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§ l. BaeLieaae 

KHHeTH'!ecxasr Teopasr pa3pe:>Keaaoro ra3a Maxcaenna-BoJibUMaHa LlOnycxaeT noJIHhiA penH

TIIBIICTCKHI 8HaJictr, 8 LlaHHOlt CT8Tbe H3JiaraiOTCSI OCHOBHble llOJIO:>KeHHSI KHHeTH'IeCKOil TeOpHH 

' pe.ruiTHBHCTCKoro rasa c y'!eToM rpa&HTauHH. B paspe:>KeHHOM rase oco6hiM o6pasoM pasbirphi-

aaiOTCH LlBS SIB.QeHHH: CTOJIKHOBeHHe LlBYX 'ISCTHU H LlBH:>KeHHe OLlHOlt 'ISCTHUbl BO BHelllHeM 

IIOJie B npoMe:>KyTKSX Me:>KLlY CTOJIKHOBeHHSIMH, VIMH 06'bSICHSIIOTCSI ace SIBJieHHH, npoTeKaiOWHe 

8 paspe:>KeHHOM rase, 'ITO H o6ecneqHJIO ycnex B fiOCTpOeHHH peJISITHBHCTCKOrO 8H8JIOra KHHeTH

'!QCKOI TeopHH Maxcaenna-Bon~ouMaHa, 

4T06bl DOSICHIITio OOCliQLlHIOIO Mb!CJlb1 SaMeTKM, 'ITO BCSIKSSI <lJHSH'IQCKaSI TeOpHH T8K H.IUI 

ll-3/ 
HHa'le ODHpaeTCSI H8 DOHSITHe DpOCTp&HCTB& CKOpOCTel M8TepH8JlbHOI TO'IKH , 3TO OpOCTpaH-_.... 

CTBO TpexMepHO, 80 BCSIKOM CJiyqae OliO HeCeT a6COJIIOTHYIO reoMeTpHIO, Tax npHHSITO HaSb!BSTb 

yqeaHe o npocTpaHCTBe, He sa&HCHwee oT nocTynaTa o napanneJibHhiX, nocTynaT o napannenb

Hhix B OpOCTpSHCTBe CKOpOCTelt paSLleJIHeT HepeJIHTHBHCTCKYIO H peJISITHBHCTCKYIO <iJHSHKy, 8 He

peJISITHBHCTCKOM CJiyqae npOCTpSHCTBO CKOpOCTelt eBKJIHLlOB0 1 TOrLla K&K B peJIHTHBHCTCKOM cny-

qae OHO SIBJISieTCSI npOCTp8HCTBOM no6a'leBCKOro, H ero p8LlHyC KpHBHSHhl k pa&eH CKOpOCTH 

CBeTa C , CaoltCTB8 1 npHCYWHe KSK HepeJISITHBHCTCKOlt TeOpHH 1 TSK H SHSJIOrH'!HOlt peJIHTHBHCT

CKOlt TeOpHH 1 MOryT 6b!Tb CBSISSHbl TOJlbKO C TeMH CBOltCTBSMH npor.Tp8HCTB8 CKOpOCTelt, KOTo

pb!e COCTaBJISIIOT npeLlMeT a6COJIIOTHOlt reoMeTpHH, 8 9TOM CMhlCJie BO BCSIKOI <iJHSH'IQCKOlt TeO

pHH MO:>KHO BhlLleJIHTb a6COJIIOT_HOe COLlep:>KSHHe, nocJieLlHee OTHOCHTCSI K SIBJieHHSIM 1 He CBSISSH

HbiM C <iJaKTOM HeSSBHCHMOCTH CKOpOCTH CBeTa OT CKOpOCTH HCTO'IHHKS, 0nHp8S1Cb Ha 9TY HLlQI0 1 

BOCXOLlHWYIO K no6aqeaCKOMY H BoltHH ( Bolyai ), npH DOCTpOeHHH peJIHTHBHCTCKOro 8H8JIO-

ra HepeJIHTHBHCTCKOlt <iJHSH'IeCKOlt TeOpHH B nepay10 O'lepeLlb CJieLlyeT BbiLleJIHTb B Hell a6CDJIIOT

__ , HYIO 'ISCTb1 KOTOp8S1 nepeHOCHTCSI Ha penHTHBHCTCKBlt CJiy'lalt 6es HSMeHeHHSI, 

Bes oco6oro TPYLlS yLiaeTcH 9To CLienaTb a MexaauKe OLIHOI qacT_HUhi ao BHelllHeM none, 

0LIHaKO TeOpHH LIBYX H 6onee '18CTHU BCTpeTHJI8 Henpeo,AoJieHHhle LlO CHX nop TPYLIHOCTH, ELIHH

CTBeHHbiM saaepllleHHbiM pesyJibTSTOM paCCMOTpeHHSI HeCKOJlbKHX 'laCTHU SIBJISieTCSI TSK HaSbi&ae

MaSI KHHeMSTHKS paCOS.ll8 qaCTHUbl HJIH COeLIHHeHHSI 'laCTHU, C TO'IKH apeHHSI KHHeMSTHKH K no-

CJieLlHHM LlBYM SIBJieHHSIM CBOLlRTCSI H npOH3BOJibHbie HX KOM6HH8UHH 1 K8K 1 HanpHMep, CTOJIKHo-

aeHHe qacTHU, KHHeMaTHKa 9THX HaneHHlt c noauuHA a6coJIIOTHolt MexaHHKH paccMoTpeHa a pa

/4/ 
6oTe , :Ycnex B 06JI8CTH KHHeMSTHKH TeCHO CBSI38H C TeM, 'ITO OHS paCCM8TpHBSeT JlHlllb HM-

nynbCHo-cxopoCTHhle xapaKTepHCTHKH qacTHU, yqacTBYIOWHX a peaKUHH, H He aaTparaaaeT aonpo

ca 0 KOOpllHHSTSX '!SCTHU B npo~cce peSKUHH, 

lJ.nH BbiLleJieHHSI a6COJIIOTHOrO CO.llep:>KSHKSI KHHeTH'IeCKOlt TeOpHH MaKCBeJina-60JibUM8H8 

/5-7/ 
noTpe6oaancsr cneuaaJibHhiA MeToLI, npeLIJIO:>KeHHhiA I! pa3BHThllt a pa6oTax • 

B 9THX pa6oTax nony'!eHo peJIHTHBHCTCKoe KHHeTH'IecKoe ypaaHeHHe BonbUMaHa a npeLinono-

:>KQHHH, 'ITO npOCTp8HCTBeHHO-apeMeHHOe MHOroo6paaHe raJIHJieeao, Y'ITeHhl JI106hle BHelllHHQ CHJihi, 

/8/ 
KpoMe CHJI TSirOTeHHH, B Ll81lhHeltmeA pa6oTe penSITHBHCTCKHA KHTerpan CTonxaoaeHKlt, nony-

/6-7/ 
'leHHhlft a , npeLicTaanea a BHLie nHTHKpaTHoro HHTerpana BonhuMaHa, Bo acex 9THX pa6o-

Tax npoBOLIKJISCb a6COJIIOTHSSI TO'IK8 apeHHSI, 
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/5-7/ 
PaaaHTblA MeTo.a noaaonHn y<~eCTb H rpaaHTSUHOHH&re HaneHHH 3AHwTeAHa. B pa6o-

/9/ 
Te BbiBe.lleHO KHHeTH'IeCKOe ypaaHeHHe 6onbUM8H8 .llnSI penSITHBHCTCKOro raaa B CT8TH'IeCKOM 

c<PepH'leCKH-CHMMeTpH'IHOM rpaBHTSUHOHHOM none H HaAileHO peWeHHe :;JTOro YP.8BHeHHSI 1 COOTBe~ 
/10/ 

CTByJOWee p8BHOBeCKOMY COCTOSIHHJO raaa. 8 pa6oTe BbiBe.lleHO KHHeTH'IeCKOe ypaBHeHae .llnSI 

penSITHBHCTCKOrO. raaa B npOH3BOnbHOM rpaBHTSUHOHHOM none 3AHWTeAHa. Ha OCHOBe aToro 

/11/ . . 
ypaaHeHHSI B pa6oTe HCCne.llOB8Hbl BeKTOp noTOK8 H TeH30p M8CCbl penSITHBHCTCKOro raaa 

a rpaBHTSUHOHHOM none. TaM :a<e nocTaaneHa aa.aaqa o rpaBHTHpyiOWeM penHTKBHCTCKOM raae. 

