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" I. Introduction

&The adequacy of the assumption thaththe indlvldual'
‘*«partlcles radlate 1ndependently, in relatlon to the problem
gof synchrotron radlatlon,‘ was lnvestlgated lnltlally by‘
'fomerantchuck In dolng thlS, a heurlstlc method was used -
,comparlson of the max1mal fluctuatlon potentlals 1ns1de the
beam Wlth the energy spread In later studles of radlatlon

-7 'the 'correlatlon

lossesj from ’a thermonuclearA reactor
. effects have been essentlally neglected due to the fact that
the radlatlon wavelength is much shorter than the correlatlon
radlus (the Debye length) However, the p0551ble 1mportance
of these effects was suggested for hlgh dens1t1es and at
low harmonlcs of the cyclotron frequency ‘ In the present
paper we con51der successlvely the 1nfluence of the two-"
‘partlcle correlatlons on the cyclotron radlatlon spectrum of
an equlllbrlum hot plasma. We also use a transformatlon to a
reference system,'ln whlch the plasma moves along the exter—
"nal magnetlc fleld“to calculate the radlatlon of a relatl—
v1st1c electron beam. k '

The calculatlons w111 be done in the beam reference:
frame, where ‘we assume the plasma to be 11m1ted w1th dlmen—
sions much blgger than the radlated wavelength and in a state
: of equlllbrlum - hav1ng a relat1v15t1c electronlc temperature‘
T (1n unlts of energy) The dlelectrlc perm1t1v1ty tensorkfor
such plasma ‘can be found us1ng the well known Trubnlkov s
& Accordlng to the theory of fluctuatlons the flelds
‘radlated ‘at frequency [A} can be descrlbed as ‘a result ‘of- the,

action of some stohastic currents J distributed inside. the:
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beanF. At:low densities the current fluctuations‘in different
spatial points and times are statistically independent and
the radiated intensity is proportional to the number of elec-
trons. Intraparticle interactions generate collective fields,
that introduce correlations between the electronsse‘l,
'These correlations deform the current correlation spectrum
and cause nonlocality of the corresponding spatial correla-
tion functions, i. e. the latter have a nonzero correlation
radius. One . can expect, that in the beam reference frame
'deViations from the spontaneous radiation exist at wave-
_lengths, comparable to this radius and the radiation is not
materially affected at shorter wavelengths.

The spectrum of the interacting current- denSity fluctua—
tions can be expressed in terms of the dielectric permitiVity
plasma tensor using the fluctuation diSSipation relationn.

In the plasmas of interest the denSity parameter =, /w
is usually less than 1. Here the usual meaning ‘of symbols is
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used in the beam reference frame. w (4nN e /m ) - plasma

frequency,_ o=eE%/m%c - electron yclotron‘ frequency;

N —number of -electrons/volume; B -gtatic magnetic field;
e

e,m - electronic charge and mass, respectively The emission

coefficient of a noninteracting plasma, nw(e) (the
energy/sec, radiated per unit solid angle, per unit frequency

and per unit volume) is defined as the energy radiated by a

test charge averaged over the momentum distribution of test

charges. For the conSidered case of an equilibrium Maxwellian

distribution an equivalent procedure may be used®”’ It

consists first in calculation of the absorption coefficients -

of two eigenmodes for propagation at the same angle e, and

oo
Yo IR

second, in use of Kirchoff’s formula:
IR " X ;‘ :
M IRJ(w/c)[nf(w,9)+n‘_(w,v9_)7],

where IwafT/8n3c2 is the ‘Rayleigh-Jeans distribution; w is

_the radiated frequency; © is the angle of the emission rela-
"tive to the dc magnetic field; n;:Im(n )- absorption coeffi%,
cients; ni—the'refraction indexes, obtained from the disper—_j
sion relation. It can be provedLE, that if n” are calculatedikaj
to’ an accuracy of first order in q, then Eq. (1) describes

the radiation of noninteracting electrons. It is well known,j

'

- however , that Kirchoff s formula is valid always when the.'

refractive properties of the medium are neglected and: one f

could expect, ~that higher order in ¢q terms in Egq. (l)

describe the correlation effects. We obtain exactly> this

result in Sec II, using the free—space field propagators‘and'

i

the interacting current fluctuation spectrum. We find that

the terms of second order in q in nj give the coherent

corrections to the spontaneous emission.

