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11 21 
l. B pa6oTax ' 6brrJO n oKa3aHo, YT O nHarpaMMa D, , H3o6pa>Ke HHaH Ha p11c. 1, Ma>Ko-

x) ( 
pHpy e T ace C HJibHO Ca 5!3Hble ilH8r'p8MMbl HyKJIOHH O- cpO TOHHOH aepW!iHH OH 'l8CTH WTpHXOa8HHbre 

3 ,.., 
I 

.2. I \ 1 
I \ 

I \ 

i' \~ 
3 

Pac. 1. 

JiliHHH H8 pHC. I TT - Me30HHbre (c M8CCOH m ) 1 C TIJI OW H85! JIHHH5! - HYKJIOHH851 (c M8CC OH !of ), 

ace Y3Jibl - aHeWH!ie), 3TO 03H8'l8e T, 'lTO B npOCTp8HCTBe eBKJIHilOab!X BHeWHiiX liMTIYJibCOB , 

B 06JI8CT!i G E, B KOTOpOH KB8ilp8Tii'JH851 cpOpMa illiBrpaMMbl 

. ( 1 ) 

npH Bcex He p8BHhlX OilHOBpeMeHHO HYJIW , OTp!iU8TeJibH8 H KB8ilp8 TH'JH 851 cpOpM a Q 

nw6ot\ CflllbHO CB513HOH illiBrpa:vtMb! aepWHHHO H 'l8C TH . 

3 T O T pe3yJibT8T 6yne T HCTIO!ib30B8H B H8CT05!Well 38MeTK e ilJIS! ilBYX u enet\ : I ) illiSI 

H8XO>Kile HH51 H eKO T OpOl! 06JI8C T!i B npOC Tp8HC T 9e T pex KOMnJieKCHb!X n e p eMeHHb!X 

z 1 = p /· (2) 

B K O T O p Ofi 8H8JIHTH'leH BKJI8il JI W60H CHJibHO CB513HO H ilH8r'p8MMbl BepWHHHOH 4 8C TI1: 2) illi SI 

ab!B0il8 liHTerpBllbHOr'O npenC T8BJieHI151 il.r151 npOH3aOJibHO H il li8rp8MMbi , KOTOpOe n OJIHO CTbW 

xx) 
OT06pa>Kae T yCTBHO a JieHH b! e 8H8JIHT!i'leCKHe ca o l! C TB8 B e pW!iHHOll: 48CTH • VJ3 3 TiiX pe3yJibT8 -

T OB cnenyeT cneKTpanbHo e npenc TaBneHiie B epwn HHOl! 'l BC Tii no ilBYM n epeMeHHblM ( Tlina npen 

/ 3/ 
JIO>KeHHOr' O B ) , TBK :>!<e KBK 1i 06bl4Hb!e OilHOMe pH bi e illiCnepCHOHHbie COO T HO W eH I151 B JIW60M 

n Op5!il K e Te o pHH a03MyWeHii H , 

x) K 6 BK 0 hl 'lH0 1 p8CC M8Tp~B8eTCSI KJIBCC ilH8r'p 8MM , BHyTpeHHHe JIHHH!i KOTOphlX COO T BeT-

CTBy W T CHJibHO B381iMOnel!CTBY!OillliM 48CT!iU8M, 3neKTpOM8r'HHTHOe B38HMOileliCTBii e y•ITeHO 

JIHW b B nepBOM n o pHilKe Te OpH!i !3 03MyWe H!iH ( y3eJI 3 - enliHCTBeHHb!H 3JieKTpOM8r'HiiTHb!H y3eJI 

nr1arpa:>.1Mbi D ). B cwny B naJibHellweM p e Y b 6yneT H ilT!i o CHJibHO CBH3HbiX nHarpaMMax, 

