K8K88J19HTHOCTK, .Qanee 6y-

Ll9T Ll0K838HO, 'iTO K0Mfl0H9HTbl ll j pacnpeaeneHbl flO penHTHBHCTCKOMy 38KOHY ~aKc-

aenna-60J1bUM8H8, 9CJ1H Bblfl0J1HH9T CSI p889HCT80 /2.3/ H CKOpOCTK H T9M119paT ypbl 9THX 

KOM QOH9RT C08fl8Ll8 lOT, T 8KHM o6pa30M, T9M119p8Typbl H CKOpOCTH 0LlHH8KOBbl LlJlSI acero 

KJ18CC8 9K8H88J19HTRbiX KOMOOHQRT. Vl3 peq,neKCH8ROCTH 110J1Y'I89TCSI 88>KH09 CJ19LlCT8H9. 

nyCTb h
11 

= 0 , T . e . qacTHUbl oaaoA H ToA >Ke KOMnoaeHTbi He CT8J1KHB810TCSI apyr C 

LlPYT'OM H9110Cp9LlCTB9HHO. npeanOJlO>KHM, 'ITO 9TH 'l8CTHUbl CT8J1KH8810TCSI C '18CTHU8MK KOM-

110H9HTbl j TaK 'ITO BbJnonaHeTcsr pa8eHcTao /2.3/. Tora a Me>~<ay qacTHUSMK a H b 

KOMfiOH9HTbl npo HcxoasrT onocpeaoaaHHble CTOnKH086HHH no cneay10weA cxeMe. YacTH-

US a CT8J1KHB86TCH C '18CTBUeA C JtOM 110H9HT hi j • nocne 9TOrO '18CTHU8 c CT8J1JtH-

889TCSI C '18CTHU6A b H 803ap8W86TCSI a COCTOHKH9 C HCXOLlKbiM HMI1YJlbCOM, Pe3yJ1bT8T 

9THX Ll8YX CTOJlKHOaeaBA TaxoA >Ke, KaK ecnH Obi '18CTBUbl a H b 

CTaeHHO, TaKH9 0110Cp9Ll088HHbl6 CTOJ1KH089HHH npHaOaHT KOM110H9HTY 

COCTOHHH9, 

CTOJlKHYJlHCb Henocpea-

8 p88HOaecH06 

PaCCMOTpHM CJ19LlYJOWHA HHT epeCHbJA npHMep . nycTb ra3 COCTOHT K3 Ll8YX KOMI10R6HT 

H cPYHKUKK h II H h :l:l TO>I< Ll9CTB9HHO paBHbl HYJlJO, TOT'Ll8 KSK, R81Ip0THB, cPYHKUHSI h 1:1 

HHT'Ll9 8 HyJlb He 00p8W89T·CH . EcnH a H9KOT OpOA TO'IK9 X LlH8epreHUHR 89KTOpa 9HTp011H H 

T'838 p88H8 HYJlJO, TO 8 9TOA TO'IK9 8blfl0J1HSI9TCH p8B9HCT80 

A
1

(x,p) A:l(x,q) • A 1 (x,p')A:l (x,q') 12.61 

LlJlSI nJ0(5ol\ '19T89pKH HMI1YJ1bCOa, C8SI38HHOl\ 38KOHOM /2. 2/. TaKKM o6pa30M, o(5e KOMI10H9HTbl 

raaa aaxoaSITCR 8 OT HoweHKH 9K8HaaneHTHOCTH. Cornacao .aoK&aaaaoA 8blwe pectJneKCH8HOCTH 

&TOrO OTHOW9HHH BblflOJlHRIOTCSI Ll88 p889HCTaa: 

A (x,p)A (x,p.) = A (x,p')A (x,p'.), 
I I J I 

12.11 

ec na p + p • • p' + p ~ , H 

A
1

(x,q) A
1
(x,q•) = A

1
(x,q ' JA,(x,q'.), 

12 .81 

ecnH q + q• - q ' +q ' •. PaaeHcTaa /2.7/ H /2.8/ cne.ayJOT H3 paaeacT8a 12.61 . 

Bee, cKa3aaaoe a &TOM naparpact>e, cnpaeeana8o H a aepenHTH8HCTCKOM cnyqae. 
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II 3. PeweaHe pyaxuKoaanbHoro rpasaeaH.R BonbUMaaa 

EcnH ~YHKUH.R pacnpeaeneaHs KOMnOH9HT~ 
n O)l'fRH.ReTcR ypasa eaKJO /2.3/ To, xaK 

aoxaaaao 8 0 I , o a a noa qaa.ReTCSI TsK>Ke ypa8aeaHJO: 

13.1 I 

a n.R n1060A '{9T89pKR HMnynbC08, C8SI38HHOA 38KOHO~ ynpyroro CT011KH08eHH.R, 'fTO 8 penSITR-

8HCTCKOM c nyqae osaaqaeT p + p* = p' + p '* 

B a epen.RTR8RCTCKOM cnyqae BonbuMaH aawen peweaRe ypa8HOHKR /3 .1 I 8 xnacce LIH~-
/7/ /89/ ~epeauRpyeMbrx ~YHKUHA • rpaa ' .aoxaaan, 'ITO R 8 xnacce aenpep~8Hbrx cpyaxu KA 

HOT peweHHSI, OTOR'fHOT'O OT peweHRSI SonbUM8H8 • .Qpyroe .OOK838T9nbCT80 9TOT'O ~8KT8 Lis-

Ko K "pne."8KOM/l0/. 3necb " 6 /3 I/ .. .•• ..... M~ aan.aeM o mee peweaRe ypasReaa.R • 8 penRTH8RCTCKOM 

cnyqae, npeanonaraR Tax >Ke, xaK STO aenaeT c.R H 8 aepenRTH8HCTCKOM cnyqao, 'fTO 

A 
1 

(x,p) > 0 R 'fTO. A 
1 
(x,p) 388RCHT OT HMfiYnbC8 aenpep~sao. 

0 603H8'1HM 

L(p) '"' f n A
1 

(x,p). 
/3.2 / 

R apryM eaT X BBK LIY T OT'O, 'fTO OHH BXOLIRT B ypasaeaae /3 .} / 

nH w b B xaqecTse napaMeT pos. Ypasaeaae /3 . 1 I npeacT aBKTCR s 8RLie 

L (p) + L (p*) = L (p') + L (p '*). /3.3/ 

8 ~6epeM 8 npOCTp8HCTBe, K8C8T911bHOM K npOCTp8HCT8y C06 biTK A 8 TO'flte X , OpTOT'OH811b

HhlA 6aaKc e 0 , e 1 , e,, e,. BexT op e 
0 

aanpa8RM B 5yaymee R HOpMHpyeM cne.ayJOI.l.lHM o6-

pa30M 89KT0p bi 8 bl5p8HHOT'O 083RC8: 

/3.4/ 

V1 MnynbC p np9LICT 8B.HM B BKLIO: 

/3 .5/ 

Cornacao ycnosKJO ~YHKURR L Ll011>KK8 6~b aenpep~BKOA OTHOCHT91!bKO U v ' w • 
B T8KOM Cnyqae OH8 aenpepbiBH8 0THOCRT911bKO npoCTp8HCTB9HH~X KOMnOH9HT RMOY11bC8 8 nJO

OOM 683HCe . 3TO 118.00 HM9Tb B BR.Oy, .KOraa oyaeT T'OBOpHTb C.A 0 Henpep~BHOA ~YHKUHH OT 

KMny 11bC8, • 

Ypasae HKJO /3 .3 / T p HsaanbHbiM o6p830M y.aosneTBOpReT ~YHKUKR 

13 .6 1 

Lloxa»<eM, 'ITO aepaa cne.ayJOwaR 

TeopeMa; BcRK8R aenpepbiBHaR 9>YHK UHR OT HMnynbca , yaosneTsopRJOI.l.laR ypasaeaHJO 

13 .31 npeacTasnReTc.R s BRae /3.6/. 

!lonycTKM, 'fTO sepaa 
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DeMMa: EcnK HenpepbiBHaR ¢ YHKUHR oT HMnynbca p Y.llOaneTBOpReT ypaaaeHHJO 13.31 

H rtpHRHM89T O.llKH8KOBbl9 3H8'18HHR H8 B8KTOp8X pI , P 
2 

, P 
3 

, P 4 
, npe.llCTaanRJOWHXCll a 

HeKOTOpOM OpTOI"'OH8rtbHOM 683HC9 e
0

, e
1 
,e

2
, e

3 
B BH.lle: 

P 
1 

• - h e 
1 

+ h e 
2 

+ he + ..; m r;;r+~ e 
3 I 0 

p .. he
1
-he

2 
+ he

3 
+ v'm ~c 2 + J/1

2 
e 0 

p 
3 

• h e 
1 

+ h e 
2 

- h e 
3 

+ v' m/ c 
2 
+ 3 h 

2 
e 0 

13.1 I 

p • he + he + he + v' m 2 c 2 + 3h 2 e 
4 I 2 :1 I 0 

I"'Ll8 h - H8KOTOpOe Q:lHKCHp088HH08 rtOfiO*HT9rtbH08 'IHCrtO, TO OH8 38BHCHT TOnbKO OT CKa-

nRpH OI"'O rtp0H3B9Ll9HHH (p, oo)· 

EcnH aepaa aTa neMMa, TO aepHa H c¢opMynHpoBaHH8R BbiWe TeopeMa. LleAcTBKTertbHO, 

aapRLlY c HMnynbC8MH 13.1 I paccMoTpHM HMnynbc p , ~HMMeTpH'IHbiA HMrtynbC Y p OT-
- I I 

