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AHHOT8UHSI 

PacCM8TpHBaeTCSI aneKTpOCT8THqeCKaSI 3a~aqa ~nSl TOHKHX ~HaneKTpHqecKHX H MeTan-

nHqecKHX Koneu so aaewaeM none a cnyqaSix pa~Hanbao-cHMMeTpHqHoro H o~aopo~aoro nonea 

H 8XO~SITCSI npH06peTaeM ble KOnbU8MH B T8KHX nonSIX ~HnOnhffiiA H KBa~pynonbHblit MOMeHTbl, 

A.B.$ehwartzburg 

DIELECTRIC TORUS IN 
ELECTRIC FIELD 

Abstract 

An electrostatic problem for thin dielectric and conducting rings in the external field is considered in the cases of axial- sym· 

metdc_al lllld bomogeaeous fields. Dipole lllld quadrupole moments acquired by the rings in these fields are found. 
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l. Pa.aHanbHo-cHMMeTpH"'Hoe none 

6y.aeM p8CCM8Tp11B8Tb AH 9 n e KTpH"19CKHl! TOp, BH e CeHHbll! B none 38p.SDKeHHOro UHnHHAp8 

T8K, 'ITO OCb CHMMeTpHH TOpa COBna.aaeT C OCb!O UHnHHApa, KOTOpy!O npHMeM 38 OCb :r: 

nycTb R H r -coOTB9TCTBeHHO 6onbWOl! H M8nbll! p8AHYCbl TOpa, f - AH9neKTpH"19CK8.11 

nOCTO.IIHHa.ll Be~eCTB8 TOpa; 'fl - 38pHA eAHHHUbl AnHHbl !lHnHHLlpa, a - ero p8AHYC, npH"'~M 

a << R , EcnH .anHHa UHnHHApa aHa"'HTenbHO 6onbwe ero parlHyca, H AHaneKTPR"'ecKaH nocTo-

HHHaH cpeAbl paSHa 1, TO B OTCyTCTBHe TOp8 llOTeHUHan nOnH UHnHHApa H8 paCCTOHHHH p OT 

OCH :r: paBeH qt O 

( I ) 

Bse.aeM TOpOHA8nbHYIO CHCTeMy KOOpAHH8T: a , {3 • Tor.aa 

p ~ 
c sha 

X 
csha cos¢ 

ch a - cos {3 ch a - cos {3 (2) 

y c sh a sin ¢ :r: = 
c sin {3 

ch a - cos {3 ch a - cos/3 

r.ae c = ..j R2- ,2 ch a R , 
(3) 

YpasHeHH e nosepxHOCTH Topa: a = a 
0 

• 

noTeH!lH8n qt B HOBb!X KOOpAHH8T8X: 
0 

c sh a (4) 
'~'o = 2qf'n 

ch a - cos {3 

AnH onpe.aeneHH.II noTeHuHana nonH 'I' nocne BHeCeHHH TOpa HlUeM peWeHHe ypaBHeHHH nan-

naca, 38nHC8HHOrO B TOpOHA8nbHb!X KOOpAHHaT8X: 

2 
~ ( sh a ~) + _J_ ( sh a a qt ) + 7 a qt 
aa cha -cos{3 aa a{3 cha-cosf3 a{3 sha(cha-cos/3) a¢ 2 

0. 
(5) 

EcnH noTeHUH8n BHyTpii Topa qt 1 , a CHapy)I{H 1 TO rpaHH"'Hbie ycnOBHH Henpepb!BHOCTH 

IlOT9HUHana. H HOpManbHb!X COCTaBnH!OlUHX HHAYKUHH Tpe6y!OT, "'T06b!: 

='1'21a=a 
0 

aw, =~I 
f--- a=a 

aa aa 0 

6y.aeM paCCM8TpHBaTb TOpb! B BHA9 TOHKHX KOneu, y KOTOpb!X 

..B. = ch a » l , 
r 

(6) 

(7) 

(8) 

3To ycnosHe B co'leTaHHH c TeM, 'ITO R >> a , A89T B03M0)1{HOCTb npeHe6p9"1b H3M9H9HH9M 

q npH BHeCeHHH TOpa B none UHJIHHApa. Y"'HTb!BSH CHMM9TpH!O 38A8'1H OTHOCHT91lbHO IlJIOC-

KOCTH :r: • 0 H H938BHCHMOCTb OT yrna .p,Hlll9M peweHHH (5) B BHA9 Bb!p8)1{9HHI . 

