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A H H o T a u rr R 

~CCneQOB8Hhl 8H8nUTH4eCKHe CBO~CTB8 8MllnHTYll ynpyroro pacceRHHR TT -M e30HOB H 

HyKnOHOB B TeoprrH B03MyLUeHrr~. BbiBeaeH b i UHcnepcrroHHhie c o oTHOLUeHHH npH tPHKCH poB aHHOM 

( rrnB S ) , 8 T8K)K e llpli tPHKC!ipOB8HHOM COS() • ~3 llHCnepCHOHHbiX COOTHOLUeHHft llpH tPUKCHpo-

B8HHOM cos() nony4eHbl llHCllepCHOHHbJe COOTHOLUe l HR ana napUH8nbHbJX 8MllnHTyU pacCeRHHH 

HyKnOH8 H8 HyKnOH e U Me30H8 H8 Me30He. ~ccneQOB8Hbl T8K)Ke 8H8nHTH4eCKHe CBOJlCTB8 napuH

anbHhlX 8MllnHTYll pacceRHHH Me30H8 H8 HyKnOHe. 



BB8Ll8HHe 

8HanHTHqecKHX CBOaCTB OTLlenbHhlX qne HOB pa3nOmeHHSI s -MaTpH Ubl no CTe-

ll81H!M 38pSILl8 3 8 nocneLlHHe HeCKOnbKO neT CTano OLlHHM H3 UeHTpanbHblX BOnpOCOB KB8HTOBOA 

TeOpHH nonSI, KonHqeCTBO HCCneLlOB8HHH B :;non o6naCTH H8CTOnbKO 6 b!CTpO B03pOCnO, qTQ B H8CTO-

SILUee BpeMSI yme HenerKO OpHeHTHpOB8TbCSI Cp8.llH MHOrOqHcneHHbiX CTaTeA, nOCBSILUeHHbiX aHa

nHTHqeCKHM CBOHCTB8M LlH 8rpaMM ct:JeaHM8H8. !l08TOMy Mbl coqnH uenecoo6pa3Hb!M npeLlnOCn8Tb 

H3nO)I{ eHHIO H8LUHX pe3ynbT8TOB Kp8TKHa (He npe T e HLlYIOLUHi! H8 nonHo Ty) 0~30p no OCHOBHblM 

HanpaaneH HSIM pa6oT a aToa o6nacTH , 
( 

Mo)I{HO ycnoBHO pa3Ll e nHTb pa6oThi no H3yqeHHIO aHa-nHTHqeC KHx caoilcTB aneMeHTOB S 

M8TpHUbl B TeOpHH B03Myll.leHHH Ha LlB8 rpynnbl, 

K nepaoA rpynne OTHOCSITCSI pa6oTbi, KOTOpbie licnonb3YIOT T eopHIO B03MyweHHH, rnaBHbiM 

06pa30M 1 K8K "HCTOqHHK HHTYHUHH' LlnSI yrallb!B8HHSI 8H8nHTHqeCKHX CBOHCTB "HBC TOSill.leil "' 8MnnH~ 
• /l - 4/ 

Tyllbl pacceSIHHSI, OnpeLleneHHbie ycnex11 B aToM HanpaaneHHH LlOCTHrHyThi B pa6oTax , rlle 

BnepBbl8 BBOLlHTCSI nOHSITHe 0 T8K H83biB8eMbiX "8HOManbHbiX noporax"' 1 B bi SICHSieTCSI npHqHH8 nO-

SIBneHHSI 8THX noporOB B HH3ll.leM nopSILlK8 TeOpHH B03_MYLLI8HHH H o6cymLlaeTCSI cpH3HqecKHH 

CMbiCn "'aHOManbHbiX" oco6eHHOCTeA. MaHLlenbcTaM nOLlKpennSieT cao10 3HaMeHHTYIO rHnoTe3y o 

/5/ 
LlBOHHOM cneKTpanbHOM np8LlCT8BneHHH 8MnnHTYLlbl pacceHHHSI H3yqeHHeM 8H8nHTHqeCKHX 

. /6/ 
CBOHCTB npOCTeHLUHX LlHarpaMM qeTBepTOro nopSILlK8 , llonHOe MaTeMaTHqeCKOe HCCne LlOB8HHe 

LlHarpaMMbi qeTaepToro nopHLlKa H LlOK83aTenbCTBO npeLlCTaaneHHH MaHLle nbcTaMa LlnH aToil: 

17 8/ 
LlHarpaMMbl COLlep)I{HTCSI B pa60T8X 1 

, 

B 6 
/9-16, 38,39/ 

0 BTOpOH rpynne pa OT , K KOTOpOH OTHOCHTCH H H8CTOSILLI851 pa60T8 1 H3yqaJOT-

CSI aHanHTHqecKHe caoncTaa acex LlHarpaMM LlBHHoro npouecca c uenbiO nonyqeHHH LlHCnepcHoH

HbiX COOTHOll.leHHH H cneKTpanbHbiX npeLlt::TaBneHHH LlnH 8MnnHTYLl bl 8TOrO npouecca, 

B pa6oTax aToro HanpaaneHHSI C03Ll8H MeTOLl M8)1{0pHpoBaHHSI LlHarpaMM ct:>eiiHMaHa, KOTo

pbiH ll03BOnSieT Cp8BHHB8Tb o6naCTH 8H8nHTHqHOCTH LlnH pa3nHqHbiX LlHBrpaMM npH 8BKnHLlOBbiX 

BH8LLIHHX HMnynbCBX H CBOLlHT H3yqeHHe BCeX CHnbHO C8SI3HhlX LlHBrpaMM H8KOTOp0~0 npouec-

ca K H3yqeHHIO KoHeqHoro ( npHqeM He6onbworo) qHcna LlHarpaMM. CywecTBeHHo, qTo npH aTOM 

KB8Llp8Tbl BH8LUHHX HMnynbCOB p8CCM8TpHB810TCSI K8K H838BHCHMbl8 nepeM8HHbl8 He cj:JHKCHpo· 

B8HHblX H8 noaepXHOCTH M8CC), J..1MeHHO 8TO 06CTOSITenbCTBO n03BOnSieT LlOK838Tb 8H8nHTHqHOCTb 

8MllnHTYLlbl B H8KOTOpOH 1 LlOCT8TOqHQ LLIHpOKOH KOMnneKCHOH o6naCTH H3M8H8HHSI H838BHCHMbiX 

CKanSipHblX HHB8pH8HTOB H H8 8TOH OCHOBe nonyqHTb LlHCnepCHOHHbl8 COOTHOLLI8HHH 

x) 
§ 2 H § 3 H8CTOSILU8H pa60Tbl), , 

( /14/ 
CM, H 

X) B CHny TOr0 1 qTo Mbl p8CCM8TpHB8eM o6naCTb1 B KOTOpOH KB8Llp8Tbl BH8U,JHHX HMnynbCOB 

MOryT 6b1Tb 6onbll.l8 qeM KB8Llp8Tbl M8CC 1 COOTB8TCTBYIOLLIHX BHyTpeHHHM nHHHHM 1 B npouecce 

M8)I{OpHpOB8HHH LlHarpaMM Henb3SI CHHM8Tb BH8LLIHH8 y3nbi, 3TO LlenaeT He06XOLlHMblM HeTpHBH

anbHOe TOnOnorHqeCKOe HCCn8LlOB8HHe LlHBrpaMM 1 npOB8Ll8HH08 B /}3/, 3TO HCCn8LlOB8HH8 H8nb-

3SI 38M8HHTb CCbinKOH H8 HHLlYKTHBHOe nOCTp08HHe LlHBrpaMM !10 M8TOLlY 6oron~60B8 H llapa

CIOK8 (cM, 1 H8llpHMep.(40/ rn, } Y n,26,4) 1 K8K 8TO LlenaeTCSI B KOHUe pa60Tb/ 1 ~ nOCKOnbKY 

TaKoe nocTpoeHHe npeLlnonaraeT onepauHIO Ll06aaneHHSI BHewHero y3na H HapywaeT CHnbHyiO 

CBSI3HOCTb LlHBrpaMMbl, 
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Hy:»<HO, • 0LlH8KO, OTMCTIITb, 'ITO MeTOLl M8:>KOpllpOB8HIISI .aaeT niiWb o5naCTb, B KOTOpOH 

8HTii:3p~IITOBa qaCTb 8MnniiTY Llbl pasHa Hymo ( B STOll: .o5naCTII BCSI 8Mnn11Ty .a a 8HaniiTII'IH8), II 

-- He .aaeT Henocpe .acTseHHbiX yKa3aHIIll: o5 aHaniiTII'IHOCTII aHTIISpMIITosoll: qacTII s o5naCTII, r.a e 

oua OTnii'IHa OT HynSI , 51 CHO , 'ITO e cn11 B HeKOTOpoll: o5naCTII aHaniiTII'IeH K8:>KLlbiH qneH pS1Ll8 1 

npeLn:TaBnSIIOll.llii: aMnniiTY LlY, TO .anSI LlOKa3aTenbCTEa aHaniiTII'IHOCTII C8MOlt aMnniiTY Ll b l Heo5xo-
. x) 

LliiMO eme ycTaHOBIITb pasHoMepHyiO cxo.aiiMOCTb pSI.aa s sToif o5nacTII • O.aHaKo sonpoc o 

CXOLliiM'f>CTII pSI.aa T eOpllll B03MYilleHIII\ SIBnSie TCSI B HaCTOSIU{ee B peMSI nonHOCTbiO OTKpbiTbiM, no

STOMY B .aanbHell:weM, I'OBOpSI 06 aHaniiTII'IHOCTII 8MnniiTYLlbl B HeKOTOpOH o5naCTII, M bl 5y.aeM 

llOLlp83YMe.B8Tb niiWb .!lHanliTII'IHOCTb B mc50M KOHe'IHOM nopSI.UKe TeOpllll B03Myll.leHIIH. 

. /17-21/ 
n poMe:»<yTO'IHOe nonomeHHe Me)!<LlY 8TIIMII LlBYMSI Haf!pasneHII>iMII 3aHIIMaiOT pa50Tbl , 

B STIIX p a5aTax Hall:.aeHw ypasHe HIISI nosepxHOCTii oco5wx TO'Ie K .anSI 

/17 21/ • . 
Mhl 1 (s TOM 'IIICne ~ np11 KOMnneKCHhlX 3Ha'leHII SIX IIHBapii8HTOB 

np0113B 6nbHOH Llll8rpaMr 

/20/ 
- CM. ) , 11ccne.aosaHbi 

/18/ 
y c nOBIISI B03HiiKHOBeHIISI "aHoManbH biK" oco5eHHOCTeif .anSI HeKoTopo ro Knacca .a~£arpaMM • O.a-

HaKo Ha sTOH ocHose .ao c11x nop He npose.ne Ho o5mero 11ccne.aosaH11S1 pacnonom e HiiSI oco5eHH o -

cTelt .anSI scero Knacca .a11arpaMM npouecca pacceSIHiiSI, a no cymecTsy paccMoTpeHbi n11w b 

OT.aenbHhle npiiM~phl. 

nonb! TKa rpynnbi aBTOpOBxx) LlOKa3aTb npe .ncTasneHI{e MaH.aenbcTaMa B ni050M nopa.aKe 

/17/ 
TeOpllll B03Myll.l eHiiH (OCHOB8 l! HaSI rnaBHb!M o6p830M H8 ypasHeHIISIX flaH.aay ) He yseHqanaCb 

( /22,;23/ . 5 " 
ycnexoM CM. , I'.[le yKa3biBa~TCSI Ha pa3nii'IHbre npo enbr B npe.anomeHHbiX .aoKa3aTenb-

CTsax"). Ha H.aw B3I'nSILl J Heycnex STOll: ,IlOilb!TKii eme pa3 yKa3biBaeT Ha TO, 'ITO np11 peweHIIII 

BOnpoca 06 8HaniiTII'IeCKIIX CBOHCTBax liHTe rpanoB ¢eli:HM8Ha Hy:>KHO IlOLlXOLliiTb C o 5menp11HSI

TOH B MaTeMaTIIKe CTpOI'OCTbiO II He IlO.UMeHSITb LlOKa38TenbCTBO p83HOI'O po.aa IIHTYIITHBHbiMii 

coo5pam eHIISIMH. 

3aK8H 'IIIBaSI Ha STOM Kp8TK11lt 0530p , M bl Ilepell:.aeM K CO.Uep:»<aHII IO HaCTOSI U{e H pa50Tbl, 

Ha OCHOBe p e3y.'lbT8TOB ITO M8)!<0pHpOB8HHIO Llli8I'p8MM 1 nonyqe HHbiX B HaWHX npe.UbiLlYUIHX 

/ 12 13/ 
pa50T8X 

1 
1 3LleCb LlOKa3biB 810TCSI 0LlHO :~ p8THbie LlHC ilepCHOHHbi e COOTHOWeHI!SI LlnSI ynpyro-

I'O p 8 CC eSIHHSI M e30HOB H HyKn OHOB K8K n O S Hepi'HH , T8K H no nepe.aaqe HMnynbC8, Ta)( :»<e KaK 

H Ll liCilepC IIOHHbie C OOTHOWeHHSI npH tPHKCHpOR8l!HOM COS (} (} - yron B CHCTeMe ueHTpa 

M8CC), 0TC IO.Ua B Cnyqae paCCeSIHIHI HyKnOH8 Ha HyKnOHe B biBOLlSITCSI LlliCnepCII OHHbi e COOTHOWe-

HHSI .anSI napuHanbHbiX sonH, cosna.aarom He c TeMH, KOTOpbi e nonyqa!OTCSI H3 npe .acTasneHHSI 

MaH.aenbCTaMa). 3TH p e3ynbTaTbi H3nomeHbi B § 3. § 1 H § 2 HM eiO T no.aroTosiTenbHbill: xapaK

T ep. B § 1, pa3naraSI semecTBeHHbie HMnynbCbi Ha esKnH.aosy H aHTii eB KnH.aosy qacTH, Mbl noKa-

3biB8eM B o5meM cnyqae , KaK MO:>KH O Ma:»< Op!ipOBaTb KBa.apaTH'I IlYIO <tJopMy .UHai'p8MMbl OT se

meCTBeHHbiX HMilynbCOB KB8Llp8Tii4HOH <tJopM Oll: OT esKnH.UOBbiX HMilynbCOB. TeM C8M b!M Mhl 

IlOnyqaeM B03MO:>KHOCTb p8CW HpHTb npHMeHHMOCTb p e 3ynbT8TOB ITO M8:>KOpHpOBaHHIO LlHarp8MM 

s esKnH.aosoll: o5nacTH, KaK qacTH hl A cnyqall: s sToif npoue.aype nonyqa!OTCSI no.acTaHOBKH, Hc-

/ 10 11 / . 
IlOnb30B8HHbie B 

1 
, 8 cnyqae , KOI'Lla KB a .apaTbl BHeLU HHX HMnynbCOB paBHbl Mem.ay C060H, 

/14/ 
H8We p8CCMOTpeHI! e no cymecTBY 8 KBHBaneHTHO IlpHeMy, HCilOnb30BaHHOMy B 1 npH 3TOM 

) 
. /3~ 

x CornacH o H3BeCTHOH a TeopHH aHanHTH'IeCKHX ¢ yHKUHH TeopeMbi BHTanH (cM.,HanpHMep1 

rn.1 Y § 2 cTp.294 ).., .anSI :;nora .aocTaTO'IHO noTpe6osaTb pasHoMepHyiO orpaHH'Ie HHOCTb pSJ.aa BHyT

p H o5naCTH aHanHTH'IHOCTii ero •weHOB 'G li o5hiKHOBeHHyiO CXOLlHM,S)CTb pSI.aa Ha HeKOTOpOM no.a

MHO:>KeCTBe E c G , c o.ae pmaweM no KpaAHell: Mepe o.aHy npe.ae nbHyro TO'IKY B G 

xx) / 23/ 
CM, , r.ae HMeiOTCSI CC binKH Ha npe.U hiLlyil.IHe pa5 0 T hl STHX aBTOpOB. 