HOCHT 9rtbHO Tp9XMepHO A rtrtOCKOCTH B K8C8TenbHOM rtpOCTp8HCTBe C06b1THA, rtpOXO.llRWeA 'lepe3 

HMnyfibCbl p 2 ' p 3 ' p 4 • VI M ny rtbC p paaeH 
- I 

13.81 

p = 
- l 

3 m 1
2 

c 
2 + 10 h 

2 

m:c 2 +2h 2 

2 2 2 
·he+ he + he + ml c + 6h v'm 2 c 2 +3h 2 e . 

l 2 3 2 2 2 h2 I 0 m 1 c + 

npH 0Tp8>K8HHH B 3TOA rtrtOCKOCTH OpTOI"'OH81IbHbiA 6 83HC e
0

,e
1
,e

2
, e 

' 
rtepeXOLl HT B op-

TOI"'OH8flbHbiA 683HC 
.. . .. -e

0
, e

1
, e

2 
, e

3 

.. 
eo 

e, 

m 2c 2 + 4 h 2 

m: c 2 + 2h 
2 

eo + 

m,'c 2 + 4h' 
--------- e 

2 2 I 
m

1
c +2h

2 

2hv'm2c'+3h2 

m:c
2

+2h
2 

2h.,jmL
2

c 2+3 h 2 

---------
2 2 2 

m 1 c + 2h 

.. 
e

1
, e

2 
.. e

2
, 

eo ' 
.. 
e

3
• e

3
• 

13.91 

8 H OBOM 683HCe HMrtyfibC bl p 
1 

p , p 
1 

p B bip8>K8JOTCSI TO'IHO T8K, K8K HM rtynbCbl 
-1 2 ' 4 

p , p , p , p - B HCXO.llHOM 683KCe . ¢lyHKUHIO f~ (p) , K8K H BCSIKYJO cPYHKUH JO, MO*HO 
I 2 3 4 

npe,llCT 8BHTb 8 BH.lle: 

L (p) .. :C (p) + 
B +C 

2 
+ 

2 2 'r 2 
m 1 c + 2 · ( 2D _A - E ) + 

4h 
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r.lle 

+ D - A 

2h 
u + ....:D;__ __ B_ v + D - C w + 

2h 2h 

+ A(m: c'+ 4h') +E(m ,'c' + 2h')-2D(m,'c' +.3h') ·vm,'c'+u'+v'+w!l 

4h2 .,jm 2 c ' + 3hT 
I 

E • L(p ). 
- J 

EcnH c:PYHKUHR L(p) Y.llOBne TaopReT ypaaaeHH10 13 .31 , To c:PYHKUHH K (p) 

ypaaHeRHlO 13.31. KpoMe T oro, 

K (p ) • K ( p ) = K (p ) • K ( p ) .. K (p ) • 0 • 
J 2 j 4 -1 

13. 101 

13. 11 I 

I 3.121 

CornaCHO neMMe, Q:>yHICUBSI .'{ (p ) 38BHCHT, C O.llHOA CTOpOHhl, T OnbiCO OT ( p, e
0

) , 8 C .llpy-

rolt CTOpOHhl , T Onbxo OT (p, ;
0

) • Cne.llOBaTenbHO, K (p) • cons t • 0. 

TaxHM o(5pa3oM, ecnH aepaa neMMa, To aepaa B TeopeM a. 

n epelt.ll8M It .ll01t838Ten&c TBy neMM hi. nycTb Heape Phi!IH8R c:PYHICUBII K ( u , v, 1V ) - K ( p) 

Y.llOBneTaopReT ypaaHeHH10 13 .31 H, xpoMe Toro, 

K(-h,h ,h ) • K(h,-h,h) = K(h,h,-h) • K(h,h,h). 13.13/ 

.llKH8Thl W 

, H8UpHM8p, 3H8'19HK8 XOOp-

.ll nn x p aTKOCTH 5y .lleM ouycxaT& &To 3Ha'leHHe UO.ll 3H&JCOM c;py HICUHH K 

l.feTaepJCa HM nynb COB c ICOOp.OBH8T8MH I (u, v,w ), (u.,v. ,w.), (u ' ,v ',w'),(u~,v:,w:~.r.lle 

u ' • u - 2 ( u sin ¢ - v Cos¢ ) sin ¢ ; u • • u ' + t cos ¢ ; u ~ • u + t cos ¢ ; 13 .1 4 1 

v'• v + 2(usin¢-vcos¢)cos¢; v• • v ' + tsin¢; v;• v + t sin¢; 

UpH n10(5hiX 3 H8'19 HIIRX U 1 V 
1 

W 
1 

t 
1 

</> 
c &a3aHa 3&KOHOM yupyroro cTonxaoaeaua lcM. 

P HC. 1 I. no&TOMy 

p H c. I . 
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K(u,v) + K(u,.., v,..} • f((u' ,v') + l((u:, v.; ). 

nonaraSI nocne.aoaaTen&HO ¢ - 0' ¢ rr 
2 

, ¢ " 4' cP .d.!! 
4 

!((u,v) +l((u + t, -v) • K(u,-v)+K(u+t,v), 

!((u,v) + K(- u,v+t) • ~(-u , v)+K(u,v+t), 

K(u,v) + K(v + _ 1_ , u + ~) - l((v,u) +K(u+ _t_ , v + ~), n v2 .['I v2 

l((u,v) + K(-v - .4:, -u- _L) = !((-v, -u)+ K(u ---4• v+ _!._. ). 
.,j2 J2 '1/ 2 ..; 2 

K am .naSI H3 .aByX ~eTaepOK HMny nbCOB C KOOpllHHaTaMH 

l(h,h,h), (-h,v,w); (-h,h,h), (h,v,w )I 

l(h,h,h), (u,-h, w);(h,-h,h), (u,h, w )I 

13.151 

nony<raeM: 

13.16al 

13.1681 

13.16cl 

13.16 d I 

13.!71 

CBSI3aHa 3aKOHOM ynpyroro CTOnKHOB9HHSI. noaTOMy ,anSI Kam.aoA H3 .OBYX COOTB9TCTBYIOL1HiX 

aHa<reHHA cpyHKUHH K cnpaae.anHBO paaeHCTBO 13.31. Y~HTb!BaSI 13.131 OTCJO.aa nony<raeM: 

13.!81 
K( - h,v) • K(h,v), K(u,-h) K(u,h). 

.QoxameM, 'ITO npH n1060M uenoM n 

K(-nh,-nh) • K( - nh,nh)=K(nh,-nh) = l((nh,nh). 13.191 

11 ocTaTO'IHO paccMoTpeTb n ~ 1 • Cornacao 13.1 81 paaeacTBa 13.191 npH n • 1 Bbmon-

H.RIOT CSI . npe.anonomHM, 'ITO paBeHCTB8 13.191 Bb!llOn HSIIOTCSI npH 1 < n < 211- 1 rae 11 

aeKOTopoe uenoe 'iHcno • .QoKameM, 'ITO Tor.aa OHH cnpaae.anHBbl H anSI 1 < n < 211 + 1. 

lleACTBHT9nbHO, TSK KSK 11 < 2 11 - 1 , TO cor-nacHo npe.anonomeaHJO: 

K(-11h,-11h) • 1((-vh, vh) .. K(11h, - vh )= K(vh, 11h ). 
13.201 

no.acTaBnSISI 8 13.16cl U• llh , v = -vh a 8 13 . 16 d I u .. 11 h 1 V - Jl h , aa-

XO.OHM: 

13.21al 
K( - 11h + _ t_ ,vh + _ I_ ) .. K(vh + ..!_,-vh + _t ), 

J2 .j2 .j2 ,[2 

8 



K(-llh- _ t _ , -llh + _t_ )=l((llh- t llh+ _1_ ), 
.[2 Vi .f2 , Vi 1 3.21s l 

nonarall B 13.21 I t .. :!:. .,f"211 h , HSXOllHM 

K(211h,O) • K(-211h,O)= K(0,211h) • K(0,-211h). 13.221 

nonarall B 13.21 I t • :!; ,/2 (11 + 1 )h , HSXOll HM 

K (h, (2 11 + 1 )h • !{ ((211 + 1) h, h), K ( -(211 + 1) h, h ) • K ( -h , ( 211 + 1) h), 
13 .231 

[( ( h , - ( 211 + 1 ) h ) "" K ( ( 2 11 + 1 ) h , - h ) , K (- ( 211 + 1 ) It , - h ) • K (- h , - (211 + I) h ) • 

Y'IHT bJBSSI 13.181, 3axmoqaeM, 'ITO ace aoceM& 3Ha'leHHA 13.231 cPYHitUHH X (u, v) co a nana-

JOT, B 'ISCTHOCTH, 

K ( h , ( 211 + 1 ) h ) • !( ( h, - ( 2 11 + 1 ) h ) , X ( ( 211 + 1 ) h , h ) • 1( ( - ( 211 + 1 ) h, h ) . I 3. 24 I 

nollCT8BnSISI 8 13.16al II= 0 v=211h, t .. ± 211h a a 13 .16al u = 211h, v = 0, 

t • 211h R Y'IHTb!BSll 13.221, HSXOllHM, '<ITO paBeHCTBa 13.19 1 BblflOnHliiOTCll np H n =2v 

nonCT8Bnllll B 13,16al u=-h, V= (2v + 1)h, t • 211h, t • -(2v+2Jhp 8 13 ,J6al U=(2v+ 1)h, 

V • h, t • 2v h H Y'IHTbiB8SI 13.241 H8XOllRM, 'ITO paBeH CTB8 1 3.191 Bbl nOnHSIIOTCSI apR 

n • 2v + 1 , no HHllYKUKH paaeHCTBS 13.191 BblnOnHSIJOTCSI flpH nl050M uenoM n 

neHH bJe paccy>KneHKll RnnJOcTpapy roTcll p H c . 2 

C2v+t, 2 v -t 1) 
~--------~--,-----~~~ 

(2.v , 2v) 

p R C. 2. 