KOH9'1Hb!X BM9CTe C nepsoA npOH3BOAHOA npH a -+ oo .. 
'1'

1 
• -..jeh a- eoa {3 I An Qn-y, (a) eoa n {3 

n""O 

3 

( "9) 



'P 
2 

'P + v~- cos {3 ~ Bn Pn-•h( a) cos n {3 ; 
0 n = o 

( 10) 

rLle P (a) 
n- y, II Q (a) - TOpOHLlBnbHb!B clJYHKUIIII IIHLlBKC8 n - ~ 

n- 1h 
11 1 COOTBBTCTBBHH~, 

/3/ 
nepaoro II BTOporo p0Ll8. YiMBH B BIILlY (8) II Y'liiTbiBBH, 'ITO llpll 6onbWIIX a 

Qn- '1, (a) 
- (n +'h) a 

"' e ' 
( 11 ) 

MO.>KHO B pHLl8X ( 9) H ( 10) y LlBp.>t<8Tb JliiWb nepBbiB 'lnBHbl, Vfcnonb3YH 3H8'1BHHSI p (a) II 
/ 3/ n-y, 

Qn-Y, (a) np11 601lbWIIX a , nOLlCT8BJISISI nocne :OlTOrO (9) II (10) B (6) II (7) II IIHTerpll-

pySI no {3 oT 0 LlO 11 , HaaLleM 113 nony'lBHHoa cllcTeMbi ypaaHBHIIa LlJISI A 
0 

H B 
0 

A = 11 q ,;Ten c 
0 B = -

0 ( - 1 E - 1 

11 q ,;Ten c 

2 

(12) 

nonO.>KIIM cpopM81lbHO B ( 12) E = oo , 'ITO COOTBBTCTBYBT llpOBOLlSILUeMy KOnbUY, Ha noaepx-

HOCTII T8KOrO K01lbU8 HaBeLlyTCSI 38pSILlbl, 

a=-
417 Ha 

a1V 
a a 

ffqen c 

417C 

nOBBpXHOCTH8SI llnOTHOCTb KOTOpbiX a pasHa: 

a -!:D. 
V ch a

0
- cos {3 (cos {3 - e 0

) e 2 (13) 

TaK K8K UeHTp IIHLlYU11pOB8HHblX Ha npOBOLlSILUBM KOnbUe nOJIO.>KIITBnbHbiX 38pSILlOB COBill'iLlaeT C 

UBHTpOM 0Tp11U8Te1lbllb!X, TO ero LlllnOnbHbla MOMBHT B T8KOM none paBBH 0, a n09TOMy ero 

KB8LlpynonbHbiA MOMeHT He 38BHCHT OT Bbi6opa Haqana KOOpLl11H8T. J.-13 CHMMeTpllll 38pHLlOB OT-

HOCIITenbHO OCII Z cneLlyeT, 'ITO OHa SIBnHeTCSI OLlHOa 113 rnaBHbiX ocea TeH30pa KB8Llpy-

1101lbHOro MOMeHTa. nono.>KBHIIe LlBYX LlpyrHX ocea np0113BOnbHO, H KOMI10HeHTbl D II D 
YY Ill "" 

OnpeLlenH~TCSI '1Bp83 D 
'"' 

j) "" "' 0 YY = -~ D,.. . 
( 14 ) 

KoMnoHeHTY Bbl'liiCnSieMA HMeH B BIILlY ( 2) II ( 3) II Y'll!Tb!B8SI, 'ITO Llml TOHKIIX Koneu D •• 
C TO'lHOCTb~ LlO 

-2a 
e c = R. 

D = {{a (2z 2 -p 2 )dS =- 1211qR 3 f nR 
:r:z 

ao 

11n11, BBOLlSI o6"'eM KOnbua v 1 IIMBBM OKOH'l8TB1lbHO: 

D"" 
3 

217 
v en~ ' 

e -lao 

2, O.gHopOLlHOB sneKTpii'IBCKoe none 

( 16) 

nyCTb Bb!WeOnHC8HHbiA TOHKHa Llll9neKTpll'leCKIIa TOp BHBCBH B OLlHOpOLlHOB 9nBKTpii'IBCKO€ 

none E , HanpaBnBHHB KOTOporo npHMBM 38 OCb X , TBK, 'ITO OCb X nepneHLliiKynHpHa 

OCH TOpa, 

0TC'lHThlB8SI yron ¢ OT HanpaBnBHIISI nonSI H Bhl611p8SI Haqano KOOpLliiH8T B UBHTpB Topa, 

3811HWeM 110TeHU1181l OLlHOpOLlHOrO nonSI 

'P = -
0 

E c sha cos¢ 

ch a - cos {3 
( 17) 

