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The consequences of dispersion relati ons f or s ca ttering a t 

l ow energ1e a.re investigated without passing to the Lo• t 7>1 

equationo Th• relations between the aoattering lengths i n 41f

fere nt s t at es have be n obta1ne4 f r om tae valu•a of the derivat-
2 i ves of the dispersion relatiofta when k = Oo 

* • * 
lo Wh•n appl7ing tba 4iapers1on relations to t h• low en r• 

gy region it beoame customary to pa1s to th• Chew-Lo• •q•ti ••Ill 
an4 then to investigate the consequences of these •quat1oaa 0 

In the present paper the consequence• of the di peral re~ 

l ation for •:T -t/ . s ca t t ring at l ow energies are cons1d red without 

using th Low equationso 

Let ua consid r the 41ai,ersion relat i ons f o'Zt TIN oaeattVo 

1 gl 2 1 ritt •n ia the foftl 

Dl-(k )-..!. (1+ ::::)D+ (0 )-2(i - w )D- (O)=u
2
J+(W)!.1£ · _ K_a_ 

·- ? µ - 2 f-A. + " - . /J. c: , . , _ Ma > (-1) 
V.Jt- --

41spersion integral i M 
r:n , 

J (w _ I _ J d~r~ t ( w ) + 
± ) _lfJre P 1< ' w '-w 

(2) 

i"· 
ia tlw total enera f meaoaa in the la~o •7 tM1 9 t h 

tations are clear. Let us assume the meson enero ta () to,. •11 
e k 2 

w · f-L <-< f-1- , With ~ -= "p-a - > - 0 botll aidea ot (1) Ya.niaho 'rlaffet re 8 

i n order to obtain the c onsequence• of the dispersioa relati ft fc~ 

1~-.-o let us take the yalues o! the d r1Tat1v a oYer k2 of (1) 
2 . 

and t hen put 1 - ,_ 0 • When calculating the der1Ya.t1Ye we k u • . 
of the representation of the energy depend• -



• 
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ce of the phase shifts in the form which the effective;range theory 

Ill 
iGt1 r f 2 ¼ 

11,(1 ct~ Oe= ~-· ·+Pe ir, + Qe 7_p 
o. a2Q..-H o c,, 

·where 0 2 e,+J is the scattering length in e -state, l<p, = 1r:i J• 
1B the meson momentum 1n· the ComoSo and 

V 

~:: ~.1_ = ( 1 + 2.W + p. \_.-f/2 . 
k& i~ M M · ( 4;· 

-The derivatives of the second and of the third term in the 
', 

left-hand side of (10 will be as follows 

Cn)[ · ] t ( w)(n)[ ] 1 ( ~ ) D + ( o) -· D ± ( 0 )J = . ± 2 F . D-~-; ( o) - D + (,o) . 

. S1•• 

(f )'::¾(~)I (-~-)"::- ~ ( :/ l ( ~ f= ! ( ~-/ l ... • 

/ everywhere means the differentiation ,over 
I \2. I 

?. 
then when 1 --;,- 0 we have 

. 
-tt[n-<o>-n .. co>)= ± ~'(1+ ~)(a,-a3)j (Ac= ie) c,) 

for the first derivative, and 

+ -1 [ D ~ Co ) - D co )l :: + 2£ ( 1 + ~-) ( a - a ) 8 t- 'j t 2- M I 3 (6) 

for the second one. a3 and a, denote,as usual, the scatter

ing lengths in the s-states with the isotopic spin T = J/2 and T=' 

= 1/2, respect1velyo 

l 



(f) 

(8) 

tu the aeoond onee Tht •:l&n O ewerpher• 1a,11ea that t!M 
. ~ 

exneasion with 1 ~ O ia aea.ato It•• restr1et owselwts •7 

·sufficient t(O present fer txaaple, Di- (I-<) 