"We do not consider the effects of refraction and absorp—

tion of the radiation, due to its propagation trough the beam

lasma, that are well studied in Ref. 6. That is why in

Sec I11 we compare the independent actions of the correlation

effects and the absorption on the radiated spectrum for '

various electronic temperatures. In dOing this we roughly se-

parate these two effects, which in the real case should be ]
conSidered together. We conclude that the absorption domina—ﬂ

tes at frequenCies close to the first harmonic (w~w ) except

in the case ofvvery low temperatures.

The transparency of the plasma in combination with the

(1.
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“condition ‘of macroscopic’ dimensiods'4with reSpect to the
radiated wavelength

the maxlmal absorptlon coeff1c1ent under con51derat10n'
' 2nn;(e)«A/L(e)«1'; S (2)

‘Here A=2nc/w; L(6) is the propagation length- inside the plas-
ma. . :
II. Correlatlon correct;ons to the radlatlon spectrum

In the beam reference frame we evaluate the radlatlon

1nten51ty of a reglon hav1ng volume V and dlmenSlons much

~greater than A. We use a rectangular coordlnate, system

il,i ,i , centered in the mlddle of the reglon V,‘the x —ax1s

'1s taken to c01n01de w1th the propagatlon vector,’e, and the

)

,magnetlc field vector ﬁo lles in - the X-X  plane:
3 —(B 51n(e) 0,B cos(e)) ‘ ‘ v o ‘v
Con51der a current den81ty fluctuatlon J(r t ). at t1me
}‘vtt and An-.a polnt T w1th1n the reglon V We assume that the
;kcorrespondlng Fourier: component J (r ) and the fleld observed

““in'a p01nt R, E (ﬁ), obey the Maxwell equations for the free

i ‘space. The total fleld radlated from the sources ) (r ) at_

large dlstances R 1s

Bl R,

S Sy P IR "
: S e 1 . .
,where‘ 130(?’) fjdtfelgt 3(r’,t’)

‘and s;mllar for E (here t, tends to 1nf1n1ty)

g propagator is taken above to- ‘be

ﬁ(ﬁ,?’)= 10 7 e = lw» “Te € T ,‘ ‘ (3b)

leads to the follow1ng restrlctlon on .

@ Bay

The vacuum

(3

A 10
where I = |0 1
00

(SR eNe]

]; p's |R-P'| = R - 8.7,

Since we assume a homogeneouu medlum and statlonary pro—

cesses the cross- correlatlon functlon of current density

fluctuations depends only on the

differences r=p'-F,
T=t’'~-t": . . |
G ) Fr, L) = 33z ¢

where the symbol ¢> means statistical average. -The spectral

'{k‘ o densities of current fluctuations are given by
B +00
A S iwt :
N _ 4 1 -, . - .
(332, = ldt e (13)?,r'= s TP T ; (4a)
- 1 t B
, . -ik. P ' : :
13 - 3
(33, = qur~e (3%, - S : (4b)

The power radiated in direction @& per unit area and per

¢

unit frequency interval is®

t
1 B .
c ;.1 HoT e r
Sy~ —5 lim 57 Idt ldt et E(R,t) E(R t+1)> =
t - ‘
1 . i

|E (§)I >

Using (3) and (4) we express 5, in terms of the current

- fluctuations spectrum:

c : ’ v " o , _'I - 2 -
ST 52 5P fd?r fdsr WORF ). (33020 o W (PR =

.2
iy e e e el e )ion

i : Pei,0 =
A , Bﬂié R V.. v ) Tz
W d3 2
/ = Sp- J. I‘ exp[ ( . w _e'),;'-'] f 23y
: 8’’’ (2n) v € (Jl)k,w ,
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here n=kc/w, e—(oro 1), F(n)- lfdar exp[ i - 3) r]l (G)A

We choose the geometry of the radlatlng reglon to be

) rectangular w1th -dimensions L L L. and formally assume

1nf1nlte transversal dlmenSlonS° L/A Lb/xaw. When

subetitutingvln'(G)ﬁ
L/2 L/2 L/Z

J'efr_ J' dx, J' dx, J' dx,

—L/2 L/Z L/2

and using the &-function definltioni

6(x)—11m sin (Ax)/(nAx )
A0
then F(H) is found to be ' L,
‘ sinz[(n -1)L /2] '