/12/ . 
B pa6oTe · ycTaHoaneHa TecHaH caHah penHTHBHCTcKoro pacnpe.11eneHHS1 ~aKcaenna-BonbUMa-

Ha C HHTerpanbHOA .<i>OPM?ll 38KOHOB coxpaHeHHSI. 

B .llSHHOft CTaTb9 9TH peaynhTSTbl cacTeMaTaaapoaaH&r H nononHeH&r pH.IlOM HOBbiX peaynh-.... 
T8TOB 1 H3 KOTOpblX H830BeM ypaaHeHHe nepeHOC8 .llnSI penSITHBHCTCKOro rasa B npOH3BOnhHOM 

rpaBHT8UHOHHOM none H - npHMeHHTenbHO K 9TOMy cnyqaiO - li - TeOpeMy H npHHUHn .lleTanh

Horo 6anaHca. 

8 aanaraeMOft 3.ll9Cb TeopHH penSITHBHCTCKOrO r838 B .llBYX nyHKT8X Mbl OTXO.IlHM OT a6-
t 

COniOTHOA TO'IKH 3p9HHSI. Bo-nepBbiX1 paCCM8TpHB810TCSI '18CTHUbl C Hyneao~ MaccoA nOKOSI, qero, 

KoHe'IHO, HeT a. HepenHTHBHCTCKOA TeopHH ~aKcaenna-BonhUMSHa. Bo-aTop&rx, Y'IHT&raaiOTCSI 

9ftHWTeftHOBCKH9 a<P<PeKTbl rp8BHT8UHH 1 Me:a<.ay TeM K8K B HepenSITHBHCTCKOM cnyqae ewe He 

nocTpoeHO TeopHH 'KpHBOro• npOCTp8HCTBa-ageMeHH. C nocne.llOBSTenbHOA a6coniOTHOA TO'IKH 

~peHHR 3.1leCb cne.110nano 6&1 BOCnonHHTb COOTBeTCTCBYIOWHft npo6en B HepenSITHBHCTCKOA TeOpHH, 

Vfa MeTO.llH'19CKHX C006pa:a<eHHft Mbl orpaHH'IHBSeMCSI cnyqaeM, KOr.lla BHeWHHe CHnbl 

(HerpaBHT8UHOHHoro xapaKTepa) OTCYTCTByiOT, XOTSI y<~eT T8KHX can B KHHeTa'leCKOM ypaaHeHHH ~ 

He npe.llCTaBnSieT OC06blX 38Tpy.llHeHHft. Oo TeM :a<e npH'IHH8M Mbl orpaHH'IHB89MCSI paCCMOTpe-

HHeM nHWb ynpyrHX CTOnKHOBeHHft '18CTHU B rase. 

§ 2. OpocTpaHcTao cocTOSIHHA qacTHUbi 

CoCTOSIHHeM '18CTHUbl 6y.ll9M H83biB8Tb COBOKYDHOCTb (%1 /') ee npocTpaHCTBeHHo-ape-

MeHHoro nono:a<eHHSI .X H HMnynbCa /' • ~acca OOKOSI f'1 '18CTHUbl !i>HKCHpOB8H8 1 TSK 'ITO 

p83M9pHOCTb npoCTp8HCTB8 COCTOSIHHA J '18CTHUbl pasHa CeMH. 

CTpaHCTBe COCTOSIHHft MO:lKHO Bbl6paTb C9Mb aenH'IHH Jt, 0 
I ~~ J 

I 

B Ka'leCTBe KOOp.llHHaT a npo-

~z :r::J 12 t. n' n.3 
1 ,,.,,.,,-. 

KoMnoHeHTa ft HaXO.IlHTCSl H3 ycnoaHA 

Cft,ft) = /.,~ (::r:}(tfz~ == nz'c" -_, /Zo >0, (2.1) 

Cne.llOBaTenbHO, 

/Zo = flo 
k 

io1c/Z 
(2.2) 

' ioo 
r.11e 

Jl' 21 ik fl.:& {loom c + {9,t~k - #oo3ilc)j'Z /1 . (2.3) 
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4 p 

f. 

1 

.. 

• Koop.aKH8T&I /" BaweHIIIQTCSI B CSecKoHe'IHbiX npe.aenax. npll BbiKIIllbiB88TeSI 'PO'IIM 

tt' =/'' ·!''-0 
uy. 

Ec_aB 6111 Mbl OTK838JlHCb OT p8CCMOTpeHHSI '18CTBU C Hynesoll M8CCOI ltOKOSI,, TO BMeCTO BM

ItYJlbC8 6111110 CSw y.ao6Hee nonb30B8TbC51 CKopocT&IO qacTHUJ>I. 

EcnB 6111 Mbl He paccwaTpHsanH rpaBHTaUHOHH&Ix HBneHHI 31HwTeli:Ha, To Mbi MornH CS&I orpa-

HB'IHTbCSI Bbi6opoM ranHnees&Ix Koop.aHH8T t , % , f , Z B npocTpaHcTse co6biTBI. 

3neMeHT 06'beM8 B ItpOCTp8HCTBe COCTOSIHHI r Bbi6epeM paBHbiM 

«F =- (2.4) 

r.ae srx; =I i.e~ I - onpe.aenHTen& MaTpHUbi {. 0 } . 
--. f/"? 

CosoKynHOCTb B03MO>KH&Ix HMnyn&eoB 'ISCTHUbi B aa.aaHHOM npocTpaHcTseHno-speMeHHOM 

nono>KeHHH X HaaoseM npocTpaHCTBOM HMnyn&eoB P {::X:.) qacTHUbi. TaKHM o6paaoM, npo-

cTpaHCTBo cocTOHHHA T HBnHeTCH ny'IKOM P (X) HMnyn&eos, npHno>KeHHbiX KO scesoaMo>K

HbiM TO'IKSM npocTp8HCTBa co6&ITHA X 

(2.5) 

11st X 
3TOT ny'IOK - KOCOe npOH3BelleHHe Ha.a 6aaol co cnoeM THna P(x) H c rpynnol 

llBH>K9HHI Tp9XM9pHoro npOCTp8HCTB8 no68'19BCKOro B K8'19CTBe CTpyKTypHOI rpynn&I. 3Ta rpyn

na H30MOp¢Ha OpTOXpOHHOI rpynne nopeHU8. 3neMeHT 06'beMa B p ( %) Bbi6epeM paBHbiM 

(2.6) 

T8K 'ITO 

t:IT dX dP , ( 2. 7). 

r.ae a.x aneMeHT o6'beMa B npocTpaHCTBe co6&ITHA J( 

(2.8) 

B n~ _/-r- " 7-llHHe"HO" ~OpMol./ 141 
CyWHOCTH, aneMeHT Y''beMa QJ SIBJISleTCSI KOCOn a a 'i' 

( 2.9) 

npBHHMaiOW&I 3H8'19HHe (2.4) Ha BeKTopax 91leMeHT8pHbiX CMeWeJIHI ItO KOOpllHHllTHbiM llHHHSIM 

'¥' 'i, h.lt. . 6 ''1 ..,.. 
1
• OoKa>KeM, no'leMy y.ao6eH TaKoA Bbi6op aneMeHTa o 'beMa. ' epell:.aeM K HOBbiM nepe-

M9HHbiM 

U~"r-" z' x.z x'' I - .7 ~ , / ., 

(2.10) 

/(::= 1,2,3. 
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HKo6HaH aToro npeo6paaoaaHHH paaeH 

J= 
' i' 2' 3~ :L' Z' I)' o (xfl :~X ., X :~ X , j1. , ~ ., J' 

( 
- f z :J f 2 h:Jl 

~X ;,X ,:~X ;,X :~/Z :~/1' :If ./ 

== 

7J ;.xll' ~1' xz' .zs;' 
'' :1 , .:1 -

iJ{x 11, x', x2:~ x
3

) 

(J ( /1-.1.,/ jt z.: /" SJ 

'd(ft'' ,ft'z:~/'3) 

,. 