, •. 
&!. k:, D 1.UO:.: 1<{ Sm 2o<3 + 5in _2c<3, + 2. ( Sin 2o<33 ·t- Sin l d33 ) + 3 S,n 7.. 835} 

It u 

~ (~ 

~ · 833 ud J~ 5 d$no.ts the thase shifts 1:m the •tat@ 

d 312 and d5 with 'J: )/2 9 vrh~reas for fih(I S a.nl P=@ta.te• 

phaa• shift$ the convsnti~nal ••tati@aa a~• -s•to JBJchg ue ~t 

(10) 

. th, 
where .A) , AJl' A.3.:3, 13,)J' !J) and E)!f> diill@tt1 tlnj t~tllfltbl 

. . ~ ' 
s14•• et ()) f~:lf the 8tatt1a S ,12 , ?112 8 ?3;2 a t 3/a aat 

ds12 witll T ~ 3/2 wb.ereu X ; •/}., 

/ Jc tb"1 Wal~•· iof the :filU!\t dl~twatiW<II d (a@) .., • a ., 

WI 0,\\aila · 

D' (. :\ C I p. 2 ·3} +o I<):: .. .. ,., . .- .. 2. 033 + a3, + - a3 - P3a3 - a3 
( 1-t· -- · ) . '- M · . M , . 

(U) 



=- ' = 

Collecting (6) 1 (7) and (11) froa the Yalue of the first deri= 
. 2 
vative of (1) wbaa 1 = 0 we have the exprtssion 

l 
Q . 

Ac µ 2 3 Ac. p. 
·.-·---~-•· 2 a3-:2 ~ a 4-· -- a3 - P a2 -a3 } + - (It--) (a - a3 ) =-( 1t ~) . J 31 ?,M · 3 J 6 M . 1 . 

=lk2J }' 1- _?.f2 .. \~_ 
t O µ. - 1- ---

2,M 

(12) 

which establishes the relation between the meson scattering 
different · 

lengths :fiiVstates resulting· :from the d1spersiolit .r@lat ions o 

Further we denote I 
k' 2 J 1- ( C•J) by F + ( r.-) >. For the scattering 

of negative mesons on hydrogen, expressing D- ( f<) in term~ 

of the scattering amplitudes in the states with tlte definite •alues 

of the isotopic ap1n 

3 D_ C!<J;: 2D, ( k') i- D3 Uo 

we obtain analogousl1 

:\c f µ 1 · '"3 3) 1 , ,2 c. 
--·· . Ji. {- \ 2 a, +.'.a 3 ) - { ~a, + a 3 - , ?. P1 a, + I) a 3 ) ➔• ~ a 13 t 

3(h - ··) I i'.;f'-'1 . 
t,,i . • 

. I . ~ } I fa, 
f Ji c ) i' (,. /\ C 

+·2(Q .,+a )1·Q31·-·••=\11+ -)(a,--a31 :;,f_o ·- -
3 :; II 2 . f4 , (f r }:-_ ) 

?,Mi 
Fo~ the ha.l:t-su.m of' (11) and (12) repr:esent1ng Jfri f.r 

tering one gets (o:.;r2a;)~ 
.L_. ~c. .. 111:..(a·•Jn \j(na2 .. pac) ... 2(a io )+ 
3 ( 1 -1· ~-·) 2, M . f • ii;,, v.: 3 f 

1 1 I ·, J 3 . r 13 •· 31 

f'1 • I ( f(! 
·· ) f Ft + F -1 µ. Z A, 

J 

(l:3) 

soat= 

+a,,+ l1a33r::.i-·····?·•·•·· ··1 + iM- -l·;:; .. (. J.l .···\21.·· (14) 
J ,., o 1- ·~ 1 I j 

The substitution of the e:xperime~~:1
1 

data about the phase shifts1 41 
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where the scattering lengths in the states d3/z and d S~/2_. are 

denoted by- d33 and d3 5 • With the help of (10 1 ),(6) and (8) 

from the magnitude of the second derivative o:t (1) wh$n 

we obtain th~ second group of the relations 

I/ . II C. p. - // ?, t 2 ). (. 
D o (1< ) - -( t + _:\ ( a - a3) = F o - -- - · - - ---

.... I 2 M / 1 · + . ( 1 _ 2!:._ ) 2 
. ?.M . 

for Jr+ - p -scattering 

-;; . . . ''i..'~ .• /l ,, ~ t 2 ), r, . 