9 
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,UOKS)I{eM, .ll8nee, 'ITO ecnH np11 HeKOTOpOM 8 

/3 .251 
!((-a, -a) - K(-a,a) • !( (8, -a) l((a,a) , 

TO 

K (- .JL , - ..ll.. ) • f( ( - A.. , .JI.. ) "' K ( 1!... , - 1!...) = J( ( 1!..., 1!... ) . 
2 2 22 2 2 22 

13.26 1 

.UeACTBHTenbHO, nonaras B 13.16al H 13.16e l u=a, v = a, t •a 

13.25 1, H8XO.llHM: 

H Y'I(HTbJB8R 

K (O, -a) • 1( (0, 8), K (-8, 0) = K(a,O). 13.27 I 

nonarast B 13.16cl u • 0 , v • 8 , t - - vr<I 8 , H8XO.lliiM : 

K(0 ,8) + K(O, -a)= K(a,O)+K(-a,O). / 3 .28/ 

Vf3 13.271 H 13.281cne.llyeT 

K (0 , -e) • K (0, a ) = K (-a, 0) = K (a ,0 ) • 
/3.29/ 

.Uanee, no narast B 13.16cl H /3.16 d I u .. 0 , v = a, 
8 • 

V2 
If Y'I(HT bJ-

B8Sl 13 .291, H8XO.llHM: 

l( ( .A , - _a_ ) • K (- ..a. , ..4..) , K (- .JL, - .JL) = '( ( ..1!., ..1!. ) • 
2 2 22 2 2 22 

13. 301 

nonaraa e 13.16al u ... 8 
2' 

v ~ a 
2 ' 

I ~ -a , HaXO.llHM: 

13. 311 
K(..l!., ..1!. ) +X( - 1!...,-..!!) = !((-l!, -.i!..)+ K(- -~,_!1). 

2 2 2 2 2 2 22 

Vf3 13.301 11 /3 .31 I cne.llyeT 13.261. 3TH paccym.lleRHSI HnnJOcTpHpyJOTCR pHC. 3 

p H C. 3 . 

.!}OK838HHOe yTBep>K .ll9HH e BM 9CT9 C COBOKYDHOCTbiO p aBeHCTB 13.}91 fi03 BOnReT 3aKnJO-

'IHTb, '(TO paeeHCTB8 /3.25 1 cnpaBe.llm4Bbl np11 a = 2-snh , r.lle n H s - nJ06ble 

10 



... 

uen&re 'IHcna. T aK KaK MHo>KecTBo 'IHcen BHLla -s 
2 n BCIOLlY nnOTHO Ha B6WeCT8eHHOA npg-

MOA, TO BBHLl~' Henpepb!BHOCTH cJ>YHKUHH K p8BQHCTB8 /3 .25/ BblflOnHRIOTCSI DpH n1060M BQ-
WQCTB9HHOM 3H8'19HRH a • 0TCIOAa cneLtyeT 

K ( u, v) • l<. ( -u , v) , K ( u , v ) - K (u, - v) . 13.321 

.QeACTBHTenbHO, 'IT06br nony'IHTb paBeHCTBa /3 .32 /, LlOCTaTO'IHO nOnO>KHTb B 13.1 6a/ 

a B /3 .13B/ t= u -v H Y'IQCTb /3.25/, 

BBHLlY CHMM9TpKH KOOpLlKHaT U, V, w H3 /3,321 cneAyeT 

K(-u, v, w) ., K(u, -v, w) K(u,v,-w) • K(u,v,w). /3.33/ 

0TCIOLla 

K(-u,-v ,- w) =K(u,v,w) . 13.341 

.Qanee, '19TB9pKa HMnynbCOB C KOOpLlHH8T8MH 

I (u, v, w ) , ( -u, - v, - w J; ( o, o, J"ij'"r+v '+-w-,-J, (0, o,- Jil'"+v,.+W"7)l 13.35/ 

CBR38Ha 3aKOHOM ynpyroro CTOnKROBQHHSI. CneLlOBaTenbHO, 

K(u,v,w) + K(-u,-v,-w) !<. ( 0, 0, v u 
2 + v' + ;-r) + K ( 0, 0, - v u ' + v ' + w ' ) • 13 · 36 I 

Vf3 13 ,34 / H /3,361 HaXOLlKM: 

/3 .37 I 

Ho 

u 2 2 2 2 2 2 + v + w .. (p, e
0

) - m
1 

c 13.381 

C neACJBaT&nbHO, K 3aBHCHT TOnbKO OT ( n,e 0 ) • TaKHM o5pa30M, neMMa LlOKa3aHa, a cne-
LlOBaTenbHO, LlOKa3aHa H TeopeMa. 

VfTaK, o!5wee peweHHe ypasHeHHR /3.1 I, HKrAe He o!5pawaJOweecR B Hynb, ecTb 

/3.39/ 

CneAoBaT&nbHO, peweaae· ypaBH&HHSl /2.3/ npeAcTaBnSleTCR napoA <l'Y HKUKA /3.39 / H 13.40/ 

13 .401 

• 
npH'19M ( 1 (x) • (

1 
(x) • ( (x) • TaKHM o(5pa30M, B9ltTOp ( ( JC) OLlHH K TOT >K e AnSI Bee-

ro Knacca K0Mfl0H9HT raaa, SKBKBaneHT HbiX B OTHOWeHHK paB9HCT8a /2,3/, 

11 
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0 4. n o KanbH08 pen HT HBHCTCJtOe p acnpe.ae n e aa e M a KCBenna-

B o nb u Maaa 

B y.aeM r o a opBTb , qT o i -H K OMnoaea Ta r a aa pacnpe.aen eaa no penHT HBHCTCitOMY aa-

x o s y Maxc 8 enna-B o n buMaa a 8 Toqxe x , ecnR cPYHl0 1HSI p a cnpe.aeneHR R A
1
(x,p) aa-

8HC BT OT IIM nynbC8 8 8 KL1 8 /3 .39 / . .£lan ee Mbl 6 y .aeM p aCCM 8Tp H 88Tb T OnbKO OLl HY T81tY!O 

ltOMOOH8 HTY • .£lnSI y npoweHR R 380HCR HOMep i 6y .a eM OOYCK8Tb • 

.£lnR T OrO, '{T06bl H HT erpan, npe.llCT&BnR!OWHA Betc:TOp OOT Olt8 '18 CTHU COpT S I /eM. 

/ 5 / 
¢K>pMyny /4 .9 / p a60T hl /, CXOLlHfiCSI, He06XOLlHMO, 'IT06bl B8KTOp (. 6 bln H8 Dp88r. e H B O 

8HyTpb 8ep xse A non OBHII bl C88T080 rO KOHyc a, T.e. 

a {3 
( (,(.)· Saf3(x)( (. > 0 , ' 0 > 0. / 4. 1/ 

nps 9 T OM y c n OBHH H HT 8rpa nbl 1 ope.llC T88nH!OWH 8 88KTOp fiOTOlt8 '18 CT IIU, T 8H30p M8CCbl H 

88JtTOP n oT o xa &HTponHH , cxoaRTCSI . O HH M oryT 6blTb noac'IHT8Hbl cneayiOW HM o6pa3 0M. 

Bae.aeM a p accMoT p&HH e cPYHK UH !O Beccensr 

n oo 2 n 

K, (>. J • >. ( exp I- >. ch s I sh s ds . 
1 • 3 • s ... (2n- JJ o 

.£lOS! 9TOA cPY HltU HH cop8 88L1 nHBbl Cfi8L1Y!OWH 8 cPOPMY nbl: 

....!!_ [ >. " K, (X)] • - >."X n . 1 ()o.); 
d)o. 

..!__ ( !<., !_Aj ] K g_"t.J.i_~ ; 
d >. >." >." 

>. :C,+1 (>.) - >o. K, _ 1 (X) 2n K, ( ,\) . 

V1 Me e M : 

J 

~ (x ) • r exp I - ( ( ( x) , p) I dP "' 
4 rr m 1 c 1 

K,(>.) , 

p ( • ) A 

r a e 

A • me..[( (.--:( ) 

Cne.ao8aTenbHO, 8eKTOp n o T otc:a '18CTKU copTa paa ea 

na ( x )• - a 
a~ 4 rram

4
c 4 

------,----
A 

a 
K 1 (X) (. . 

o l;a ~ ..... ..... 

T eKa op M a cc bl KOM n oaeKT bl p888H 

14 .21 

14.31 

14.41 

/4.5/ 

14.61 

'~ - C.~li 

a {3 
T ( x ) 

a 
~- .. 8 ..£-L 

o(.a o(.f3 

4 11am 4c 4 

-· >. r - ·-
m 2 c 1 • a {3 a{3 I 

).,·-- X , (A) (. (. - I( 
1 

( >. ) g 1 . 4 • 7 I 
a(f3 

1L 

12 k...C ., ........... ~,,..-.. 
~ .• .., .. 