Ho TaK KaK 

'1 /'-" 
I 

'0 'f/( ?J fl.: ;z, 
-= - - -- ' ~/"' 

TO 

~ ( /"1', /1-2; p3) 

'b (I' 1 ,I''-, ;z 1J 

Y'IHTh!BSH, 'ITO 

no.ny'laeM 

Cne.aosaTenhHO 

~x/ 

flo 

f ?Hf1 
=- -;z.(l /Jx/1) 

'7J 'fl. -?xo 

"'MfJ -~x' 
f = r I 79'« 

" 0( -~x" 

'7J ( ttf', ;z': ;z :J) 

o(p f,;zz :~;z3J 

PX• I'll 

f, ·fz. fZ:s 

?J'f, 'a rp 'I ~I -· -~z' ?x" )~"· 

'() 'f' 7J'fz 0 'f2. 

- - --?.1:!1 (J~z. 'J~} 

(J,l ocp' '0 <p .. 

- - -?J.Xe ·~or" {)X1 

-, 

flo/ 1 ?J cr «I 
;ztJ );rl 

--

6 

(2.11) 

( 2.12) 

(2.13) 

(2.14) 

( 2.15} 

,. 

-# 

-
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'llll!f!!''""r-
"'i . . , 

• 
J= 

I 1 1 2 1 Jl) z 
o (::C.o 'X ' X X J 

( 
0 

1 z ~ xl) = 
qX,X ,X, 

(2.16) 

TaKHM o6pa30M
1 

sneMeH'I,' dT (eM. (2.4)) HMeeT HHBapHaHTHhllf BHll OTHOCHTenbHO npeo6pa-

30B8HHli K00pllHH8T ( 2.10). 
'I" 

TaK K8K SIK06H8H ( 2.16) nonO:lKHTeneH 1 TO npoCTpaHCTBO COCTOSIHHlf J OpHeHTHpyeM0 1 • 

HeaaBHCHMO oT TOI'0
1 

B03MO:lKHO HnH HeB03MO:lKHO opHeHTHpOBBTb npocTpaHCTBO co6biTHli X 
.LleliCTBifTenbH0

1 
npennOflO:lKHM

1 
'ITO MeTpH'IeCKHlf TeH30p HenpephiBeH BO BCeM npoCTp8HCTB9 co-

6b!THli X . To rna B npocTpaHCTBe X cywecTByeT HenpepbiBHoe none Ct.J { .:1!) HeHyneBhiX 

I 15/ t1 
BeKTopoB

1 
HanpaBneHHhiX BO BHYTPb H30TponHoro ( cBeToBoro) KoHyca • Ha KOOpllHH8Tbi .X 1 

X 1
1 x 2 

I x 3 HanO:lKifM __xcnOB!fel 'IT06hi BeKTOp CMeweHifll no K00pllHH8THOli nHHHH .zD B 

CTOpOHY nonO:lKHTenbHhiX 3H8'1eHHlf :X tl 6hin HanpaBneH B K8:lKllOlf TO'IKe :J: BO BHyTpb TOJt 

:lKe nonOBHHhl H30TpOnHOI'O KOHyCa
1 

'ITO H BeKTOp UJ(X) • EcnH o6naCTH 1 TIOKpbiBaeMbie H9KOTOpOlf 

napoli CHCTeM KOOpllHHaT
1 

nepeKpbiBaiOTCil 1 TO B nepeCe'leHHH 3TH X o6nacTelf llK06HaH ( 2.16) no

flO:lKHTeneH. 0TCIOlla en en yeT 1 'ITO npoCTpaHCTBO COCTOSIHHli OpH9HTHpyeMO. 

B npoMe:lKyTKax Me:lKny cTonKHOBeHHSIMH qacTHua raaa llBH:lKeTCSI no a~KoHy 

• 
dxv -" -;;;; = ;z J 

clz-
=-

rne '(; - co6CTBeHHOe BpeMSI qacTHUhl 1 CBSI38HHOe C 06hi'IHbiM C06CTBeHI!hiM BpeMeHeM 

(2.17) 

r;-
npoCTbiM COOTHOWeH!f9M "o = m 7:" • Co6CTBeHHOe BpeMSI 

- cKo6Kif KplfcTocpcpenSI: 

oapeneneHo H nnH qacTHU c · 

llyneBOli MaccoA noKOSI. ry 
"I 

r" 1 rv - g - -«j 2 
( IJJe~ + 

~xfl 

3anHweM peweHHe CHCTeMhl ypaBHeHiflf 

X • • x {x , f = 'l) 

' 

( 2.18) 

d~/ ro 8-0(,) 
o XII( {)~I" . 

( 2.17) B Blfll8 

( 2.19) 

• 4' ) h. ... f (x :1 f- ; o == r . 

f"lepBoe lf3 paBe :JCTB ( 2.19) onpenen SieT MHpOBYIO TpaeKTOpHIO 'laCTHUhl 1 a BTOpOe - nonyqaiOwee-

C:il H3 nepBOI'O llHcpcpepeHUHpOB8HHeM no 

CywecTBOBaime a enHHCTBeHHOCTb peweHifH o6ecne'leHhi 1 ecnH 

..,r 
C nepBbiMH npOH3BOllHhiMH no -"" 

CHcTeMa ypaBHeHHli ( 2.17) aanaeT B npOCTpaHCTBe COCTOSIHHli 

HenpephlBHhl BM9CTe 

BatTopHoe none 

f(~ h) . XVI h~ ...... '1- • B KOOpllHHaTax ,-
3TO none HMeeT cnenyiOWife KOMDOHeHTbi: 
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• 

v ~ 

f =f ' 
3~" r" I( } f =- ~~ (X)f 'f , Y= 0, 13 2,'3, 1<=1,2,3. (2.20) 

0HO _HHr.ae He o6pamaeTCSI B Hynh, TSK KSK ecnH J = 0 , TO H Ji: 0 , a HMnynbC '18CTHUhl 

He paseH Hymo, PemeHHe ( 2.19) onpe.aenSieT B npOCTp8HCTBe COCTOSIHHlt BeKTOpHyiO nHHHIO nonS! . ., 
~ (%,/'-) , npOXO.OSilllYIO qepe3 TO'IKY ( ::Jt! 'Jt .I H 38KOH H3M€H€HHSI COCTOSIHHSI B.OOnb 3TOlt 

nHHHH B 38BHCHMOCTH OT C06CTB€IIliOrO Bp€M€HH CZ"" , 

BeKTOpHoe none f {.% ,jt-J" oni>e.aenSieT nnoma.ab Ha n106olt- runepnosepxHOCTH S B npo

CTpaHCTBe COCTOSIHHlt g: , 3neM9HT nnOlllS.OH p8BHSI€TCSI 

J. s = £:. (~,jt; ff.r ,jr.J, d, , ... 'dG) = 0 ( .:r:;z. :.· d,. ··~ ~), (2.21} 

r.ae a,, ... ' ~ - B€KT0pbl sneMeHTSpHbiX CM€lll€HHlt no s !; - 7 - nuHeltH8SI cpopMa, 

onpe.aeneHHaSI Bhillle (eM. (2.9) ). B no.apo6Holt 3anucu 

1 

-I;J;z[z~ 

cl,. f 1 

dS= 

~x· J,x 1 1 x2 
~ x 3 

~f' 
f 

B qacTHOCTH, Ha ranepnosepxHoCTH 

, -r ~z-tnl 
ot.ffl-

tl, /Zt. 