D_ 0 U-<)t-~;-;;/(j +M·)(a,-a3)'= F-o +(··--
1
- ·;.... \2 

. ~ +2M I 

for the negative meson scattering and 

ii "} ,, "} 2 

{ 
D 1- -~- _p _ = j F + + F - _ f_ . i.f -~ ~--~ 

2 o Z O M ft-(-~--·· )2 
j 

l 2 t·1 .J 

u . 
·. where D._ 1s constructed by analogy with (15) o 

h = 0 t_, 

(16) 

(l'f) 

(18) 

When using the data about the phase shifts given earlier 1ris1 

haTe · 

-f 
11 

( }-l )[ 5 2 . ] Ac. D+o= 1+M ?.a3 - 6 a.33 P33+ 2 ( 2 d33 - 3d35)J + 

~--~· 
JJ./M . 3 JJ-/l/M [ . JJ· ( l-4- )2] · + - (ta33-03)--- 1+~- f+-- a3 

( 1 + _!:_ )3 ( 1 -t ..!::_) M M 
· M M 

(19) 

-I ti 

3AcD-o=(1+L)[zr 5' 
5 

_· 
2 

. M \ a ' + a 3 ) 6 a 3 3 P 3 3 -1· Y ( i d 13 +- d 3 3 ) +-

. ,,t ,,''~ 

+6(2d,s + d
35

~+ ~. ia;J- 2i: ~a; _ _f_ [1+~(1+;,.)}cza,•a)H) 
( f + M) 4M ( 1.,. .!!_) . 

. M 



The suqstitution of the experimental data about the phase shifts gi= 

the contribution of the nonobserved region is found to be very essen

tial for the first two values and is about J5% for the half-sumo Th~ 

Yalue of the second derivative of F 1 1s mainly obtained as a 

differ_enoe of the resonance contribution and that of the nonobser

ved region' (the contribution of which is Ool8S ~ c and 0.,,222 -~ c · ) .. 

In view of the decrease of the role of the resonance transition 

for the scattering of negative mesons the contribution of the nonob-

served region equal to -OelJ8 Ac and -0 .161 Ac is a pri~cipal 

oneo 

2o In the previous section the values of th& derivatives of F~ 

have been obtained from the experimental data on the phase shifts~ 

The same magnitudes may be calculated directly from (2) and the ex
o 

perimental data on the total cross seotionso In such a manner one 
l 

may check the consistence of the experimentally determined phase sh¢fts 

with the.dispersion relationse On the other hand, one may hope, that 

the discrepancy ~~~\~j~--lW.st-i)tt'>'_ , ,-~~t~i;~t,il 
• ! . . • . 



.,_, 8 -

\_ 

be expressed in the most explicit formo 

After obtaining F + the Talues of the derivatives may 

be calculated by the direct differentiati~ However, the dif-. 
0 

ferentiation of the curve calculated by the experimental data 

gives rise to large errors, therefore one may present the deri

vative in another formo Taking an interest in the values of 
2 

the derivatives when i -- .-. o • let us divide the dispersion 

integral Jr (c,) into three parts 

z 

4 JT 2 J t cw r~ pjJii~J.
1 

. k 
})-

00 

6"+(W
1

) ·(de,/ -~ ~-····- + .. 
w'- w J 1·•( 

"t 

00 

odw
1
) Jdw' G-(t,,. ') -------•·-•• + - a -·••"· "·•••••• ..... 