\,...;, ,1,)4 ,.....-1.-S C....')..-'~ 'o '-'I 

' 



Cne.ll sTo ro Teaaopa paaea 

4rram 4 e 4 

..\ 
x, (..\) . 14.81 

T e aao p 14.1 I npe.llcTaanaeT co6oA TeHaap Maccbl penaTHBKCTcxo a >K H.llXOCTK B oTc yTc TBIIR 
I l l 121 

.ll RCCR08TRBHbiX npoueCCOB ' • npHBe.ll9HHbiA 3.ll9Cb M9TO.ll RHTerpHpOB8HKSI 3aHMCTBOB8H 
12 1 

K3 ltHRr'H , r'.ll9 B91tTOp "18CTHU R TeH30p M8CCbl B bf"'RCJieHbl B r'81IHJI99Bb1X ltOOp.llHHaTax. 

H eT p y .llHO BK.ll 9Tb, 'ITO HanpaaneHRe BeKTopa ' ( x) onpe.llenseT Jl01t8JlbHYIO CltOpOCTb 

u ( x) p8CCM8TpHB8eM oA KOM OOHeHT b1 raaa, a ero MO.llY Jib - IIOit8JlbHYIO TeM n e p a Typy fJ (X) 
raaa : 

U (X) c --- , 
kfJ(x) 

-no cTORHHaSJ SonbuMaaa . TaKHM o6paaoM , senR'IHHa ..\ 

me' 
k8(x) 

pas a a 

n n OTHOCTb 'IHCJI8 '18CTHU COp Ts 
B CRCTeMe OT C'IeTa U (X) p8BHa 

4rr 8 m I c I 
K, (..\ ). 

Ll aaneaR e 
-A K0MOOH 9 HTbl raaa B TO'Ilte X p 8BHO 

p ( ]() - e 

3 

C Jl9.ll OB8T9 JibHO, 

p (x) = n(x)kfJ(x). 

14.91 

14.101 

14.11 I 

14.12 1 

14.131 

M bl nony'IHM , T8KHM o6paaoM, ypasaeaHe KnaneApoaa, cnpaae.llnHaoe H a penaTHBHCTCKOM 

cny'lae . 

3anRw e M, .llaneel BHyTpeaaroxo saeprHro c (x) I Tennoayro <f>yaxuHIO w (x) 
1 

9HTponHxo 

a(x) CB06 0 .llHy10 9HeprRIO F(x) 

OTC 'Ie Ta U ( x) : 
, OpRXO.llHI..llH9CH H8 O.llHY '18CTRUy COpTs 

a/3 
c T u_ uQ T( } K (..\) 

c ( x ) ·---~ .. :Jk8(x) + ~ • 3k8(x) +me' - .... ' -'--'--
n ( x) n(x) K

2

(..\) 

w(x) • c(x) ~ k8(x) •me' !{1(..\), 
K, (..\) 

q (X) _!l.!l_ - fn 8, 
k {) ( x) 

F(x) • c(x)- kfJ(x) a(x) ~ k fJ(x)fn a. 

13 

B CHCTeMe 

14.141 

14.15 1 

/4.16/ 

14.17 I 

' 



, 

3 HTponHSI no.aC'IHT biBaeTCSI cne.ayJOWRM o5pa30M . BeKTop noTOKa &HT pomtH paaeH 

a afJ a ( ) a ., (x) • T ( 0 - n en a • I _ t_ x _ - fn a l n ( x ). 
/J k O(x) 

Cne.QOI!I8T91lbHO, fillOTHOCTb 9HTpOnHR B CKCT9M9 OTC'I9T8 u( X) p88H8 

s ( x) ...!J!L - fna I n(x). 
k()(x) 

Pa3.aenHB s (x) Ha n ( x) , nony'IHM a ( x). 

/4 .18/ 

/ 4 . 19/ 

J.13 /4,14 / K /4. 15 / Cll9Jly9T, 'ITO p83HOCTb T 9fill09Mli.OCT9i\ tlpH fiOCTOSIHHOM ll8Bil9HHH 

H npH fiOCT OSIHHOM 05'beMe, npHXO.QSIWHXCSI Ha O.QHY '18CTH UY COpTS , pasHa: 

T ennoeMKOCTb c, pasHa 

c, d w 
--a8 

rae 

c , - c • k. 
" 

'"' - k A' a G (A) 

a>. 

C (A) • K,(>-) • 
((

2 
(A) 

.. k[S>.G(A)+ >-
2 

->.
2

G
2

(A) l. 

/4.20/ 

/ 4.21 I 

/4 .22 / 

npH m - Q tPOPMYilbl /4. } //4,9 //4,) 3//4.17 / H / 4 .20/ OCT8JOTCSI 5e3 H3M9H9HHSI. 0CT81lbHbl9 

tPOPMYilbl CllllbHO Y npOW810T CSI: 

t1l (x) • 4rr - ·- · 
((' () 

na(x) .. ~(a' r'. c/ 

TafJ(x) .. ~- I~:~ - A afJ1 
((,() ' ((,() 

/ 4.4a/ 

/4 .6a/ 

/ 4.7a / 

Cnea TeH30pa /4.7 a/ paaeH Hyn10. Cne.a T eH3opa Macchi KOMnoHeHTbl ra3a, cocToawell H3 

'18CTHU C Hyneaoll M8CCOA fiOKOSI, paaeH HYilJO H P o6weM cnyqae H9p8BHO B9CHOrO COCTOSIHIISI 

/5/ 
/eM. ¢op:v~yny /4. 12 / pa5oTbl I . .Qanee, 

n(x ). 8rra 
((,(JJI2 

8 rr ac 
p(x) • ((,,}' 

14 

3 ' 8rrak () (x) / 4.lla / 

c 

4 4 
8rrek () (x) /4.12a/ 

J 
c 



Haxoaeu, npK m • 0 

c 
" 

£ ( x) ~ Jk 8 ( x) 

w( x )= 4k8(x), 

C1 ( X ) 

3k 

3 - 6'18. 

c = 4 k. 
p 

§ 5. rno681lbH08 penHTHBHCTCK08 pacnpeaen8HH8 N\axcsenna-

Bon& u Msaa 

/4.14a/ 

/ 4. 15a/ 

/4.16 a / 

/4.23/ 

.Dns Taro, 'IT06bi raa 6bin pacnpeaenea no penHTHBKCTCXO\fy asxoay N\axcsenna-Bon&u· 

MaRS 8 H8KOTOpOA 061laCTH npOCTp8HCTB9HHO-Bp8M9HHOrO MHOr006pa31HI, aeo6xoaHMO, 'IT06b! 

cPYHKUHSI /3.39/ y a OBI18TBOpR118 B 9TOA o6naCTH KKH8TK'I8 CKOMy ypaBH9HK10 • .llnR 9TOA cPYHK-

UHK KHTerpsn CT011KHOB8HHA pSB8H HYillO, H KHH8TH'I8CK09 ypaBH9HK 9 npK HKMaeT BHa: 

f ( x, p ) 8 1 ( x ) exp I - ( ( ( x ) , p ) l • 0 . /5.1 I 

OTcJOa s, n o nyqseM, 'ITO npH nJ06biX 3H8'18HHRX p 
1

, p 1
, p' aon>KHO BbinonaRTbCR paaeacTso: 

2 a a 
p - -a- 8 I ax 

/5 .2/ 

Cnea oaaTen&ao, a 1 ae 38BHC HT OT x 8CilK XO T SI 6hl OaHa MSCCS OOKOR m
1 

ae 

pasHa HYillO, TO 

+ • 0 /5 .3/ 

ecnH »<e ace m 1 psBHbi ayn10, T O 

/5.4/ 

rae cp ( x) -cxanRpHSR ¢YHKUHR . npaBaSI 'laCTb OOCneaa ero paB9HCTBa B03HKKS9T BBKLlY TO-

I'O, 'ITO B &TOM CllY'I88 ga{3 p a p {3 • 0 . 

Vf 3 /5.4 I cnea yeT 

a a (( ,() = 2(( ,( )¢ (x). ax a 
/5 .5/ 

T aKHM o6pa3oM, BaKay / 4.9/ c\>Y HitUHR ¢ XS oaKT8p H a yeT CXOpOCTb H3M 9H9RHR T9M n epaTypb! 