'{;/· 

S =P(LI) = u p (.z), 
x€U 

~ 

-C.,;z!z~ 

a', ;z 3 

a;;z3 

npe.acTasnSIIOllleA co6oA ny'loK HMnynbCOB, npHno:>KeHHhiX K rHnepnosepxHOCTH 

CTpaHcTsa co6b!THA, sneMeHT nnoma.an d S paseH 

ucx 

(2.22) 

(2.23) 

npo-

.I 

-
.,.=-



6- JlHHeilHoi!: KOCOI tj:lopMbl 

(-f{)+ - 0. (2.l5) 

YKasaaaoe BbiWe aeKTOpHoe none W(Je) a npocTpaHcTae co6hiTHA X no3.BonHeT onpe

.aenHTb f!OHSITHSI 6y.aywero H npowe.awero B Ka:lK.aoll: TO'!:Ke % sX . By.aylUHM .llJlSI qac-

THUbl B npoH3BOJlbHOJl TO'!:Ke ~ Ha30BeM TY nOJJOBHHY KBCaTeJJbHOI'O H30TpofiHOI'O KOHyCa C 

IteHTpOM B TO'!:Ke :J& 1 80 BHyTpb KOTopoJi Han pasneH BeKTop UJ(%) . YcJJOBHe /Zo > 0 03H8-

'IaeT, '!:To HMnynbC qacTHUbi q,pe.acTasnHeTCSI aexTopoM, aanpasneHHhiM a 6y.aywee. Bea aToro 

ycnoBHSI HMnynbC npe.acTasmmcH 6hi napoli npoTHsonono:lKHbiX seKTopos. EcnH d'l' > 0 , To H 

seKTop fix = jt. d'l:" HanpaaneH s 6y.aywee, T.e. nonO:lKHTenbHoMy Teqe·aHIO co6CT8eHaoro spe

MeHH COOTBeTCTByeT .llBH:lKeHHe '!:aCTHUbl B CTopoHy 6y.aymero. Jlo CHX flop Mbl eme He HCKJJIO

'IHliH CJJy'IBSI, K,OI'Ll8 peweHHe (2.19) npe.aCT8BJJSieT 3aMKHYTYIO KpHBYIO B npocTpaHCTSe C06biTHI •. 

OpH STOM 'IBCTHI.la, .llBHrasrcb 8 cTopoHy 6y.aymero, soaapamanacb 6bi H3 npoweawero. Mcxnro

qag 3T0 1 Mbl 6y.aeM npe.anonar8Tb1 'ITO MHO:lKeCTBO KpHBbiX (2.19) o6paayeT WeCTHMepHOe MHOI'O,.. 

oopa3He s . TBK 'ITO npocTpaHCT:ao COCTOSIHHA T OK83biB8eTcB KOCbiM npoxafteLie,HH8M HB.ll 

$ , THfloBbiM cnoeM KDTOporo HBmieTCSI esKnH.aosa npHMaSI T , a cTpyKTypHol rpyrmoA -

rpynna napannenbHbiX nepeHocos npHMoA T·. 

§ 3. CHcTeMa KHHeTH'IeCKHX ypasHeHHA 

PaccMoTpHM cMecb N raaos. 06o3Ha'IHM ~· (X#jZ-) tPYHKIIHIO pacnpe.aeneHHSI /-Toft 

KOMfiOHeHTbl 3TOA CMeCH. .I/.{:K1/'} SIBJJSieTCSI CK8.11SipHOli tj:lyHKitHell: 8 npoCTpaHCTBe COCTOSIHHA ~ 
'laCTHUbl copTa L nycTb :HnepnoBepXHOCTb s c ~ T8KOB8, 'ITO '18CTHit81 .llBHI'aSICb flO 

.111060Ji H3 TpaeKTOpHA B npocTp8HCTBe COCTOSIHHA s:; , 38.ll,aHHbiX ypB8HeHHSIMH ( 2.19), BCTpe'la~T
CSl c S He 6onee o.aHoro pa3a. Y:Hcno qacTHII ra3a copTa i , nepecexaromHx TaKyro rHnep-

nosepXHOCTb, p8BHO 

n.(S) = J A, {x,f) dS = 11/, {:z.p)O(x,;z; d,, ... ;d&) · ( 3.1) 

s .... s 
Y:aCTHII8 copTa i OTnpaBJJSISICb H3 COCTOSIHHH ( %!1 /') £ .7; i 

, aa npoMe:lKyToK co6-

C.TBeHHOI'O speMeHH (/f" C HeKOTOpoJi sepOS!THOCTbiO CT8JJKHB8eTC.sJ C qac;Hueli COpTa -::~• 

nepecTaeT C Hell: B38HMO.lleilCTBOB8Tb1 H8XO.llHCb B aneMeHTe 06oeM8 elF npoCTpBHCTBa 

H 

rr- , '}. 
COCTOSIHHll: .:T. C UeHTpOM C B TO'IKe (:Jt •/' . noLlC'IHTBeM 3Ty BepOSITHOCTb, npeHe6peraSI 

H3MeHeHHeM ~yHKUHH 1 (j' 'I) • ( ~' f:) (£ ~ 1 npH H3MeHeHHI:l apryMeHTa 

peCTHOCTH TO'IKH ~ 1 r.ae npOHCXO.llHT CTOJIKHOBeHHe, H f!OJJ~raH, 'ITO CTOJJKH08eHHe MI'HOBeHHO. 

B STOM npH6JJH2KeHHH HCKOM8SI sepOS!THOCTb pasHa 

(3.2) 

9 

.. 



" rne senH'·l!IHa W.. tiP c/r pasHa qHcny qacTHU copTa J' , nepeceKarowHx wecTHMepHyro 

nonocKy 4S B :pOCTpaHCTB9 COCTOSIHHR f , o6pa30Ba.IllYIO TpexMepHbiM cnoeM fj. (X} 1 H3 

Ka>KllOA TQqKH KOTOporo SOCCTaHOB.Il9H TpexMepHbJit napannenenHll9ll 1 HaTHHyTbiR Ha B9KTOpbl 

(h.y L."o«n}l"" (ay r" oll('d~) (ov .r" o«S'~). 
I- ' «} 1' I .I ' ' 9 Y , ' KJI 1' 

3eKTOpbi el H tf" npocTpaHcTsa co6biTHR X npHno>KeHbi K TOqKe X H o6pa3yiOT nno-

wanKy, OpToroHa.llbHYIO K ;z H '1- 1 Mepa KOTOpOit pasHa llHcpcpepeHUH8.1lbHOMY ceqeHHIO 

a()= H"
1 

r tz., '~-, ;z, J d P / (3.3) 

. 
pacceHHHH qacTHUhi copTa t c HMnynbCOM ~ • 3ne-C HMllY.IlbCOM ;a H8 qaCTHU9 COpTS ~ 