·' 

4 / 



ono HMeeT TO npeHMywe cTBO, 'ITO nenoc peD. C T Be HH O nepeHOCHTCSI 11 8 o6unfi.i cnycwil . B § 2 H8 

/12 13/ 
OCHOBe pe3yJlbT8TOB pa60T ' H8XOD.HTCSI B e lU e CTB e llii8H 06Jl8C Tb 8H8Jli!TH411 0C TH Ll.JlH 8MnnH-

TYD. pa3nH'iHhlX npoueccoa ynpyroro p8c ce nHHH c Y48CTH eM rr - MC30 HOB 11 Hyi<nOIIOB , CneD. y e T 

OTMeTHTb pe3ynbT8T, nonyqeHHb!il: B STOM nap8rpalpe Ll. JlSI y11py roro p8CCC 5llllf5l HYKJl 0 11 8 11 8 HyK

JlOHe H 8HTHHYKJlOH 8 118 HyKnOHe, JlOK83 8HO, 'ITO B K8)1(LJ.0M H 3 STHX npo u e CCOB BCe CI!JlbHO CBH O

Hb! e D.HarpaMMhi M8)I(OpHpHpyiOTCSI OD.Hoil: e D.HHCTOe.I HOJ.i D.HarpaMMOM 'ieT ue pT o r o n o pHD.I<a . Hail:

D. eHa M8KCHM8JlbH8SI BeweCTBeHH8SI 06Jl8CTb, B KOTOpoil: MHHM8H 48CTb 8MnJlHTYD. bl H C 'l e38 e T, 8 
/14/ 

§ 3 npH nOMOWH npHeM8 1 npeD.JlO)I{eHHOI'O B , II8il:D. e H8 H e KOTOp8S! KOMnneKCH8H o6naC Tb 

8H8JlHTH'iHOCTll ll BhiBeD.eHbl D.HC nepCROHHule COOTHO!lleHHH, 

§ l. M8)I{OpRpOB8HRe KB8D.p8Tll'iHOJ.i cpopMbl OT Bewec TBeHHhiX HMnynbC OB 

KB8D.p8Tll'iHOJ.i cpOpMOJ.i OT eBKJlHLl.OBb!X HMnynbCOB 

8 STOM naparpacpe Mhl nOK8)1{eM, K8K M O)I{ HO HCnOJlb30B8Tb p e3yJlbT8 Tbl M8)I{OpHpOB8HllSI 

npll eBKJlHLl.OBhiX HMQYJlbC8X C npOR3BOJlbH hiMH K CK8JlS!pHb!MH KB8D.p8T8Mll Ll.JlSI TOI'0 1 'iT06hi 

nony'iHTb HeKO.TOpyiO BeweCTBeHHYIO o6naCTb 8H8JlHTll4HOCTH B npOCTp811CTBe CK8JlHpHb!X npOR3Be

D.eHRit RMnynbCOB, Jle)l{8!llllX H8 noBepXHOCTH M8CC, 

EcnR BCeB03MO)I{Hbie CK8JlS!pHbJe npOH3BeD.eHHH BHeWHHX- HMnynbCOB B e !lleCTBeHI!hi, Mhl 6y

D.eM Kp8TKO f'OBOpHTb1 'iTO BHeWHRe HMnynbChl Be!ll e CTBeHHhi, XOTH B HeKOTOpOM 683 HC e STH HM

x) 
nyJlbChl MOI'YT HMeTb H KOMnJleKCHbJe COCT8BJlSIIO!lllle 

1. OnoeD.eneHRe eBKJlHD.OBhiX HMnyn bCOB 

CoaoKynHOCTb BeKTopoB P 1 1 ••• 1 Pn C H8nepeD. D.8HHh!MH CK8nHpHb!MH npOH3BeD.eHRHMH 

eBKJlHLl.OB8, eCJlH Be!lleCTBeHHOe npOCTp8HCTBO , COCTOSI!llee ll3 npOH3BOJlbH b! X JlHI! e il:ll biX K OM6HH8-

/ 12 13/ 
Ulllt STRX BeKTOpOB, eBKJlllLl.OBO. npyrHMll CJlOB8MH ' , H860p BeKTO pOB p 1 1 p n H83 bl-

aaeTcst eBKJlHD.OBhiM, ecnR npR n106oM BhJ6ope aewecTBeHHhiX 'iHCen a 11 ... 1 a" 
n 

KB8D.p8T BeKTOpa ~ 
1=1 

HeOTpllU8TeneH 

H Jlllillb HynesoA. BeKTOp RMeeT Ll.JliiHY HYJlb, 

CK8JlHpH biH 

( 1.1 ) 

npH STOM C'illT8eTCSI (no onpeD.eJleHRIO), 'ITO CK8!lS!pHOe npOH3BeD.eHHe CHMMeTpii'IHO , T,e, 

'iTO p
1 

p
1 

= p
1 

p
1

• TorD.a H3 (1.1) cneD.yeT, B 'i8CTHOCTH, 'iTO ecn11 BeKTOphi P
1

, .. . , Pn 

o6pa3yiOT eBKJlHLl.OB H86op, TO HX CK8J1HpHbie npOH3BeD.eHHSI Be!lleCTBeHHhl ( STO 6b!Jl0 6hi He 06n-

38TenbHO TaK, ecnH 6bi Mhi noTpe6osanR (p 1 PI = (p 
1 

P 1) , rD.e 'lepTa 03H848eT KOMnneKCHOe 

COnpst)l{eHRe) • Y CJlOBHe ( 1. 1) SKBR'BaneHTHO CJleLJ.yiO!lleJ.i CHCTeMe Hep8BeHCTB Ll.JlSI CK8JlS!pHblX npo-

1!3BeLJ.eHRJt BeKTOpOB P : 

> () ' j = 1, 2, ... , n. ( L2) 

2 

X) TaKHM o6p830M 1 Mhl H83bJB8eM RMnynbCbl Be!lleCTBeHHbiMH He TOJlbKO TOI'D.8 1 KOI'Ll.8 OH!l 

npHH8D.Jle)I{8T Be!lleCTBeHHOMY npOCTp8HCTBY MRHKOBCKOI'O, . HO T8K)Ke B cnyqae, KOI'D.8 OHH eBKJlll

D.OBbl llJlll npRH8D.Jle)I{8T nCeBD.OeBKJlllLl.OBOMy npOCTpaHCTBy C Jli06ol\ Cllf'H8TypOJ.i , 

5 



HaHl.lC:vt llri ii npi1ME'[lO eBKri H-llOny o61WC Tb n cny•IF.W yn p yrot·o pacce~II!HII '-l cWHII LII c MOcco fi m 

118 YO C TIIU0 C M8CCOH ,\1 . CYI1T811 LlJ I II C HM M0 Tpl111 0603 fl 8 Ye iiH H nee 11Milyri bC J,J HXO, L~II!I!l~IH , :vti>l 

6yneM IJM0Tb 

PI ·I p 2 + (J 3 ! · p 4 " O, 
( 1. 3 I 

2~ 2 _ l 2 2_ 2 - 2 • r I P 3 - ,.!, fl2 -- P4 - m ( ,.t 2: rn > 0 ) . ( I .'l I 

/ 

Ecnn MBCCbJ C YHTll T b cjm KCHp ona JJJJ bi'MH , T O H3 neKTopon r 1 !'v! O/I< JJ O COC T 8U HTb ll08 H e -

38D IICIIM I> I X IH!B8pH8JITa , KOT 0 p b l 0 Mbl 6 yneM Bhi6 11p8Tb B 380HC I1 MOCTH • O T CI I Y Y <lll CpClll1 Cfl01l YJO -

. X) 
Li.li1X Tpex ( 380 11CHM bJX) Hl·108pi101ITGB 

2 2 2 
s = ( (J1 -j (J 2) ' I ~ (PI + P)' U = (p2 1- p3), 

( 1.5) 

s+ l + u = p
2 + p

2
+ p

2
+ p

2
= 2 Ut 2

+ 'm
2

) 
1 2 3 4 

B cwny 38KOHa coxpaH eHI! SJ ( 1.3) y Hac ecTb T OnbK O TpH He38BHCHMbiX oeKTopa p
1 

, p
2

, p
3

wJ 

COO T B0TC TO eHH0
1 

Tp H y cnOB HSI llOfi O)!{H T Gfl bHOH O llp0ll0fi 0 1IHOC TH Me T pHK H ( 1.2 ), KOT op· I 0 paCCMa T

pl!B8eMOM cny qa~ npwo6peTBIOT ow n : 

p2 = ', 12 > I) 

1 ' 
p2p2 >( p 

I 2 1 
p ) ~ 

2 ( 1.6) 

P/P/r/+ 2 (P1 P2 J (P 2 f13 J(I-'1 P3 ) > P/(P 2 P3 J2+r/(r 1 r 3J
2+rJr, r 2J.2 

nepooe 113 HepaoeHC TB (1. 6) Bhlll OJIHGHo cornacao (1.4 ) . 8Topoe H e pa aeHc T oo B rJiiiY ( 1.51 

M0)!{ 0 T 6bJTb 3 81lHC8HO B OHlle: 

2 2 
I s - :11 -· m I < ~ .11 m 

HfiH 

2 2 
( ,;J - m ) ::; s ::; ( .~! + m ) . ( 1.7) 

i i OCfl0llH00 HepaBeHCTBO ( J. 6) 1tp11 110M0Li.{ll ( 1. 5) MO)Ke T 6bJT b lip0 0 6pa.:JOI31JIIO K lli i.'ly : 

r 2 2 2 .
1 • s u - ( .~! - m ) ::::_ n . 

0TCIOL18, ll0flb3YI1C b (1.7) H ( 1.5 ), H 0 TpyllH O 38KniO'l i! T b , YTO 

2 2 
2 (f.! + m ) - s - u = I > 'l 

rn e 
2 2 

b = ,:1 - m . 

2 
s u > b ' ( 1. 8) 

\ 1. 9 I 

BTopoe ycnon11 e eBKJIH LlOBOCTH - y cnooii G , . '-ITO JIJ!Wb Hyneoo tl oeKTo p Hl\tee T C KS i lllpHI.ll1 

KB8Llp8T, p8BHbiH aymo - llpl!BOLlHT K TOMY, YT O 3 H8K paBeHC T B8 B K8K OM -1111 6y.:! b 11 3 H e paB e HCTB 

( 1.7 ) H ( 1.8) !!MeeT M 0C T O T OflbK O T O PL18, K OP L18 BeKTOpbl 
2 

r, 
I = 0 s = ( f:l.t m ) c n enyeT ,!1 p = !::.. m p 

2 1 
p13BeHCTB8 ecn 11 

ecn11 s u = b 2 
, TO b(p + p ) -j s (p ' p ) = 0 . 

-~----------------~~~~7 2 3 

p H p K OMIUia l!apn b i. T aK ,H3 
2 3 

T O p + p ~ 0 11, ll8KOI!e fl. , 
1 3 

---x-1 v iHo a pi1BHTbi s 

MaHnen bCTaMa
151 , 

H U C T 8riH CHCTPM8 THY eC Kil HCfi Qfl b30B8 T bCil , 1IaYHH811 C pa60Tbl 
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H ·Tax 1 o6nacTb E:!BKIIH.QOBOCTH onHCbiBaeTcSI HepaBeHCTBaMw ( 1. 7) H C1.8). 3Ta o6nacTb 

H306pa>KeHa aa pac. 31 CM, II 2 n.2). B cny'lae ) ·rHnep6ona 
2 

s u = b nepe-

- XO.QHT B napy IlpS!MbiX ·s U = 0 

t ~Q 1 U ~ 0 (T,e. 
. 2 

s+ t <;,.4m ). 

1 u: esxna.aosa o6naCTb cosrra.aaeT c TpeyronbHHKOM s ~ 0, 

Ecnu .ans .mo6blx cKanSipHbiX npoaase.oeHHA sexTopoB ycnoBaSI · eBKIIHLlOBOCTH ( 1.2) Bbmon'

HeHbl , TO B '19TblpeXMepHOM KOMIIIIeKCHOM IIpOCTpaHCTBe BCer.oa MO>KHO Bb!6paTb T8KOft OpTOHop-

M .HpOBBHHblft 6a3HC 1 B KOTOpOM CKanspHhiA KBS.QpaT IIpOH3BOIIbHOI'O BeKTOpa p =I a1 p 1 ( a 1- se-

lU9CTB9HHbl9 'IHCna) paBHSleTCSI CyMMe ltB8Llp&'l'OJS COCT8BliSIIOIUHX BeKTOpa 

2 · 2 2 2 
p 2.,. (po) + ( p l) + ( p2) + ( p!) 1 

IIpH't9M 1 BCe COCTSBIISIIOIUHe BeKTOpa P BeweCTBeHHbl, TaKOA 6a3HC onpe.oenSieTCSI C TO'IHOCTbiO 

.oo npoH3BOIIbHOro semeeTBeHHoro opToroHanbHoro npeo6paaosaHHSI, PaayMeeTCSI, KpoMe seme

CTBeH·HbiX 6S3HCOB CylUeCTByeT 6eCKOHe'IHOe . MHO>KeCTBO KOMIIIIeKCHbiX OpTOI'OHSIIbHbiX 6S3HCOB 

( IIOIIyqeHHbiX H3 HeKOTOpOI'O BeiUeCTB9HHOI'O 6S3HCa II pH . IIOMOIUH KOMIIIIeKCHbiX. BpaweHHA) 1 B Ko-

p a -seKTOpa p KOMIIOBKCHbi. 

B .oanbHeArueM HaM He noaa.oo6HTCSI Bbi6paTb KaKoA-na6o 6a3HC - Mbi 6y.oeM scer.oa pa6o-

T8Tb C'O CKMSpHbiMH IIJ;>OH.3Be.QeHHSIMH, 

2. Paano>KeHHe semecTB9HHbiX· seKTopos Ha esKna.oosy H aHTHeBKIIH.OOBY 'ISCTb 

nycTb CKS~HpHble IlpOH3Be.Q9HHSI 4-MepHbLX HMIIYIIbCOB BeLUeCTBeHHbl 1 HO He YLlOBJieTBOpHIOT 

BC9M HepaB9HCTB8M ( 1.2), nycTb p -nHH9ftHSSI 060JIO'IKa BeKTOpOB pI C BeiUeCTBeHHbiMH KO-

acpcpHUHeHTSMH, Be3 orpaHH'IeHHSI o6IUHOCTH MO>KHO C'IHTaTb, 'ITO B npocTpaHCTBe P HeT HeHy-

nesoro BeKTOpa, OpTOI'OH81IbHOI'O 1!;0 BCeM BeKTOpSM 9TOI'O IIpOCTp8HCTB8, 

,llnH HCIIOlib30BaHHSI pe~yiibT8TOB IIO MS>KOpHpOBaHHIO LlHSrpaMM 1 IIOJiy'leHHbiX IIHWb B es

KliHLlOB?A o6naCTH 1 HaM IIOH8.Q06HTCSI cne.oyiOlUSSI TeopeMa, 

TeopeMa l 

BemecTBeHHbie seKTOpbi p
1 

MoryT 6biTb paano>KeHbi Ha opToroHanbHYIO Me>K.oy co6oA es

x) 
KIIHLlOBy H aHTHeBKliHLlOBy 'laCTH: 

AoKaaaTenbCTBO 

P -=P + Q , 

' ' ' 
p2 ... p p 

l · l I 

p p .•. p 2 
I l I 

p Q - 0 , i, j .. 1, ... , n, 
J I 

~ o, 

( 1.10) 

(1.11) 

06oaHS'IHM 'lepea M CHMMeTpH'IHYIO sewecTBeHHYIO MaTpH!"V CKanSipHbiX npoHase.oeHHA 

seKTopoB P; : 

x) 
CHcTeMa BeKTopoB Q 1 , ... , Q n HS3b!Ba9TCSI 8HTHeBKIIH.QOBOA, eCJIH CHCT9M8 BeKTOpOB 

9BKIIHL10BS, 
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(

p2 pp ... pp) 

,::: .. ~L_ ::: ~;; ~ 
p1 pn p2 pn "' pn 

(1.12) M= 

CornaeHo H3BeeTHOA TeopeMe JIHHeAHoA anre6pbi, eyr.ueeTsyeT ser.ueeTBeHHaSI opToroHaJibHaSI 

MaTpaua V , TaKaS!, qTo MaTpHua 
T 

VMV 
( 1.13) 

/24/ . T 
AHaroHaJibHa (eM., HanpHMep, rJI, 11 n,32). 3A eeb V - MaTplHra , TpaHellOHHpOBaHHaSI K 

MaTpHue V • YenosHe opToroHaJibHOeTH MaTpHUbi V HMeeT BHA 

n 
( 1.14) !. 