BLl Oilb llKRKA TOKa, T.e. BaOilb HHTerpanbHhlX KpKBhlX CHCT9Mbl ypa BH8HKA 

..1.. ...Ji...x~ . ... ua(x 0 , x 1 , x 1
, x'), 

c dr 
/5.6/ 

rae u a -none cxopoc·reA MaKpocx onHqecxHx a a ¢¢epeau Han&HhlX sneMeHTOB rs3a, d r 

C06CTB9RH09 Bp9MR T SXOrO 3119"18 HTa . C x opOCTb H3MQH9RHR T 9M09pST ypbl BaOilb llRHHH TOK S 

paaaa 
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d9 
dr 

a a 2 
- cu .....-a()=- ¢k9 ax /5.7/ 

EcnH ¢ •0 , 'ITO Heo6xoai!MO, xonb cxopo He ace m1 paBKbl Hymo, TO TeMnepaTypa He 

MeHSieTCSI 8Ll01lb llHHIIH TOJta, T.e. (J -nep&biA I!HTerpan CHCTeMbi /5.6/, 

VI 3 /5 .4 / HeTpy LlHO nony'fHTb ypasHeHI!e 3Anepa 

u {3 v f3 u a ... 1 _a 9 + ..!!!L fl u -,- a-xa c a , /5.8/ 

a Tax>Ke 

u{3V0 (8u) • V 9. 
~ a a /5.9/ 

BbiSICHHM reoMeTpRqecxKA CMblcn ypasHeHHSI /5.4/. CnpaseanHBO cneay10wee To>Kaec-

T BO: 

Va (.{3 + V{3(.a 
(. v agaf3 

() XV 

+l. a(.v+g ~ 
av --a-;F3 {3v a X a 

nosTO M)' ypa&HeHHe /5 .4/ MO>KHO 3allHCaTb B BHLle: 

v 
(. 

a(. v v 
+ l.av + g a(. a X f3 {3v a Xa 

- 2¢>ga{3 ~ ax 

BblnOilHHM 6ecxoa eqoo Manoe npeo6pa3o&aHRe npocTpaHCTBa co6biTI!A 

a a a 
X ~ X + (. (x) d J1. • 

/5.10/ 

/5. 11 / 

/5 . 12/ 

B&HLlY /5. 11 / RHTepsan ds 2 = ga{3 dx a dx {3 npeo6pa3yeTcSI cneaylOWRM o6paaoM: 

2 2 
ds' .. ( 1 + 2 4> (x) dJJ. ) ds /5. 13/ 

T axHM o6paaoM, npeo6paaosaHHe /5.12 / KOacpopMHoe, ecnH aexTopHoe none (.(x) nOLl'fRHSI

eTCR ypaBHeRRIO /5,4/. Hao6opoT , H3 /5.13/ c neayeT / 5.4 /. npeo6pa308aHHe /5.12/ SIBilR

eTCR LlBH>K8KHeM, eCilH (.(x) ll0Ll'fHHSI9TCSI ypaBH9H HIO /5.3/. 

EcnH sneMeHTbl raaa He ycxopSIIOTCR, T.e. ecnH npasaSI qacTb ypaBH9HHSI /5 .8/ pasHa 

HYiliO, TO 

ri>k 2 
a(} • - ~<- 9 Ua ----a;a c 

/5.14/ 

R {3 
(. Vf3~"'cf>(.a. /5 .15 / 

EcnH x TOMy >Ke 4> • 0 , TO TeMnepaTypa nocTOSIHHa, a npeo6pa3osaHHe /5.12/ SIBilSieTcR 

napannenbHbiM nepeHOCOM. 

YpaBHe)flle /5.3 I aa3 biBaeTCR ypaBH9HReM K HllllHKra. C KHM O'feHb TecHo csH3aHo ypan-

KeRHe /5.4/. B CaMOM aene, ecnR HeitOTOpaR cpyHKUHR p(x) ll0Ll'fHHS18TCll ypasHeKRIO 

16 



I' a a p .. _;_::......,..- =2 p¢, a XU 

8 T8H30p tafJ llO,aqRHHeTCst YP8BHeHHIO /5.11 /, TO T8H30p 

ypaBR8HBIO 

v v 

'v arg, + 'hv g;/3 + ~v :fa =0. 

/5.16( 

llO.O"{HHHeTCSI 

/5 .17 / 

Cne.aoaaTenbHO, ecnR B npocTpaacTBe co6hiTHA c MeTpnqecitHM T8H3opoM ha/3 ra3, a coc

TaB XQTOporo BXO.OSIT "{8CTH Uhl C HeaynesoA M8CCOA llOltOSI, MO>KQT 0b1Tb pacnpe,aenea 110 pe

llHTHBHCTCKOMy 38ltOHy M axcsenna-BonbuMaaa, To no TaltOMy 38X<:>Hy MO>KeT Oh!Tb pacnpe

.aenea r83, U811HKOM COCTOHWHA H3 "{8CTHU C Hyne BOA M8CCOA llOKOSI, B npOCTp8HCT Be COOhi

TRA C MeTpHqeCKHM T8H30pOM tafJ • p hafJ • 

Ecnn xoop.aHHaThi x 0 ,x1 ,x ' , x 3 
Bh!Op8Tb TalC , "{T06bl BeXTOpHOe none ((x) RMe-

no ltOHTp888pH8HTHhl8 KOMilOHeHThl I l,o,o,o , TO ypaBHeHn e /5.3/ llpRMeT llpOCTeAwHA BH,a: 

a ta{3 

a~ 
= 0 . / 5. 18/ 

T axaM o0pa30M, ecnn He ace m; paBHhl ayn10, T O pacnpe.aen eaae Maxcsenna -BollbuMaHa 

B03MO>KHO llHWb T Or,aa, XOr.aa B STHX K00p.OBH8T8X tQ/3 H e 38BHCSIT OT 

ace m; paBHhl HY illO, TO pacnpe.aeneHll8 Maxcsenna- BOilbUM8H8 B03MO>KRO Opll 

l ' 3 ta{J • p (x) ?41 X 1 X 1 X ) • 

l:::cnn >Ke 

/5 .19 / 

B STHX KOop.aHHaT ax pacnpe.aeneaae Maxceenna-BonbuMaHa npRHHMaeT npocTeAwy10 cpopMy: 

15.201 

YqaThiB8st /5.5/ ypaeHeHne /5.4/ 3811HweM a aa.ae: 

/5.21/ 

Bsa.ay o.anopo.aHOCTll SToro ypaBH!=!HBst, ecna ( (x) -peweHne, TO H >.((x) peweHne, r .ae 

A -opOH3BOilbH08 llOCT OSIHHOe "{liCilO. T o >Ke C8MOe Cnpaee.anRBO H B OTHOWeHRII' ypaaae

Hllst /5 .3/. 0TC10.08 MO>KHO B h!BeCTH llORSITIIe rll0081lbH OA T eMn8p8T)'phl. nyCTb HMeeTCSI .088 
{1) (2) 

pacnpe.aeneHBH M axcaenna-BonbUMaHa c BeKT opaM H ( (x) a ( (x) npaqeM 

(2) 
( (x) 

(1) 
= >. ( (x) • 

0 T HOW8HII8 llOX8nbHhiX TeMnepaTyp p8BHO 

(1) (2) 
0 (x) : 0 (x) = A • 

M O>KHO CX838Tb, qTo rno6anbHaH TeMnepaTypa nepsoro ra3a pasaa 

Hall TeMnepaTypa BToporo ra3a pasa a l . 

17 
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§ 6. y CllOBHll HHTerpRpyeMOCTH ypaBH9HHit 1 Onpe.09llS!lOWHX rllOOSllbHOe pacnpe.09ll9HH9 

Maxcsenna-SonbUMaHa 

PaccM01'pKM ycnOBK SI KHTerpKpyeMOCTK ypaaaeHHSI /5.4/, He y'IHTb!Bast ape'14eHHOro xapax-

Tepa B9KTOpHOrO OOllll ( (x) • 0603HS'IKM 'a{3 c V {3(a . VfMeeM ypaaHeHRe 

( a(3 + ( {3a = 2 1> ~ a(3 • 
16. 11 

0K83b1B89TCSI, 'ITO npH 38.QaHH biX ~a(3 y paBH9HH9 /6 .1 / HM99T peweHH9 He npK BCliKOit <lJYHK-

UK 4> (x) .QeAcTBHTellba o, nycTb (a{3y =vyC.af3 • T or.oa H3 /6. 1 / cne.oyeT 

= a¢ ( a{3y + ( /3ay = 2 ga/3 rp y I rp y ---a;r I 

a 3H8'1KT, H 

(a{3y ~ (v R:.a/3 +rf>(3~a ~rf>y~a/3 - '!>a ~(3y ' 

r.oe 
v 

Ry a(3 - T9H30p KpHBH3Hbl 

Rv = a r v- a ry@ + r J.L r II - r J.L r II 

ya{3 ~ a lC a ya IJ./3 y{3 j.LQ • 

/ 12/ 
I.{ TO Obi .ooxa38Tb /6.3 I 38M eTHM, 'ITO 

(a{3y - ,ay/3 "' (v R~y/3 • 

3anRW9M TO>K.09CTBO 

(a{3y • 1h ( (a/3/ 'r3af + ~ ( ~a/3 + (ay/3) - ~ ( 'y(3a + ( {3ya ) + 

+ ~H 'yfja - ( ya/3) + ~H 'a{3y- '-rh- 'h ( ({jay- ( {3ya) · 

no.oCT8 BlllU1 Cl0.08 /6.2/ H /6 .5/, nonyqaeM 

( .. rp ~ +9> ~ - q> ~ +'h( (R
11 

+-If 
a{3y (3 ya y a{3 a (3y v ya{3 ay{3 

II 
- R {3ya 

Y 'IKT biBaSI, 'ITO 

II II 

/).a{3 + R.y(3 a 
.. !} 

Rlla + R{3v •RIIa . o, 
a,_.y ya ya,_. 

OTCJO.Oa H8XO.OHM /6.3/. 