K OTOpbre He pac n8il8W TCSI H8 il Be 'l8CT!i TIOCJie p83.p b !B8 JII060H OilHOH BHyTpe HHet\ JIHHHH, 

xxl n 6 H /4/ 
p e ncTaBneHRe TBK oro THna b iJIO npenno:>~<eHo aKBH!iW!i 
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8 n, 4 npHBOLlHTCSI HHTerpanbHOe npencTasneHHe aMnnH T yLlbl paccemrHSI HyKnoH a Ha Hy Kn o-

He, BblBOLl KOTOpOrO 8H8nOf'lfq e 'fof BblB OLly np8 Ll C T 8B[!8HHH BepLt! lillllOH "18CTH , 

2. DoKa3 aTenbCTBO aHanHTifqHOCTH se p w HHH o li qacTH B K OMnneKcH o ll o6naCTH G npose -

neM s TPH 9Tana, CHaqana onpenenHM e sKnHn o sy o6nacTb G
8 

, B K OT o p o i! o T pHua TenbHa ~OpMa 

Q ( a,z) mo6oii LlHarpaMMbr' sepwHHHoi! 'i8CTH, 3 aTe M Hai!neM o6 n aCTb G ) G 
8 , COC T OSi ll..lyro 

li3 BC8X 88ll..{8CTBeHH blX Z / 2/ , LlnSI KOTOpb!X Q (a, z) <f) , H HaKo Heu , o npe n e nH M K OM nne Kc-

HyiO 0Kp8CTHOCTb G o6nacTH G , B KOTo poii aHanHTH'ie H BKnan n po H3 BOnbH o i! Ll H a rpaM'Mbi, 

EsKnHnoaa o6nacTb E 
B npoC'l'p8HCTB8 ( ZI, z 2 , z 3 ) COC T OHT 11 3 Bell..leC T B e HHb!X T Oq e K z , 

y LlOBneTBOpSI!Oll..{HX Hep8B8HCTB8M 

E: z 1~0, z;+z~+z;~ 2( ziz
2

+ ziz
3

t- z
2 

z
3

) , ( 3 ) 

(npH BhlnOnHeHHii HepaBeHCTB8 ( 3) 1 [!lfHeHH8SI o6 o n o qK a Be KTOp OB p , CB SI 38HHbiX C z n ocp en-

CTBOM ( 2) 1 SI8[!SI8TCSI 8BK[!IfLlOBb!M npOCTp8HCTB OM), 8 o6naC TH £ , CO r n aC HO C~OpMynHp088HHO
/ 1 2/ 

MY BbiWe pe3ynbTaTy pa6oT ' LlOCT8TO'iHO HccnenosaTb Ll H a rpa MMy Tpe Tbe r o n o pSinKa D , 
/5/ . ' 

3Ta LlH8f'p8MM8 XOpOWO H3y'ieHa • 06naCTb • G D , B KOTOp o i! ~OpMa ( 1) 0 TpHU8 T 8 [! b H 8
1
. npo -

ll..le scero 38nHcbrsaeTCSI s nepeMeHHblX 
( ( 'iT06bi COXp8HHTb CH M M e TpH IO 38nH CH M bl 0603 H 8 'ia -

eM M8CCy nHHHH V LlH8f'p8MMbi D qepe 3 mv, B p8C CM 8TpH B 8 8MOM c n y q ae 

m 
3
= M ): 

<: = 
I 

2 2 
__!!!_L~ 

2m
2

m
3 

B nepeMeHHbiX <: o6naCTb 

( I > - l 

G 
D 

2 2 

<: = ~~.:::3-2 , 
2 2mi rr.3 

2 2 

= ~-:_-~--=--~L 
2 m I m2 

<:3 

!51 GD 3anaeTcSI rr e pas e rrcTB 8 M H 

2 

z < ( m + m ) ) , i = 1, 2, 3, 
I I k 

(1+(1<0, (k > <: <: - J ( 1-( 2) ( l - <: i) 
I I I I 

rne ( i,j,k) - nro6aSI nepecTaHOBKa 'iHCen / 1,2, 3 / . 

mi= m
2

= m, 

(4 ) 

(5) 