I= 1 
v,l VIII =8111 

HJIH B MaTp!iqHOit tj:JopMe 

T 
V V =I. (1.1 4a) 

TaK KaK B qeTbipexMepHOM npoeTpaHeTBe HMeeTeSI He 6onee qeTbJpex JIHHeitHO He3aBHellMbiX 

BeKTOpOB, TO npH n > 4 no Kpai\Hei\ Mepe n- 4 H3 Al!aroHaJibHbJX SJieMeHTOB MaTpHUbl ( 1.13) 

paBHbi HY 1110. 

n yeTb 

n 

q=!. V11 P1 } 
I 1=1 

TOrAa MaTpHua ( 1.13) MO)!(eT 6biTb 3anaeaHa B BHAe 

(

2 ) 

ql 0 ... 0 

V M V T = . ~ ...... :.~::.: ..... ~ . 
2 

0 0 ... q" 

3eKTOp bi qi nonapHo opToroHaJihHbi, EenH p aHr MaTpHUbi 

(1.15) 

(1.16) 

M paseHr(seerAa r :s_ .4 ) H n > r 

TO n- t H3 AHaroHaJibHbiX SJieMeHTOB MaTpHUbl ( 1.16 ) paBHbl HYJIIO, 3a eqeT H3MeHeHHSI HyMe

paUHH MO)!(HO A06HTbeSI TOro , qTo6bi 

2 2 
qr+J"' .... =qn =0. 

( 1. 17) 

Ho TOrA a B eHJIY npeAUOJIO)!(eHHSI, qTO B npoeTpaHeTse p HeT HeHynesoro seKTopa, opToro-

HaJibHOrO seeM BeKTOpaM STOrO npOCTpaHeTBa, Mbl 3aKJIIQqaeM, qTO 

q~1 = ... = q"=O. 

Yl3 (1.15) e yqeToM (1.18) nonyqaeM 

nyeTh 

t 

pI "' !. V,l ql ' 
I=J 

2 2 
q>O, .... ,q >0, 

1 I 
1 

q 2 .<0, ... , q 2 <O~ 
ll1 , 

8 

(1.18) 

(1.19) 

( 1.20) 



TOr .Ll8 B C KTOp L! P; 11 Q; - B l j10pMyn e ( 1.1 0) on p e DP: II!IOT CH pa13ei iCTI3aMIC 

'I 
P, = ~ v,, ql I 

t = I ( 1. 2 1 ) 

P aa e HCTBa (1.10) "Hepaa eHC T Ba (1.11) npH 3 T OM nerKO npone pH !O T CH , TaKHM o6p.:l:301\l l TW>pe

Ma I .aoKa3 aHa. 

EcnH cnenaTb llOilOllHHTe llbHoe npe.o.nono>Ke HI! C 1 4T O ac e rnaBH !J! e MH H O p b! ( 1. 21 .'vt a Tpi! Hbl .l! 

OTJ1H4Hhl OT HYllH (4TO B03MO>K H O l111Wb np11 n ~ 4 H BOBCe He HBJIH e T C H I·I 006XOJJ. II :O.I Io1M ;'1JI H 

CnpaBellllH BOCTU T eo p e M b! 1 ) 1 Mbl MO >KeM H8riHC8Tb H B !I b ! e Bbip8>KeHtfH ll llH B eK T Op OB 

( 1.22) 

p2 f{ p2 .. I. PI pn·I PI 

I 
I 

1{ p2 p2 
p2 pn-I p2 2 

q" 
....... · ·•·•·· ···· · ········ ···· ···· ·· ···· ·· ·· ······· 

P,~ P,~ p pn-I p 
" " 

Pa3Jl!PrHb!M Bbl60p8M nor.apHO OpTOrOH8JlbHb!X BeKTOpOB C OOTBe TCTBYIOT p83Hble PI II (;1 B 

( 1.10). TaKHM o6pasoM, sTo pasno)!(eHI~:e Heo.aHosHa4HO. 

OcHOBHbiM nyHKTOM a .aoKa3aTellbCTBe Te o peMbi I 6bina o pToroHanH38UHH aeKTo p oa p
1 

n ocTpOeHHe OpTOrOH8JlbHblX Me)!(.ay co6oA JIHHeHH blX KOM6HH8UHH q H3 JIHHeHHO H e3CIB HCHM b!X 
I 

BeKTOpOB anonHe cTaH.aapTHO 

eaKnu.aoaa. OnHaKo 

q 1 3anaiOTCSJ ¢opMynaMH ( 1.22)) 1 ecnH MeTpnKa B npo-

CTp8HCTB9 a o6weM cny<~ae aewecTaeHHbiX cKanSJ pH b i X npoHsaene Hiiti 

(Kor.aa HeKOTOpb!e H3 rnaBHblX MHHOpOB M8TpHUbl Af MOryT paBHS!TbCSI HylliO) cj:JO pMyll b l ( 1.22 ) 

He rO.OSITCSI. 3TO MO)!(HO YBHll9Tb H8 cnenyiOweM npocTe AweM npHMepe, 

nycTb n "' 2 H CK8l1S!pHble npOH3Be.aeH iiSI BeKTOpOB 

J18MH 
p 2 = p 2= 0. 

I 2 PI p2 = 1 

(MO)!(HO C'lHT8Tb 1 H81lpHM9p,, 'ITO pi=( 1,0 1 i ., 0), P2 ==(1,i, 0, 0), CK8llS!pHOe npOH3Be.a e HH 9 

Bbipa)!(aeTCSJ qepe3 Koop.auHaTbi no ¢opMy ne ( 1. 9 )). B 3 T OM cnyqae cj:JopMynbi ( 1.22) .aaiO T 

cnenoaaTenbHO, , xoTSJ aeKTOpbi pi u p2 m!HeAHo He3aaucHMbi. B oo6we HeTpy llHO 

BH.Ll9Tb 1 'ITO B STOM cnyqae Hellb3SI H8'l8Tb llOCTpOeHHe OpTOrOH8JibHOA CUCT9Mbl q
1 

C BeKTO-

poM q I - pi. O.aHaKo 

= _ .!_ ( PI + p2 ) ' 
V2 

qiq2-o. 

ll0l1b3YS!Cb o6weA <jlopMyllOH ( 1.19), Mbl IT'1HXO.OHM K CHCT9Me 

q 
2 

=-J.fpi -p
2

) , KOTOpaS! o6na.aaeT HY)!(Hb!M CBOHCTBOM : 

3. npHMep: ynpyroe pacceSJHHe llBYX 'l8CTHU 

q2 = 1, 
I 

npOHJIJIIOCTpHpyeM TeopeMy 1 H8 llpHMepe ynpyroro pacceSJHHSI 'l8CTHUbl C M 8CCOH m 

Ha qacTHUe c Maceo a M 3ToT npHMep noHa.ao6KTCSJ HaM a .aanbHeAweM ( § 2). 
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VfMeH a sHay npHno:>KeHHH a eneayJOIUeM naparpacpe, aaeeb yao6Ho aaaasaTb eHeTeMy 

OpTOrOHaJibHhiX BeKTOpOB q
1 

pa3Hh!MH cpopMyJi a M H B pa3HhiX o6naeTSIX H3MeHeHHSI HHBapHaHTOB 

S H U 

q1= Pz+ P2' q2=p1+ p,, q,=p2+p,+ bjs (pt+p2), 
( 1.23) 

npH S ~ U H npH s < 0; 

q'= p + p , 
3 2 J ( 1.24) q • = p + p + bj u ( p + p ), q '= p + p , 

112 2 3 213 

npH O<s<u,rae b aaaaeTen cpopMynoit ( 1.9 ) / b=M 2 -m 2 ; ~) 

noJib3yHeb onpe,aeneHHSIMH ( 1.4) H ( 1.5) , JierKO BH.QeTb,. qTO 

2 

q2 = s, q2 = t , 
1 2 

q2 = u b 
J --s 

2 ( 1.25) 
'2 b '2 q = ·s - __ , q = t, 
1 u 2 

q'2, u 
J , 

. . 
q, qJ"' q, qJ = 0, i.;. j, i,j = 1,2,3. 

VIa ( 1.23) H ( 1.24) MO:>KHO o6paTHO Bhipa3HTb seKTophi P 
1 

qepea q 
1 

HJIH qepea q '
1

: 

p ='h( 1+_!J_) q +'il(q -q ), 
1 ~ 1 2 J 

p=¥2'(1-__!_) q-'il(q -q ), 
2 ·s 1 2 J 

b ' ' • b ' ( 1.26) 
p =-¥2(1+- )q +'il(q +q); 

3 s 1 2 J 
p='il(q +q"l-¥2(1+-)q, 

1 1 2' u J 

• ') ( b ) , 
p2 "' ¥2 ( q1 - q2 + ¥2 1 - " q3 , p3 = - 'r2 ( q;- q~) + 'i2 ( 1+ ~ ) q', . 

QqeBH.QHO, eeJIH q' > 0 
I 

( 1.10) P = p , Q = 0 • Bee 

i = 1,2,.3 , TO BeKTOphl p1 eBKJIH,QOBhl H Mhl MO:>KeM Bh!6paTb B 

2 
q I He M ory1 Oh!Tb OTpHUaTeJibHhiMH , TaK Ka K B eHny ( 1.25) 

I I I 

H ( 1.5) 

q2 + 
I 

2 
b 

q2 + q2 + - = t:/ 2 + q' 2 + q'2 + 
2 3 q2 1 2 3 

1 

2 
b q;

2 
= 2( M ~ 

3 

m2 ) > 0. 

Paee MoTpHM HeTpHBHanbHhJe enyqaH, Koraa KsaapaThi 
2 2 

q 1 (q; ) HMeiOT paaHhi e aHaKH, H on peae-

JIHM a 9THX ·enyqanx seKTOphi P; H Q; • 

n 2 2 . B 
yeTb eHaqana .QBa H3 KBa,apaTOB q ( q' ) fiOJIO~HTeJibHhl H O.QHH OTpHU8TeJieH. 03MO:>K· 

I I 

Hhl TfiiH TaKHX enyqaH . 

a ) s > 0, t > 0, s u < b
2

• 

B 9 TOM eny qae, a eHny ( 1.26) 

x l B cnyqae, Koraa s = u = O, Bhipa:>KeHHH ( 1.23) H ( 1.24) He HMeiOT HenoepeaeTBeHHoro 

eMhiena. B aTOM HeKJIIOqHTeJibHOM -enyqae MO:>KHO n .ono:>KHTb q1 = P + 2p 
2 

+ P 1 q 
2
"' P1 + P 3• q '; P 1- P; 

PaecMoTpeHHe aToro enyqaH He noHa,ao6HTeH HaM a aanbHeitweM. dTMeTHM, qTo a enyqae pas-

HhiX Mace (M=m, b= O) seKTOphi qi H qi cosnaaaiOT Me:>Kay eo6olt, H cpopMynaMH (1.23) 
( C b = 0) MO:>KHO fi0Jlb30B8TbCH BeiO,ay. 
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Q_,=- ¥2 q~ • 

ecnH s ~u 

p = ¥2 q' -¥2 ( 1+ b ) q' , 
J j --ru 3 

p =-Ylq'+¥2(1-_b_ )q', 
j 2 u 3 

ecnH ·s < u • 

VIa STHX <PopMyn, nonb3yHc b ( 1.25), HBXO.llHM npH s ~ u 

S=(P+P)~s, 
J j 

j 2 

U:(P+P)= b. 
2 3 -r• 

2 
p2 = P2=m2+Y..(_!_-u); 

j 4 s 

j 

T-=(P+P)=t, 
1 3 

2 
2 b 

Q,= y.. ( u - ---s); 

npH ·s < u: 

B) S > 0, 

b2 
S= _ , 

u 
T = t, 

2 
t < O, ·s u > b • 

U= u; 

B aTOM cnyqae HMeeM: 

npH s ~ u : 

b . • 
~ = - P3 = ¥2 ( 1 + -:s) q

1
- ¥2 q _,. 

~ =- ~ = ¥2 ( 1 - +) q 1 + ¥2 q 3 , 

np11 s < u 

p =- p = ¥2 q' + ¥2 ( 1- _.!!_) q' 
j 4 1 . u 3 

11 

2 
Q, = Y..( s 

2 -
_b_) 
~ u 

Q 2 = Q 4= -¥2 q 2 ; 

( 1.27) 

( 1.28) 



TaK KaK B aTOM enyqae Bbipa)l(eHHSI am1 Pj H Q; npH .S ~ U H npH B < U eOBIIaLJ.aiOT. 

TO LJ.nH eKanS!pHhlX npOH3BeLJ.eHHli. 9THX BeKTOpvL II pH BCex S > 0 , ·su> b 2 
B 060HX eny'!aSIX 

HMeeM: 

p2.., p2 "' M 2 _ _ t_ , 
1 , .4 

2 2 2 t 
P =P =m- -• 

2 " .4 
( 1.29 ) 

2 
Q, = ~ t' s = ·s, ·u =u, T = O. 

/11 / 
¢>opMynbi ( 1.29) COBIIaLJ.aiOT C IIOLJ.CT8HOBK8M H ( 5.5 ) B pa6oTe , I'LJ.e 9TH IIOLl.CTaHOBKH 

/ 10/ 
BBOLJ.SITCSI B BHLJ.e HeKOTOpOI'O HCKYCCTBeHHOI'O npH eMa ( CM. T8K)I( e ) • 

b2 
c) s<O, t>O, u>_ 

·s 

B aToM cnyqae Mbi ycnoaHnHCb nonb30B8TbeSI nHWb aeKTopaMH qi ( 1.23). JJ.nH P; H Q; 

nonyqaeM 

~ = - p2 = Y:r ( q 2- q,) ' 

b 
Q1 = -Q,==Y;r( 1+-) q1' 

s 

p, =- p" = Y:r ( q 2 + q ,) ' 

b 
Q2=-Q,=Y;r(1-_) q1. 

s 

}lnSI CKanHpHbiX npOH3BeLJ.eHHli. 9THX BeKTOpOB H8X0Ll.HM: 

2 2 2 b2 
P =Y;r(M +m) -~(s+_), 
' s 

i => 1,2, 3_4, 

2 2 2 
Q1 = Q3 = ~s (s+ b), 

2 2 2 
Q2 = Q4 =~s(s-b), 

Sr. 0, Tat, 
2 

b 
U=u -""""8" • 

( 1.30) 

( 1.31) 

T pH cnyqag, B K OTOphlX LJ.Ba H3 KBaapaTOB q/ OTpHUaTe ilbllhl , a OLl.HH - nonO)I(HTeneH, 

CBOLJ.HTCH K paeCM<YrpeHHbiM cny'!aSIM a)' b) H C), ecmr 3aMeHHTb ~j Ha Qi H 06paTHO. 