F(ﬁ) (zc)4n2LL 3(n )a(n,) (1)
, (n,-1)* S
We substltute (7) 1nto (5) to obtaln
WL L, *® sin’((n. -1)L, /2) , e
s dn J,(n) (8)
vow 4n3c2R2 l (n -1)% . f’w- oo

where the spectral den51ty of the transversal current fluc—'

tuations at a frequency w:is denoted by

n

2 . o ] : = 3 5 5 ;
J5(n) = sp- I2 (JJ)n’w ;1) = (JJ)n=ne’w S

’

Nowljz(n) should be expressed in terms of the dielectric;,d'

'perm1t1v1ty tensor u51ng the fluctuatlon dlSSlpatlon theorem._

vFor an equlllbrlum plasma the latter is given by

(31)y, %:1 R.(A-R ).A o . k10)

For our cholce of coordlnate system the matrices A A are
N A 1n o, 0] ,r
A=A(n,w)=A"(n)+k(n,w) , —A (n)= 1-n of . (11)

. O 0 1 ﬁ .
kUsing the symmetry properties of the electromagnetic suscep-

e bils s - P —K_ determi-
o tibility tensor K= Kapr Ky K:z’lxaz K,qt the rm

s

nant of A may be written in the form

D(n,w) = det A= (1+xm)[n2—1—f+(n)][nz—l;fi(n)]. (12)
where f,(n) = 1/2 [K11+E22+ _%%E__lﬁ ]i ) o(13)
: a3 .

2 2 :
K —-K 2 . K K 2 y1/2
o 23 13 _ R ) 13 23 B

t.1/2 { [ Kll x22+ ,—i:E——— ] 4 [ x12+ _TIET;'] } .
Here and bellow KJ K, (n,w) However, we shall omit the ar-
gument [A) from now on.‘The follow1ng relatlon can be obtalned

u51ng (11) and (13): S
N _ . 2 : .

=145, 220 ] s

where Au is the cofactor of Au' Now we use that A:;=A11/D

’

and also (10), (12) and (14) to transform (9):

. N ‘A ' - - + -
Jf,(n) = ;II%T-F sp I, R &R).R-
o ‘ A (n)+A__(n)
iwT 2 2 11 22
=g (1) [———m—— - C.C.] =
©_ iwT ‘2 ' 2b ’l | 1 - '
= Z— (n°-1) [ —— 4 - —,c.c.]=
An ' nz—l-f;(n) nz—l-f_(n)' ’
Im £ (n) Im f;(n)’ ‘
= (n -1) [ 3 . ] (15)
_ In®-1-f (n)| in“~1-f_(n)| o

Since we have taken into account the dispersive proper-
ties of the medium (dependenee on n in Xig)j;‘the spatial
correlation fgnction»J;(?),ls‘not local as .in the: case of
noninteracting _electrone,‘vThellcorresponding4 expression. for
noninteracting -electrons is: e y' .

- g2o_ Wl [ K, (1)+K, (1) ] “and; thus 'J2‘°’

2o (F)~8(F):

By substituting (15) into (8) one finds
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W'TL L,
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S = ——— (5.+5.) , : (16a)
%} 8n4C2Rz Tt L
+0 2 .2 vy
+ (n+1) 51n<((n -1)15/2] ,
where s; = fdn - Im ft(n) . (16b)

1nz—1—ft(n)|2

—
Since f L(n) afe small (~q), we can simplify the calcula-
tions by taklng approxlmately n=1 in the arguments

same approxlmatlon one has for the hlgh frequency solutlons

n; of the dlsper61on relatlon D(n,w)=0 : ¢

n§= 1+£,(1) ' . . : (17)

and therefore (16b) may be written in the form:

+00

. 1—exp[ifg(n fng
s;=1/2 Imf (1) Re Idn : -

— (n-}l)2
(n*-n*)(n*-n’)