MeHT nnowanH nonoCKH A S , cornacHo (2.22), paseH • 

'f' ~f 'f, 
2 ~ J I 

;z.t f2 3 

dS=-
j(X) r." f I d~t d~z df3dz--. (3.4) 

~ d' d1 dz. cf:S 

~D 01 sz 83 

OnpenenHTenb s 'lTOM Bbipa>KeHHH paseH 

s:D = <r,r> r1~ 
Fj ' (3.5) 

rne MIIO>KHT9Jlb 

</', tt> = f (Jz,rl'- r;z,fJ(9,9J 
7 

(3.6) 

xapaKTepH3yeT oTHOCHTen&Hoe llBH>KeHHe qacTHU. CnenosaTen&Ho, 

""vrx,l',r'J ~s ~ r:r, f) <tz, fJ> Hv r ;z, ? ,p/) o~q, ( 3.7) 

rne tiQ-
P(x.> 

sneMeHT ~6'beMa s npocTpaHcTse HMnynbCos Pr~J. 
J 

q8CTHUa COpTS 

riTe T. 
- ' 

t. MO>K9T CTO.IlKHYTbCSI C qaCTHUeA COpTa J• 1 
HaXOllSICb S S.ll9M9HT9 

t:!.T'c T. 
' 1 

H nepeCT8Tb C HeR B3aHMOll9ACTBOSaTb 1 H8XOllSICb S S.ll9M9HT9 

qHC.IlO TaKHX CTOJ1KHOS9HHR paBHO 

yc--

11,. (%, j') 0 (X'- X) ~· (X , jz , jz. ') e/.T tl F.' ( 3.8) 

,0.eRCTBHT9JlbHO, paCCMOTpHM S.ll9M9HT8pHyiO ll.llOWallKY B .f , HaTSIHYTYIO Ha B9KT0pbl J,,. .. , ~ 
H sneMeHTapHyiO o6naCTb, HaTHHYTYIO H8 seKTOpbl ~ , ~ 1 , •• , ~ , rne c/.0 • /(X,J')d'l, 

YK836HHOe qHcno, oqeaHaHo, paBHO 

I 
I 

-I 
~-

-

• i 

10 \ 



-' . 
' . 

a, Clle.QOBaTellbH0 1 OHO paBHO H (3.8), TSK KSK 

(3.10) 

PaccMoTpHM, .aanee,o6nacTb ~ s npocTpaHcTse•cocTOHHHA a; . 4Hcna /C~.11{fl>) H 

R(2) ) t/ 
" (~ 'ISCTHU COpTS (. 

1 
npH6biBSIOWHX B 9TY 061laCTb H Bbi6bJBSIOWHX H3 Hee 38 

~ 
C'leT CTOIIKHOBeHHA C 'ISCTHUSM~ COpTa j 1 KSK HeTpyLJHO BHLleTb H3 (3.8) H (3.7), paBHbl 

(3.11) 

rLJe 

- I;.,r:r,/')= J J Jl,rx,jr-]I!J{r,~J<jt,p ~ fi'·f•f'')dP'aq. 

Pc:eJ f?r:rJ 
' ~ 

(3.126) 

nycTb rpaHHUS r o611aCTH !Z) COCTSBileHa H3 LlBYX rHnepnosepXHOCTeA cS; H ~ 1 

LlllSI KOTOpblX cnpaBellllHBO ( 3.1) 1 npH'IeM 82 pacnOIIO>KeHa B 6y LlyWeM no OTHOWeH!IIO K ~ • 
O'ieBHLlHO, 

(3.13) 

ECIIH Ha rpaHHUe r BbJ6paTb BHeWHIOIO OpHeHTSUHI0 1 TO 

( 3.14) 

.0 
r.ae 'f (%,f'} - .aa<P<PepeHuHallbHhiA onepaTop 

( 3.15) 

·~, 



B paaeHCTBe (3.14) Mbl npeo6pa30B8nH HHTerpan no rpaHHUe r B HHTerpan no OISJiaCTH ;[) 

H y'lnH npH aToM (2.25). Tax xax o6nacTb 2 npOH3BOnbHa, TO H3 (3.13) H (3,14) cneAyeT 

j (X,jt) ~· {:r,;z.J == ~· {.r,;z.) ~ l==~2r .. , K, (3.16) 

rAe 

N 
l.{x, h) = £ 1,. (x, h.), 
' r i=1 3 ,-. 

• 
(3.17) 

,.. 

I .. r:x,n) 
:/ r 

- l~~J (x,;zJ 
:J 

I:~) {Z~f'-J. 
:J (3.18) 

CHcTeMa HHTerpo-AHcpcpepeHUH8nbHbiX ypaBHeHHl!: ( 3.16) H83biBSeTCSI CHCTeMOJ!: KHHeTH'ie-

CKHX ypaBHeHHJ!: AnSI CMeCH II raaoa. 

npH 6onee TWaTenhHOM yqeTe AHaroaanbHble aneMeHTbl I .. cneAyeT 38MeHHTb Ha 

"-1 " ~ I.. . rAe "' - 'iHCno 'iSCTHU copTa i. • npaKTH'ieCKH aTa aaMeHa HecymecTaeHHa, 
,., " N. f 

TaJ KaK o6bi'iHO 'iHCna /V. aenHKH. KpoMe Taro, MHO:>KHTenb ~ 
' N. 

MO:>KHO BKniO'!HTh a H.. ___ _ 
u$9·· 

' 

§ .. 4. YpaaHeHHe nepeaoca 

nycTb HeKOTOpaH xapaKTepHCTHKS -TOJ!: KOMnOHeHTbl raaa npeACTSBnHeTCSI CKanHpHOH 

cpyHKUHell: 

MH copTa 

• CpeAHee aHa'!eHHe Y:, 
l 

YJ (X)jz) 
qepea rnnepnoaepxHOCTh 8 C :F: 

I 

'!{ = j ~ (%,/') ~ (x,;zJ a'S 
s 

9TOJ!: xapaKTepHCTHKH, nepeHOCHMOH 'i8CTHua-

1 paBHO 

(4.1) 

nycTh, ABnee, rnnepnoaepXHOCTb 

no:>KeHHbiX K rnnepnoaepxaoCTH 

s 
u 

npeACTaansreT co6oll: nyqo~ .£? ( U} HMnynbcoa, npn

B npocTpaHCTBe co6biTHll:. BanAy ( 2.24), cpeAHee aaaqe-

HHe ~ paBHO 

9:'"(x) 5I':' i'xJ 'f..z(X} '1'.3 {X) 

J c;;r.x,(Z) JJ,rx.;zJdS = J q / ~.x' 
t ' I 

"- x' ~X 
J. dx 3 

1 1 

s· u 
d. xo d. %1 d x 2 ~x3 

I (4.2) 
2, z I 

d,xo ~~ 
1 c{~ 

2 ~X 
3 

12 

.... 
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'~ 

1 
'l 

• 



• 
i D.8 

BeKTOp 

<t;'t~) = J 
PC:t) 
• 

npeD.cTaBnHeT co6oA 

(4.3) 

BeKTOp nOTOK8 senH'iHHbl B TO'iKe 

9TO CBH38HO C TeM, 'iTO :x:£X • Toqaee I"'OBOpH, OH B C pa3 MeHbWe BeKTOpa nOTOKa; 

Mbl npeD.CTSBHnH aneMeHT o6'beMa· npocTpaHCTB8 COCTOHHHA: B BHtle tfF = c/X c/P a ae B 

sHae riF = (c-1a'X){cdP) . 
HaAaeM pacxotiHMOCTb BeKTopa ~"(.z) . J;lnH aToro ~accMoTpHM nyqoK S • = P, {/J' 

HMnynbCOB, npHnO:lKeHHbiX K 38MKHyToA rHnepnOBepXHOCTH u B npocTpllHCTBe C06biTHA:. nycTb 
• • 

~ - o6nacTb npocTpaacTBa cswToS!:HHA: :J; , orpaHH'ieHHaH rHnepnoB:pxaoCTbiO S , a R -
o6nacTb npocTpaHCTBa co6hiTHll:, orpaHH'leHHaH rHnepnoBepxaocTbiO U . npeJKae scero, Mbi HMe

eM paBeHCTB0
1 

8HanorH'iHOe paBeHCTBy (4.2) (c 38MeHOA: s HB s tfr H u HB U ft ). 