EaKnHnosa b6naCTb AHanHTH'iHOCTH onpe n e nSieTCSI pas e rr c TB OM G = G () E . DnSI nanb-E D 
Heliwero Cyll..leCTBeHH0 1 'iTO (KaK H8TPYLlHO nposepHTb) rp8HHU8 o 6nac TH G E conep)I{HT a ec b 

•KpHson~o~HeliHwll• yqacToK rpaHHUhl o6nacTH G, . T.e. Ty qacTb n oae pxrrocTH 

2 2 2 
( 1 + ( 2 + ( 3 - 2 (I (2 ( 3 l j (6) 

KOTOp8SI 38Ll88TCSI napaMeTpH'i8CKHMH yp8BH8HHSIMH 

<:e= cos8e, e = 1,2,3, ek= 81 + e
1

• 81+ (JI > rr ( 0 < 8e < rr ). ( 7 ) 

4To6br H8liTH M8KCHM8nbHyro Bell..leCTBeHHyro o6naCTb aHanHTH'iH OCTH G , 38M e TH M , 'iTO 

KB8Llp8~H'iH8SI ~OpM8 Q n106oi! LlH8f'p8MMbi B8pWHHHOH 'i8CTH M 0 )1{ 8 T 6b!Tb 38nHC8H8 B B HLle 

e 
l: Q (a,z) A (a) z + A (a) z + A (a ) z 

I 1 2 2 3 3 a m 
V VI v=t 

rne A 1 (a)? 0 - OLlHOpOLlHb!e ~YHKUHH nepBOH CTeneHH OTHOCHT8 nbHO a 

4 

(8) 

/ 41 
(e M . , H a npHM e p, 



§ 6, IY). vl3 HeOTpRU8TenbHOeTH K 0 9cjJCp RUR eH TOB A!(,..) enenyeT, 'JTO ee n11 Q (a, z 0 ) <0 
H e KOTOpOf'O 

0 
Q (a,z ) < 0 <: zo h.e. 0 ). T a-

IlllH z 
' 

T O Il!ls:I aeex z Z!$_ z! ' = 112,3 
KHM o6pa3oM Mbl y6emnaeMes:J, 'lTO o6naeTb G = G D 

HaKoHeu, KOMnneKeHyio o6naeT b aH;anHTH•moeTH G ::; G MO)I<IJO IIaiiTI1 npH noM OLU 11 npl1 e -

Ma, 11ell01lb3088HHOrO By /
6

/ 11p11 11Ce!leJJ.OB8HR11 8Mn!li1TYilbl paeees:IH11s:J eK81ls:! pll biX 'l8eTI!U e OJJ.I1-

H8KOBOil MaeeoJL Vl3 ni1HeiiHOeTI1 cpOpMbl Q /8/ OT-HOei1Te.TJbHO z enenyeT , 'lTO Q (a 1 z)r/O 

( np11 Beex HeOTpi1U8T8.TlbHb!X a , He p8BHb!X OJJ.HOBpeMeHHO HYniO) B KOMnn e KeHOii T04K e 

, ee n11 eyweeTByeT T8KOe BeLUCeTBeHHOe 'll1eno A 

'lTO T04Ka x +A y c G . . Mbi on pe.aeni1M G KBK MHomeeTao KOMnneKeHbiX BeKTopoa z 

x) 
Jl.Tls:J KOTOpb!X eyu.leeTByeT A e nepe'll1eneHH biMH eeotieTB8MI1 , 

xx) 3, JlyeTb Kamnoii .TlHHHH .lll18rpu.v!Mbl eOOTBeTeTByeT eK8.Tls:!pH8s:I cj:lyHKUHH paenpOe Tp8H8HHH 

11 nyeTb 2n > P+2, rne P - 'll1eno BHyTpeHHHX .TlHHHti , n - 'lHeno y3noa 

.llHarpaMMbl, BK.TJ8Jl OT ni060 ii eiWbHO eBH3HOH lJ.H8rpaMM bl BepLU HHHOti 'lBeTH T8KOro THna npo-
. /4 7/ 

nOpUHOHaneH cpy HKUHI1 (eM, ' ) 