4. Ma)l(opnpoaaHHe KBaapaTH'IH hJX cJ:>opM LJ.HarpaMM ct:>eli.HMaHa 

JlnH Bb!BOLJ.a Ll.HCnepCHOHHhiX COOTHOWeHHli. LJ.nH HeKOTOpOli. CHnbHO CBH3HOl!: LJ.HarpaMM bl D 

HY)I( HO HaATH o6naeTb G B aeme eTBeHHOM npo eTpaHeTBe eKanspHbiX npoHaaeaeHHA BHewHHX 

D ' D /9-14/ 
HMnynbeOB, B KOTOpOli. KB8LJ.paTH'!HaH <jlopMa Q D( a, p ) Ll.Hai'p8M M bl OTpHU8TenbHa (eM . ) : 

, 
QD(a, p) =I. 

1.1"'1 

e 
A11 P1 P 1 - I. ay m~ < 0 , 

Y"'1 ( t.32) 

npH Beex HeOTpHUaTenbHbi X 3Ha'!eHHHX napaMeTpOB ¢>eitHMaHa ay , He o6paUlSIOUlHXeH OLl.HOBpe-

A /12 13/ 
M e HHO B Hynb. MaTpHua ij nono)I(HTenbHO onpeaene :aa (eM. ' ). 0TCIOLJ.a eneayeT, 'I TO 

ecmr aeKTOpbi P; o6paayiOT eBKilHLl.OBy eHeTe My, To 

A(a,p)=~ A;jP;Pj~O, 
·1,} 

B T O BpeMH KaK, ecnH BeKTOpbl Q
1
-aHTHeBKilHLl.OBhi, TO 

A (a, Q) ., ~ A; l); Qj < 0. 
·r,j r 

12 

( 1.33) 

. ( 1.34) 



C .apyroa CTOpOHbi, COrnaCHO Teope \J e 1, mo6aH CHCTeM8 BeLUeCTBeHHbiX BeKTOpOB p. 
1 

pa3naraeTCH no cpopMyne ( 1.10) Ha nouapHo opToroHanbHbJe esKnH.aosy H aHTHesKm!.aosy '18CTH, 

npH 3TOM 

p
1
• p

1
. = P. P. + Q . Q . , 

1 J l J 
( 1.35) 

H li3 ( 1.32} H ( 1.34) cne.ayeT, 'ITO 

QD(a,p ) < Q D( a, P) =A (a, p ) -~ a vm:, ( 1.36) 
v=z 

l-13 ( 1.36) BH.UHO , 'ITO ecnH 
e 

npH ~ a v>O > ( 1.37) 
v=z 

TO H llO.U8BHO QD(a, p)<SJ , TaK K8K BeKTOpbi p esKnH.UOBbl, TO s cny'lae .aHarpaMM pacceHHHH 

113/ 
MO)I{HO BOCnOnb30B8TbCH pe3ynbT8T8MH pa60Tbl lloaToMy , ecnH Mbl Halt.aeM o6naCTb 'G B 

sewecTseHHOH nnocxocTH (s, t) , B KOTopoa HMeeT MeCTO ( 1.37) .anH .aHarpaMM D , M8)1{0p~-

pyiOLllliX BCe ClinbHO CaH3Hbie .UH8rp8MMbl pacceHHiiH, TO Mbl CMO)I{eM 38KniO'IIiTb 1 'ITO a 3TOlt 

o6nacTH .anH scex CHnbHO caH3HbiX .aHarpaMM BbmonHHeTcH HepaseHCTBO ( 1.32). TaKHM o6pa-

30M, B o6nacTH G aMnnHTy.aa pacceHHHH 6y.aeT sewecTseHHolt (apMHToaoa a cny'lae cnHHop

HbiX nonelt) H BKna.a OT n106oa CHnbHO csn3HOlt .aHarpaMMbi npouecca paccenHHn 6y.aeT aHanH

TH'IeCKOlt cpyHKUHelt a 3TOlt o6naCTii, 

§ 2. BewecTseHHan o6nacTb aHanHTH'IHOCTH .ann npoueccoa ynpyroro paccenHHn 

1. PaccenHHe HyKnoHa Ha HyKnoHe H aHTHHyKnOHa Ha HyKnoHe 

EcnH ace Kaa.apaTbl BHeLUHHX HMnynbcoa a npouecce paccenHHn paBHbi Me)l{.ay co6olt, TO 

liCCne.aOB8Hiie 8H8nliTH'IeCKiiX CBOltCTa 8MllnHTy .Ubi HeCKOnbKO ynpowaeTCn. 3TO aH,LlHO y)l{e 113 

cpopMyn ( 1.23- 1.31), KOTOpbie 38MeTHO ynpOLU810TCn , eCnH , noaTOMy Mbl H8'iHeM H3y-

'i8HHe a~anHTH'ieCKHX CBOltCTB KOHKpeTHhlX npoueCCOB ynpyroro paccenHHn HMeHHO C 3TOrO cny-

'18n, 

PaccMOTpHM .aeTanioHo npoueccbi pacceHHHn HyKnoa a Ha HyKnoHe H aHTHHyKnoHa Ha HyKno

He. CooTaeTcTayiOLUHe pe3ynbT8Thl _.ann aMnnHTy .Ubi ynpyroro paccenHHn CKanlSipHbiX Me30HOB 

nonyqaTcn OTCIO.aa, ecnH nono)I{HTb M = m 

/13/ 
8 6binO ilOK838HO, 'iTO npH eaKnH.a.OabiX aHeLUHiiX HMnynbC8X ace ClinbHO can3Hb!e 

.UHarpaMMbl paccenHHn HyKnOH8 H8 HyKnOHe M8)1{0pHpyiOTCn .aayMn .UH8rp8MM8MH 1 H306pa)l{eHHbi

MH Ha puc . 1, c pa3nH'iHhiMH HyMepauHnMH BHeLUHHX y3nos ( o6o3Ha'ieHHbiX Ha pH c. · 1 KPY)I{K8MH). 

:o : 
llt[1.3 .2.11] 

P11c. 1. 
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npH 9TOM K paCCeHHHID HyKnOH8 Ha HyKnOHe OTHOCHTCH 

Dl[ 13,24], D;U.4,23 ], D;[.i.3, .42], D; [14, 32], i= 1,2, 

x) 
LlHSrpaMMbi 

p H p - HMIIynbCbi HyKnOHOB B HS"'ane, -p - ·-p- HMIIynbCbi HyKnOHOB B KOHUe IIpOUElCCa). 
I 2 3 4 . 

npH H3y"'eHHH rrpouecca pacceHHHH 8HTHHyKnOH8 (c HMIIY1IbCOM p
2

) H8 HyKnOHe (c HMIIynb

COM pI) , B peGynbTaTe KOTOpOrO B03HHK8eT HyKnOH C HMIIynbCOM -p3 H 8HTHHyKnOH C HMIIynb

COM -p , Mbi HMeeM Llen 0 C LlH8rpaMM8MH , 
D; [ 13, 24 ], Di [ 13, 42], Di[ 12,34], D1J.. 12,.43] i ""1,2. 

/13/ 
nonb3yHCb o6o6meHHeM TeopeMbi CHMSH3HKa , LlOKa:>KeM cneLlyromyro neMMy. 

neMM8 1 

npH eBKnHLlOBbiX BHeWHHX HMrrynbCax LlHarpaMMa D2 M8:lKOpHpyeTCH LlBYMH LlHarpaMM8Mif 

THII8 D I: 
G ( D 

2 
[ 13,24 ] ) 2 ·a ( D 

1 
[ 13, 24] ) fl G ( D 

1 
[ 14, 23 ] ) • 

(2.1 ) 

/13/ 
( Mbr rronb3yeMCH o6oGHa"'eHHHMil pa6oT G ( D ;- o6nacTb B npocTpaHcTse esKnHLlOBbiX HM ... 

rrynbCOB, B KOTOpOJt KB8Llp8TH"'H8H cl:JopMa Q (a, p) LlHarpaMMbr D oTpHuaTenbHa rrpH scex He-
D . 

OTpHUSTenbHbiX 3H8"1eHHHX napaMeTpOB ¢eltHM8Ha aV , He paBHbiX OLlHOBpeMeHHO HyniD). 

AoKaGaTenbCTBO 

/13/ 
CornacHo TeopeMe 4 pa6oTbi , LlnH LlOKaGaTenbCTBa neMMbi 1 LlOCTaTO"'HO rrposepHTb 

cnpaBeLl1IHBOCTb HepaBeHCTBa: 

rLJ.e 

L
2
(x 

1
, x

2
, "3' x ~~min I L ,(x1 x2,.x3, x4), L 1 ( :Jt. 1 , x,. x 3, x 4) l , 

L ,( x 1 x 2, x 3, x ~ = min [ M ( 1 x 
1 

- x) + I x 
6 

- x) + I :Jt. 2- x )+ I x IS - x 4 I ) + 
x6, XIS 

+ m cl X,- X J +I X 1- xJ + l "2- X 6! )] 

L 1 (X 1' x2, X, X ,J = M ( l X 1- x,l + lx ,-x2\) + m rl X r xJ + l X 3- ";) 

(2.2) 

( 2.3) 

' x1 - 4-MepHbie eBKnHLJ,OBbl BeKTOpbi ) • . J],eltCTBHT81I bHO, H3 (2.3), IIOnb3YHCb HepaseHCTBOM Tpe· 

yronbHHKa, rronyqaeM: 

L (x) > ( M- ~-) ( l x - x I+ I x .- x .I)+ 
2 - 2 1 !J .. • 

+ m ( l "s- X ,I +I X r" ))+-¥1x 1-x,l+lx2-x ,P. (2.4) 

HepaseHCTBO ( 2.2) cneLlyeT ( B CHny ( 2.4)) H3 HepaseHcTsa 

M (lx 
1
-x,l+l x 

2
- x))+~jx1 ,;. x

4
1+lx 2-x ,1-lx 1-x 31-lx 2-x ) ) ~ 

~ M min II x - x l +I x - x 1, I x - x I + I x - x I l . 
1 s 2.114 2 :J 

x)-GHMBOn D;[1b, cd] , rLJ.e i =1,2 (b,c,d) - HeKoTopaH nepecTaHOBKa "'Hcen (2,3,4), 

0603H8"18eT LJ,HarpaMMY D.j pHc.1, B KOTOpolt HyMepauHH BHyTpeHHHX yGnOB H nHHHlt OCT81I8Cb 

6e3 HGMeHeHHlt, yGen 3 GaMeHeH aa yGen " b ", y3en 2 - Ha " c , . H yGen 4 - Ha "' d '. 
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Ho 9TO noene.oHee HepaaeHeTao, KBK nerKo BH.OeTb, enpaae.onHBO aeer.oa, eenH TOnbKO 

m <;.;JM • neMMB 1 .OOK838H8, 

Cne.oeTaHe 

Bee eHnbHO eaSI3Hbie .oRarpaMMbi paeeeSIHHSI HyKnoHa (aHTHHyKnoHa) Ha HyKnoHe MB)!{OpH

PYIOTe SI "leTbipbMSI .oHarpaMMBMif qeTaepToro nopH.oKa Tim a D 1 (pRe, 1 ) • 

·TaKHM 06pa30M, .OnSI Heene.OOBBHHSI o6naeTH perynS!pHOeTH npOH3BOnbHOA eHnbHO eBSI3HOH 

.OHBI'pBMMbl paeeeSIHHSI HyKnOHa Ha HyKnOHe OeTaeTeSI HBHTif nepeeeqeHHe qeTbipeX o6naeTeA G(D). 

Bee 9TH o6nae'I'H nony"'BIOTeSI H3 KBKoA-nH60 O,OHOH npH nOMOlUH nepeeTBHOBKif BHeiUHHX HMnynb

eoa. M bi orpaHH"'HMeSI BB)!{HbiM enyqaeM, Kor.oa Kaa.opaTbi (eaKnH.OOBbiX) sHewHHX HMnynbCOB 

paBHbi Me)!{.oy eo6oA: 

(2.5) 

Tor.oa o6naeTH G SIBnSIIOTeSI o6naeTSIMH a TpexMepHOM seweeTseHHOM npoeTpaHeTse 

s, r, u c s ~ o, r~ o, u~ o J . 

.[InS! HBXO)!{,lleH!fSI HeKOMOH 06naeTH ( 13 24] 
' G ( S, T, U) HaA.oeM HOPMY .oHarpaMMbi D 1 ' • 

Kaa.opaT 9TOA HOpMbi onpe.oenSieTeSI paseHeTBOM 

(2.6) 

r.oe 

(2.7) 

( M - Maeea HyKnOHB, m- Maeea 1T -Me30Ha), 

J.13 (2.6) If (2,7) HBXO,OHMX) 

M2( 1-p }'I ( S, T,U) = ( 1 +p) P 2
- lh ( T + p S) - y U [p-i>Cl;.7T +- p2sK 

(2.8a) 

eenH T < p ( S + U ) H p S < ·r + u 1 

f ( S, T, U ) = \1.1 max ( -h , ~ ) , (2.86) 

eenH T~p(S+U) pS~T+U. 

3.oeeb 

S + T + U c: .4P 
2

• (2.9) 

Bbipa)!{eHHe (2.8a) eooTseTeTsyeT eny"laiO, Kor.oa MBKeHMYM (2.6) .aoeTHraeTeSI npH nono

)!{lfTenbHbiX ay • B aTOM enyqae Mbi HMeeM .oeno e noKanbHbiM 9KeTpeMyMoM H noaTOMY npoR3-

BO.OHbie nO ay OT Bb!pB)!{eHHSI 
2 

A (a, P ) - f ( S, T, U ) M (a ) 

/16/ 
x) <t>opMynbi (2.8) nOK83biBBIOT 1 "'TO npHBe,OeHHOe B (tiJopMynbi (4.17) H 

BblpB)!{eHHe ,OnSI HOpMbl B HMnynbeHOM npoeTpaHeTBe OIUH60"'HO, 

15 
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aonmHhl pasHnTbcn Hyn~ . B pe3ynbTaTe aH¢¢epeHUHposaHHn nonyqaeM CHCTBMY nHHB~HhlX ypas

HB HH~1 KOTOpy~ HB TpyaHO npHBBCTH K BHa) 

(4m 21-T) a +2[(M.:I+m
2
)f -P

2
]a =0, 

1 2 

( 2.11) 

2 2 2 2 
2[(M + m) f -P] a

1
+(4M f-S)a 2=0, 

a 1 =a 3 , a2=a 4 • ) 

B blp8MBHI!B ( 2.8a) nonyqaBTCn 1!3 ycnOBHn o6paWBHHn B Hynb onpe a e nHTBnn 8TO~ CHCTBMbiX 

HepaseHCTBa T - p U<p S < T+ U 8KBHBaneH T bi ycnoBHIO n o nomHTBn b :•o cTH peweHHn 

CHCTBMbl (2.11) HnH · - K8K IIBTpyaHO ll0K838Tb - HepaBBHCTBY 

(a 
1

, a,) 

(M 2+ m2)f(S,T,U) < P
2

• (2.12) 

06naCTb GNr{ S, T, U) 1 B KOTopo~ HHTerpanbi ctJe~HMaHa perynnpHf<I H spMHTOBbi a nn mo6o~ 

CIWbHO CBn3HO~ aHarpaMMbl npOUBCC8 paccenHHn HyKnOH8 H8 HyKnOHB , 38aaBT Cn cneay!OWHM 

o6pa30M npH llOMOWH ¢ YHKUH H ( 2,8) 

GNjS,T,U) •: 

max If( S,T,U), f(S,U,T), I (U,T,S ), f(T,U,S) l < 1, ( 2.13) 

( s.;::: o, r~o. u ~o ). 