18 
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16 .21 

16.31 

16.41 

16.51 

16.61 

16.1 I 

16.81 

16.9 1 



TaKHM ol5pa30M, "'bl nony'l.Hmf cHcTeMy ypaaHeHHA 

a (a{3 
axY 

!lllSI n ( n + 1 ) cPYHK UIIA , CBSI38HHbiX 
n(n+ 1) 

----...2-ycllOBHSIMK 16 . 1/, r.ae 

16.101 

n -pa3Mep-

HOCTb npOCTp8HCTB8 C06b!TH A, paBH8i4. YcnOBHSI KHTerpHpyeMOCTI! aTHX yp8BHeHHA T8K0Bbl 

v 
( Vy V {3 - V {3 V y) (a = ( v R ay{3 16 .1la/ 

v v 
( V y V 11 - V fJ. V -! ( a{3 = (v{3 R ay11 + ( av R {3y1J. , 16. 11 al 

YcnoBKSl 16.1 la l BbJnOilHSliOT CR Ton<.aecTaeHHO. YcnoBHSl 16.lla/ H8Kil8.QbiB8JOT cne.ay10wee 

r.ae 

PaCCM8TpHB89M8R CHCTeMa BllO/lHe HHTerpHpyeMa, 9CilH 

v 
.. 0 

a 
- ., IJ. v v IJ. 11 R v ~ 0 

o a R {3yu + o y R ua{3 - o y ua/3 

v v 
V IJ. Rya(3 - Vy RI1Uf3 =0 

+ 

16 . 121 

/6 .13/ 

16 . 14al 

16.14a/ 

16.14c / cpao A{3y + cp{3y A au- </> ay A{3a - </>{3a Aay = 2 </> R a{3yu 

I 13 I 
Vf 3 16 .14al cneay eT , 'ITO B 3TOM CllY'l.8e npocTp8nCTBO COI5b!T KA SIBilR9TCSI npOCTp8HCTBOM 

llOCTOSIHHOR KOKBH3Hbl: 

16 .1 51 



npH 9TOM ycnOBHe 16.}4a/ BblnOnH.118TC.II T0)1{ll8CTB8HHO, a ycnOBH9 /6. 14c/ 3anKW9TC.II cne-

.OY!OlllHM oopa30M: \ 

":xcr g{3y + 1/1{3y g acr t/1 gtl -1/fog = 'l, 
ay ~q ~cr ay 

r.ae 

1/1 af3 • ¢a{3 - I'( ¢ g a{3 · 

crp. )'II 
YMHO)I{HB 16.16/ Ha A A K npocyMMHpoaaa no u H no Y 

"'"' a 
811 

{3 

neH 11 =a al-{3 

+1/Jv 8"' 
{3 a 

P. -1 a 

a 
r/1 a 8"' {3 

- 1/JII {f-
a {3 

- .I. p. 8 II = 0 
'1'{3 a • 

nonyqaeM: 

p. 
+ "'!3 .. 0 . 

16. 161 

16. 17 I 

, nony'IHM 

16.181 

16.191 

B eToA q,opMyne, a TaK)I{e a cne.ayiOweA .aanee q,opMyne 16.21 I cyMMHpoaaHHH no noaTOPHIO-

weMyc.R HH.aeKcy ReT ! Cne.aoaaTenbHO, ecnH P. f. {3 , To 

ecnH p. = {3 , TO 

1.1 
t/if3 • 0 I 

a 
1/Ja + 1/1{3= 

{3 
0 . 

16.201 

16.2 11 

BaH.ay Toro, 'ITO paaMepHOCTb npocTpaHCTBa co6btTHA 6o11bwe .aayx, H3 16.201 H 16.2 1 I cne-
{3 

.ayeT, 'ITO npH ni06bJX a H {3 r/Ja ~ 0 a 3Ha'IHT, 

cf> a{3 • K ¢ g a{3 

AHanorK'IHOe Kccne.aoaaHHe ypaaHeHHH /5.31 npoae.aeHo a
112

•
131

• 

ll 7. P acnpe.aeneHHe 1\1\ aKcaenna- Son&uMaHa a 'laC THOll 

TeOpHH OTHOCHT8nhHOCTH 

16 .22 1 

B cny'lae 'laCTHOA TeopKK OTHOCHTenbHOCTH KpHBH3Ha K npOCTpaHCTBa C06bJTKII pasHa 

HyniO H MO)I{HO Bb16paTb KOOpll HHaT bl X O , X I 1 X 
1

, X 
3 

, B KOTOpblX Aa13 • const • Vfa 

16 .22 / cne.ayeT, 'ITO B 3THX KOOp.OHHSTaX 

cf> (x) • a + 2 ( b,x.) , 17.1 I 

r.ae 8 rnOCTOSIHHbiA CK8nHp, b - OOCTOSIHHblll B8KTOp . Vf3 ypaBH8HHSI 16.11 381Cni0'189M, 

'ITO 

a (a ~ ~ 8 g tl + 2 ( b, X ) g Q - 211 ( X 0 X I X 2 X 3 ) 
a X ~ a~ a~ a{3 ' ' ' ' 

17.21 

r.ae 'f/a{3 (x) - aHTHCH~M8TpH"'H08 T8H30pH08 none. 0TC10lla 

20 



2 
_ a__.,.(=a--: • 2 by gaf3-

axPa xY 

Cpaeaaea sr 17.31 c 16 .31, aaxoa aM 

CneaoeaTenbHO, 

2 a,.,a~!) 
ax • 

Tf a{3 ( x) • b a x f3 - b f3 x a + Tf af3 1 

rae 

Tfa{J • 'lz{J (0) , 

T aKHM o6pasoM, 

nonarasr 

' (0) a 

a HHTerpapysr /7.7 / , nonyqaeM 

17.3 1 

/ 7.4 / 

17.51 

17,61 

17 .11 

/ 7.8/ 

/ 7.9 / 

.Llnsr Toro, q To6bt ee KTopaoe none ((x) MO>KHO 6blnO OTO>KLieCTBHTb C B9KTOpHb!M no-

neM, BXOLISIWHM B pacnpeaeneHHe M aKCBenna-60llbUM8H8 /3 .39/, K8K y>Ke YK83bi B8nOCb, aeo6-

XOL1HMO H LIOCT8T OqHO , qT06bl B blllO llHS!nHCb H9p8B9 HCTB8 

((,()>0, ( 0 >0 . 17.101 

3TH Hep8B9HCTB8 38L18 10T o6naCTb llpOCTp8HCTB8 C05b!THI!:, B KOTOpol!: LIOllYCTHMO pacnpeaene

HHe Maxcee.nna- 6onbUMaHa • .Llnsr raaa , e cocTaB ,KoToporo exoasrT qacTHUbl c aeayneeol! Mac
a 

co.l! noxosr, a H b cneayeT nono>KH'fb paBHbJMH ayn10. 

Ecna 8 • 0, ba • 0 'l:t/3 .. 0 H BeKTOp Tf Bp9M9HH llOLI06eH, TO-eCTb OH y LIOBlleTBOpSI-

9T ycnOBHSIM 17.10 / , TO ct>YHKUHR pacnpeaeneHHSI 

-(Tf,p) 
/ 7. 111 a; e 

' "k c 0 llp9L1CT 8BnRe T p8BHOM9pH bJl! nOTOit penRTHBHCTCKOrO raaa, H, B qaCT HOCTH, llpH ., - no-

KO IIWHI!:CSI ra3. 

PaccMoTpK M ewe oana npuMep. Bbl6epeM rananeeebl KOOpL1HH8Tbl t, x, y, z nycT b B 

9THX KOOpL1 HH8T8X T/
0 >0 ' 2f1u=--2f1 12 "'Wf1°, OCT8nbHbl9 KOMnOH9 HTbl 8 9 1tTOp8 Tf H Tea-

a 
aopa Tf paBH bl ayn10 H, KpoMe T oro, 8 = 0 , b • 0 • BeKTOp ( paeea 

I 0 2 J 

' .. - (J) .,., y ' ' .. w Tf
0 

JC • ' - o. 17.121 
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Ero cxanapHhlA xeaapaT paaea 

(' , ' 0 0( ll ll ' ' ' = t) lj C - «! X - «! y ) , 

Tax qTo pacnpeaeneaae ~ axcaenna-Bon&uMaaa aonycTHMO B uanaaape 

' ll ll c 
% + y < --:-:-r • 

(<) 

rHapoaHHSMHqecxoe non e c x opocTeA ra3a Taxoao: 

.!k_ - J..!... - -«! y 
dt ( 0 

_gy_ = L "' (<) x , ....!k = _t._' ~ '> 
dt ( 0 dt ( 0 

T axHM o!5pa3oM, &TO paBHOM epao apawaJOWHAcll ra3 c yrnoaoA qacTOToA 

pa r838 38BHCKT OT 

O(O) 

8 (p) - Jl - (<):~, f'/ 0 lc 8 (0) = 1 • 

/7.13/ 

17. 14 / 

17.15/ 

(<) • TeMnepaTy-

/ 7.16 / 

8 (0) - TeMnepaTypa K8 OCR Bp8W9HHJI, T,e. K8 OCH 

cneay10wHA Baa: 

z • ¢>yaxuH.R pacnpeaeneKH.R HM eeT 

r ae 

A; ( x,p) • a; e1ep I -
..j ~ c 4+'iPci + «!yp' -«!xpll 

lc 0 (0) 

"P' =p'p' + p,p, + p'p'. 

I' 17 . 17/ 

/ 7.18/ 
a 

B paCCMOTp&HH blX aayx npHMepax napaMeTpbl 8 H b p8BKHnHCb HynlO. nosTOMy 

0!58 llpHM9p8 OTHOCHTCH X npOH3BOn&KOMy ra3y. C neaylOWHA npHMep OT HOC HTCH X ra3y, coc

TOJIW9My H3 qacTau c ayneaoA MaccoA noxosr. 

nonO>KHM 0 a •0, "'a{!" 