F (z) = ( ... f 1 
D - L (a) 

0 0 

8 ( l ~ av) n dav 
____ _JC=..L, __ • -:T,: -1' =2--

[Q(alz)+lOI 

r.ae D(a)- OJJ.HoponHaH cj:lyHKUHH eTeneHH 

a Q naeTeH BbipameHHeM TRna (8), Vl3 

-I 

TJ 1= fA/a)+A
2
(a)+A

3
(a)] A

1
(a' , 

p - n + J OT a , nO.TJO)I< HTen bHaH 

(9) 3aMeHOA nepeMeHHWX 
/4/ 

3 -1 p 
2 

i=l,21 31 p =[ ~ A 1 (a)] ~ avmv 1 

1=1 v=z 

npu 

(9) 

a >() v 

( 10) 

li 2P - n - 3 KpaTHbJM lfHTe rpwpoBaHHeM no 'JBe Ts:IM no p 
nonyyaeM eneny1owee 11HTerpanb-

HOe npeJJ.e TaB!l8HHe Il.Tls:J mo6oti eH.TlbHO eBs:J3HOH IliiarpaMM bl aepLUHHHOil 'l8eTH; 

rne 

F (z) = (1 
( 

1 [~ d d ["" dp . . . .,., 1 .,., 2 ,., 3. 

0 0 0 p (.,.,) 
0 

p <.,.,) = 
0 

max TJ z I 

• l 0 

f (TJ 1 P ) 
8 ( 1-.,., -.,., -.,., ) 

I 2 j I 
( II ) 

TJ z- p + io 

( 12 ) 

a (TJ p) - HeKoTopaH o6o6weHHas:J cj:lyHKUHH ( HHTerpan {II) enenyeT noiUJMBTb KaK npenen 
' 

(npH ) liHTerpanOB DO BeeMy npoeTpaHeTBY nepeMeHHWX .,., 11 p OT TOii )!{ e 

x) 
EenH 11306pamaTb KOMnneKeHbie B8KTOpbl Z =X +iy KBK npwn omeHHbl8 BeKTOpb! B Tpex-

M8pHOM B8LUeeTB8HHOM npoeTpaHeTBe e riB'lBnOM B TO'lKe X l1 e KOHUOM B TO'lK8 X + Y l1 

Ka)I{JJ.OMY T8KOMY B8KTOpy noeT.?-, lfTb B eOOTBeTeTBHe nps:IMYIO npOXOJJ.s:ILUy!O 'l8pe3 Hero, TO o6 -

naeTb G M0)!{8T 6blTb OXap8KT8p!i30BaHa reOM8Tpl1'-!8CKii KaK MHOmeeTBO 88KTOpOB, KOTOpb!M 

eOOTBeTeTBy!OT npHMbie nepee eKaJOLUHe G ( /K .E poe - <JaeTHOe C006LU8HJ18), 

xx) Bee paeey)!<JJ.eHHH H pe3y1lbT8Tbi :;noro nyHKTa nerKo o6o6waJOTes:J Ha enyqail
1 

Kor.aa 

H8KOTOpb!8 !lliHHH JJ.HarpaMMbl eOOTBeTeTBYWT CflHHOpHbiM 111ll1 B8KTOpHbiM 4aeTHUaM. 0JJ.HH 113 

B03MOmHbiX npHeMoa nono6Horo o6o6weHHH onweaH a /4/ ( § 3 H § 4). 