B cnyqae paccenHHn a HTHHy Kn oHa Ha HyKnoHe c o oTBBTCTByio wan o6nacTb GNN TaKme Bbipamae T 

cn qepe3 KsaapaT HOpMbi ( 2.8): 

G NR"I S, T,U J 

maxlf(S,T,U,),f(U,T,S),f (T,S,U ) ,f(U,S,T ) l < 1. 

0onyqeH HbiB pe3 ynbT8Tbl ll03BOnn!OT p a CC.,!OTpB Tb 8H8nHTH'lBC KH B CBO~C TI3 8 a HarpaMM 

H NN paccenHHn npH BCBX BBWBCTBBHHbiX I.fM l1 ~'n',~'-1X Pi , nemaWHX H8 110BB pXHOCTH M8CC: 

2 
P2 = P 2= P 2= P ~ = M • 

1 2 :J 

8 8 TOM cnyqaB 1 llOn b 3 y nC b CBn3b!O M Bmay BBKT0p8MH Pi H BBKnHaOB bi MH B B KTOp8MH 

(2. 14) 

NN 

(2. 15) 

p. 
•J 

(§ 1
1 

n.3) 1 nsH bi M' BHaoM aopMbi (2.8) u: ypasH B HHnMH an n o6nacTe~ GNNu: GNN (2. 1 3) a ( 2.14) 

HB T p y a B O aOK838Tb cne ayiOWYIO T B OpBMY, 

T eogeMa 2 

B Kn aa s a M nnu:Tyay paccenHan HyKnoHa Ha HyKnoH~ OT npou:3BOnbHO~ CHnbHO Cffi3HO~ aaar-

paMMbl ::n o r a npOUB CC8 Bb!pam 8BTCn '1BpB3 BBWBCTBBHHbiB 8H8nHTH'lBC KHB ¢yHKUHH OT S H 

(yMHOMB HH bi B H8 f!O n HHOMH8nbHO 38BHCnWHB OT HMllY nbC OB 3 pMU:TOBbl M8TpHUbl) 1 perynnpHbi B B 

(Tpe yronbH OH) o 6 nacTu: 

H8 flnOCKOCTH 

G I s, t l 
NN 

s < .4M? t < 4m
2 

, u < 4m
2

, (2.16) 

x) YpaBHB HHB ann HOpMbl nonyqaeTcn H3 ypasH e nu:n nosepxHOC TH oc o 6 hiX TO'lBK a H arpaM-

/ 3 17 211 P· 
M bl 1 1 38MB HO~ HMflynbCOB Pi H8 _ __!_ 

·.,)! 

1 6 



' 

~ 

(2 .17 ) 

DpyriiMII cnosaMII, B o6nacTII (2.16) Ksa.apaT114H bre l popMbr .amr scex crutbHO CBH3 H b!X .aHarpaMM 

0 Tp11U8TeJibHbl. 

Aaan orii4HO .anH npouecca paccemtHH aHTIIHyKnoua rra rr y Kn orre o6nac Tb p e rynHprr oc TH G NN 

Ha nnocKoC TII (2.17 i HMee T BH.ll G _I s, t l 
NN 

t < 4m 2 , u < 4M
2 

• (2 .1 8) 

06naCTII (2.1 6 ) II (2.18) HBJIHIOT CH M8KCIIM8JibHblMII 06J18CT5!MH H8 nJJ OCKOC TII (2.17 ) C yKa-

38HHbiMII CBOliCTBBMII, 

nerKO Bll.lleTb, 4TO o6naCTH G NN H G NifHe HM e JOT HH O.llHOH o6ll.le ll T 0 4KII, ecnll M 2> ,3m 2 • 

2. Pacc e H1111e CKanHpHoro Me30\ia ua HyKnone 

/1 3/ 
KaK 6b!JIO nOK838H O B , BCe C HJibH O CB H 3 H bi6 .ll118l'p8MMbl p8CC6H HIIH CKBJJ HpHOI'O Me3o-

HB HB HyKJJOHe M8)!{0p11py!OTCH 46TblpbMH .llii8I'p8MMBMII ( p11 C , 4) C p83 JIII4H b!M II HyM e pBUIIHMII 

BHewn11x Me30HH biX 11 HYKJJOHHbiX y 3nos . 

o-----~" 

r 3 

.3 1 

P11c. 2. 

npiiMeHIIM 3TOT pe3yJJbT8T K IICCJI6.llOB8HIIIO aMnJIIITY .llbl pacceHHIIH, KOI' .llB CK8JJHpHbl6 

np0113Be.aeHIISI BH6WHIIX IIMnyJJbCOB Bell.leCTBeHHbl II HX KB8.llp8Tb l paBHbl KBB.llpBTBM COOTB6TCTBYIO' 

ll.l iiX Mace: 

( 2.19) 

PaccMoTpiiM cHa'!ana .ase .a11arpaMMbi Tllna D1 : D1 {1 3 ,24.} 11 D1 [13,42]. Ma)KOPIIPYSI Ksa.apa

TII'IHbie cpopMbl 9TIIX .llHBI'pBM KBB.llpBTII'IHblMII cpOpMBMII OT eBKJIH.llOBbiX IIMnyn bCOB pI ( § 1, n3 ), 

Mbl nonyqaeM 06JI8CTb BHBJIIITII'IHOCTII .llii8I'p8MM, M8)!{0p11pyeMbiX .llHBI'pBMMBMII Tllna D t : 

2 
s <( M+m) 

2 
u < (M+m), 

-4m 2 + rnax I <l> (s), <l> (u) l < t < 4m 2 , 
( 2.20) 

r.a e 

<l>(s) = - 4m j[(M +m) 2-s][s-(M-m~· 
vs (2.21) 

n e peM e HHbre s , t H U CBH38Hbl, COI'l!BCHO ( 1.5), COOTHOW6HH6M 
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s + t+ u =2(M
2 + m1. 

(2.22) 

HaM eTHM D.OKa3aTenbC TBo a <roro yTse p )!( D. e HHH. 

n pH M OnHH9itHbi9 Y'i8CTKH rpaHHUbl o 6naCTH (2.20) COOTB9 TCTByiO T T8K H83b!B89Mb! M HOpMam, ... 

12 31 /17 21/ 
H b! M noporaM ( CM. 

1 
; no T9pMHHOnOJ'HH pa60T 

1 
- 9TO OC06eHHOCTH D.nH HH3W HX D.Har-

p8MM, nony'ieHHbiX H3 D.H8rp8MM THna D 
1 

CTHrHB8HH9M D.BYX npOTHBO nOnO)!(HbiX nHHHit B TO'iKY), 

Tpy n.Hee nony'iHTb KpHsonHHeAHyiO 'iBCTb rpaHHUbi o6nacTH G (D
1
): 

<t>(s) s~u 

t +4m
2 (2.23) 

<t> (u) s < u • 

.D.nH a .Toro Heo6xon.HMO paccMoTpeTb o6nacTb t <-4m 2 
• B aToA o6nacTH CKanHpHbie npOH3sen.e 

HHH 9BKnHD.OBbiX B9KTOpOB pI npeD.CTBBnHIOTCH <jl o pMynoA ( 1.29), H Mbl HM99M D.eno C C 0 6 CTBeH-

x) D 
Hb!MH OC069HHOCTHMH: D.Harp8MMbl 1 , npH S :::. U npHp8BHHB8H 9D.HHHU9 HOpMy D.HarpaMM bl 

D
1 

~3.24] , nonyqaeM ypasHeHHe 

2 
s[ _t_ + 2m 2t - .4m 'f 2M 2+ m 2)] + 4tn 2[(M 2-:- m? 2+ s 2] "'0 . 

4 
(2.24 ) 

MeHbWHA KopeHb aToro ypasHeHHH cosnan.aeT c (2.23), (2.21). npH s~u M hi D.On)!( Hbi 

BMecTo D.HarpaMMbi D1 [13,24) B3HTb D.HarpaMMY D 1 ( 13,42] . 

0K83b!B89TCH, 'iTO KB8D.p8TII'iHbi9 <jlopMbl D.H8rpaMM D2 , D :J H 0 4 oT esKnHD.OBbiX HMnynb• 

cos P, 3an.aHHhlX <jlopMynaMH ( 1.27-29), T0)!(9 OTPHU8TenbHbl B o6nacTH G (D ). npoaepKa 
1 

aToro yTsep)!(D.9HHH xoTH H secbMa rpoM03D.Ka (s oc o 6eHHOCTH B OTHoweHHH D.HarpaMM D3 H D4 l 
HO B npHHUH09 aneM9HT8pH8 ( e M. npHn0)!(9HHe) , 

n ony'I9HHb19 pe3ynbT8Tbl MOryT 6b!Tb p93IOMHpOB8Hbl B cne n.yiO Weit Teo peMe , 

TeopeMa 3, 

BKn BD. B SMOnHTYD.Y paCC9HHHH M930H 8 H8 HyKnOH9 OT npOH3BOnbHOit CHnbHO C B H3HOit D.Har

p8MMhl 9TOrO npouecca HBnH9TCH nHH9itHOit KOM6HH8UH9it B 9 lU9 CTB9HHbiX 8H8nHTH'l9CKH X <jlyHKUHit 

OT B H ( C 9pMHTOBbiM H OnepaTOpHbiMH KOS<jl<jlHUH9HT8MH, nonHHOMH8nbHO 38BHCHlUHMH OT 

BH9W HHX HMnynbCOB), perynHpHbiX B 06naCTH (2,20): 

GTTN I s,t l =G(D 1 ) 

3 Ta o6naCTb H306p8)!(9H8 H8 pHC, 3, 

t 
$•0 

$ 
------~--------------~-~--------------------------~----~~. 

PHC, 3. 

;1721 ; X) Mbi n onb3yeMcH TepM HH o norHeA CTaTeA • 

18 
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(06naCTb G 71N (2.25) orpaHH'IeHa cnnoulHoit nHHHelt (TpeMR oTpe3K8MH npSIMbiX H KpHBOlt (2.23) ), 

OcbiO .s H rHnep6onoA s,u = ( M2 
- m 2) 2 ( nyHKTHpHolt nHHHelt) orpaHH'IeHa o6nacTb eaKnHao-

BOCTH (eM.§ 1 n. 1 (1.7) H ( 1.8))), 

0TMeTHMI 'ITO B OTn H•me OT TeopeMbl 2, KOTOp8SI aaeT M8KCHM8nbHYIO aeweCTBeHHYIO 

o6naCTb 8H8nHTlf'l llOCTH G NN , TeopeMa 3 aaeT nHWb aocTaTO'IHOe ycnosHe aHamnH'IHOCTH 

8MllnHTY abi pacceRHHSI CK8nS1pHOrO Me30H8 Ha HyKnOHe npH BeWeCTBeHHbiX S H 

TenbHO, KpHB8SI ( 2.23) 1 orpaHH'IHB810W8SI CHH3Y o6naCTb G I s, t! 1 nonyqeHa nHWb Ha-aa 
7TN 

npHMeHeHHSI MeToaa M8)!{0pHpOB8HHSI npH eBKnHaOBbiX . HMnynbC8X. Jlo CHX nop HeT npH~iepa 1 

onposepra10wero rHnoTeay 1 'ITO Ha caM oM aene sewec"IB eHHSSI o6nac Tb aHanHTH'IHOCTH scex 

CHnbHO CBSI3HbiX aHarpaMM paCCM8TpHB8eMoro npouecca WHpe If COBnaaaeT C TpeyronbHHKOM 

s<(M+rn)~ u<(t.l + m)~ 2 2 2 
t < .4 m , s + t + u = 2 ( M + rn ) . ( 2.28) 

Bonpoc o cnpa3eanHBOCTH STOlt rHnoTe3bi (KoTopaSI 6ea Tpyaa npose pSieTCSI anSI npocTeA

WHX aHarpaMM) B H8CTOS!Wee BpeMSI SIBn51eTC51 OTKpblTbiM. 

§ 3. JloK83.8TenbCTBO OaHOKp8THblX aHcnepCHOHHbiX COOTHOWeHHit ans npoueCCOB 

ynpyroro pacC e51HH 51. JlHcn e pCHOHHble COOTHOWeHHH anSI napUH8nbHblX BOnH 

1. AHanHTH'IeCKHe CBOitCTB8 aHarpaMM npH KOMnneKCHblX S If 

BKnaa B a MnnHTyay pacce51HH51 oT npoH3BOnbHolt aHarpaMMhl D c KBaapaTH'IHOlt ~OpMolt 

<; D( a, p ) MO)!{eT 6b!Tb 38UHC8H B BHae p 

F0 (a,p) o ( 1-J, av) 
I 1 

T D (p) = f ··· f 
[ Q 

0 
(a, p) + iO ] c 0 0 

( 3.1) 

rae F D(a,p) - nonHHOM oT p, c > 0 • HanpHMep 1 ecnH KS)!{aolt BHyTpeHHel! nHHHH aHarpaM-

Mbl COOTBeTCTByeT CK8n51pHblH nponarSTOp 

pacxoaHMOCTelt 1 TO ~YHKUHSI F 
0

(a, fl) He aaBHCifT OT p 1 a 

H aHarpaMMa D He coaep)!{HT 

C=2n- f -2 (CM.
1211

); 

aaecb f - 'IHCnO BHyTpeHHHX nHHifit 1 n - qncno yanoB aHarpaMMbi. 

8 cnyqae pacce51HH51 asyx '1 8CTHU 1 KOraa BHeWHRe HMnynbCbl ne)!{8T H8 llOBepXHOCTif M8CC 1 

~YHKUHIO Q
0 

(a, p) (eM. ( 1.32)) MO)!{HO 38UHC8Tb B BHae; 

Q D (a, p) = A (a) s · + l1 (a) t + C (a) , ( 3.2) 

rae ~yHKUHH A 

~OpMynolt ( 1.5)). 

? R C 38BIICHT nHW b OT M8CC If OT a ( HHB8pH8HTbl S H onpeaeneHbl 

B npeabiayweM naparpa~e anH K8)!{;:roro na npoueccos ynpyroro pacceHHRH c yqacTHeM 

rr -Me30HOB If HyKnOHOB 6bina HaltaeHa se wecTBeHH8H o6nacTb aHanHTH'IHOCTH G Is, t! . B pa-

/ 14/ -
6oTe noK838H0 1 K8K 1 Hcxoas H3 o6nacTH G I s,t! 1 HaltTH HeKoTopyiO o6naCTb G (s,t) 

I 
B npOCTp8HCTBe aByX KOMnneKCHhlX nepeMeHHhlX S H 1 B KOTopoA ~YHKUHH T D ( s, t) 

)!{e 8H8nHTH'IH8. JlnH TOr0 1 'IT06bl cpyHKUHH 1 D ( s, t) HMena OC06eHHOCTb B KOMnneKCH.Olt 

TO 'IKe 

s = s' + is" t = t' + it" ' ( 3.3) 
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ueo6xo.OHMO, . •-no6hi 3HaMeHaTenb B npaBOH qacTH ( 3.1) o6pawanc51 B uynh B s Toli TO'!Ke. Ycno -

BHe o6p8lll8HH51 B Hynh cpyHKUHH Q D B TO 'IKe ( 3.3) 1 B CHny (3.2) M0)K8T 6biTb 38 11HC8HO B 

BH.Qe 
A (a) s ' + lJ (a) t' + C (a) = 0,. 