w I - C,.J I-<, 6J / + W· 

p 
(21) 

s.o that the second integral do not contain the singularity 

(t >w) any longere Now one may choose- such a I 

· expression for 6+ { f.J.J J in the restriction bjY S 

ves.using (J) may be presented as follows 

~ 2 
f 2 ( a 3 , + i 033 ) 4} 

G"t (w)-~yrrla3 + ~(
1 
+ ~ T k 

and 

that the 

p -11a-

(22) 

Substituting (22) into the first integral into (21) we obtain 

for it . . t 

Jrl (w)=(4nf'.p ( Aw< G'+ ~J= o.2 r (l<h Ca!, .. 2a;3 ) I (k') 
. J k I w I - w 3 _'CA (I + L /' ~ 

. t1- M 

•h•r• 
To<.CI<)::: _ _L Bn[1+ (w-µ.)(1+/-l)tk~_Z

2
- ,-..

2
' l 

. k f-A ( e. -w) . -'--j (Jjt) 

.. 2 2 3/z. . ~- 2 1/z . ~ 1/-kc r~ 2_ . '£' . ] 
. f'-4 J p (fl)= (t ; µ ) t (\ µ )(Wl H<c)H(].<M-1'-y e,, -1: ~ + 1: (23■) 



}1 '-Jo{< P '= -w'/ w•L~=-- +_ j_ 
2

. i ~ ¼ f-i_ 3
( i J'- 9 (i J,. a,. _· . · ]· 

l~1 6 . (l-_1)2 ¼O [(:l-):..1]~ · _ · __ -
p. p- . /-A . ' ·, . ,, . 

ss ttll&t ( w h en t. == 1, 431-'- ) 
. . 

'. 

~ _ 00 00 

I (p.)c_o.}_J; (oH\ai,• 201__> J; (o)+-'-Jdw' §..t. __ (w'J +-'-jdw' G-(u.>) 
t IT oe r.: ( 1 + 1=...)~ ?_ 43rz I<, (µ ,_ rl . 4JT~ k' w'+ P. 

M 1 JJ. - (U) 

\ 
\. 

!~ @~~®£i.,i@m _ f@Jr J_ ( til) is @1Jta1rin@<ll f'a>@m (2t) l\'l1' t~® ~ua~~%1it!!itt= 

J!,(i,00 

··- o 3Qe · 0 2 , 202 3ac a2 2 2 3o· 2 
-- 0 2 + 2.a 2 · - (<,itlil,) (},-..~ - ) · 3-- 3 ,. I j 33....,,_ 33+. (ll3) JI 3'1 II• ,eP 

F:t~@® (21) a.n4 (2J) the ®%pr@~~i@ft8 f@~ th~ di®p~rsion i~tegral~ 

follow 11hitlh SJ?r~ ©@DW#llm:l~!~dt Jlm:i tkii @al@ool&ti~rdlg§' ilil th@ l©V ®lll®~= 

• 
Q r®gion W - f , < µ e B@f@g@ makim.g Ufjj@ @f th®® f~r th@ 

1all.~oolat1@!alil @t th@ magn:il.ttlldl_@& @f th® '1<!~iwat1w@~ Vfh®m 1::--~~ o 

l~t u~ niot11 th~ f'it,ll@~inig 

In the se~~:md t~r~ in (22)(th@ @@~tributi@n orep wav®s) 

the trans:ititm tl"@!fil the © em 08 e .4t@ th~ la.bi o s.;rst@um :ita Md~ appqr@= · 

rd.nt@lJ' o · J4(QJrot1 cxa~tl,- 9 using ( 4) insead of Jp (I< >JU~ P/M )
11 

ve g®t 



= 11 • 
l 

where . zr I 
) R;: k

2 
-1- 2 w X + X 

2 t:: M .( - ..;,___2-:-W-. _-µ 2;-:)~2 
1+-+2 

M M r-w JJ. } 
CJ' . ' ' Q ' . I J [ 1 1 ] R 2 d X 
(j+'~ + ~:hp (k)= Jp (k)- (Np," Jp(k )- /( µ-w /~(: + T,;{x7 (