5 



\ 
~OLlhiHTerpanbHOK cPYHKUiiH, YMHO)!(eHHOlt H8 6eCKOHe'!HO rna.aKyiO epyHKUHIO cp ( 7J , p ) , p8BHYIO 

( 

I B o6naCTii HHTerpHpOBaHHH (II) H HC'!e3aiO!llYIO BHe - oKpeCTHOCTii 9TOlt o6naCTH).~aKCH-

MYM ( I2 ) MO)!(HO Bbl'IHCnHTb B SIBHOM BHLle, ecnH 3aMeTHTb1 'ITO OH LlOCTHraeTCSI Ha '!aCTH 

rpaHHUhi o6nacTH ·a , 3 a.aaBaeMolt napaMeTpH'IeCKHMH ypaBHeHHH MH ( 7). OH paBeH 
E 

3 2 
p (7]) = <f>(7J) ~ _IT:t_ "' p(7J)' ecnH I _!!!_1_ -~I<~ < ___!!!.1 + _ _ m 2, 

7]1 TJ2 - TJ3 - 7]1 7J 2 
( I3 a) 

0 1= 1 l'J, 

2 2 2 
p (7]) = 7J ( m + m) +7] (m + m ) + 7J ( m - m ) 
0 12 213 312 

--~-D ~.L+ _ m.J, 
TJ3 TJ1 7]2 

( I36) ecnH 

p (7] ) TJ ( m + m ) ~ 7J ( m - m ) 2+ TJ ( m + m ) 
2 

ecnH -~..2....>~ +~, (I3a) 
0 1 2 . 3 2 1 J 3 1 2 7]2 · l'/1 7]3 

( 
2 2 2 

p 7]) = 7J (m -m)+7J (m +m) +7]( m + m ) , 
0 12 3 213 312 

ecnH __ IT:__L> ~+ .....!!!...J. ( 13 r) 
7J TJ 7J • 

1 2 • 

. 
3LleCb (KaK H B n.2) m = m = m 

1 2 
m 

3
= M , a cPY HKUHH <1> ( TJ) paBHa 

<1> ( TJ ) = 7]1 7J 2 + 7J 1 7J 3 + TJ 2 TJ 3 • 
( 14) 

B qacTHOM cnyqae .aHarpaMMhi D (pHC. I) HeTpy.UHO HaltTH HBHhllt BHLl BeCOBOlt 

cPYHKUHH f ( 7J, p) B npe.acTaBneHHH ( II ) : f ( 7J' p ) = <1> ""
1 (7]) 0 ( p- p (7]) ) I p ( 7J) 3a.aaHO 

D 

<j:JopMynolt ( I3a) ). 

npe.acTaBneHHe (II), C y'!eTOM ( I3), HBnHeTCH HeKOTOpb!M .yTO'!HeHHeM npe.UCTaBneHHSI , 

/4/ /4/ 
Ha-'l.aeHHoro HaKaHI1WH ( B 

-1 
P (TJ) ) • H.apo 9Toro 

0 
He onpe.aenHeTCSI TO'!HOe 3Ha'!eHHe 

n 1pe.acTaBneHI1SI (TJz -p) .aaeT np11Mep TpexnapaMeTpH'!eCKOf'O CeMeltCTBa cPYHKUHlt, aHa-

n11TH'!eCKl!X B G c napaMeTpaMH p 11 TJ H3 o6naCTH HHTerpHpOBaH11H B (II), TaKoe, 

'ITO .anSI Ka)!(LlOlt TO'IKI1 rpaHHUbl a G o6nacTH G MO)!( HO HaltT11 HeKOTOpyiO cPYHKUHIO 

x) 
9TOf'O CeMeltCTBa, 11MeiO!llYIO OC06eHHOCTb B 9TOlt TO'!Ke • 0TCIOLla, B '!aCTHOCTI1, .cne.ayeT, 

'ITO o6naCTb G HBnSieTcSI ecTeCTBeHHolt o6nacTbiO ronoMop<j:JHOCTH B npocTpaHCTBe Tpex 

KOMnneKCHbiX nepeMeHHbiX ( 2) • 

i-13 npe.UCTaBneHI1H ( II ) , 3aMeHOlt nepeMeHHbiX 

7J=>.J 
1 , ' 

TJt.X.(l-,;), p9,\y +(1-,\) z 
3 

(I5) 

H 11HTerp11pOBaHHeM no A 11 7J 3 nonyqaeM HH:- c:rpanbHOe npe.acTaBneHHe BepwHHHolt qacTH 

LlBYX nepeMeHHhiX z 
1 

I{ Z 2 (np11 cPHKC11pOBaHHOM 2
3 ), BhiBe.aeHHoro De3epoM KaK cPYHKUH11 

/3 / 
H Llp. Ha oCHOBe HeKoppeKTHOro npe.acTaBneH11H DaltcoHa .anSI LlBO-'l:Horo KOMMyTaTopa (eM. 