, 
A (a) s" + TJ (a) t" = 0 

(3.4) 

( ycnOBH 51 ( 3.4) .QOJDKHbl Bbll10nH51TbCH XOTH 6 'bJ npH O.QHOM a 113 o6naCTH J.!HT8 f'p!ip0B 8HHH 

B ( 3.1) ) . Vf3 O.QHOpO.QHOCTH BTOporb p8B8HCTB8 ( 3.4) C.'le.oyeT 1 'ITO 

ecnJ.! A (a) s + lJ (a) t + C (a) = 0 , 

A (a) SA + n (a) t A+ c (a) = 0 ' 
(3.5) 

TO J.! 

r .oe st.. = s' + >.. ·s" , t >.. = t' + >.. t" , 
(3 .6 ) 

>.. - npoH3BOnhHOe B ewecTBeuuoe 'IJ.!Cno. 

Hao6opoT, e cnH cywecTsye T BewecTBeHHoe >.. T8K08 1 'ITO TO'IK8 (st.., t 1) npnl·W.o n e -

:>K HT MHO:>KeC TBY G l s,t (r.oe QD< 0 ), TO KOMnneKCH8H T O'!K8 (3 .3) HBnHeTCH TO'!KOH 

perynHpHOCTH cpyHKUHH T D ( s,t) 06nacTb G l s,t I B npocTpaHCTBe .OBYX K OMnne KCHbiX 

nepeMeHHbiX S H onpe.oenHeTCH K8K MH0)!(8CTBO TO'l 8 K BH.Q8 ( 3.3) 1 .anSI KOTOpblX cywe-

CTB yeT TaKoe BewecTB8HHOe >.. 1 'ITO TO'!Ka (3.6) npJ.!Ha.one:>KHT B8Ul8 CTBeHHOH o6nacTH G l s,t I. 

/14/ 
HeTpy.oHo y6e.oHTbCH (cp. ) , 'ITO o6nacTb G HBnHe TcH o6nac TbiO r onoMopcpuocTH, 

T, e . OH8 He MO:>KeT 6 b iTb p8ClllHpe H8 npH . nOMOlUH 061UHX. M8TO.QOB T eO pHH cpyHKUJ.!H H8CKOnbKHX 

KOMilneKCHbiX nepe M e HHbiX , C .opyroli CTOpOHbl, G 38B8.QOMO H G CO.Qe p :>K HT BC8X KOMnneKCHbiX 

TO'l8K aHanHTH'lHOCTH cpyH KUHH T D (s,t) 

B cne.oyiDlllHX nyHKTax s Toro n aparpacpa Mbi .ooKa:>KeM .OJ.!CnepcHoHH b Je cooTHoweHH51 no s 

npH tPHKCHpOB8HHOM H no npJ.! l'j::mKC!!pOB8JIHOM S Mbi nony'!HM T8K)Ke .OJ.! CnepcHOHHbJ e 

COOTH0lll8HH 51 no KB8.0paTy HMnynbca V B C HCTeMe U8 HTpa M8CC npH cpHKCHp0 3 8HHOM yrne 

p8CC 8 51HH51 6 . 3 TO n03BOnJ.!T H8M .QOK838Tb .QJ.!Clle pCHOHHhle COOTHOW8HH51 .OnH l18pUH 8 nbHhlX 

x) 
BOnH B cnyqae paCC 8 HH1151 M830H8 H8 M 830H8 II HyKnOHa H8 HYKl10H8 • 0TM8THM 1 'ITO B TO Bpe-

M51 K8K .QHCnepCHOHHhl8 C OOTH0lll8HII51 np11 cp11KC11p0B8HHOM llnH S ycTaHaBniiB8IDTCH O.QHH8KOBO 

npOCTO BO BC8X cny'l851X 1 Bb!BO.O .QHCl18pCHOHHbiX COOTHOW 8 HH51 npH cpHKCHpOB8HHOM 0 B cnyqae 

paCC8H HH51 '!8CTHU C p83Hb1 MH M8CC8MII cnO:>KHee 113-3 8 H8nHH8HHOH CBH311 M8:>K.Oy nepeM8HHbiMH 

S H V • 

2. D11cnepcHOHHbie cooTHOWeHH51 .onH aMnnHTy.o pacc e51HII51 HyKnoHa ua uyKnoue 

H M830H8 H8 M830H8 

D11cnepc110HHbi8 cooT,H oweHIIH .on51 T D ( s,t ) n o O.QHOH 113 nepeMeHHbiX S llnH 

np11 cpiiKCn poBaHuol BTOpoli nepeMeHHOli cne.oy~T 113 ycTaH OBn e aHoli aaaniiTII'lHOCTII cpyHKUHH T 
D 

x) /25 26/ 
3 T OT Bb!BO.O npHHUHnllanbHO npowe, '18M Bb!BO.O T8KOf'O :>Ke pe 3 ynbT8T8 B 

1 
1 OCHO-

B lll!Hb!H H a HC l10nb30B8HHH B 8 CbM 8 H e TpHBH8nbHOf'O HHT e rpanbHOf'O npe .OCTll.Bn8HH51, nonyqeHHOf'O 

B / 15 / . DnH "" -pacce51HIIH B I 4 1,421 
.oaH BbiBO.O no cywecTBY S KBIIBaneHTH biJ'.l HaweMy. 

20 



B o6nacTII G I s,t l. PaccMoTpiiM B Ka'!eCTBe np11 M epa pacceSIHHe HyKnoHa Ha HyKnoHe • .[l11c-

nepCHOHHbie COOTHOWeHHSI no s CnpaseanHBhl ilpH ilpOH3BOnbHOM¢11KC11pOBaHHOM 

Tepaana 

( 3. 7) 

JJ:eHCTBIHTenbHO, TO'!Ka ( s = s' + i s",t), rae s"=l 0 , a t - H3 HHTepsana ( 3. 7), np11 Haane

' ~HT o6naCTH aHanHTH'lHOCTH G I s,t I , TaK KaK sceraa MO~Ho Bhi6paTb sew e cTsenHoe A 
NN 

TaKHM o6pa30M, 'lT06b i 

4 ( M 
2 -m 2

) 
2 

- t < sA = s' + As" < 4!1! (3.8) 

Qqe a HaHo, sewecTseHHaSI TO'!Ka npHHaane~HT G NN 11, cneaosaTenbHO, TO'!Ka (s,t) 

np11Haane~11T o6nacTII GNN. np11 sewecTseHHbiX s ¢YHKUIISI T D (s,t) aHaniiTH'!Ha s IIHTep-

sane ( 4(M 2-m 2
) -t, 4M 2

) li, B006W·e rOBOpS!, IIMeeT TO'IKII BeTBneHIISI Ha KOHUaX 9TOro IIHTepsa

na. 8 Cllny TeopeMbl KOWII OTCIOaa cneayiOT aiiCnepCIIOHHbie COOTHOLUeHIISI anSI pacceSIHIISI HyK

noHa Ha HyKnOHe cneayiOwero Tlllla ( Mbl He Y'liiTbiBaeM onepaTOpHOH - Clli!HOBOH II 1130TOllll'!e

CKOH - CTpyK'I'y.pbi aMnniiTyahi pacceSIHIISI HyKnOHa Ha HyKnOHe II npeanonaraeM, 'ITO OHa y6bJBaeT 

npH I s I ....,. ) : 

s' - s 

lm TD ( s', t) 1 ds' Re T D (s,t) 
( 3.9) TT 

( 3aec b .P - 3HaK rnasHoro 3Ha'!eHIISI IIHTerpana B CMbiCne Kow11). 

AHanorll'lHO, ecn11 s ¢11KCnpo :::~aHo B IIHTepsane 

( 3.10) 

¢yHKUIISI 1 D (s,t) aHaniiTII'lHa np11 ni060M KOMnneKCHOM 11 np11 sewecTB e HHhix 113 HHTep-

sana 

4(M
2 

-m
2
)-s < t <4m

2 

(3.11) 

1 ( s,t gaosneTBOpSieT aHcnepCi!OHHbiM COOTHOWeHIISIM C HeOaHOpOaHb!MH (noniOCHbiMH) 

qneHaMH: 
4b-a 

g2 
ReT ( s,t) = __ 

m2
- t 

+ g2 + ]_ p 
s + t- .4M 2+ m2 

TT 

( B - KOHCTaHTa Me30HHO-HyKnOHHOrO B3aHMOaeHCTBi!SI). 

Ecn11 B nony'leHHbiX ¢opMynax ( 3. 7)- ( 3.12) nono~HTb 

+J 

M=m 

lm T ( s, t? 
t'- t 

dt' 

( 3.12) 

1 TO Mbl nony'!IIM KaK 

qaCTHbllt cnyqait o6n8CTb aHan!ITH'lHOCTi! aMnnHTy a hi pacceSIHHSI ( CKanSipHOrO) Me30Ha Ha Me30He 

il allcnepCHOHHbie COOTHOWeHIISI anSI 9TOlt aMnniiTY a hi. 

HeTpy aHO 3alli!CaTb aHcnepCHOHHbie COOTHOWeHIISI II pH ¢HKC11_pOBaHHO!Y! H B nepeMeHHb!X 

CIICTeMbl EpaltTa ( T.e. B CHCTeMe, B KOTOpolt p-+ = p ) , B KOT "'Ob!X 06hi'lHO 3anHCb!BilVH!Cb aHc-

1 3 1271 ' 
nepCHOHHbl9 COOTHOWeHHSI, nonyqeHHbie 113 o6IUHX ilOCTynaTOB TeOpi!ll llOnSI • .[lnSI 9TOrO aocTa-

2 ( -+2 t 
TO'!HO 3aMeTIITb, 'ITO KBaapaT HHBapi!aHTHOH nepeaa'IH HMnynbCa paBeH f'l = p 1 ) =- - 4-

B TO BpeMSI K8K 9Hepri!SI BTOpOH qacTHUbl B CHCTeMe EpaltTa Bb!pa~aeTCSI qepe3 HHBapi!aHTbl S H 

t cneayiOIUi!M o6pa30M 

s-Y,t-2M
2 

2y1J2-~t 
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M - Macca HyKno aa Hl!H M 930Ha, B 38BH Cft MOC TH oT T oro , K8KOH npouecc paccMaTp~eaeTcH ). 

i l e pel!Ll9M T enep b K nony'leH H!O .OHC11 9pC 1! 0HIIbiX COOTl-IOW 9 HiiH riO S ( Hlll! nO KBa.apaTy f!Mnynb

ca s CHCTeMe ueHTpa Mace) npn qmKCHposaHHOM z - cos 0 , r.ae () - yron p a cc e HHHH e CHCTeMe 

ueHTpa Mace . K aK 11 BLiwe , npoee.aeM p accy,K.aeHH e nnwb .anH pacceHHf!H HyKnoHa n a HyKnone. 

llHC119pCHOHHLI9 COOTHOW 9 HHH npH cj:m KCHpOB811110M Z B Cny'lae paCC9AHHH CK8l!HpHhlX M930HOB 

uony'laTCH KaK c n e.acTen e np11 ll = m. 

HHeapnaHTH8H n e p eMe aaaH B b l p8)K ae T C II flOC p e .OCTBOM s 11 z cn e .ayJOwel! cpopMy -

no it: 
2 • 

~~. ( 4 .:r - s ; r 1 - z ; • 
( 3.13) 

j I pH Z = l (pacce AHHe en e pe.a) t = 0 H .OHCne p C H OHH bl9 COO THOW 9 HHH no S I!Bl!HlOTCH 'l8CT:-

HbiM C lly'l89M H3 nony'l9HHblX Bb!W 9 .O HC nepCHOHHb! X COOTHOW 9 HHH npH cpHKCHpOB8HHOM ( 113 

JHIT9 p B 8ll8 ( 3. 7)) • l10K8}K9M 1 'ITO .QJiCriepCH OHHbl9 COOTHOW9HHH no S cnpaee.anHBhl np11 n1060M 

eewec T aeHH OM z ( e TOM 'lHCne 11 npH ec ex cpwJ H'leCKHX yrnax, Kor.aa -1< z<l). 

Hal!.aeM cH a '!ana eewecTeeHHbJe TO'lKH aHan HTII'lHOCTH no S cpyHKUHH TD (s,t) np11 cpH h-

cH poeaHHOM z • Dm1 Toro , 'lT06 b i TO'lKa ( s,z) npHHa.an e}Kana o6n a cTH G NN ( 2.27) aeo6xo-

.OHMO If .QOCT8TO'lHO BhlnOl!H 9HH 9 H 9 p8B9 HCTB 

O<V2(4t.t!..s)(l +l z I )<4m 2
• 

( 3.14) 

llpH KOM11li9KCHbiX , . "( " ' Oh s = s + I s I s T ·1.1JY HKUIH1 T naHanll:TH'lHa, TaK K8K e 3 TO M en yqae MO)!(HO 

no.ao6paTb e e w ecTB9 HHoe >.. T8KHM o6 paooM, 'lT06bJ s>.. = s' +>..s " y.aoaneTaopgno (3.14 ). Hepa-

. B 9 HCTBO ( 3.14) ynpOW89TCH , 9Cllf! BMeCTO n e p 9 !V19HH OH S BB9CTII nepeMeHHYlO V ( KB8.0p8T 11M" 

2 
nynbca a Cf!CTeMe ueHTpa Mace): s= .4(M + v). B nnocKOCTH v nnTepean (3.14) 3811HCbiB8e T-

C H B BH.Q e 

2m 2 

J+T;J"- < v< 0 
(3.15) 

H3 .OOK838HHOlt aaanHTH'lHOC TH T (s, t) cn e .ayJO T H9 T OllbKO .OHCnepCHOHHbl9 COOTHOW9HHH no S 

(Hn H nO V ). npH cpnKC11pOB8HHOM Z , HO If .OHCn e pCHOH H b19 COOTHOW 9HHH .OliH napUH 8llbHOi! 8MnnH~ 

TY.Obi. llei!C TBHTenbHO, n8pUH8llbH8H 8MnnHry.aa (.ani! .aaHHOlt .OH8rpaMMbd pasHa 

I 

fr(v)=J TD(s,t) T'p(z) d z, (3. 16 ) 
-I 

r.ae T ( s, t) 3 8.08118 Bblp8}K9HH9M ( 3. 1 ) - ( 3.2), / 

2 
s = .4(M + v) , t = - 2v (1-z) . (3.17) 

Ecn11 lrr v -=/ 0 cn11 ecn11 lm v = 0 HO 

-m 2 <v < 0, ( 3.18} 

TO HHTerpf.ln no a (3.1) CXO.OHTCH p8BHOM 9 pHO OTHOCHT9llbHO z a HHTepa 8ne -1 < z < l 

H, Cli9 .00B8T 9 llbH0 1 B (3.16) MO}KHO M9HHTb 110pH.OOK HHTerpHpOB8HII:H no z If no a • OTc10na 

cne.ayeT , '!TO n apUH8llbH8H 8Mnl!HTY .08 f f (v ) y .00Bli9TBOpH9T .OHClle pCHOHHOMy COOTHOW9HH10 

I 
lm fp (v ) -m 2 

Reff(v)=+P I J 
00 

+ J I 
0 

dv'. ( 3.19) 
v ,_ y 

B TO'IHOCTH T8K09 }K9 .OIICnepCROHH09 CO OTHO W9Hif9 cnpaee,ani! BO .OliH n8pUH8llbHbiX 8Mnl!IITY.O 

TT -rT -p8CC 9 HHIIH. 
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pac ce51HH51, 

.LleaCTBHTenbHO, npH Bel.l..(eCTBeHHOM S , C OI'.18C H O ( 2.1 8 ) 9 T8 8MnflHTYll8 8H8fl '\TH'iH8 B o6n8CTH 

G NN. 