CornaCHO HHTerpanbHOA TeOpeMe, CBH3biB8IOWeA HHTerpan no 38MKHYTOll: rHnepnoBeXHOCTH C HH

TerpanOM no o6nacTH, orpaHH'ieHaoA: aToA rHnepnosepxaocTbiO, yKa3aaaoe paseHCTBO Mo-~Ho 3a-

nHCllTb B BH]:le 

(4.4) 

~ r."' = 
(4.5) 

' 
n pH Bb!BO]:le nesoll: qaCTH paseHCTBll ( 2.4) yqTeHO TO:lK]:leCTBO ( 2.25). TaK KllK o6naCTb R 
npOH3BOnbH8

1 
TO B CHny KHHeTH'ieCKOrO ypaBHeHHH (3.16) H3 (4.4) cneayeT 

t ~«(X)= 1 
P.txJ 
' 

I, rx./'.J 'I; rrr,f') d P + j -""rx.;zJjrr,jz)'(t:r.#ft..s> 
P(x) . 

' 

nonyqe'aaoe paseHCTBO (4.6) HBnHeTcH penHTHBHCTCKHM aaanoroM ypasHeHHH nepeaoca MaKcsenna .. 

3HCKOra • .[lnH CYMMbl 

N 6t' 

= 2: St'. (X) 
i=f l 

(4.7) 

(4.8) 

, Q 

• 



nonarasr ~ {:r,;z.J·f 1 DOIJyqaeM seKTOp DOTOKa qaCTHU COpTa i, 

n; (:r) = J p:<"" (:x,}J tiP 
Pat~) 

Ero KosapnaHTHasr .ansepreHUHSI pasHa (eM. (4.6)) 

\!, n: = J , lJz.J'-) d P 
P,(x) , 
' 

(eM. (4.3)): 

(4.9) 

(4.10) 

nonarasr 'f.{X
1
h.) pasHblM cKansrpHOMy nponase.aeHHIO {~{X):~fl-) , r.ae tf:r} ' ,-. . 

- HeKoTopoe seKTopHoe none s npocTpaHcTse co6b!THA, Mbl npnxo.z:inM K TeHaopy Macchi ( TeHao-

py sHeprnu-nMnynbCa) qacTHU copTa i. 

T ... .~ (:r.) = j 
' P.tzJ 

l 

f"'fP ~ rx,p.J t1 P. 

Ero cne.a paseH 

T, (:r) = 1~.: (x) = m:c• j II, ftr./'JtiP, 
fJf.z} 

( 4.11) 

( 4.12) 

..... 

KosapnaHTHaSI .ansepreHUHSI Tenaopa MaCChi pasHa $'>"? 

~ ~"P = j ;z' f;tx,f<)ciF 
r:{%) 

npa Sb!SO.Ile (4.13) yqTeHbl ypasHeHHe nepeHOCa (4.6) H TO>K,aecTSO 

ff%,f'-) O;t.r.J,f) == f (V.~ + ~ I"")Jzfz}l· 

( 4.13) 

( 4.14) 

HaKoHeU, Mbl npHXO.IlHM K SHTpODHH H K seKTOpy DOTOKa SHTpODHH I. -TOA KOMDOHeHTbl 

raaa, nonarasr s ~opMynax (4.1), (4.2) n (4.3) ~{.%'1,/') pasHbiM - C,~ (X,Jr-): 

~~ (x) = - s ft-c J{ (x,f) /:n ~ (x,;z.J tiP. 
P.t~) 

&. 

( 4.15) 