2
~) 

Let us give the expJtauton 'for Np (W) which is obtained in the 
. . • , z 

expanision of the dominators of -the integrands up to ( 
' ~ 

[( N
2 3) 3 n 1l f N ( v,J N - 3 ) 3 o NpO<J::. -2-ii° I·N-,6vn(wtit.tN)1-3( ·s-l ·•·1.t·· -8N ·'ayn·(GJ·t 

... · .. . l. 2 

ij . 2[.(i.-/ 7W) 5 (6W +I) ~N 3 3N) 6Wl-lo ~ + 2 l t N) +4 V -- - --a N + . 1. --·•- - -. t---1;tn(uJt2Z+N) (27) 
. 0 6 JO 6 ~ 8 16 I 

. 2 1/2 
where N = (l -1) (,-,. = 1) • The last term in (27) gives less than 

6.5f of the value of N~ when k = O. [Np(O)= 00085 it-

self that leads to the replacement of' J~(o) = 0.6J9 for 

Lp(O) = 0~554 1.e o, introduces the co~rection of about 15io 

If one tijkes into account only the first term in C27) it gives 

Lp (O) : 0o5J0o from where it is clear that the last terms 

give < 5%tt Since all the contribution from Jp (o) is not great 

one may restrict oneself by (2J) involving for the corrections the 

first term in (27)o 

Let. us obtain now the expressions for the derivatives of Ft< 

For the arbitrary momenta of 
I I 

F+(w)=Jt-(W)+i
2 
I+(w) 

It can be seen from (21), (2J) and 

a I 

1-T.1-o(W)::.O_ 

(28) 

(27)· that 

(29) 



2 / 
. Siace (28) is correct also tor 1 J _ one geta 

I 

f:t 0 (w)=I:t (f-l>. (JO) 

The last equation makes it possible to reduco• the calculati<0n 

ot the der1vat1Ye of F to the Talue of the 41spersi~n integral 

at one point vJ = P· e Th• value of the deriTativ• is calculate« 

from (.30) P (23) and (24). 1f1 t.h 1 a:l/13 p. the contribution cf th• 

first two terms 1n (2,) gives - o.026/JT · tor the s=waYe and 

+ Q~Ql~ tor P-waves what is a yery a1111.ll b:'action Df the walue 
JT 

F\o • o,2a(o,25) Ac 
For the interaction ot negative ■eaoas With protons•• ha

Y<i analogously 

2 2 2 2 2 a 
(a.,+ ia 1 ) r ( a31 +2.a,,+2a,3 +033 L 

I_ ( µ.)::. 3 JT J ri o > t ( p.. )4 . . p ( o ) + 
3JT l+M 

instead of (24)o 

For the contribution of the first twc ter■1 in (,1) we haw~ 
t 

JTL. =-oos1+0012.';-0039 
- ) I ) • 

Here·the contributions ®f Sand P=14Yea which are compatibl~ t'U.?'n 

out at .z = 1 143 f to be negligible in comparison wtth that et 

the integral components in ()l) if one eonsid.era the :results «lf 

the pr.evioue seotiono For the second deriwatiwt of P w:lth the a,we 

bitrary momenta obtain 
l 

II 1 2 II 
F (w):: 2J (w)+ 7, J (w) 

\ 



··.~-- 1! 0 l 

2 
Whea .1 ~ 0 the stoon4 ~orimpontat Ya.aislles s<e that 

II I 

F O (W):: 2J (p.). (J2) 
I 

· Di Tiding J~ ( w) into the par.ts by analogy to (2l)JJ one may @b= 
c, 

tain from (2.'.3) fm' the contributio.a of S and pc-waves ( f..;!::: 1) 