@
and similar for S;. Ve aolvé the lnaegral by closing the
contour with an infinite semicircle in the.upper half of the
complex n-plane and calculating the residues in the poles,
having a posltive imaginary- part:

n=n'+in", -ﬁ‘=—n:+inf

(nf>0). The result is

% o f4(1) Re { [l"exp[i’f.s(.m-l)]]‘gi;;lz.‘ +
fpremefit,n,00)] T}

+

We neglect the small second term in the braces, which
corresponds to backward propagating waves. After substituting

. ; . ’ : 2 w2 w e net
into the first term n:=1+a;q+a;q ; n:=a2q+agq (a;; do not
. . ,

depend on g), and expanding the exponent in a‘series we Qet

st= e Im £.(1) (1+0(q*))
w 2n7 m L) q

and, since from (17) it follows that Im f+(1)=Im (nf)=2n1nf -

In the W

;f:f?””

Fo.

. »,“m-ﬁ-« =

we have

+ ” 2 - . V .
S, = nLn? (1+0(q l)« S . (18)

Finally' by’ substituting (18) and a similar expression

for s, -into (16a) we get
- WV e y.
sw_ > IRJ (n +n”);
- CR ;

thus the em1s51on coeff1c1ent of an 1nteract1ng plasma is

w

SRVS, = gL, (g a9)

Here nz=1m(n+) a:e,calcplated by (17). and (13) keeping -the"

v

second-order. terms in g. One can easily obtain the sponta- -
neous emission coefficient from here, by -neglecting these -

terms in (13) and also taking n'=1. Thé result is

o]
M= 2c 5T, Im [nll(1)+:;22(1)]= ‘ 7 (20)

_;stp £,(B) I2(B)-
Here f'(ﬁ) is the momentum distribution functiaa and Io(ﬁl is
the spectral’ density of the radiation of a 51ngle electron’
w1th momentum p in an external magnetic field, glven by the
Shott s formula.
The number of photons/sec radiated from unit bbluﬁé; in
unit ‘'solid ‘angle and in unit frequency interval, éaléulaééd‘

with and without interactions, are

o.

? o_"w_ T

7

s e G I e LI W E N ES]
hw 8n hc hw 16ém hc : ’
respectively. ' '

CIXX. Results obtaxned in the beam reference frame

We w1sh to calculate the correlatlon factor « deflned as

o= 1 -7 /n =1- Nw/N , where the emission coefficients nw(s) and

9



nw(e) are given by‘Equations (19) and (20) respectively. In
these expressions the elements K are taken for n=1, thus
they are functions of the angle 6, the harmonic number
m=w/a%, the temperature parameter u= =m cA/T and- the dens1ty
parameter g. We used a variation of Trubnikov’s method pro-
‘'posed by Drummond et al.? (see. Appendix) to calculate
numerically K, (9 m) for various values of gq and u in the
‘region m=2, 0. 1<e<n/2 The results were verified by comparlng
the angle dependence of ° (6,m) with Fig. 4 in Ref. 4 and the

dependence on 'm with Figqures 1, 2, and 3 in Ref. 3. For low

values‘of m and 6, (when msin(6)~2), the yield of more than

one ‘integration ‘loops was taken into account®.

We obtained: ' -

1) the radiation is shielded by the .correlations, i. e.
& is always positive;

2) the condition A=2m/r . may actually be considered as
an approximate limit for the appearance of coherence effects,

i. e. @20 when A<2n/r . -Since r-D(o/c:(m/l.zq)”2

this corres-
ponds to harmonics m>m_  =uq.
i max
In order to illustrate 1) and also to compare our
results with those obtained in Ref. 3, we calculate approxi-
mately the spectral density of the radiation from unit area

of a transparent plasma slab of thickness L:
5 ‘ ,
I(w)= Y I_(w) = 4nlm (6=45").

m=1
Here I (w) is the yield6 of the harmonic m, and we assumed
m N .
that the integral of nw(e) with respect to the solid angle is

roughly equal to 4nnw(e=45°). Fig. 1 shows the reduction of

10

the normalized spectrum
I(w) m{

) _mf. +n”)
4"IR,A qi'+

with increasing the density; here AELwi/(woc). The sponta-

neous ‘spectrum (qeo) in Fig. 1 should be compared with Fig. 2
in Ref. 3. ’ .