Bsn.ay (4.6) KosapnaHTHas .ansepreHUHSI sToro seKTopa pasHa 

~~~(:r) = 
' s Ii tx,;z.> [ tn II, tx,p-J +i J dP. (4.16) 

P.(%) 
L 

14 
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. 
I 

B cne.llyiOrueM naparpaQ:Je Mhr LlOKa)KeM, 'ITO npasaSI qacTb Q:JopMynhr (4.10) pasHa HyniO, 

'ITO npasaSI 'I8CTb QJOpMynbi ( 4.13), npocyMMHpOSaHH8SI no . 
" OT I LlO 11 , pasHa HyniO H 

'ITO npasaSI 'I8CTb QJOpMynhi (4.16), npocyMMH)WS8HH8SI no (. OT 1 .llO It/ , HeOTpHU8TenbH8. 

§ 5. HeKOTOpbre CSOltCTSa HHTerpana CTOnKHOSeHHlt 

YTO'IHHM SHLl Q:lyHKUHH ( 3.3). flpe.llnonaraeTCSI, 'ITO pacceSIHHe ynpyroe. lloaToMy, ecnH 

LlHQJQJepeHUHBnbHOe Ce'IeHHe pacceSIHHSI S CHCTeMe UeHTpa HHepUHH paSHO 

( 5.1 ) 

TO 

( 5.2) 

0 -cpyHKUHH S ( 5.2) n03SOnSieT 38MeHHTb HHTerpanbi ( 3.12) nSITHKp8THblMH HHTe-

rpanaMH, 

Bee BenH'IHHhl, KOTOpb!e Mbl 6y.lleM p8CCM8TpHSaTb B aTOM naparpacpe, OTHOCSITCS! K OLlHOlt 

H Tolt )Ke TO'IKe X npocTpaHcTsa co6biTHlt. noaToMy apryMeHT .:c Mhi 6y.lleM onycKaTb. 

cnpaBeLlnHSO paseHCTSO 

• (5.3) 

B nesoa 'IBCTH paseHcTsa ( 5.3) sseLleM HMnynhc 

paseHCTBO 

(5.4) 

.,. 
H 38MeHHM nepeMeHHYIO HH~ erpHpOBBHHSI 'II HB r . Yf3 (5.4) cne.llyeT, 'ITO 

(Jz, t~') + ( t11/C 2 -l??/c2 + (Jz, u')2. .' (5.5) 

? 

r.lle 
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,. ' 
u'- /' +f 

frtt '+if', /1 '+'f ~l 
(5.6) 

I 2 ( Z Z 
1 lpH BbiBO.ll~ (S.S) y'ITQH0 1 'ITO (f,'f)-~ C 1 /',/'} -~ 'C H 'ITO cxanstpHoe npo-

H3se.aeHHe (q,u') HQOTpHU8TenbHO, 3&liHWQM lJ-. B BJI.llQ 

q = -;z. -t tt'{r;r_,w') -f Y~~j~cz-~n~..z.cz.+ {,ll,u?a}. (5.7) 

HeTpy .UHO no.ac'IHT&Tb stK06H&Hbi 

Cne.aoaaTenbH0 1 

nanee, 

! ~, .... 7J u'« "'· I u, 

1 ~1 6 tttl =-= 

, 
Llo -'!: 

3 
(Jt + 9' ll ') 

(9, u') 

( 'l',tr'+ 9') 

(/'' + '1', Jz'-t-9')' 

.. 

JQ- ( "', /J +,) [ '" + 'I'" ~ 'I J ] 3d Q '. 
(f,,jt+f) (/''+9~jt+'l) 

~ {( ft '-/',/'I+ 'I')) := A 8' (( p. ~ ~', jz + '! )) . 

(5.8) 

(S.9) 

--
(5.tm 

tcnH Ctz-ft',ft+'f)==O 1 TO ~ .. f 1 tj
1=/Z+9-/'/ 1 (9~/Z+f}= (tf,Jz+'!}· 

Y'iUTbiB8H 1 'iTO BC9 MHO)KHT9nH npH !t -<jlyHKUHH HA,llO p8CCMATpHB8Tb T011bKO Tor.aal Kor.aa 

ee apryMeHT paaeH•Hymo 1 nony'l&eM (5,3). 

PaccMOTpHM
1 

.aanee, KHTerpan 

J 'f' { tz, 'I .. p.', (t'J t'rt ;z-I'~ f1.,. r JJd P,/ 
P. 

L 

r.ue q'=ft+r-ft'· 
Bae.aeM B paccMoTpeHHe aeKTOpbi 

ft + 9 
L-1=-== 

{(p.+ f ·/Z +lf} 

H .UB8 .apyrHX B9KTOpa t 
(~,'1)=0, 

~-
{ u, 9 ) /1- - { "· ;r-J 9 

<p.,lf>o 

H ' 

, y .aoaneTaopstiOWHX ycnoBHstM 

(~.~)=0) (1].,1;)=0, 

(~,u) = (~ 1 u) = (~,11) =0, 

(~,~) = U/, '?) = (¢,/;) =- (U,U) = -J. .. 

16 

( 5.11 ) 

( 5.12) 

( 5.13) 

J 

t 
• 



• 
0 

n./ A. 
T nepeMeHHb!X HHTerpHpOB8HiiSI I-

B HHTerpane ( 5.11 ) nepeitAeM K nep9MeHHbiM Z ~ 4 'I' , 

i 
~ .. 

HeTpyAHO BHAeTb, 'ITO 

( 5.15) 

H0 '1TO 

l ( 5.16) 

I 
-f\. 

BwnonHRR HHTerpHpoaaHHe no ~ , nonyqaeM, 'ITO HHTerpan (5.11) paaeH 

( 5.17) 

= 

rAe 

!'!> ('' = (JI,fr+~) (/'+?) + </'•f > 41P'n.JC#i'f +'/Jin.JJiny+t;U>j_(5.1Ba) 

t:. (ft+lf,ft+ f!) ((/L+fl,/z+9), l ' ., 

I 
r.· 

('f ,Jz+f J (Jz+f) - 9·9 > '{#sin {)CJJir +'lsinDsinr+t:""-!} (5.1861 

Cp+tt,jt+t) f'0+lf,J'+lf) 
0pHMeHHB. paaeHCTBO (5.3) K HHTerpany (3.12a), npHBeAeM HHTerpan CTOflKHOBeHHA 

(3.18) K BHAY ... 
lJ/f'J = JJ { /1, f!''J /l_/9'1-,.?, q.J ~-lfJ}_<;z,'t>·'J/I'H'')tiPdC}, (5.191 

P,P, . . 
& J 

rA
e tJ' 

1 
• OpHMeHHB K (5.19) paaeHCTBO (5.17), nony'IHM 

1 c: /'.,.'!_/' 
1T , .. 

VI').= ] JQj J { A/f'l f 9 'J- A.· tf') 1· r,!] < l'•f> ~- (<f'.t>·""" J•••"'"'t.< s.2o 1 

p, 0 0 
~ rAe /'' H q' onpe.nensnoTCR no <iJopMynaM (5.18). 



PaccMOTpHM HHTerpan 

Ig [ <rJ = ~ r.. lf'J 1:/1'' dP = t~) l't-1 - I~~) [ 'r], 
!/ :J 

(5.21) 

' 
r.ae B COOTBQTCTBHH C (3,18) H (3,}2) 

I ~
1

, [ '1'] = s H 't; ( f') II, ( /") 1 ( t()<jt :t(> ~· {/'', (,;z) d p d.P, el Q: ( 5.22• I 

~~~ . ~ . 

r;''f .,J .. JIJ Y;rf) 11, t;zJ.II./9J<r, ?> 1. r;r. ,r,;z'J"P a'P 'c~c;. (5.226) 

P.PP, . 
' ' 'fl 

3TOT HHTerpan BXO.UHT B npaByiO 'l:8CTb paBeHCTB8 ( 4,6), 

3aMeHHB B HHTerpane ( 5.22a) o6oaHa'l:eHHSI /Z = /' 1 

( 5.21) K BHLlY 

I · r -r , npaae.aeM HHTerpan 

-
1/'f']= !If [~(f'J- tt;t;o}];1,t,nJ1t?J</',f> ~· 0·9 ,Jt-'J eiP tiP'a'Q. ( 5.23) 

~,--

P.P.P, . 
' L ( 

0TCIOLl8 cne.ayeT, 'ITO LlHBepreliUHSI (4,10) BeKTOpa ilOTOKa 'i8CTHU K8)K.QOro COpT a B OT-

.aenbHOCTH paBH8 Hynro: 

~ n: = 0. (5.24) 

3TO paBeHCTBO nony'iHnOCb BCne.UCTBHe TOrO, 'iTO Mbl paCCM8TpHB8nH CT86HnbHble 'i8CTHUbl H 

npe.anonaranH, 'iTO CTOnKHOBeHHSI 'i8CTHU ynpyrae. 

npaMeHHB K (5.23) paBeHCTBO (5.17), nony'iHM 
-

I,.[ er] = j j :tli t~J IIi (f) <p, '? > t.. r;z,t;JdPdQ _, 
y P.R d 

r.ae ' J 

( 5.25) 

11br 

~· r;z. '! Jr= JJ [If; Cjz-'J- ~ r;r-J] (. (<p, 9 >, UJi ~ )Jl·nJd~ 'r ~ (5.26) 

GO H 
HMilynbC r' onpe.aeneH <i:JopMynoil: (5.18a), ¢opMyna (5,186) onpe.aenSieT HMnynbC 9 I B 

Bbip8)!{9HHH 
11b . 

~,l'!,f') == jf [ ~{'/')- ~ (fJ} 1·i {<f,jz- >,~~)~in -Je/~df. 
() () 

( 5.27) 
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TaK KSK 4JyHKUH!I t:p ,9 > CHMMeTpH'IHa OTHOCHTeJibHO apryMeHTOB ;z. , f 1 a 4JyHKUH!I 

R.. CHMMeTpH'IHa OTHOCHTenbHO HHlleKcos i , J. , TO y . 

1/<rl + !·J<rl = jj .4,Jf')1· {f}</',9>[~. r;.,rJ+ 'jJ9,jf/eiPdt;,!s.2sl 
P.P 
'J 

11' 2X 

"'j j f r; (!''> +! ( ?') - '~'J!' J - ~ t? >J i.fl. (<M >, "".n s'" .Mu'f'. 
D 0 . 

(5.29) 

0TC!Oll8 cneuyeT, 'ITO llHBepreHUH!I TeH30pa MSCCbl 

ol.} N' 
T (x) =E. 

i=f 
T.G(JI(x) 

&. 
(5.30) 

(eM. (4.13)) scero rasa pasHa Hynro: 

( 5.31) 

38Th 

nony'IHM eme OllHO BS:>KHOe Bb!pa:>KeHHe llJl!l HHTerpana ( 5.21) 1 KOTOpOe U03BOJIHT llOKa

H -TeopeMy. 

no.QCTSBJI!I!I B ( 5.21 ) Bh!pa:>KeHHe ( 5.19) llJl!l HHTerpana CTOJIKHOBeHHll, HSXOLlHM 

3aM9H!ISl B ( 5,32) o603H8'!9HH!I. f ~ tz.' ; 1 ~ '/ / H Y'IHThiBSSl paaeHcTso ( 5.3), nony-

CK.na,dhiBaH ( 5.32) H ( 5.33) , nonyqaeM 
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Ig Ct]• tIff ( ~ftrJA,/If)-~fje.'J~·I,'J} {f'; (f''}- 'll lj&J}<!',f>HI (J&,'I,ft-')dPJP'ti~5.S4) 
P,P,~ . 