I . 2 a2. i c N(2-l) a,3,+i .B N t l nL. <u>=-a3 · ~-+~-~--:-_ -(1+-;=)+-•·f;.n(N+1.1} 
t- 1 · 6(l-1)2 JT(1tl:-) 4 .i ?. ~ 

. M . ... 
00 00 

1 , I dvJ 6 i- (W ) I · (JC,.) · t I f J 
1 

J+ < p-l= L ( p-J '·;;Ff j-l<, ('z.;c,-,r lji,-2. I<' 
l I'-

G_ ( w') 

(w'+p.)c 

The contribution of 
I 

L + (_fhA) 1s = Oo002 \:. The exprtJ:ti$1.on 
I 

()J)· 

(J.S) 

for I (f.L) is obta1ne4 f'rom (.34) by the replacement of (2~) c Thee 
I - is -0e002 Ac contribution of L ~~ ( p-) for ]T p Ii> 

Jo Th• ntm1rical values of the dispersion integrals a.re 

J ( ) 6, 9 6 O .. 
+ u :: - ·- ::: 1 7 6 

I llJT2 J 

J (u) ~:: !!_L9_i:;: 0 126 
- I IJJT< > c,,) 

The comparison (Jlf (.35) and (20) with the values obtained ear1;eJr1> 

Oo28 (Oo25) and C00«,24 (Oo27) makes possible the posit~TtJ sign 0 3 3 

to b® reaffirmed once mf!ree Moreiover~ it follow8 froe (J5) and 

(12) that 0 31 is a negat1Te quantity, and 
p2 . I 

(2r:0116) ·a31 ==0,115 D+o=0,i58Ac 

( 2 f 2 ~ o, 19 ) a 31 = - o, o so D: 0 = o: 3 2 o A c ( J6) 

It follows from (J5) and (lJ) as a consequence of the dispersi~n 

relations that 



Under the assumption that Q 13 -= a3, fra (J7} f'ollcws that 

2 . 
Q'.

11
::--Q

1
05(2f :01 19). 

, (38) 

It is to be emphasized that the errara in the numerical values 

of a,1 and au are very dif~icult to be determined. ~hough 

the idea about the small and negat1Ye aoattering length a 3, 
' 

and ·the small 011 is roughly in consiste.nce w1th the exper1men-
I 

tal data about JT f\J -scattering the Yalue ot D- o. does not 

apprecially correspond to bhe experimental data. 

For the values of the de:ri'fatives of the dispersion integrals 

as a result of the numerical integration we obtain 

I . 

2J+Cf1.):o}oa'Ac 

To obtab the consequences analogous to (.36)-(38) is very dif- · 

ficult at present since mere exact data are necessa;~ • . 
Thus, the analysis which made use of the data about the soat-