2 • 
s < 4m , 

2 2 
t"'% ( 4M - s) ( 1 - z ) < .4m , 

(3.20) 

n epBble llB8 HepaBeHCTB8 COBMeCTHbl npH z = -1 flHWb npH ycn OBHH ,\1 
2 < 2m

2 
( H 8 C 8M OM 

llene, M ,. 6,7 m ). Vfa (3.20) BHllHO, 'iTO llHC n e p C H OHH bi e COOTHOWeHH51 no S (HnH V ) npH 

tPHKCHpOB8HHOM Z cnpaBellflHBbl flHWb npH 

( 3 .21) 

3 • .LlHCllepcHOHHble COOTHOWeHHl! llfl51 ynpy i'OI'O pacce51HH51 Me30H8 H8 HYKflOHe 

JlHCnepCHOHHbie COOTHOWeHHSI llO S npH tPHKCHpOB8HHOM H no npH tPHKCHpOB8HHOM 

s ycTaHaBnHBBIOTCSI TaK: :lKe, KaK H B cnyqae pacceSIHHSI HyKnoHa Ha HyKnoHe (eM. n.2). Cornac

HO peaynbT8TiiM n.2 npellbillylUei'O naparpa<t>a ( 2.25) llHCnepCHOHHbie COOTHOWeHH51 npH tPHKCHpo-

B8HHOM HMeiOT BHll: 

) 
ReT (s,t) = ~ g 2 

+ + 
ML s s + t - M 2-2m 2 

(3.22) 

• _(t) "" + _l_p I I + { lm T (LJ.L ds', 
11 s~- s 

•+(t) 

2 2 2 

s+(t) =I 
(Af+m) , npu -4m < t<4'1i , 

M 2+ m _ _!__ (m\ y., t l + J"¢(tj', npu t <-4m 2 ; 
2m2 

2 2 

s_(t) 

2 
(M-m)-t, npu -4m <t< 4m , 

2 2 1 2 2 ~ 
M+m+~(m+Y.,t) -t-ycp(t), 

2m 

1 2 l, 2 1 2 2] 
cp(t)=[2m 2- __ (m+t/ 4 )J[ 2M -_(m+ t/ 4) 

2m 2 2m 2 

0HH cnpaBellnHBhl npH t H3 HHTepaana 

npu t < -4m
2 

; 
(3.2.3) 

(3.24) 

. /5 / 
L - 4m 2 llHCnepCHOHHble COOTHOW e HHSI HMeiOT 06bi'iHbiH BHll ( CM. 1 H anpHMep, ) , 

B TO BpeMSI K8K npH < -4tr. 2 
"menb" Me)l{llY npellen8MH HHTerpHpOB8HH51 

Toa, KOTopa51 nonyqaeTCSI H3 o6mHx nocTynaTOB 
/27/ 

0TMeTHM, OllH8KO, 'iTO He HCKfliO'leHO paBeHCTBO lm T ( s,t) 0 B HHTe psanax 

[ 
2 

] [ ( '1 m )
2 l . (!.1-m)-t, s_ H s+, "+ _ 
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flp11 p eanbH OI\1 COOTHOWeHHH Me)Klly HYKJJ OHHOil H " -Me30HHO il M8CCOit M 6 ,7 Tt. H8li -

• M e Hbll.J ee 3 H8'1 e !·!H e t , np!i KOTOpOM ynaeTCSl L!O K83/lTb llHCnepCHOHH L! e COOTHOWeHHSl no s 

cornac Ho (3.24 )J paeHo 

t s -4t/= -11m 2 

2 
( 3lleC b fl. -HH B8p!i8HTH8Sl nep e naqa lfMllyJ1bC8). 

rne 

!lHcnepC ifOHHble COOTHOWSHifSl no npH ¢ HKCHpOB8HHOM S lfMeJO T B Hll 

Re T(s,t) = 1/ " PI f 
t(o) 

+ { lmT(s,t) dt', 

4m 2 t '- t 

2 2 2 
t(s) = (M-m)-s npu ( U - .3 m)(!.t+ m) < s<(M :_m) + 4m , 

t(s) = -4m
2

- 4m y [(U+m)~u][u-(fof -rr.) 2
] 

yu 

2 2 2 2 -~2 22 2 2 2 
npu ( f:f- m ) + 4m < s < s = ¥2 [ M + .3m+ y ( M +.3m)+ 16 rn ( M - rr.) 

0 

t(s)=-4m 2-~y[(ft! +m/-s][s-(M-m) 
vs 

'u' BbrpamaeTCSl q e pe3 s If 

2 
npu s

0 
< s < ( M + m ) , 

¢opMyn o il ( 1.5)). 

2 2 

]' 

( 3 .25 ) 

(3 .26) 

( 3.27) 

npH (M -3 m)(M+m) < s < (M-m) + 4m ll ll CnepCH OH Hble COO TH OWSH I-!Sl 

(3.26) HMeJOT T a Koil me BHll, KaK H nony'leHHbre H3 npencTaeneHH Sl M a HnenbcTaMa . 0Hif coena-

2 2 2 
nyT If npH (M- m ) +4m < s < (M + m) , ecn lf OKa>K e TCSl, 'ITO lm T (s,t) =0 B o6-

J18C TH: 

(M-m)
2 

s < t <4m 2, 
2 2 2 

(t.:-m)+ 4m < s <(M +m ). 

l lepeilneM T enepb K BOnpocy 0 llOJJY'l.9HHH llHC ll9pCHOHHblX COOTHO t::e HHH no s np11 ¢ HK-

CllpOB8HHOM Z = COS 8.8 3 TOM CJly'l.ae Tpy llHOCTb B03HHK8eT H3-38 TOI'O, 'ITO llpH 3 8ll8HHOM Z t 

38BHCHT HeJJHH9iiHO OT S (e OTnii'l.He OT ( 3,13)) 

nyCTb s = s' +is" 

rne I s 12 = s' 2 + s" 2 ' 

_1_ [ s 2 -2(M 2 +m 2)s +01 2-m 2
)

2
] (1-z). 

2s 

Torn a 

t' = Ret = 1-z [ 2 ( ,12 
2 -r '' +m) -s' 

2 
t " = lm t = _!::~ ( _!!._ - 1 ) s" 

2 Is 12 

b = M 2-m~ 

2 
b 

--;:-::-rr s' l rs! · ' 

YcnoBHSl, 'l.T06bi T O'l.Ka (st.. , t>..) (3.6) n emana B o6nacTH aHanHTii'IH OC TI!' 

6b!Tb 38n HC8Hbl B BHlle: 
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(3.28 ) 

(3.29a) 

(3.296) 

G rrN(s,t) , MoryT 



r.ll e 

2 2 22 2 2 2 2 2 
(b -lsi )>..s" < 2(2m 8 -M -m )lsi+ (lsi + b) s' 

2 a 2 1 
~~ szn 

7 

1 • 

( 3. 30) 

(3.31) 

(3.33) 

0TMeTHM, 'ITO H3 HepaaeHCTB ( 3,30) H ( 3,32) CJle.ll~eT 1 'ITO rrpR -1 < z < 1 t = t 1 + >..t" > 0 a 
- - ' >.. - ' 

CJle.llOB8Te JibH0 1 IIpH RCCJie.llOB8HHH 8H8JlHTR'IeCKHX CBOACTB IIO S !IpH ~HKCHpOB8HHOM Z 

LlOCTSTO'IHO paCCMOTpeTb HeOTpRUaTeJibHbie 3Ha'!eHRH t H HeT Ha.ll06HOCTH Y'IRTbiBaTb '! aC Tb 

KpHBOA (2,23) (pHC, 3), 

.Y'CJIOBRH (3,30) H (3 ,32) COBMeCTHbi, · T.e, ,eCJIH 8 > 1 H s 11 f 0 1 TO MO:>KHO IIO.ll06paTb 

>.. TaKoe, 'IT06bi O.llHOBpeMeHHO RMeJIH MecTo sTR HepaaeHCTBa. OrpaHH'IeHRH Ha o6nacTb aHanR

THqH OCTH IIOJiy'IaiDTCH R3 Tpe60B8HHH COBMeCTHOCTR HepaBeHCTB8 (3,3}) C STHMH LlBYMH HepaBeH-

CTBaMR, 

PaccMOTpRM .llBa cnyqag: a) I s I > b H 6) lsi < b 

a) npH lsl 2
>b

2
HenpOTRBOpe'IHBOO!l'b HepaBeHCTB (3.31) H (3,32) O'IeBH.llHa, R OCT8eTCH 

H8itTR YCJIOBHe COBMeCTHOCTH HepaBeHCTB ( 3,30) If ( 3,3} ) • 3TO yCJIOBHe MO:>KeT 6biTb 38IIHC8HO 

B BH.lle 

2 2 22 2 2 2 
b (M +m) <[4m 8 -(M -m) ]lsi+ 2b s' 

(3.34) 

06JI8CTb (3,34) npe.llCTaBJIHeT C060it BHeWHOCTb HeKOTOpOrO Kpyra B KOMnJieKCHOit IIJIOCKOCTR s, 

eCJIH 

2 tfl8 > M - m (3,35a) 

If BHyTpeHHOCTb HeKOTOporo Kpyra, eCJIH 

2m8 < M- m . (3 .356) 

8 rpSHR'IHOM cnyqae 

2 ma = AI - u. ( 3.355) 

o6nacTb (3.34) npe.llcTaBJIHeT co6oa npaayro nonynnocKOCTb 

s 1 > 'n(M +m)
2 (3.36) 

/28/'), 
HeTpy.llHO BR.lleTb (eM., HanpHMep, 'ITO LlJlH RCCJie.llOB8HHH CRHryJIHpHOCTeA napuHaJib-

Hb!X aMIIJlHTY Ll (no nepeMeHHOit S ) He06XO.llRMO R .llOCTaTO'IHO orrpe.lleJIKTb OC06eHHOCTR 8MIIJIH-

TYLlbl T (s, z) rrpK z =--1 , T.e. rrpH 8 = 1. I-13 HepaaeHCTB (3.34) H l·sl > b rrpH ycno-

BRR S 11 f 0 Mbl nonyqaeM B 38B R:CHMOCTII OT COOTHOWeHHit Me:>K.lly M8CC8MH m H lf cne-

LlYIDUlHe o6nacTH aHaJIHTH'IHOCTK ( aawTpRxoaaHHhie Ha pH c. 4 -6) LlJIH napuHaJibHhiX aMnJIRTY Ll: 

I. m < M <3m 
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U LtDHIIOM e:;ryqn .\ 06nnr 1 h /11U1'11JTI!LIJI 'lC TJI ~)! lp(·LlC'.JI~rf~1c ~l Hc·paac•JJcTno:-..1: 

~! - Jr ) ] -'- ( $ II ( 2 n. ). '' 

'! - J rr !; . d -3m 

1- lflll fJ "' ' j ( T il K ;K (', KL!K fl n p H :J ' 1 ) I I ~I·.' L'T l\!<'C r :J C I!,Y'I.:li\ ( ;] , ;J t)a) ( ;J IJ(')( ' J.!ld(Y .1 rl< 
n. n. 

!I oGJ i:1CT J. ( ;} , .'3 11) 1! ?\!I~('T lliiJl !1!1"1Lili0C' T ~! K [)j !'iJ 

!.! - rr; ) 
3 .'1 -rr 

. r s" ;2 
b 

2 
(J . .. HI 

0 K p y;J< li'>C'I' L , K Cl TO [) Ll~ 110J! Y 'Ii1 <• TC:$1 1 <'C!ll! :J I! Lll'- t i C p il[lC IJ C T LJ .:l B ( :J .3 ')) 0 a 1\ ! Ct i11 Tb p <J il "I!CTB0~1 , 

BCe r .an K DCDO TC ~ !i 0 II j Tp11 

r tm K C I!pOB D !Il!OM 3 1! il '·Je i!JIIJ ( T. O . z ) , y.:lOI31!0 T il0 p~1101J I C'" 1 1! 0 pillH!I IC T!3j 

Tj.[l8 f ( s, z) il ll !l JJI1TI!'I I!D 1!0 s nCVJLlY t1 u6.1ac: TJJ ' s I > /1 , ecn 11 s " =( 0 

B) I I [JH I s I < b • s II f 0 ' 

a > .'I 
ir 

1 £1\ ff! .l\ ! -

( .] . J'J) 

H"Pp8 [lCiJCTI38 (3 .J0) H ( ::J , 3 J ) O l'p8 11H'IIW810T As 11 JlHWb C B C px y H fi 03 T OM j M O ryT 6b1 T b [l !,JIJ Q.J 

HeHbl OLlliOOpe Mellli Cl , B T O Bpe M51 K8K jC!l OOH e COOM CCTII OC T!I uepaoe i!CTO (3 .3 ) ) II ( 3 . .3 2 ) tt:-,)(•f!T 

BH Lt : 

[ 4 ( a 2 1 ) rr 2 
- ( .~1 '- m ) 2 1 ! s I 2 + 2 b 2 

s 1 > b 2 
( .U - 3 m ) ( .11 + m ) . 

06Jl8CTb (3.40) i!p€ Lt C T8BJl51 € T C 06Cl H O!!jTp i_•II IIClC Tb Kpyra ll il K Cl MI!!lC K C il \) il I !Jl ClC K 'JC TI! , UC:nl ! 

4m 2 ( a 2
- /) < Of + IT.) 2 

II Bll C !.lJH OC Tb !I G K OT O p O r O Kpy ra , e CJHI HMG0 T ;vt OCT O o6 p a TII OC I! C p a -

BeHC T I3 6 . 

: l pH a 1 ( z - 1 ( 3.40) 3 8Lt8E' T BlljTpe miOC T b Kpyr·a 

[ s I - ( .l! - " ) 21 2 + s It 2 < 4 m 2 ( .~1 - rr. ) 2 
( 3. ·~ I ) 

0Kpy >t< H OCT b , o rpa1111 ' I H B atour aSJ Kpyr C:l.4 I ) , Kaca e T C 51 H .3 HYTPH OKPY )K H OCTH I s I ~ b B T O Y -

K e s - b • Bau.ay ( 3 .39 ) 11 (3 .4 1 ) napuna.lbll h!0 a M n!lHTYDbl 51Bnmo TC51 a HamtT!!Y€CKiiM!! cjJy!IKU!!51 -

M H B 06JI8C T!t , !1 306 p a}Ke ll!I OH !18 pH C . 7 ( 38ll1Tp!1X0[l8!1!18SI o6naC Tb) , 

s" 

P HC:: . 7. 

o 6nacTb ( 3 ,40) 5JB!l5JeTC51 oonac TbiO , ne>Kaweii BH e Kpyra 

m 

( _s_! + ,l/ -_m l 2 + ( ~ ) 1 > ( 2 ... M ..... -:-... .2._t!L ) 1 

b 3 .~! - 5 m' b 3.11 - 5 rr. 
(3.42) 
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KOTOpbiH , K8K .Tief'J<O BH.[leTb, K8C 8eTCI'I OKpymHOCTH ! sj b B TO'iKe S = - b 

Y'iHTbiBas:I (3 .42),.a TaKme HepaseHCTBO JsJ < b , Mbi BH.UHM, 'iTO aMnnHTy.na f(s,z) 
~ 

I'IBJll'!eTC I'I 8H8 .TIHTH'ieCKOJ\ cpyHKUHefi S B o6naCTH, H306pameHHOfi Ha pH C. 8 ( 38WTpHXOB8HH8H 

o6n a GTb). 