<, ,, )>0, 11o >0; 

Ecna BblnonaaJOTca ycnoaa.R 

(b , b)~O, b
0 
~ 0, 17. 19 / 

TO BeltTOpHOe none ( (x) Y aoaneTBOpHeT ycnOBRHM /7. J 0/ BO BC9M npOCTp8HCTBe C06 biTHA, 

LlocTaToqao pacCMOTpeT& cnyqaA ltJ > 0 , T ax xax ecna b0 • 0 H (b, b ) 

( (x) •11 , EcnH b
0
> 0 , TO BeXTOp ( (x) paBeH CYMMe B9XTOpOB 11 H 

ha(x) =2( b,x)xa -(x,x)ba. 

CxanapHbiA xeaapaT &Toro aexTopa paaea 
2 

( h (x), h(x)) •(b,b)(x,x) ~ 0. 

B rananeeeblx xoopa HHSTax 

ll ll .. , ,.. .. .. 
h (1e) • b [ c t + r ] - 2 c b r t .. b0 ( r 0 0 

c't b ] \ _C:~L~:~- t,?. 0. li; bo 

CneaoeaTen&KO, aexTop ( (:x) = 11 + ~ (x) y a oaneTaopaeT ycnOBHHM 17.10/. 

22 
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/7.20/ 
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, 

¢yHKUHR pacnpeaeneHHR TaKoro r aaa pasHa 

A (x,p) • a expi-('7 1 P) + ( x ,x)(b,p) -2(b,x)(x,p)l 17.23 / 

Corn8CHO 14.9 1 HSXOaHM TeM nepaTypi raaa KSK ~YHKUH~ T O'IKH X npocTpaacTaa co6 biTHA 

8(x) • c c 17.24 1 
k ../('7 1 11) + (b, b)(x,x) 1 + 4(b,x)(fi,X)- 2(x,x)(b,TI) 

H anpa BH M Ocb apeMeHH no 11 • r aapoa HHSMH'IecKoe none cxopocTeA raaa npeacTaaHT-

CSI B BHae: 

d t 

.. 
-'
' 0 

17.251 
...... ... 1 1 1 1 :l .. 

2(b ot -b r)r -(c t -x -y- z ) b 
0 ...... 11 11 2 0 

11 +2(b0 t -br)t -(c t -x -y -z )b 

npoHHT9rpRpyeM ClfCT'3My yp8BH9HIIA 17.251 B aByX cny'ISRX: npH b • 0 H npH ( b, b) = 0 , 

.. 
1. b - 0 • Bbl5epeM c~epH'IeCKHe xoopaHHSTbl: x • r sin 8 cos ¢ , y .. r sin (J sin ¢ , 

z • r cos 8 nony'laeM (J ~ (J 
0 

d r 
dt 

• ¢ = <Po H 

J f.:!u.!Ll 
(!l,b ) 

17.28 1 

-oo < 0 < ~ 1 17 .27 I 

rae a - nocTORHHSR HHTerpHpoaaHHR. TaxHM o6pa30M , MaKpocxonH'Iecxse a HqxppeauHanbHbJe 

s n eMeHTbl ra38 H8XOaRTCH B paBHOYCKOpeHHOM rHnep50nH'I9CKOM aBH>K9HHH. 0003H8'1HM! 

a - Ash s . 17.27 I 

Toraa 

r = ..; -;:r ch ' s + c 
7 
t 2 - A sh s . 17.281 

Vf HB8pH8HTH09 YCKOp9HHe sneMeHTS raaa paBHO 

t -
c 1 

17.29 1 
2rck8(x)../(b, b) 

A chs 

noR S H - S YCKOpeHHR Oa lfHSKOBbl, YcxopeHHe MSKCHMSnbHO npH s • 0 3neMeHT ra3a 

C KOOpaHHSTOA r • 0 aB.H>I<9TCR 693 YCKOpeHHR. npH t • 0 CKOpOCTH &neMeHTOB ra3a 

p8BHbl Hyn ~. npR OTpHU8T9nbH biX 3Ha'leHHRX 

npH non o>KHTenbH biX - pa30era~TCR o T ueHTpa. 