' 
0TCIO.llA &C.JI84CT8R& pU&HCTaA ( 15.17 ) BAXO.llRM 

I,'r;J- f ff<Nt> tiPtiQ l'r IIJtoJA_/1-1-"" tp:l-$ WJ}• 
.11~ • 't . (S.I1S) 

• [, (f'') - , lf"'.l R. ~ ( < /'' 1 >' -.,)"" "~""' . 

Cne.aoaaTen&ao, , ,, 
I/"1 + I;.Jrl"" f J[ <f','f> .tPJQ j J { ""''~''-$f'IJ-~f;z?-$-tf?}Jt 

~~ . D 0 

• [ Y; ( ,.., +. ~ tf,') - 'lj(f'J- r- ttJl ~· (<ji, 1>' t.ltt ")''""'""f. (5.36) 

-6 

~ • 

Corn&CHO (e,S6) .axaepr&HUHR B&KTOpa DOTOKa 8HTpODHH acero rasa 

(eM, (4.16)) pa&H& 

K 
~·cr.>==~ 11~(x.J 

. l•1 I 

N ~ I! 
"'"~- f f.; ff <',.,tpa'PdQ J f { A_.t;<'J-ffff'J--4.t;<J1.tt-J}· 

EP. (J (J ' J . -

rt e, II; t"'J 1 r ,, A ~f;&J lj ($) · !/.{</' ,f>• ~~ )sln~Ntlr. 

(5.37) 

(5.38) 

TaK KaK aennaaa (%-¥) tJr f 
TO 

H80TpRilaTenbHa DpR .JII06biX ROJJO)KRT8nbHblX :Jf! H Jt 

v.c !!'(%) >0. (5.39) 
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3To u ecTb H -TeopeMa s pensrTHSHC"'CKOM cnyqae rrpu Hanuquu rpasuTauuoHHoro rronsr. 

Ecnu s HeKoTopoll: TO'IKe X rrpocTpaHcTsa co6biTHll: V« &" = 0 
To .asu.o:y rrono:>KHTenb-

HOii OIIpe.o:eneHHOCTH liO.O:HHTerpanbHOrO Sb!pa:>KeHHSI B ( 5.38) II pH mo6b!X G ~~· 
/' I ~ sbiiionHsreTcsr paseHcTsu 

u mo6biX 

(5.40) 

npu aToM cor nacHo ( 5.20) HHTerpan CTOnKHoseHuA s ToqKe X paseH Hymo rrpu scex 3Ha'leHHHX 

HMIIy n bCa /1' 1 COr naCHO ( 4.16) - .O:HsepreHUHSI seKTO pa IIOTOKa :3HTpOIIHH Ka:>K.O:OA KOMIIOHeHTb! 

ra3a pasHa Hymo, COrnaCHO (4.13) - .O:HsepreHUHSI TeH30pa M8CCb! Ka:>K.O:OA KOMIIC'HeHTbl ra3a 

pasHa Hymo. Boo6me 1 s aToM cnyqae (4.6) npuHuMaeT sun: 

V.C 'fi«(x) = j !7; (.x,;z.J j{~;z) ~ tx~;z.Jd'P. 
;:{%) 

PaseHcTso ( 5.40) MO:>KHo 3arrucaTb B sun:e 

r.o:e e - seKTOp s TO'IKe XEX I y.o:osneTsOpSIIOI.UHA ycnosHSIM 

' 
(e,e) = -1~ 

(5.41)' 

( 5.42) 

(5.43) 

tie - aneMeHT rrnoma.o:u Ha .O:SyMepHoA ccpepe ( 5.43) S IIpOCTp8HCTBe
1 

KaCaTenbHOM K IIpOCTpaw 

CTBY C06b!THA. BenH'IHHb! ft, I 9' I e' cne.o:'YIOI.UHM o6pa3oM Sbipa:>KaiOTCSI qepe3 senH'IHHb! 

/' I f I e 

;z' -

9'= 

I 

e= 

(jr,Jz+'!) 
~"'" "> (jz+?) + ..,.. e 

(/'+ lf,jz+lJ) (CJz+?~,lt+?) 
...-

(lf,/'+9) t: ) <;lz,f > 
(tz+'I~Jt+f!) jz+? 

fr;z+9,jU·f) 

(jz+q, 9 )ft - (Jz+9,jz)'f 

<tz,? > lr;z +9 ~;z.+r/ 
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3TO npeo6p83088HHe HHBODIOT!fBHO~ 'f,e. H9WTpHXOBaHHbl9 B9nJI'IHHbl Bbipa)l(aiOTCSI qepea WTpHxo-

88HHble BenH'IHHbl TaK )1(9 1 KaK WTpHXOBaHHble - qepea H9WTpHXOBaHHble. npeq6p830B8HHe ( 5,44) 
/16/ coxpaHReT sneMeHT o6~eMa (cpasH. ) 

dPdQele = dP"«t;"tle'. 

'qTOCS&I llOK&a&Tb ST0 1• nepellleM OT nepeMeHHbiX ft , '! K nepeMeHHbiM /,/ , V 

u= /'+'/ , 
vt;z+f,Jt+f)' 

~K06HaH STOro npeo6pa30BaHHH paBeH 

-a (u 1 u' u 3 v" 7/'~ 'l/'1) ' ' ' ' , 
?J(J'',ft',pz, f', '1', '13) 

11'"= 

= 

r;z + "' f J ;z - fiz + '1~/ZJ'f 
(;z+f,jz +f/) 

~ 

2 u, (ll~ u) Cf~ u) 

h ( s;a. 
r' '!4 /Z-~"9~Jz+ 9) 

( 5.45) 

(5.46) 

( 5.47) 

TaK KaK u'- u ( ;z + 9 I p-t- 'I) = 0 I+ 'I ~ Jt I+ 'II) TO H3 ( 5,47) cne.llyeT, 'ITO 

paseHCTBO (5.45) SKBHBaneHTHO paBeHCTBY 

eltr 1 elv' elv_1 rle = dZI"' 1 tlv2 a'u'~a'e ~ ( 5.48) 

nocn9llH99. 0'19BHllH0 1 T8K KaK 

v' = V-ru; u) e J (5.49) 

B COOTB9TCTBHH C (3,8) H (3,7) cneaa H Cnpasa B paseHCTBe (5.42) aanHCaHbl 'IHCna 

CTOnKHOB9HHA 'laCTHU CO pTa t-' C 'laCTHUaMH COpT a ,j' B. aneM9HTapaoll: o6naCTH aX npo-

. CTpaHCTB8 C06biTHft, Cnpasa HMnynbC&I 'laCTHU llO CTOnKHOB9HHH /' , 'f , a nocne CTOnKHOBe-
/ I I I 

HHSI /' , ' 1 TOrlla KaK cnesa, Hao6opOT1 HMnynbCbl llO CTOnKHOB9HHSI /' , 9 , a IIOCne 

. CTOnKHOBeHHH /L , 9 . TaKHM o6paaoM, paseHcTso ( 5.42) HnH ( 5.40) ssnseTcH qacTHbiM 

cnyqaeM o6wero IIpHHUHII8 ll9TanbHOro 6anaHca B paBHOB9CHOM COCTOHHHH, 
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