OnpBLlBnSISI 113MBHBHIIB 110TBHU118na, Bbi3B8HHOB BHBCeHIIBM TOpa, 11'-UBM peWBHIIB ypaBHBHHSI ( 5) 

BHYTPII TOpa B BIILle: 

00 

'P = 'P + y ch a - cos {3 ~ ~ B 
2 0 nm 

n=.o m=o 

(19) m 

P (a) cos n {3 cos m ¢ 
n- Y, 

4 
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H "pll-

3e px-

ro 

>y -

) 
YY 

1e u 

CKOE 

p ua 

·pa l 

5 ) 

r.oe ~ .. :., (a) H 
Q D1 

n-y, (a) "" TOp011,ll8nbHbie cpyHKUHH HH.llEKC8 n -!-l nOpSI.llK8 m 

H, COOTBeTCTBEHH01 nepBOI"O H BTOpOI"O pO,ll8, Yf3 ycnOBHSI (6) cne.oyeT 
1 

"'TO 113 BCEX KOacpcpll-

UH8HTOB OTnii"'Hb! OT 0 nHWb 
1 KOTOpb!e B ,ll8nbHEJlWeM 

o6o3H8"111M KaK A 
n H B 

n , Yfcnonb3JSI (6) H (7), 38nHWEM (18) H (19) B BH,lle: 

00 

-I AnQ!_'h(a0)cosn{3 
""' 0 

E c (1 - ch a0 cos {3) + I 
(cha 0 - cos {3) 2 

n=o 

00 

----:-E=-::c:..::s:.:..:h_,a~-:'rf'> + ~ B p 1 ( ) {3 :- - k n n _ y, a 
0 

cos n 
( ch a0 - cos f3f1

' n = o 
(20) 

1 a Q n-y.( ao) ] cosn {3 

a a 

YlMESI B BH.llY TOHKHE KOnbU8 1 HCnonb3YEM ( 8) H nO,llCT8BnSISI Bb!p8)!{€HHSI .OnSI Q 
1 

(a) 
n-y. 

H npH 6onbWIIX a 1 HHTEI"pHpyeM p8BEHCTB8 (20) H (21) no {3 OT 0 .llO 11 , 

Yfcnonb3YSI IIHTerp8nbHOe npe.ocT8BneuHe cpyHKUIIII 
121 

11 r cos n {3 J {3 

o v' ch a - cos {3 
(22) 

H8lt.OeM 113 nonyqeuuolt CIICTE Mbi yp8BH e HHlt .onSI A 
0 

11 8
0 

A = 4v'TEc 
O 11(t-2) 

(23) B = _t _ 11 v'T E c 
0 

f- 2 

H8lt.llEM Tenepb KOMnOHEHTY p ,llllnOnbHOI"O MOMEHT8 TOHKOI"O .lliiSneKTpllqeCKOI"O KOnbU8 1 
J[ 

BHeceHHOI"O B none Bb!WEOniiC8HHbiM cnoco60M, np11 8TOM no CIIMMETpllll 38.08"111 p = 0 H 
y 

p = 0 • Tor.o8 
• 

dP" = ~ E (a, {3, ¢}dV. 
411 J[ 

(24) 

P8CCM8TpHB8SI B K8)!{.ll0lt TO"'KE TOpa npoe KUHII KpHBOnHHEltHbiX COCT8BnSIIO WHX rp8.0H e HT8 

noTe HUH8n8 H8 OCb X' nony"'HM: 

E(a,f3,¢ J = _7_ a'l', ~ + _7_ a'l',. ~ + _7_ ~ ~ 
Ha aa Hada H{3 a{3 H{3J{3 H¢ a¢ H¢d¢ 

no.ocT8BnSISI (25) a (24), HHTerpHpyeM no o6be My KOnbU8 11, onycK8SI qneHbi 

(25) 

Bb!CWHX nOpS!.ll-

KOB no e -a , uaa.oeM : 

p 

" 
Y"'HTbiB8SI II (23) H BBO.llSI 06beM TOHKOI"O KOnbU8 v nony"'HM OKOH"'8TenbHO 

(26) 
p 

nonO)!{HM 3.EieCb ( = oo npH 8TOM p" 5y .llET npe,llCTBBnH T b C050tl: .llHn OnbHbllt MO-

MeHT T OHKOI"O npOBO.llSI W EI"O KOnbU8 1 BHeCEHHOI"O B none BbiWeOnHC8HH b!M o6p830M: 

p 
J[ 

7 V E :r;- (27) 

5 
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