SN 

I I I Y J ,• J f f : I , s' 

PHC, 8. 

npH M ~ 2m 0KpymHOCTb1 Onpe.aeneHH"8H (3,42), nemHT uenHKOM BHe Kpyra (3.39) 

H U09TOMY 8MU.TIHTy.na 8H8.TIH~H'iH8 BCID.UY B o6nac TH I s I < b , s" -=/ 0 

Ha oKpymHoCTH Is I = b , npH 1 < a :S A~ , aMnnHTY .aa aHanHTH'iHa, ecnH 

·s• > !.1 2 + m
2

- 2m
2a 2 ( 3.43) 

.[l o CHX nop Mhl paccMaTpHsanH nHWb KOMnneKCHbi e 3Ha'ieHHH s • EcnH s sewecTB9HHO (s""'O), 

TO HeTpy.UHO y6e.aHTbCH 1 'iTO npH .TIID60M Z > - 1 8Mnn~T~.[la 8 H8.TIIITH'IH8 B IIHTepsane 

2 2 
( M - m) < s < (!.I+ tr.) ( 3.44) 

npH Z o-1 113 9TOro IIHTepsana H906XO.[lHMO HCK.TliD'iiiTb TO'iKY S = b 

CpaBHHM nony'ieHHbie pe3ynbT8Tbi c pe3ynbT8T8MH, Bhi TeKSIDWHMH H3 npe.ncTaE.neHHH 

/29-31/ 
MaH.aenbCTaMa • 

Ha'iano pa3pe3a B TpeTbelt peaKUHH (NN .... "") t = 4m
2 

/5/ 
cne.acTBHe H3 npe.acTasneHHH MaH.aenhcTaMa .aaeT oco6eHHOCTH no 

KBX 

npH 1 < a < M 1 K8K - - m 
S B KOMnneKClibiX T O'i-

2 2 22 . 2 22 2 
s = :.: + m - 2a m + 2m1 v (M -a m ) (a -1) , 

(3.45) 

nemawHx Ha . oKpymHOCTH I s I = b • EcnH a > 1 , TO nHw b 'iBCTb TO'ieK aTofi OKpymHOCTH, on

p e .aenHeMas:I HepaBeHCTBOM (3,43 ), HB.TIHIDTCH OC06hiMII, 

l--13 npe.acTasneHHI'I MaH.nenbcTaMa cne.ayeT, 'iTO aMIInHTy.na HMeeT pa3p93hi Ha sewecTseH-

HOlt OCH S s HHTepsanax s ~ ( !.1 + m) 2
H s ~ (AI-m) 2 • TaKH.M o6pa30M, sewecTseHHbie oc.o6eH-

HOCTII 8MU.TIHTY.Ubl 1 nony'ie HHbl9 3.[19Cb H8 OCHOBe Mamop8UHH .nHarpaMM, TBK me •KaK H oco6eH-

H OCTH H8 OKpymHOCTH 

I s 1 = b (3.46) 
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COBI18Ll8IOT c oco6eHHOCTSIMH, KOTOpbie B bi T eKaio T H3 npe.acTaeneHHSI MaH.a~nbCTaMa . O .auaKo ua 

OCHOBe Hawero MeTOLl8 Mbl ll0K8 H e B COCTOSIHHH LlOK838Tb OTCyTCTBHe KOMI1neKCHhiX OC06eH

HOCTelt B o6naCTH Me>KLly OKpy>KI I OC TSIMH (3.4 6 ) H (3,34) , T8K >Ke K8K H BO B_HyTp8 HHOCTH Kpy

ra, 011pe .aenSieMOr O uepaBeHCTDOM, o6paTHbiM K ( 3.42) npH M > 2m , XO TSI T8KH e OC06eHH OC TH 

He .aon>KHhi B03HHK8Tb, ec na cn paee.anHBO 11pe nc TaaneH He MaH.aenbcTaMa . Ba>Kno OTMeTHTb, 

'!TO npH a > M 
- m 

, T. e . 11pH 

2 
1- 2(JIL) < z < 1 , 

!.! 
(3. 4 7) 

He B03HHK8eT HliK8KHX "nHWHHX" OC06eHIIOCTe l1 BHe Kpyra (3.46). llepelt.aeM OT nepeMeHHOH S 

K nepeMeHHOI% J1 110 cj:lopMynaM 

(3.48) 

/ s>b/, 

Mbi Bbi6Up8eM Ty BeTBb .KOpHSI B nepBOi! cpOpMyne ( 3.48) B KOMnneKCH OI% nnOClWCTH Jl 

pe30M H8 BeUleCTBe HHOM HHTe p eane - M 2:5 J1 :5-n;: KOTOp8S1 llpHHHM8eT 110nO>KHTenbHbie 3H8'!eHHSI · 

11p11 v >- n; 
2 

, H, cne.aoeaTe nbHO, oTpHuaTenbHa 11p11 v <- U 
2

• 

npu 11peo5p830B8HHH (3.48) K OM nneKCH8SI 11nOCKO.CTb OT06pa>KaeTCSI H8 BHeWHOCTb Kpyra (3.46) 

(caM a OKpy>KHOCTb ( 3.46) 11pH 9 T OM npeo5pa3yeTCSI B 0Tpe30K- .'1 2 < J1 <- n; 
2 

) • Vf3 LlOK838IIHOrO 

H8MH 11pH H3 y'!eHHH 8H8IIMTH'l8C KHX CBO HCT B 8MlliiHTYLlW 110 S llpH cpHKCHpOB8HHOM 

'!TO llpH cpl1KCHpOB8HHOM 3 H8'!8HHH Z H 3 HHTepeana (3.4 7) cnpaBe.anHBbi cne.ayiOwHe cneKTpanb-

Hbie 11pe.acTaBneHiiSI 110 v 

g 2 g 2 

--- + ---;;----] - + 
M 2-s .. ! - u 

1 
T (v, z) 

-m2 

r _A_~~~-:.L 
rr 

00 
v 1

- v- iO 
dv 1 + 1 

J 
TT 0 

A (v',z) 

v 1 -v-i0 

s (v) 3a.aaeTCSI 11e pBotl cj:lopM ynotl ( 3.48) , a 

u u(v,z) .l! 
2 

+ m - 2 v z - 2 \ 1 ( ,~t 2 
+ v ) ( n; 

2~) . 

EcnH CHMMeTpH30B8Tb cj:lyHKUHIO T (v, z) 110 11epeMeHHolt y(.l! 2 + v)(m 
2 + v) 

neBOrO pa3pe38 MO>KHO CLlBHHYTb. 

4 . CpaBH e HH e c pe3ynbT8T8MH o6wer o 11o.axo.aa 

d v 1 
, (3.49) 

(3.50) 

/311 
( CM, ) 1 TO H8'!8nO 

KaK OTMe'!8IIOCb B BBe.aeHHH 1 MeTOLl M8>KOpHpOB8HHSI LlHarpaMM He HCI10nb3ye T BCea HHcpop

M8UHH, 38nO>KeHHOI1 B cpopMynax llnSI OTllenbHbiX '!neHOB TeOpHH B03MyWe HHH, 3THM 06bSI CHSieTCSI 

TOT cp8KT 1 '!TO Mhl 110ny'!HnH MeHbwe CBe.aeHHlt 06 8H8nHTH'!eCKHX CBOHCTB8X 8HTH 9pMHTOBOH '!ac

TH 8MITnHTy Llbl ( B o6n8CTH, r .ae OH8 He HC'!e38eT), '!eM Te, K OTOpbi e cne.ayiOT H3 OOlllHX llOCTyna-

/ 27 32-35/ x) naTOB rrpWIHHHOCTH, KOB8pH8HTHOCTH H CITeKTp8nbHOCTH ' • C npyroli CTOpOHbi, 

x) 
YcnOBHe YHHT8pHOCTH He 6bino 5bi llO CHX !lOp B rronHoii Mepe HCllOnb30B8HO .anSI nony

'!eHHH 8H8nHTH'!eCKHX CBOltCTB (cM. / 3 7 /). 
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p e 3y /1 bT8Tbl, lf3nO:»< e HIIbl e B H8CTOSIIUei! pa6oTe, B pSllle nyHKTOB naneKO 11 peBOCXOll SIT, TO, 'ITO 

ynaeTcH nony'IHTb B aKCHOM8TH'leCKOM nonxone . 

DeACTBHTenbHO, Mbi nony'lllnlf llHCnepcHOHHL! e cooTaoweHHSI nnSJ pacc e SIHHSI HyKnoHa Ha HyK-

noHe, llHCITepCHOHHbJe COOTHOWeHHSI n p H cpHKCilpOB8HllOJ% 3HeprHH S H npH cp!iKCHpOB8H!IOM z=coslf, 

ll0K838nlf llHCnepCHOHHhle COOTHOWeHHSI llnSI napUH8nbHhlX 8MilnHTYll pacc e SJHHSI HyKnOH8 H8 HyK

noHe If Me30H8 H8 Me30He (n.2) - BCe 3TH pe3ynbT8Tbl He nony'l810TCSI H 3 06WHX llOCTynaTOB, 

C llpyroll: CTOpOHhl, MeTOll M8)!{0pHpOB8HifSI He ll8eT B03MO»<HOCTH ll0K838Tb 8H8nlfTH'IHOCTb 

8MilnHTYllhl pacceSIHifSI M830H8 H8 Me30He (Hnlf M830H8 H8 HyKnOHe) OTHOCHTenbHO lfHB8pH8HTHOll: 

nepell8'llf lfMITynbC8 t llpH KOMnneKCHbiX t If S >4m 2 
(Hnlf, C OO TB e TCTBeHHO, npH s>(Af+tr) 2

) 

/32/ 
H8CMOTpSI Ha TO, 'ITO JleMaHy , lfCXOllSI lf3 06ll.llfX llOCTynaTOB, y ll8nOCb llOK838Tb 8H8nHTif'l-

HOCTb 8MilnHTYllhl B HeKOTOpOM annlfiTCe H8 KOMnneKCHOll: nnOCKOCTif • CpaBHHM TaK:»<e MaKcH-

M8nbHhl8 nepell8'llf lfMITynbC8, llpH KOTOpblX llOK838Hbl lllfCnepCHOHHhie COOTHOWeHHSI 110 3He prHif 

8KCifOM8TH'leCKHM M8TOllOM If MeTOllOM M8)!{0pHpOB8HifSI . 

1. PacceHHHe CKanSipHoro Me3oHa Ha Me3oHe: 

MeTOll M8)!{0plfpOB8HifSI naeT /'). ~"" ' ( = (- ~ ) max ) 

o6umll: nonxon naeT /).2 
m ax 

2 
2m 

2 m 

2. PacceSIHHe CKanSipHoro Me3oHa Ha HyKnOHe ( npH M "' 6 · 7 m ) : 

MeTOll M8)!{0pHpOB8HifSI: 

/\2 2 . / 2 22 2 2 2 2 ( - t ) max = 4 max = 4 m + v ( M + .3m ) + 16m b - M_ -.3m = 11 m ) 

o6umll: nonxon: 2 2 2 
4/).r..ax=.3m (2+-M) ·=· 6.45m 

0 T M e THM, 'ITO s cnyqae pacceHHHSI ncesno~ KanSipHoro TT - Me30H8 H8 HyKnOHe OUeHK8 

M BKC HM .an b H Ol! ·nepena 'llf HMnynbca, nony qeH H£11'1 H3 aKC HoMaTH'lecKoro nonxona, ynyqwaeTcH: 

2 
/'). max = _B_ 

.3 
2M + TE 
2M - m 

m 2 = .3.1m 2
• 

3. PacceSIHHe HyKnoHa Ha HyKnoHe If BHTifHYKllOHa Ha HyKnoHe: o6wHA aKCifOMliTH'le CKHll: 

2 
llOllXOll He ll03BOnSieT llOK838Tb lllfCnepCHOilHble COOTHOlU eHIHI na:»<e npH /'). = 0, ecnlf m<(../2-l)M 

('ITO If MeeT MeCTO llnSI H86monaeMbiX 3H8'leHifH M8CC TT- Me30H8 If HyKnOH8) j 

2 2 
MeTOll Ma:»<opHpOB8HifSI naeT /'). max = m 

B aaKniO'leHH e Bhipa)!{aeM rny6oKyiO 6JiaronapHOCTb H.H . Eoron106osy If yqacTHHKaM 

CeMHH8pa Jla6opaTOpHH TeopeTH'leCKOll: cpH31fKif 06b8llHHei!HOrO lfHCTifTYT8 Sill e pHblX lfCCnellOSCli!Hh 

::J a noJie3HLie o6cy)!{lleHHSI, 

nPVfllo:>KEHVIE 

B aTOM npHnO)!{eHHif Mhi HaMeTHM noKa3aTenbCTBO yTsep:»<neHHSI, 'ITO KBanpaTH'IHhie cpop-

Mhi nHarpaMM D 
2 

, D 
3 

If D (pH c . 2) npH esKnlfllOBhiX HMnynbcax 
4 

p , 38ll8HHhiX cpOpMyna-

MH (1.27-29), OTpHU8TenbHhl B o6naCTH (2 .20) (§ 2, 11,2). 

CcpopMynHposaHHo e yTnep»<neHHe nerKo llOK83hiBae TcSI nnH TOi! qacTH o6nacTH G I s t I 
rrN ' ' 

B KOTOpOi! OTCyTCTByiOT 8HOM8nbHble noporlf, T,e, npH t >-.4m 2 • nplf t<-4m 2 (Korna CK8nSip-
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llble npOH3Be.Qe HIHI H~ny.lbCOB P1 3B.QHilbl cpop~yJJBMII ( 1.29) J ... II<?Tpy.QII O nponepHTb, '1'1'0 o6-

J!BCTb G ( D2) o rpaHI!'-!eHa CH II 3 Y T ot! >~«• Kp~i Bo t! ( 2.23 ) , '-!To 11 G ( D 
1

) • H t1H 6on blLPlH T[)y .ll HOC Tb 

n p e.Q CT8BJJHeT npo a e pKa T OrO, 'ITO KBa,ll p 8 TH'-IH GIO cpopMbl Q 
3

11 Q 
4 

Lt ttarpaMM D 
3 I! D 4 

OTpHI.taTOJ!bHbl 
npu t < -4m

2 
"a o6nacTH (2.20). LlnH npriMepa npHn e.aeM <:> T y npor:;e pKy .llliH 

lfOJJb3YHCb H e paaeHCTC8MH , 3KBHB8JleHTtl b!MH (2.20) 11p11 - J2fTl 2 < t < - 4m 2 , 

s < ( ..j M 2_A2 + .,; -;;::r::-;:r) 2 . ( 1) 

2 2 - 2--2 2 
u < ( ..jM -A + ..j rr. -A), 

r.ae 

0 < A 4m 2 + t ------ < m ' 
8m 

IIOJ!y'-!aeM CJJe.ayiOll.lyiO OUeHKy .llJ!H KB8LtpaTH'-IHOti cpopMbl Q 
3 

[(a + a)(a +a) +(a +a +a +a)(a + a+a )]Q (a,P) < 
14 2 3 12 3 $67 3 -

-a !(a A-a rr.)
2

+[(a +a )A-a m] 2 l-
1 3 2 $ 7 6 

2 2 2 
-Yla !(a A-a rr:) +[(a +a )A-a ml +[(a +a.+a

7
)A-(a,+a )rr:] l 

21 2 $7 6 - 1 ~ • 6 

-Yla !(a A -a rr.)
2

+ [(a +a )A- a m]
2

+[(a +a+a )A- "(a +a )m] 2 l-
4.! 2 $7 6 3 $7 2 6 

2 2 2 
- Yl (a +a +a )!(a A-am) + (a A-arr.) +[(a +a )A -(a +a )rr.l l-s 6 7 3 2 1 4 13 2 4 -

- (a
6 

+a
7
)(a

1
a

2 
+a

3
a

4
) rr.A ~ 0 

rlpoaepKa H e paaeacTaa Q 
4 

< 0 a o6nacTH ( 1) euie 6onee rpoM 03LtKa. 
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