s O • 
tering phases only at low.energies supporta Pupp1-St4Pghell1n••s 

JT t- p resulto While for the BOattering the dispersion relat-

ions make it possible to determine 0.31 from the de.ta. about o, J 

03 " and a 33 in accordance with the eii:pe:rimental data, the 
-

consequences of the dispersion :relations for n-p -scattering 



... 14 = 

being not compatible with the e.xpei-iaento Then discrepan:ey it= 

self at low energies is nQt so geat as at high energieso 1Strict~ 
0 

ly speaking, it is n•ot C\lea.r to what extend it ex~eeds the lim1t:s 

of the conventional error~o 

The causes of such a di.screpa!lcy r~D_lain obsture o The 1.a~ 

topic noninYai-iant correct~ons of an;r kind art ao't g::reato Dtte 

to the considerable role which the isotopic inva.,tia?!©~ play~~~ 

analysis of J' · . stCatte.ring el~ta the p·~ss:l!.bjJtit.Jr ~t· ad.r~Ltt= 

1onal verifi~ation of the 1sot~p1@ 1:Ejnrarianc® 1~ th~ ·· 

tering is d1stussed ill the Appendixo 

s,g.at~ 

.. In such a situation it woulf. betome Yery dtia1ra'b1111 t~ arraa= · 

ge some add1t1onal expttiments aa well as more pre@1s® tr$atm~nt 

of the experimental data. The e3t~iments oro. t~ study @f the. :lf<e= 

coil nucleon polariza.t1on as well as o:f the interfe:rene® of 

the nucb~ar s©attering with the C~.rulomb QFJFe appt:a:ir to 'b!i espe@ial= 

ly 1mportanto The accuracy both of the experi~~tal data and th@ 

calculations of the dispersion integrals is very likely to be 

over-estimated~ 

---:. 
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cal calculationso 
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ihe unitar1t1 couition ef the S-•trix tog•the wit~,..._ 

·inwar1anc,·un4er t1m• reYersal 1a known to retu• cona14era,17 

the number ct the 1n.4ependent para■ete:rs •nter1q into the S-= 

ma.trixo It was recentl7 shownl61 how thee• coa41t1ons make it 
I 

possible to reconstruct the acatter1ng matrix in case when oaJ,:, 

the elastic scattering occurs which~ not acoompe.nied b7~the 

inelastic processeao 

Let us co:n.a14er now the unitarity conditions !or JT-- p ... 

s~attering w~en the inelastic process -the transformation of th~ 

charged meson into a neutral .one :occur=s parallel to the elastic 

s~atteringo We also intend to show in what way they may contri~ 

bute to the ver1f1cat1on of the isotopic 1nYar1aneee re 
I 

Ie Je. 2.1d.,K 
Let us 1ndroduce the s ... matrix elements S Jk = P; e. 

. I J 11< 

( .t· and f are the real numbers) for eYery state oharac ... 

ierized by the momentum J and e = Jt 1/2 (the indices J~ e 
a.re omitted f'urther)o Sr: - corr~wponds to the· elastic scatter= 

1ng o! J( =meson by a proton JT'-tp- .... ·Jr-, 512 : S2 , corz-esponds to 

the charge exchange scattering JT-..- p _,__ n'\ -whereas 9
22 

to the elastic 
. a. 0 

scattering Jf + n -)- Jf . 
' 

It can be easily seen that the unitary condition writt•n 

in the form 
* r. s ,f< Sek == 0,e 

11 

gives three independent conditions 

1
2 c I Su r I s,2 I = 1 

(AoI) 



) 

=- n~ = 

* * 5,, S12+-S,2S22=0 (Ao~) 

A @~1tUl<Mll IY&lJ!.@Dl .iilW@_ai 'U'1i ~ftlt)fl.?Jllf$ @f ~~~~ 
. . + 

ths rnll .. ~ f@ll.1•11 h-0&1 (ll) 1f@r Jr - p ~~altl<il11.ri\j ti.IP 

•~•41 d (!}=(J)o 

h'M (2) aat· (ll) COM 7111\f g@(t tU11• Ii@kl!<tll\'i' lt)@~ itlr@ lli@iloo)lfi 
• 

I 1
2 I 12 - 2 - 2 - ~- I 12 - .. z - - - ~ Su = S;:2 -P,, -.Pa-J, 1 512 --J\t- 1 f 

(Aoj) 
. . . . 

~ ~jj>• (!J) ~ _(j) - the r@!l.at1(.i)_ll TixJJitM~il th{t Jllit&<~o 

lic(,2 =- 2 (o< 11 + o( 22 )+ nn (J.oi) 
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~oo~iti~ i~M@ th~ @~@]Ujl~!o 

· ~M ll'@il.a(U.~ (,) .a.mcl (I) ~ ~@ ~W@!ll fi1iJ tMi@tlfDltr f<i't'ffiilo_ 

'f1M •1ttut1\.Cflll Ill!~• rut!Mla EillSlpt;llJf {Un11,l\ ~t\@&l-~•fi ltil ~&'J@ 

llfMl ~ l\.~<i91 _Matt <t. 11?ffi- w,fnio) @(f.d).tj 1~1\lfl;S {t M ~~ft q $l. ~ 

. 3R·/' -re- 3R 3F.. -- 3 F. j p _._~ 3 F (iffi© ~ l~tl?'~'!\~ ~M ~ 
2 ,_ 2 l "- 2 ) 2. 2 · 