In Figures 2(a) and 2(b) the correlation factorva and

the ‘values of 2an/A=(m/uq)V2

8=45°, m=3 ‘and. two electronic temperatures. T=50m c%and

=5m, c?. It is. seen, that a is close to 1 percent when 2nr /A

is of order of 1. Note, that the series expanslons used in

Sec.II are valid even though q>1 1f K, «1.

Slnce the con31deratlons in Sec. II concerned the [case

of an unlform plasma of macroscoplc dlmen51ons, lt must be,

shown that the correlation effects may be comparable with the

selfabsorption even for blg values of L/aA. Flg. 3 shows two.

curves of equal values of the optical depth (ni+nﬁ)ﬁw/c and

the factor «, calculated with g=0.1, 9=45°['ﬁw/cé5o and'ioo,

and drawn in the (m,u)-plane. An increase of g from 0.1 to 1

leads only to insignificant translation of these curves
towards lower frequencies. It can be seen from Fig.3 that the

decrease of the spectrum caused by correlations dominates at

high harmonics’; and in the ‘region of low harmonics becomes

comparable with the absorption only for cold and dense plas-

mas. In this case, however, the total emission. is. small. In

particular, at frequencies close to the first harmonic (m~1)::

the correlation effects can be neglected for all temperatures
of interest. One should also take into account the restric-

tion (2) on the maximal absorption coefficient and also the

11

are plotted versus q for: '

1



fact that the radiated spectrum is a sharply decreasing func-
tion of the harmonic m, thus high values of m (m»2) are not

s0 interesting.

IV. Transformation to the laboratory reference frame
The  transformations of the frequency, angle and density
are A

w= ¥|1-Bcos(6)|w; cos(8 )=—————— ; (22)
o o . : ; l-BCOS(el) o

where Neuo,ey are the "electronic density, the radiation
frequency and the propagation angle in the laboratory frame,
B=u/c,' u is the beam veloc1ty along the magnetic field,

\1/72

= (1 B ) For q we get from (23)

. N

g0t (BO\[RGSJ . e

' Now we use k22) and the .fact, that the.total number of

photons,at all angles and frequencies remains the same after

the transformation, to obtain- the spectral density. of the
photons in the laboratory . frame.,

oL No o 3 ‘ rBZ[st] mz-[ (1) K, (1)1

w ,v{l:bcos(e¥;] 16m°he [ 7[1 Bcos(@a )}

where r =2.81' 10 %¢m.

,(25)

In the relativistic case (y»1) the relation between the

T

harmonics is
o TR € M/(2¢%), . e'=0
' m=M[1-Bcos(6)] = M/3(2 d=1/1 )

Here M=w'/Q is the harmonic number in the laboratory frame

w1th Qﬂo/?-'

12

N = N, - T 23y

Consider radiation of millimeter and submillimeter waves
A° in the beam reference frame. By encluding the magnetic
field from Ab[cm]=11/(nm%[kcs]) and Eq. (24) one can obtain
that from a°¢lcm and A°<lmm it follows that q1<10’"N:n3/121
and q7<1043Nbf/121 respectively. As it was pointed out  in
Sec. III we are interested in harmonics m not much larger
than- 2. In order to obtain considerable values of a one .
should take ‘gq>0.1 ‘and so y can not be much more than 10 for
real"laboratory densities. One can also see that for labora-
tory densities N:«lo13 ‘the ' submillimeter waves are #prac-
tically not ‘affected by the c¢orrelations (q¢0.1 for-all 1),

Bellow we give an:example with Ahlmm and a~high magni-

tude of "the correlation. effects. We take N}dom, 1¥3, u=100
and magnetic ‘field B =5.5KGs (gq=1.1). It is convenient in the
laboratory frame to present the spectrum on an (x,y) plane,
where x=| M/(21 ) and y=dz Fig. 4 shows the noninteraction
photon spectrum (25) and the values of «. We do not show on
this picture the maximum, which is at x-1 for' y.0 and at
x~172 for y~1, because it corresponds to emission close to
the first harmonic in the intrinsic frame. If for instance'Lv
is taken to be of order 5cm then from 1<x<4 it follows that
30<Lw/c<120 and according to the results of Sec. ITI, in
this region a 1s bigger or comparable wlth the radiatlon

decrease.