&neMeHTbl ra3a CTHrBBS~CR K ueHTpy, 8 

2. ( b, b) • 0 HanpaBHM ocb ap eMeHH no , OCb z - no • B nnocxoc-

Til x,y Bbl0epeM nonRpHbJe KOOpaHHSTbl: :r • p COS¢ y • p sin¢ 

If 

23 
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Vl3 ycno8Hll 

dz 
dt 

!!.!!._ 
dt 

(b,b) = O 

Vf3 17.30 1 KSXO.llHM 

1 d w 
c dt 

_.2J_~ t - bz ) z 
0 11 +2(b 0 t -bz)t 

~~~~.::._P~ 
- (c

1
t 1

- '1!
1

-p
1

) b
0 

2(b 0 t- bz)p 
0 1 1 1 1 0 

11 + 2(b 0 t -bz) t - (c t -z - p )b 

c ne.ayeT b a be 
0 

L+2b 0 w 1 

11° + b 0 w 1 +b0p1 

c b 
0 = b 3aMeKHM Z 

!_ ..!!_p_ 
c dt 

2 b 
0 w.~P:------::-:: 

11 o + b o w 1 + b op 1 

17 .301 

Ka w • ct -z. 

17. 31 I 

Pa3.aenH8 nepaoe ypa8KeKHe Ha 8Topoe, nony'iaeM ypaaKeKHe c pa3.aenH!OWHMHCll nepeMe HHbi

MH, OTKy.aa 

p 1 • a 1 (w 1
+/.(

1 ), ll v~ 
2b0 

17.321 

r.ae a - nocTosraaaH HHTerpHpo8aHHll. no.acTa8nHH 17.321 8 nepaoe y pa8aeKHe 17.321, no-

ny'iaeM: 

r.ae 

"' 

w .. ~t tA I c t - a '+ _!.._ w - .p I , 
2 

- 8T0p8SI nOCTOSIHKSSI HHTer p HpOBSHRSI. 

17.331 . 

K a x 8HllHO, a aTOM cny'iae ra3 aaxo.aHTCSI 8 3HB'IHTenbHO 6onee cno>KHOM .ll 8H >KeKHH, 

qeM 8 nepaoM cny'iae. 

c 8. npHM ep b! pacape.aeneHHSI MaKCBenna- 6onbUM8H8 

npH HSrrH'iHH rp88HT8UHOHHOrO nOnll 

3.aecb 6y .aeT paCCMOTpeHO HeCKOrrbKO xapaKTepHbiX npHM ep08. 

1 I nocTOSIHHoe none: ds 1 
• Aaf3(x 1

, x 
2

, x 3
) dx a dx {3 BeKTOpHoe none c KOMnoHeH-

TSMH 

0 
' (X ) • 11 O • COIISt > 0 1 ' k (X ) = 0 1 I 8 .1 I 

8BHllY TO>K.aeCT88 /5.101 Yll08neTBOpS16T ypa8H9HH!O 15 .31. ¢1y HKUHSI pacnpe.aeneHHSI 

0 
A,(x,p) • a , e-11 Po 

npe.acTa8nSI9T noKOIIWHIICH ra3. TeMnepaTyp a ra3a cornacHo 14 . 91 pa8Ha 

(J ( x} -
c 

k11 · vs;; 
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18.4 1 

B exTOpHoe none c xoMnOH&HT&M a 

( 
0 

( x ) • 71 ° • const > 0 , ( 
1 

.. ( 
2 

"' 0 , ( ' • 4l 71 ° • oonst , 18.51 

y LIOaneTaopsreT ypaaReHH 10 15.3 I . PacnpeLieneaae M axcaenna-SonbUM&Ha a03MO>K ao a ua-

nHHLipe 

V 
2 

( r) - 4l 
2 r 2 sin 2 8 > 0 . 18.61 

¢l YHXUHSI pacnp6Ll6D6HKR 

l o o , , • ,
8 A 

1 
( x , p ) .. a 

1 
exp - 71 p 

0 
+ Ctl 71 p r &n 18.7 I 

npeLICT&BnSI&T apa W&IOLUHAca ra3 . TeMnepaTypa ra3a paaHa 

18.81 

O(x) .. c 
k 71 °Jv'(t) -Ctl

2 r 2sin 2 8 

Sl Vf3oTponHaSI MOLien&
114 1: 

ds
2 

• b 2 
(t) I dt 2

- dr 2 1 sin 2
>. r (d8 2 +sin 2 8 d¢ 2 )I 

):1 
18.91 

rLie >-•O,J,i BexTopHoe none c xoMnoHeRT&MR 18.51 YLIOaneTaOpSieT ypaaHeHHJO 

15 .4 1 HnH 15 .11 I npa 

T eMnepaTypa ra3a paaaa 

¢ ... ..!L 0 .!!.E_ 
b dt 

PacnpeLieneaae M axc aenna-SonbUM&Ha ao3MO>KHO a uanHHLlpe 

<llyRKUHSI pacnpeLieneHKSI 

4l 
2 

sin 
2 

>. r sin 
2 
0 < 

1 
>.2 

A 
1 

( x , p ) • a 
1 

exp I - 71 ° p 
0 

+ b 
1 

( t I n ° {!I p ' sin 2 >. r sin 2 8 I 
>.2 

18.9 1 

18.101 

18. 11 I 

18.121 

npeLlCT&anReT a p&W8 10LUHACK r&3, a COCT&a KOTOpo r o aXOLl iiT TODbXO '18CTHUbl C HyneaoA 

MACCOA DOXOSI, 

4 1 CneLiylOLUHA npHMep T8K>Ke OTHOCHTCSI X H30TponaoA M OL16DH, nepeALieM X KOOpLIH-

H8T8M 

25 



X sin>.. r sinOcos¢ • 
>.. 

npH 3T OM ds 
1 

3SnHI.J.JeTCst B BH.lle: 

X ,. 
1 

sin~ sin 0 sin¢ , 
>.. 

X 3 sinX r cos 0 · 
>.. 

2 1 
>.. (x 1 dx 1 + x,dx 2 + JC 1dx,) 1. 

2 2 1 2 
1-X(x

1
+ x

2
+ x 3 

ds 2 ~ b
2
(t)ldt 2 - dx 2 - dx

2
-dx

2
-I 2 3 

BexTopaoe none 

0 . 

'"'11° ' ( 1 ,. 0, ( 2 • 0, ,,,. 11° h ..; 1- >.. 2 (x 2, + x! + x~) 

18.131 

18.14 1 

18.151 

r.ae T/ o. h XOKCTSHTbl, y.llOBneTBOpsteT ypSBK9HHIO 15.41 JIPH ¢ , paaHoR 18 .91. Pacnpe-

.aeneHHe M SXCBenna-EOnbUM SHS B03MO>KHO npH 11 ° > 0 B 05nSCTH 

2 2 2 2 2 
1 - h - A h (X I .+ X 2 } > 0 • 

18. 161 

T eMnepaTy pa raaa pasHa 

2 2 2 2 2 -~ 
O(x} • c [ 1-h - >.. h (x + x )) 

Jr110b(t) I 2 

18.17 I 

¢yHKUIUI pacnpe .aeneHHH HMeeT cneayiOWHA BH.ll: 

18.181 

A I (X • p ) = a/ exp I - ., 0 p 0 + ., 0 b 2 (t) h [ p 'cos >.. r + (}[I p I ) A tg >.. rcos o]l . 

0 9. Cast3b pacnpe.aeneHHH Maxcaenna -EonbuMaHa c HHT erpanbHbiMH aaxoaaMH 

coxpaaeHHR 

CywecTayeT Tecaast CBH3b Me>Kay pacnpeaeneHHeM Maxcaenna-EonbUMaaa H HHTerpanb

HOA cPOpMOI!: 38XOHOB COXpSH9HHSI. Vf HTerpanbHYIO cPOPMY 3SX0HOB COXpSH9HHSI HCCile.llOBSII 

1121 ap 
B . A. ¢ox • nycTb 38.ll8R T eH30p MSCCbl T ( x) H9KOTOpoA 3SMXHYTOI!: CH CTeMbl. Ero LlH-

aeoreauHSI pa&aa Hyn10 

aP 
Va T =0. 19.1 I 

nycTb ( ( x)- aexTopHoe none. B.A. <Pox a oxaaan, 'IT O HHTerpanbHbiii aaxoH coxpaHeHHst a nst 

B911H'lHHbl 
a 

( p Tap 
1 9.2 1 ' 

HMeeT MeCTO, e cnH aexTOpHOe none ((x) YLlOBneTBOpReT YCIIOBHIO 15.31. K 3TOMY MO>KHO Ll0 -

5SBRTb, 'ITO 8CIIH cnell T • T a T9H30p8 MSCCbl paBeH HYIIIO , T O HHTerpSilbRbllt 38XOH COX-
a 

paHeHHst HMeeT M9CTO H B TOM cnyqae, XOraa B9XTOpHOe none ( ( x) Y Ll0BileTBOpS19T 5onee 

c na5oMy ycnOBHIO 15 .4/ . 

llel!cTBHT enbHO, nyCTb R o6nacTb npocTpaHCTBa co6&ITHA, orpaHH'leHHSst aaM KHyToA 
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ru nepnoaepxHOCTb~ U • VfMeeM TO)!(LI9CTBO 

/ 9.3/ 

u 

- aeKT Op TpexMepaoll nnow8LIKH. CneLIOB8TenbH O, Li nSI BblnonHeHHSI HHTerp8nbao-

1'0 38KOH8 C0Xp8H9HHR He06XOLIHMO H LIOCT8TO'IHO p 8 B9HCTBO 

/9 .1 / OTC~L18 DOny 'I89M: 

• Y'IHTblB8R /9.2/ H 

/9.4 / 

T8KHM o6p830M, aeKTOpHo e none ( (x) YLIOBneTaopsreT yp8BH9HH~ / 5.4 /, ecnH c neLI T 

p8B9H Hyn~, H yp8BH9HH~ /5.3/ B npOTHBHOM cny'l89 . 

0TC~Ll8 MO)!(HO CLI9n8Tb cneLiy~WHA BblBOLI. EcnH M9TpH'19CKHA T 9H30p ga{3 (x) LIOnyc

K89T p8cnpeaeneHHe r838 no pemJTHBHCT CKOMY 38KOHY M8KCBenn8-BOnbUM8H8 H M8CCbl acex 

'18CTHU 1'838 p8BHbl Hyn~, TO BbiOOnHSJ9TCSI HHTerp8nbHbiA 38KOH C0Xp8H9HHR LinSI B9flli'IHHbl 

/ 9 .2/, rLie T a/3 -TeH3op M8CCbl c HyneablM cneLIOM T , H8npaMep, TeH 3 op M8CCbi anert-

TpoM8rHHTHoro DOOR. EcnH )!(e M8CCbl nOKOR R9KOTOpblX 'l8CTHU 1'838 H e p8BHbl Ryn~ H MeT

p11'19CKHII T9H30p LIOnycK8eT p8cnpe~eneaHe aToro r838 no penRTHBHCTCKOMY 38KOHY M 8Jtc

senn8-BOnbUM8H8, TO BbinOnHR9TCR HHT9rp8nbHblA 38KOH C0Xp8H9HHR LinR B90H'IHHbl / 9.2 /, rae 

1 aR - npOH3BOObKblA T9H30p M8CCbl. 

BenH'lHKY /9.2/ ecTeCTB9HH0 H83B8Tb nnOTHOCTb~ MOM9HT8 KMnynbCll CfiCT9Mbl OT HOCH

TenbHO npeo6pa3oBaHK R /5 .12 I. Y cnosse / 9.4 I Heo6XOLIHMO H 'lOCTaTO'IHO LinR coxp8H9HHR 

M OM 9HT8 HMDy nbC8 CKCT9 Mbl OTHOCHTenbHO npeo6p830B8HHR 15.121 . 

EcnH CHCT9M8 COCT OHT H3 OLIHOA '18CTHUbl, TO MOMeHT HMnynbC8 '18CTHUbl OTHOCHTenb-

HO npeo5pa30 B8HHR 15.12 1 paseH 

19.51 

- non0)!(9HKe 'l8CTHUbl B npOCTp8HCTBe C06b!THA, p -KMnynbC 'laCTHUbl. MoMeaT 

HMDYObC8 /9.51 RBnR9TCR n epBbiM HHTerpanOM ypaBH9HHA LlBH)!(9HHR 'l8CTHUbl B rp8BHT8UHOH-

HOM none B TOM H TOObKO B TOM Cny'lae, KOI'Ll8 

19.61 

TaKKM o5p830M , Mbl CHOB8 npHXOLlHM It ypaaaeas~ /5.31 KnH K ypasaeHH ~ 15.4 1, ecnH (p, pf-tO. 

B 'l8CT HOI Teo piiH OT HOCHTenbHOCTII B9KTOpH09 none /7.9 I y LIOBneTBOpR~ Wee yc OOBH~ 

/ 9.41, npeLtCT 8809110 1UIH 9 AHOA KOM6HR8UH9A B91CTOpHbJX noneA C 1C09<i>cPHUH9HT8MII 'I 1 'I 1 a ,b . 
I' j!V I' 

.Q 9CIITb 891CTOpHblX nonelt UpH K09<i>cPKUH9HT8X 'I Ll8~T 06 bl'lHbl9 HHT 9l'p8nbHbl9 381t0Hbl COX-

paH9HHII HMDYflbC8 H MOM9HT8 RMfiYflbC8. nsrrb B9JtTOpHblX noneft OpH 

KOR C0Xp8H9HKII CKanRpHOrO KOHcPOPMHOrO MOM9BT8 HM oy 1IbC8 

R = c 
oo {3o 

.ffJ x {3 T dxdy dz 
-oo 
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COXp8H9HKR B9KTOpHOI'O KOH¢opM HOl'O MOM9HT8 KMnynbC8 

00 {3 0 1-'0 
Sll•c (((12x~-'x{3T -(x,x)T ldxdydz. 

-oo 

3 TH 38KOHbl BbmonaaiOTCR ecnH cne.a T paeeH Hyn10 . Bnepsble 38KOHbl coxpa aeHHR /9,7/ 11 
/ 15 / / 16 / 

/9 .8/ nonyqeabl e pa6oTe • CM. TaJt>Ke • 

BepORTHO, 'ITO ecnH yp8BH98HSI .OBB>K9BIIR CHCT9Mbl KOH¢opMHO HHB8pH8HTRbl, TO T9H30p 

M8CCbl MO>KHO Bb16p8Tb C HyneBblM cne.aoM . 
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