~ill ardl ·ttM ,.tag J&l?aimltk©8't10 8@8 Joo Ml@(!)*.tml© tiG,lW)) Oil})~ 
. I ~ 

ll.et . M tmttr~Ci' IWKt> 1"1'1&ll J~ 6 I . aa.cl b J ~j 00n) 

114:tm,. ,ara.e:ttw £ r 



= 11 c;:,. 

(Ao7) 

(in c~n~;ast to the case of NoN -scattering, here both 6JIJIT 

and £; > JJ. depend both upon i and J •hereas E J do not drop 
, 

out from the expressions for the integrate1d cross sections .. 
Th··.e·• relation betw,sc:n the 9..uantities p o( 11 ;d. 22 and 6; 1 · 

;;~r 
1 

<:.y follows from (5Js (6) and (7)/ In such a manner the 

S-matrix elements are expressed precisely-when the existence of 

the isotopic invariance is riot suggestedo If the latter is Yalid 
\ 

it is known that 
re O . v . J e r-, Q. g_ .re o Q 3 S = e o ,.. o3 J s 12 = \J 2. C o 3 - '-' ) 3 s = o -1- 2. o3 II I > I I 2c I . (Ao8) 

0 .re . nf t:' J e l 
t.1

2
r !cexJ~1.e.io 21 J characterizes the scattering in the state 

with the given J and the isotopic spin T)~ It can be seen from 

ithe compari%on of (8) with (7) tha~.the isotopic invariance cor-

responds to the case when E, J being independent of J and 

~- (truere remain only two real parameters) assumes the constant· 

value which is equal to arotg 
·a 

to d3 , whereas d J - 0
1 

. 

r-• o (I I 
\/ 2. ~ s 5 if' . o r corresponds 

The verification of the latter statements (the independence 

of the quantity £ J of J and e and its definite value) 

f gives the .possibility of checking the :isotopic invariance in 

~he scattering of the charged mesonso It might have seemed that 
( 



) 

- 11 ° '-/• 

0 

since the erosa ••c~ioa •f the JT -aeson elastic •catt~r1ng 

enters into the Haitler relation 

d ( +o ,.. d - - o o d - o G JT t p -~ JT ) t 6 (JT t- p-;,.~ JT ):::. 2 d s (IT + p ·c> JT ) + s ( JT t- p => :rr · ) 

then 'X iJ :scattering cannot be used for checking the isotopic 

inTarian~•o Fermi has. 1nd1catedl 71 that if,at least 9 onl7 S 

and P wa••s are taken into ac@ount such a verification may . . 

be carried on ia the experiments with the charged mesonao It 

follows from the App~nd1% that this ma., be carried on if a"4;1 

number of s:tates · are taken into ac~~unt o Th® we:r1:fi¢~.tloltil irn.g= 
, l') • . 

. ,· 

gest~d here is still de®pero It m~es possible to Yatth with what 

ac~ura~y the isotopic inTarianc~ ia satisfied in e~e~~-stat® ct 

J1 N 3J'St®liio 

Note the generalization ct Mina.mi amb1guit1esl 99 lOlt~r 
' 

th1• case when •he i&elastic proc•ss o~curs parallely to the 

elasti~ ~n•o By a direct ch~ck it is ta•y to s~~ that the unpo= 

la.?"iz•d ~ricaa s~etions o:t the considered proctsses risaa.111 ~= 

~hangable if the s1■ultan•ous substituion 

I)IT . riilI 
8 J J- 'h. :;;- or J-t '/2· , 

I I 

I 
E J-½. 

i~ ,wr.-11 o 

r 
~- £ J+ '/2. 
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