V. Summary and conclusions

We have studied the effects of two-particle corxrelations

13



on the radiation spectrum of‘a moviqg'magnetized plasma both
in the intrinsio and laboratory reference frames. It is shown
that these effeote can be simply described by terms of the
kind'k JK}mn’in the‘absorption coefficientsg(x . is the‘plasma
susceptlblllty tensor) in agreement with Klrchoff s formula.

‘ It is further shown that the correlations diminish the radia- .
tlon and that they are subject to the well known criterion -

they appear at wavelengths of order of the Debye. shielding

length. We compared two ideal situations: (1) radiation of

noninteracting electrons including absorption of the waves in;

the plasma and (2) radiation of interacting electrons without
wave- absorptlon. We conclude that the correlatlon effects may

become 1mportant at high dens;tles (of order 10"%em” ) in the

.case of radiation of electron beams having.small relativistic

- factors 7, and thickness of the;order of several centimeters.
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vAppendlx. calculation of the plasma susceptlbillty tensor

' For the considered case of an equlllbrlunl plasma the,

momentum dlstrlputlon of the electrons is relat1v1et1c

/

Maxwellian: .
N Ne K 1/2
f.(p) = —5—— eXP[ u(1+p° /m ¢ ) ]
4nc Kz(u)

14

-

' w1th K (P), v=2,3 - Bessel functions and

"where u—m<f/T, p is the momentum of the electron ahd K is

the usual Bessel function. After substltutlng w=kc 1nto the

elements k they are given by® ’ ' oL

o . . 2 -

K (6, m)=-iq u*[dE q ., (A
M ‘
where N ) o .
du;(xz/p?)(cosscosze+sinze)—(Ks/p;)nfsinzecosze(sins—g)z 2

=(1< /p° )’cos's—(x /6% m?sin’e. (1—cosg’)2
(K /p )(cos551n e+cos 6) (Kl/p )m (Ecos g+sin” 851n£)
—-(K /p )s1n£cose+(x‘/p )m s1n 8cos9(31n5 E)(l cosg)
—(K /p )51n951n5 (K'/p )m 51n8(1 cosE)(Ecos e+sin” 951n£),
—(K'/p )51n8cose(1 cos£)+(K‘/p )m 31n9cose(£ 31n£)
'ox (Ecos 8+51n 851n£) .1

. . 172
P : ( E sin®e+2sin® 8(1~-cosg)-2i&u/m+(pu/m) ] .

i

The functions K, (p) have an 1nf1n1te number of.: sad—~v

dle p01nts in the first quadrant of - the complex £~ plane.k

£ =x +iy ; x>0, y>0 (n=0,1,2...). We follow the method-
n n n n " n . -

’

described in Ref. 4. and reolace the path of integration over - .-

the real axes in (A1) withfa contour,. that consist  of the '’

..part of the imagihary axis'(O,iyb).and-successive_;oops pas-

sing all éaddie points>§ Each loop is giveh by the eqﬁationf

© Im p= const . For .lpl»1 the functlons K (p) are not osc111a—'
g s n,

ting along thls contour and thellntegrals in’ (Al) can ‘be

solved:numerically.

15
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' Fig.1l: Decreésé, of the cyclotron radiation spectrum of a
transpéfent plasma slab, , due to . correlation effects;

. nhc2/T=1O.

q

b)

Fig.2.The correlation . factor « versus q for 8=45°, m=3 and
- two temperatures: a)~T=50moc2, b) T=5moc2. The ratio 2mr /A

is also shown. Coherence effects appear («¢>0.01) when anD/h

is - of order of 1.
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"Fig,3 Curves‘obtained<by solving‘the quation (n:+n:)Lw/c=a

T3 for q=0.1;v6=45'°: “1) Lw/c=50; 2) Lw/c=100. On the left' of

* ‘each curve (n4+n” Jlw/cra . ) : '
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Fig.4 Spectral density of tHe‘photphs radiated / second/ unitr ‘a'

Lo ] «
solid angle/ unit. frequency intérval in the laboratory frame,
calculated without correlatiohs, versus x=M7(272), y=d7 and
the values of «a. Here g=1.1, u=100; ¥=3.
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