/4/ 
TaK)!(e ) • 

06hi'!Hbie OLlHOMepHbie Lli1CnepCHOHHhie COOTHOWeHHSI MOryT 6hiTb nony'!eHbl KaK H3 HHTe

rpanbHOf'O npe.ncTaBneHHSI (II), T~K H ( npowe) Henocpe.acTBeHHO, npHMeHeHHeM TeopeMbi KowH, 

liCXOLlSI H3 o6naCTH aHanHTI1'1HOCTii G , nony'!eHHolt B n.2. 

X) Ecnl1 z =X+ iy l a G I{ ,Y ,j 0 1 TO He06XOLli1MO Bbi6paTb 7J TaK, 1!T06hi 

TJY= 0 11 TJ X = p (7]) 

6 
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' /8/ 4. VJcXO.QS! lf3 pesyJibTaTOB no M8)!(0pll:pOBaHif!O .QaarpaMM pacceS!HifS! 
1 

MO)!(HO B.DIBeCTif, 

aHanora'IHO n.3, lfHTerpanbHbie npe.acTaaneHaS! .anSI aMnmny.a pacceS!HifS!. Mbr npase.aeM pesynb

TaT TaKoro accneMoBaHifS! .anSI cny'laS! pacceS!HifS! HyKnoHa Ha HyKnOHe. B 3TOM cnyqae o6nacTb 

GNN B KOTOpoA Q < 0 .anSI acex canbHO CBS!3HbiX .aaarpaMM 3Toro npouecca, ecTb Tpeyronb-

HlfK 

(16) 

Ha nJIOCKOCTif 2 2 
s+t +u=2(M+ m) ' ( Mbl C'llfTaeM BCe BHelll H!fe JIIfHiflf BXOLlS!llllfMif). 8Krra.a 

OT ClflibHO CBS!3HbiX .aaarpaMM B aMnJIIfTYLlY pacceS!HifS! HyKJIOHa Ha HyKJIOHe MO)!(eT 6b!Tb rrpe.a
;x) 

cTasneH B sa.ae 

r.ae 

T(s,t)-= J1
da 

0 

!1 (a,p) "" 1/a,p) f
3
(a,p) 

-----·------- + r d p [ ________ + _____ J 1 
at+(l-a)u -p p(TJ) as+(l-a)tt-p as+(l-a) t-p 

0 

2 2 
p ( a ) = 4 [ :.t a + m ( 1 - a ) ] 

0 

( 17) 

( 18) 

)]JIS! nony'leHifS! (17) Heo6xoaaMo pas61l:Tb o6nacTb lfHTerpaposaHifS! no a B lfHTerparre 

¢eAHMaHa H8 'laCTif 1 B Ka)!(.QOj;\ lf3 KOTOpb!X Cpe.aa Tpex ( 3aBifCifMb!X) rrepeMeHHbiX ·s , If U 

HaA.aeTCS! TaKaS! napa, 'ITO K03cpcpauaeHTbi nepe.a 3TifMif nepeMeHHhiMif B cpopMe 
xx) 

Q (a, p) HeoTpa-

UaTeJibHhl B .aaHHOA 'laC Tif o6naCTif lfHTerpapOBaH!fS! • 

B saKJIIO'IeHae asTopbr Bbrpa)!(aiOT rny6oKy!O 6naro.aapHOCTb A.A.noryHosy sa norresHoe 

06Cy)!(.QeHae H8CTOS!Wej;\ pa60Tbl, 
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